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Summarz

The stress function approach allows in principle to
construct systematically finite elements satisfying stress
equilibrium in finite regions and surface traction reciprocity
at their interfaces. Some difficulties are experienced with

the requirements of C, continuity of the stress functions,

when rigorous rotatioial equilibrium is desired. They disappear
when only first order stress functions are used, whereby trans-
lational equilibrium is maintained, but rotational equilibrium
must be separately enforced by a Lagrange multiplier technique.
The paper discusses in detail this new generation of finite
elements with discretized rotational equilibrium. In particular
the extent to which rotational equilibrium can be enforced
without inducing mechanisms. Because diffusivity involves only
Co continuity of the first order stress functions, the new

elements lend themselves very flexibly to isoparametric coordinate

transformations.
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1. FIRST ORDER STRESS FUNCTIONS

Following the Euler-Cauchy assumption the short-range internal
forces in a continuum are representable by surface integrals of
surface tractions. Thus a simply connected volume of the continuum
will be in translational equilibrium if

-»>

->
fig t ds + J1i, p g dV = 0 (1)

where t is the surface traction vector acting on the boundary of
the volume, p the specific mass of the continuum and E an accela-
ration of gravitational or inertial origin. The application of this
equilibrium property to an infinitesimal volume leads to the well

known Euler-Cauchy formula, expressed here in Cartesian coordinates,

tj = n Oij . (2)
where n, are the components of the unitoutward normal n to a facet
of the continuum and Gij the stress tensor.

Let us now consider the equilibrium property for a finite volume
under the assumption E = 0. Drawing a simple closed contour c on
the boundary surface S that separates it into two parts 5, and 52
and reversing the orientation of the normal on SZ’ the equilibrium

property takes the form

This equality will hold for any surface S that is limited by the
same contour ¢ and on which the orient;tion of the normal n follows
the same "screw'", K convention with respect to a prescribed sense of
circulation on c. Consequently the surface integrals will only

depend on the circulation of some tensor field on c¢

II . = . .
g t; 48 566 Any dxp | (3.a)



In the left hand side we substitute (2), and transform the right

hand side by Stokes theorem to obtain’

IIS ni‘oij ds = IIS n. eipq Dp qu ds (j=1,2,3)

where e. is the alternating tensor and Dp stands for 8/axp.
Because this relation will hold for an arbitrarily small and

arbitrarily oriented surface element dS, it follows that

= e, D A . ' (3.b)
It is indeed immediatly verified that this expression of the
stress tensor identically satisfies the local translational
equilibrium equations without inertial loading

D. 0.. =0 (G =1, 2, 3) (4)

since

on account of the skew symmetry of the alternating tensor.

We call A . a tensor of first order stress functions, because

the stresses are combinations of their first derivatives.

2, DIFFUSIVITY AND CO CONTINUITY OF THE FIRST ORDER STRESS
FUNCTIONS

From (2) and (3.b) follows for the surface tractions

t. = 3 A . (5)

where
9 = e. n. D ' (6)
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are surface derivative operators; they are the components of a

vector operator ; x grad that projects the gradient in the surface
normal to n. It is clear therefore that, provided the first order
stress function tensor qu is continuous across an interface sepa-
rating regions where it receives different approximations, the
surface tractions will also be continuous. Taking into account

the opposite character of outward normals to the regions meeting

at the interface, it may be concluded that C, continuity of the

first order stress function tensor at the interface guarantees the
property of diffusivity of the surface tractions, that is the action-

reaction reciprocity rule of the short-range internal forces.

3. SECOND ORDER STRESS FUNCTIONS

A similar approach can be followed as regards rotational equi-
librium. The resultant moment with respect to the origin of the

surface tractions on a finite volume has the components

II . =
S eumj X tJ ds (u 1, 2, 3)

It must also vanish in the absence.of inertial loads and, by
similar reasoning we conclude that, for all surfaces S limited by

the same contour c,
J5I_. e . x t. dS = {c Bqu dxq (u=1,2,3) (7.a)

Again, substituting (2) to the left, using Stokes theorem on the

right, and comparing the integrands

eumj X Oij = eipq Dp Bqu ¥(u,i) (7.b)

If the operator Di is applied to this equation, the right-hand

. . / : .
side vanlsheF because of the skew symmetry of the alternating

tensor. On the left-hand side we note that Di X = Gim and obtain
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e .. 0.. +e . x D. o0g.. =0 (u=1,2,3)
uij “ij umj m i 1]

Thus, if the stresses are already in translational equilibrium,

we obtain the well known local rotational equilibrium conditions

euij oij =0 (u =1, 2, 3) (8)

equivalent to the symmetry property of the stress tensor

0.. = O.. (9)

Since precisely the translational equilibrium conditions (4) are
satisfied by the use of first order stress functions, equations

(8) are transformed into

e .. e. D A . =20
ulij ipq P 4]

or, since

e .. e, =268, & -8, & (10)
uij “ipgq ip “ugq jq “up

into

D. A.-D A =0 (u =1, 2, 3) (11)

The problem is now to obtain a general solution of (1l1).

To this effect we go back to (7.b) where (3.b) is now substituted

e. [ e . x D A .-D B ] = 0
1pq umj m p 4] P qu
Transforming
x D =D (x_A .) - 8¢ A
m p 4] p q3 mp qJ
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and using the formula of type (10), this can be placed in the form

e D [e . -B ] -8, +A . =0
ipq p umj “m “qj qu iu “qq ui
Thus,setting
¢qu = Bqu - eumj X qu (12)
we find
A .==e. D ¢ + 6. A
ui ipq p "qu iu “'qq
In particular, setting u = i,
A = e . D ¢ + 3 A
uu upq p 'qu qq
whereby
A =-Le¢ b (13)
qq 2 "upq p "qu

that, after back substitution, finally expresses the first order
stress function tensor in terms of a second order stress function

tensor ¢
qu

A . = e, D ¢ -1 §. e D ¢
uj JP4 P 'qu 2 "ju mpq p 'gm

It is easily verified that this satisfies equations (1l1).

After a change of notation for the subscripts

A . = e, D_ ¢ -A% § . e D ¢t

qJ jrs r sq q] mrt r (14>

m
and, substituting into (3.b), the stresses are given by

- -1
oij - eipq ejrs Dp D, ¢sq 2 eipj ort Dp D %¢m
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The second term is clearly skew symmetrical in the subscripts

i and j and will disappear if we write

= % (o.. + 0..)

g..
1] 1] Jj1

an operation that is licit since we known that rotational equili-
brium is now satisfied. Then, by also exchanging the dummy subscripts

p and q, and also q and s in the first term, there comes

ij - "ipq jrs p «r

so that the stresses depend only on the symmetrical part of the

second order stress function tensor. This establishes that the

result of B. FINZI 1

°ij T ®ipq ®jrs p "r qs Ysq T ®qs ' (137

for stresses satisfying both translational and rotational equili-

brium is general. Because of the assumed symmetry of the tensor

mrs sm

and (14) is seen to reduce to

= e, D_ ¢ (16)

Aqq = Dr.(eqrs ¢sq) =0 (17)
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4, THE INDETERMINACY OF THE FINZI TENSOR

For a given stress field in equilibrium without inertial loads
the FINZI tensor is not dnique. In other words the homogeneous

problem

g.. = e, e. D D_¢_ =0
ij ipq “jrs p "r "qs

has non trivial solutions. They can be found by observing that since

} A . dx_ =0 { B .dx_ =0
mj m qi q ’

must be satisfied for any closed curve drawn within the simply
connected continuum, the integrands must be perfect differentials

of single valued functions

Amj = D, 9, (18)

qu = Dq v, (19)

If this is used to transform (12)

¢ =D V., - e Xx D Q. =D (V. - e X Q.) + e Q
ql q 1 im] m q ] q imj m 1q] J
Exchanging the subscripts and i and usin e = - e,
ging Pts q 8 qij iqj
¢ =D, (V. -e . x Q.) - Q
1q 1 q qmj m J 143 J

As ¢qi may be taken to be symmetrical, the arithmetic mean of
¢qi and ¢iq gives

_ 1
¢qi -3 (Dc1 U, + D, Uq) (20)

where

U. =V, - e. . x Q. . (21)
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while, by substraction,

0O=D U, -D, U + 2 e Q
q 1 1.4 1q) 1]
This result, multiplied by ®nqi’ gives
2 Q =e . D U. (22)
m mqi “q i

Hence, if the second order stress functions derive from a vector
field U, in the same manner as strains from a displacement field,
no stresses are generated and the first order stress functions

are the gradients of the associated field of rotations. As a matter
of fact if the Ui are considered as displacements the conditions
oij = 0 are equivalent to the de Saint-Venant compatibility condi-
tions for strains, and the equations

m " j Amj jrs "r 'sm

are equivalent to the BELTRAMI equations for the integration of the
rotation field from the knowledge of the strain field.
The indeterminacy of the FINZI tensor may be used to reduce it to

its non-diagonal components. Since

" _ 1
¢qs = ¢qs 7 (D U_+D Uq)
generates the same stresses, a Ui field can always be constructed

from the 3 equations

so that ;qs has its diagonal terms identically zero. The non-diago-

nal terms constitute the stress functions of MORERA. Conversely it

is easily verified that a U, field can always be constructed from

the 3 equations

=1 (D, U, + D, U.) = l(D U.+D.U,)
2 2 71 27371 7173
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so that the non diagonal terms of ¢qs vanish identically. The
diagonal terms then constitute a system of stress functions of

MAXWELL.

5. DIFFUSIVITY AND C1 CONTINUITY OF THE SECOND ORDER
STRESS FUNCTIONS

From (2), (6) and (15) the surface tractions generated by the

second order stress functions are
5 % o Lejry Py by, ]

Any cartesian derivative is expressible in terms of surface deriva-

tives and of the derivative A along the normal itself

D =n A - e n_ 3 (23)

This formula is justified by the fact that, multiplied by np e

A Pqr

it reduces to the definition

e n D = - e e n n 9 =-n n 9 +n n_9d_ =3

pqr p T pqr ruv p u Vv q P P P P q q
‘of the surface derivative (np ap = 0 and nﬁ np = 1), while,
multiplied by n_, it reduces to the definition of the normal
derivative
n_D_ = A ) . : (24)

The expression of surface tractions in terms of normal and surface

derivatives of the FINZI tensor is thus

'5 T %4 l:ejrs By A¢QS] * 3 [n‘j 9 %qs T M5 ¢<ISJ (23)

It shows that diffusivity at an interface requires continuity not

only of the FINZI tensor itself but also of its normal derivative.
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This has an important bearing on the development of isoparametric

‘stress elements because, if an isoparametric coordinate transfor-

mation will preserve C0 continuity at interfaces, it will in gene-
ral not preserve continuity of the normal derivatives and will

consequently destroy diffusivity.

6. THE TWO-DIMENSIONAL STRESS FUNCTIONS

H. SHAEFER's treatment of the two-dimensional case 4 is attrac-
tive by its elegance and simplicity. The basic idea is that, al-
though stress_functions of type (20) are normally improductive,
they are able to generate stresses if the vector field Ui contains
singularities. Consider then a plate of middle surface Xy = 0
that is not loaded on its faces Xg =+ e . The plate is considered
to be embedded in the indefinite continuum and, while the vector
field Ui is regular outside of the plate, it presents singularities
inside of it. In fact, if we are content with the knowledge of in-
ternal stresses integrated throughout the thickness, we may go to

the limit € =+ O and consider the middle plate as a sheet of discon-

. . . 4 . .
tinuity of the field Ui and its rotational Qm.




Thus we introduce the following functions of the inplane variables

(x1 » X,)

lim ['Qi(xl,xz,-e) - Qi(xl,x2,+e) ] Qi(xl,xz) (26)

e+0

e30 [0;Gpoxgamed = Uy Gepaxpare) T o= U5 (xpuxy) (27)

and consider the closed contour c¢ of figure 1, defined by a curve .
(a,b) drawn in the middle plane. For any integrand we replace

b
lim § f(xl,xz,x3) ds = f lim [ f(xl,xz,-e) - f(xl,x2,+e) ] ds

e+0 ¢ a e+0
(28)

and apply the considerations on the computation of resultant
stresses as outlined in sections 1 and 3. The total force components
due to short range internal forces acting on the cross-section of

the plate defined by the contour c are given by

(29)

. b
f T,.dx, - T,.dx, = lim f A .dx = f D.Q.dx, + D, Q.dx
m m k| j 2

13 72 271 €20 ¢ ] a 1 1 2

where use has been made of (18) and (26). Since this holds for an

arbitrary curve (a,b) we must have
T,. = D_.Q. T,. = - D_Q. (30)

Similarly the total moment of these forces with respect to the

cartesian axes will be given by

b .
[ 01,,-x,T,.)dx; + (=M, ,+x,T,,)dx, = lim § B dx_
a e*0 ¢

b
= fa D, (U +x,0,)dx; + D, (U, +x,0,)dx,



b
fa (May ¥y Tygldxy * (7% Tyg)dx, = 1im § Brpdxy

b
= fa Dy (U,-x,25)dx, + D, (U,-x,8,)dx,

b
f (x2T21-x1T22)dx1 + (xlle-—szll)dx2 = 1lim § Bm3dxm
a ‘ e+0 ¢
b
= fa D, (Uy=x,Q +x,Q,)dx, +D, (Uy-x,Q, +x,8,)dx,
after the use of (19), (21) and (26) and (27).

The first equation furnishes the pair of results

M22*x2T23 é D1U1 + xlefZ3 —M12+x2T13 = D2U1+93+x2D293

that can be simplified by noting that the terms still containing

the coordinates X, cancel by virtue of (30), leaving

M22 = D1 U1 and M12 = - D2.U1 - 93

Similar simplifications occur in the two other pairs. The complete

set of results may be split into two groups

The plate stretching group

T =02 %y Top =~ 01 %y
(31)
Tia =P &y Taa = 7D &y
satisfying identically the translational membrane equilibrium

equations
D. T + D, T =0 D, T + D, T =0 (32)

so that Ql and Qz are first order stress functions.



Also, from the third moment equation,
Q.. =D, U, Q, = =D, U : (33)

from which follows T or equilibrium of rotation.

12 = To10

U3 is a second order stress function. It is in fact the Airy stress

fonction as easily recognized by the equations
U (34)
obtained after the elimination of the first order functions.

The plate bending group

M 70,0, "My 7Py Uy T 8
=M, =D, U + 9 M,, =D, U, (35)
Ti3 =Dy 04 Ty3 = =Dy 95

satisfying identically the plate bending equilibrium equations

D: M + D, M =T D, M + D, M = T

1 11 2 21 13 1 12 2 22 23
(36)
D1 T13 + D2 T23 =0
As in the limiting process the property
Q, =+ (D, U, -D, U ) (37)
3 2 1 "2 2 1
is preserved, it is observed that
Mjp =02 Uy )
Mppg = My = = 7 (DyUy *+ DUy (38)
Maa = D3 Uy
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so that the pair (U U2) is to be recognized as the SOUTHWELL

L7725 5.9 -

stress function vector

It is already clear from the expression of surface tractions
on facets perpendicular to the axes that reduction to two-dimen-
sional problems, has not alleviated the C1 continuity requirements

on the stress functions when complete equilibrium is postulated.
A Xy or Y

-
t(-sine,cos8)

NicosB,sin8)
S measured along the are FIG. 2
in the direction of t

or X

Sy,
L

//ﬂp a Xy

It becomes even clearer in local coordinates n and s (see figure 2).
In the case of the Airy function, hence forward denoted by ¢
instead of U3, the normal and tangential components of the surface

tractions (integrated throughout the thickness) are respectively

2. . 2 )
oS on onads ds

If the curve ab is an interface, the continuity
derivative is essential for the reciprocity of
and even necessary for that of normal loads 1if
present.

In the case of the Southwell vector,

normal component Un and tangential compoenen Ut

3 o
-5—;1] + 6 U

o t n

for the bending moment about the t axis

. 1 9 ’ 9 |
Mot 2 (3§ Un Yoam U 7 9 U,

J.16

of the normal
tangential loads

there is curvature

local resolution into its

gives

(40)

(41)



for the twisting moment and

=38 _ 13 "3 - 3
Tn Y 2 9s (an Ut 9s Un~+ 0 Ut) (42)

for the transverse shear load. The continuity of the normal deri-
vative of Ut is necessary to implement that of Mnt and Tn'
This complicates the development of equilibrium elements for plate

bending based on REISSNER's theory.

7. KIRCHHOFF PLATE BENDING

It is rather remarkable that the KIRCHHOIF assumption according
to which fibers originally normal to the middle plane remain normal
to the deformed middle surface, that is purely kinematical, should
reduce diffusivity at an interfgce to Co continuity of the SOUTHWELL
vector. The twisting moment distribution along the arc ab becomes
equivalent,by virtual work considerations, to corner loads (positi-
vely oriented as the transverse axis) equal to the local value of
M in a and - M in b, together with an equivalent additional

nt nt
M

transverse shear 3 .
9s nt
The total or KIRCHHOFF shear load becomes thus

aM 2 .
n

- t .2 2
K =T + U + o (o Ut) (43)

n n 9s 2 n

and, as was already the case for the bending moment Mn, requires
only for its diffusiviFy that Un and Ut be continuous. Moreover
the corner loads at an internal boundary node automatically add
up to zero. To show this we note that at a corner of a region

(say region 1 of figure 3)

A XY

@ . FIG. 3




the total cormer load in m, resulting from the replacement of the

twisting moment distributions along am and mb, is

- (M ) } =AM

lim { (Mnt)b nt’a nt

a-rm
b-+m

or the jump in twisting moment as we turn around the corner in the
positive sense of description of the boundary.
Writing the twisting moment in the form
M. =-a-21u +6u (44)
nt ds n t ) .
and recognizing that for any given region where the stress.vector

is uniquely defined, Q is also single-valued, the jump in twisting

moment is equivalent to the jump

A (-2~ U + 90U ' (45)

Let region 2 become adjacent to region 1 with bm as interface, the
quantity - %E Un + 6 Ut is single-valued at the interface if the
stress vector is continuous (but the twisting moments will not be
reciprocal because in general the boundary values of @ for region 2
will differ from those of reglon 1) . Hence, in adding up the corner
loads in m, the contrlbutlons due to the 1nte1face 1n (45) will
cancel and the formula remains valld for the comblned corner load’

of the two regions, the jump being mesured at the corner of. the
combined regions. Obviously, if m becomes an internal node, there

is complete cancellation of the contributions of all regions meeting

in this point.

A deeper understanding of the reduction to C0 continuity is
provided by the following virtual work consideration. Closer ins-
pection of the plate bending group of equations (35) shéwé that
Ul’ U2 and 93 form a first order stress functions grodb with diffu-
sivity under c, continuity if we discard the rotational equilibrium

condition



M =M (46)

12 21
and consequently the necessity for 93 to be the rotational
Q. =< (0, u, - D U.)
3 2 71 "2 2 71

of the stress function vector (Ul’ UZ)' This equilibrium condition

is the result of the virtual work equation

€

f_e w3logy = 0yy) dx3 =0

where m3 is the material rotation of the continuum about the

third axis

w, = % (D

3 ) 2 Up)

For small plate thickness we retain the first terms of a Taylor
expansion of the displacements, which are antisymmetrical with

respect to the middle plane

and obtain the virtual work condition in the form

) B
7 Dy @y =Dy a)) (M, = Myy) =0

If the transverse fiber twist

(D

N =

&, = D al) = D

1 72 2

is unconstrained, the virtual work condition will require the
satisfaction of (46) and consequently introduce C, continuity.
However under the KIRCHHOFF assumption there is no transverse

shear
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and the virtual work condition is satisfied without the need of
(46) because the transverse twist becomes identically zero.

-

The first plate bending equilibrium model based on KIRCHHOFF's
theory, although originally developped differently 7’8, corresponds
in fact to full quadratic polynomial approximations of the stress
function vector in ﬁriangular regions (linearly varying bending
moments and uniform Kirchhoff shear loads). As was first pointed
out by J. ROBINSON 13, it may be subjected to an isoparametric
transformation, using the same interpolation functions (associated
for instance to the nodal values at vertices and mid-edges) for
in-plane displacements, leading to parabolically curved boundaries
without loss of diffusivity. This statement remains true for com-

plete polynomial approximations of higher degree.

8. DISCRETIZATION OF ROTATIONAL EQUILIBRIUM

The property of symmetry of the stress tensor, resulting from
local rotational equilibrium; is so firmly taken for granted that
little thought was spent up to now on the possibility of relaxing
this constraint by discretization, in the same manner as transla-
tional equilibrium is relaxed in ordinary displacement elements.
Such a relaxation, obtained by a discretization of the material
rotation, allows the use of first order stress functions to enforce
exact translational equilibrium. This method not only simplifies
the construction of stress elements by a reductidn to Co continuity
but opens the field to three- or two-dimensional stress elements
with curved boundaries. It is furthermore applicable to the geome-
trical non linearity introduced by the consideration of finite
elastic displacements 12. A complete discussion of the two-dimen-
sional case will ©be given, which is an improved version of an un-
published paper presented in Calgary.

Reverting to the more usual (x,y) notation, the translational equi-

librium equations
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Box aryx arxy ary
5x T ey 9 5 T3y 0 (47)

are solved by using the first order stress function vector (A,B)

_ 24 7Y . 3B )}
9% oy Tyx P d Txy y oy 9x (48)

From this we find for the surface tractions

t ds = o.dy - t__dx = dA t ds = t__dy - o_dx = dB (49)
X X yX y Xy y

The rotational equilibrium condition

Qo

= OA | 9B _ '
Txy Tyx ™ + 0 (?O)

«

is incorporated as a constraint in the complementary energy prin-
ciple by means of a Lagrangian mdltiplier w(x,y) so that, for

given boundafy displacements (u,v)
dA 9B —_ —_
[I U+ wGo + 35) 1 dxdy § u dA + v dB (51)

should be stationary with respect to arbitrary variations on A,B
and w . The stress energy ¢ will be considered as a positive de-

. s . 1 ;
nit h = +
finite function of the arguments { O 2(Txy Tyx) R ay }
so that the constitutive equations (stress-strain relations) will

be

€ = 99 € = 39 = 99 = g € = ..a_q)__ (52)
X 90 X 0T 9T X 90 :
y Xy yx y y y

It should be observed that the symmetry of the strain tensor is

a consequence of the fact that the stress energy is a symmetric
function of the stresses, without requiring that (50) be satisfied.
Equation (50) is obviously the Euler equation resulting from va-
riations on w . The Euler equations due to variations on A and B
(the arguments of ¢ are to be replaced by (48) in the variational

principle) are respectively
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5 3ex aexy Sw aexy 3ey
x oy * ax —; = oy * ax : (53)

and are recognized to be the Beltrami equations for the integration
of w , that must be identified with the material rotation.

After the transformation

-~ §udA + v dB = § A du + B dv

justified by single valuedness of (A,B) and the data (u,v), the

boundary terms are found to be

]
o

§ 6A { du + (sinbe_, - cosfe + wcos6) ds }
X Xy

]
@]

§ 8B { dv + (sin®e - cosfe + wsin®) ds }
Xy y

By linear combinations, corresponding to the resolution of the

stress function vector into its local components An and At, there
follows
du . dv . 2 . 2
— 4+ - 4 = - + - =
cosf 15 sinbd 1S w s:LnecosB(ey ex) (cos“08-sin e)exy € ¢
-sind du + cos®H dv _ coszee + sinzee - 2sinfcosfe = ¢
ds ds y X Xy t

Or, finally, also resolving the boundary displacement vector into

its local components,

du . _ du, . _
i " ) u = e T W Fre + 0 uo = e, - (54)

After substitution of (52) and (48) into (53) and (54) we obtain,
together with (50), a system of three partial differential equations
for the unknowns (A,B) and w and two boundary conditions. As, by
elimination of w between equations (53), the compatibility of strains
will be satisfied in a simply connected domain, a displacement field

will exist with boundary values-corresponding to the data.
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At an interface between two regions, we must assume that the data
for the connectors (u,v) are coherent, that is Gn and Gt must be
single-valued. The left-hand sides of (54) are then also single-
valued and Co continuity of the stress function vector will conduce

to single-valuedness of the quantities (en - w , et).

t
As the variation of w does not appear in the boundary terms, the

continuity of w(x,y) is not required at interfaces. Finite elements
will now be considered in which the w field is discretized together

with the stress function vector.

9. THE ZERO ENERGY STRESS STATE

As we assume the energy density ¢ to be everywhere a positive
definite function of its arguments, the stress energy ff ¢ dx dy

will vanish if and only if
6, =0 6, =0 T+t z0

X y Xy yX

In terms of first order stress functions this implies

A(x)

w'cu
< >
1]
o
]
=
S
n

I @
=]
n
o
(o]
a1
=
n

B(y)

(3]
»

and finally

2B

Y ‘that 1is T = -7 =y

«
14
L}

a constant since it must be both a function of y alone and x
alone. There is thus one zero energy stress field, of arbitrary
uniform intensity, representing in its purest form the violation

of rotational equilibrium.
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10. GLOBAL ROTATIONAL EQUILIBRIUM ELEMENTS

It will be shown that if A and B are discretized as complete
polynomials of degree n+l 3 2 (n is the degree of the generated
stress field) and if the Lagrangian multiplier (the material ro-
tation w) is reduced to a constant w(x,y) = 6 (so that the element
will only satisfy global rotational equilibrium), the stiffness
matrix of simple triangular element is well-behaved. For definite-
ness some of the characteristics of the element will be explicited
in the lowest degree case n = 1.

For this case

2
A = al + o x + a,y + a3x + 2a4xy + acy

2 2
B = Bo + le + Bzy + s3x + 284xy + 35y

In forming a stress parameters vector s, we keep only the active
parameters, discarding the "idle" parameters a and Bo (that pro-

duce no stresses). We may chose for instance

T
S = ((11, (12 o o 0 0.5 | Bl e o 0 BS)

and note that the vector S, associated to the zero energy case

is then
s=-§—A(1oooo o1 0 0 0) (55)

(o}

The convenience of having it normed so that
6, = B, =y = > o= [[ dx dy
1 2 2A E

where A is the area of the triangular element, will appear later.

For linear elastic constitutive equations we will have

[ ¢ dx dy = % sT F s (56)
E
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where, on account of the existence of a zero energy state, the

flexibility matrix will not be positive definite but merely non

negative. In fact (Appendix A) sz F s, = 0 induces

Fs =0 ' (57)

and sg will be the only (normed) non trivial solution of the
homogeneous equation F s = 0.
A constant multiplier enforces global rotational equilibrium of

the element as can be seen from

ffE (%% + %%)dx dy = § Ady - Bdx = § xdB - ydA = § (xty - ytx?ds=0

(58)

In the discretization
dA . 3B T
— e =
ffE (ax ‘ay) dxdy w' s (59)

a linear form in the active stress parameters; explicitly for

n =1
w' = (a0 2ff xdxdy 2ff y dxdy 0 | 0 A 0 2ff =x dxdy 2ff ydxdy)
E E E E
(60)
From (60) and (55) follows the essential property
wi s =1 (61)

that obviously holds for arbitrary polynomial degree n.
To obtain the complete discretized form of the variational prin-

ciple (51) we must still express
& u dA + v dB = g q
in terms of a boundary loads vector g with attendant virtual work

definitions of conjugate displacements, collected in the (weak)

boundary displacements vector q.
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The definition of boundary loads follows the pattern of equilibri-
um models. Reciprocity of boundary loads on each interface the

element can have with a neighbour must entail complete diffusivity.
As an example for the case n =1

MY

(XZJYZ)

> txu (X2,Y,)

>

by (x0%)

(%3,%3)

y X

FIG. 4

we can define the loads Byx12 and 8421 of the boundary 12
(figure 4) as the resultants of the two linear interpolation

functions of the surface traction~tx. By virtual work the conjugate

displacements are
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[
[

2 [ 2 2 s
(1L - E——)u(s)ds u = f o u(s)ds

12 ¢y 12

c = f ds
12 1
where s is measured along the bocundary from 1 towards 2.
Similar definitions are valid for gy12 and gy21, to define uni-
quely the linearly varying ty traction, and for the conjugate
vertical displacements Vio and Voqc
From the very definitions adopted for the boundary loads one

obtains their value in terms of the active stress parameters
g = S s (62)

whence finally

§ Tda + vV dB = q° S s C(63)

where, in applying the variational principle, it must be conside-
red that the vector q is prescribed. Collecting the results (63),
(59) and (56) the stationarity of -

% sT F s + 6 wT s = qT S s

with respect to the choice of s and 6 , implies

sT q | (64)

F s + 0w

wT s =0

Although F is singular, the banded symmetrical matrix of the

complete linear system

F lw s STq
(--f{——) (c=e) = (=== ) (65)
w 0 0 0

is non singular.
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Indeed the homogeneous system
F s.+ 8 w=20 w s =0

possesses only the trivial solution as can be seen by premultiply-
ing the first equation by sz, whereby, on account of (57) and (61),
we must have 6 = 0. Then F s = 0 has a non trivial solution s=s_,
but it fails to satisfy the second equation.

Thus the reciprocal matrix exists and is of the form

-1 F#g v .
) = (-"1‘-.°-) F" = (F)

V 3 U

=~

=1 =
ol =

As a right inverse its elements must satisfy

=
o]
+
g
<
i
=

Fv+pw=29 w F =0 w v =1

and we find that p = 0 and v = s

so that

FF +ws =1 F w=0 (66)

s =F S ¢ 6 = s S'gqg (67)

In practice, of course, the pseudo-inverse rt of F is obtained

by numerical inversion of the banded matrix. The second of equa-
tions (67) gives the average rotation experienced by the element
as a result of the given boundary displacements. When the first is

substituted into (62) we obtain the stiffness matrix of the element
g = K g K=SF 8§ (68)

and it remains to verify that it is well-behaved in the sense that

the only solutions of

K.q =0 ' (69)

are the rigid body displacément modes of the element.
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As will be shown, the translational rigid body modes stem from

the solutions of STq = 0; the rotational mode from F*STq = 0.

11. SELF-STRESSING STATES AND THE SOLUTIONS OF STq = 0

The stresses generated by A and B satisfy identically the
local translational equilibrium equations. As a consequence the
boundary loads g should also be in global translational equili-

brium. By virtual work this can be formulated as
g q, =20 . g8 q_ =0 for any s vector

where 4, and qy are rigid body translation modes. In view of (62)

this shows that
S'q. =0 S'q. =0 (70)

are solutions of STq = 0., A direct proof also follows from (63)

by inputting u = 1 and v = 0 and observing that the left hand

side vanishes for any single valued A and similarly for u = O,
v = 1 and any single valued B.
There are no other solutions (linearly independent) of STq =0

than those translation modes as can be seen by counting the number

of solutions n(x) of the adjoint problem
Ss =0 ' , (71)

As S is a n(g) x n(s) matrix we know from algebra that the number

of linearly independent solutions of STq = 0 is
m = n(x) + n(g) - n(s)
and must be shown to be equal to 2.
Problem (71) is the problem of self-stressing states of the element;

it enquires about the active stress parameters that would produce

a state of stress whose surface tractions vanish at the boundary.
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From (49) such a situation implies
dA = 0 dB = 0 along the boundary.

If we add the idle parameters @ and Bo’ so as to form complete
polynomials for the stress functions, there is no restriction in

setting
A =0 B =20 along the boundary

as characteristic equations describing the self-stressing states.
In polynomial approximations, using areal coordinates for simpli-
city of presentation, each stress function corresponding to a self-

stressing state will be of the form

L, L, L, P(Ly, L

1 Ly I Lj)

2’ 73

where P is a linear combination of all monomials in (Ll’ L2, L3)

of degree n+l-3 = n-2. In other terms P will be a complete polyno-
mial in (x,y) of degree n—2 containing % n(n-1) terms. Since there
are two stress functions the total number of different self-stres-

sing states 1is
n(x) = n(n-1)
We have none in the model with linearly varying stresses, then 2
for parabolically varying stresses, 6 for quartic variations, etc...
The number of boundary loads is 2(n+l) per side, hence
n(g) = 6(n+l)
The number of active stress parameters

n(s) = (n+2) (n+3) -2

so that in the end we find indeed m = 2, irrespective of the degree

n of the stress variations.
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The n(n-1) linearly independent solutions s=x(i) of (71) have the

important property

. B T )
S x(i) =0 =+ w x(i) = 0 (72)

This follows fréom writing (59) in the form

: = S8 4 %2y dxdv = dv - Bd
w S I'r (a 3 ) Xay § A y Bdx

and remembering that A = 0 and B = 0 along the boundaries when

s 1s a self-stressing x,...
& %(i)

12. THE ROTATIONAL RIGID BODY MODE

Equations (67) show F™ to be non negative. For, premultiplying

the first by F¥ and taking the second into account,we obtain
D I L h (73)
Hence, for an arbitrary vector e,

T

e F e = (FF e) F(F#e) >0 since F is non negative.

This important property, in turn, shows that the solutions of

for which
T T .T ¢, 6T
q Kq=(Sq"  F(sq) =0
are (theorem of Appendix A) those of the linear system

F- S§°q =0 - (74)
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We have already seen that STq = 0 furnishes only the two transla-
tional modes. As it again follows from equations (67), w is, up to
arbitrary scale factor, the only solution of F#e = 0, so that the

other solutions of (69) dépend on those of
S'q = w (75)

The existence conditions for a particular solution of this singular
problem are precisely satisfied by (72), the general solution con-
sisting merely in adding afbitrary translations. The nature of any
particular solution is clear from the solution (67) of the varia-

tional problem : there are no stresses involved (s=0) but there is

a uniform rotation of the element

This achieves the proof that the stiffness matrix is well behaved.

13. IMPROVEMENT OF ROTATIONAL CONDITIONING FOR =n > 1

When the degree of polynomial approximation increases above
n=1 a lack of balance will develop between the rigorous satisfac-
tion 6f translational equilibrium and the minimum acceptable state
of rotational equilibrium. On the other hand, a too generous impro-
vement of rotational equilibrium may lead to the appearance of me-
chanisms. This is well known since the earliest attempts at cons-
structing stress elements satisfying rigorously all equilibrium con-
ditions. Taking the case n=1 and implementing exactly equation (50),
which is equivalent to the use of an Airy second order stress func-
tion represented by a complete cubic, we are left with 7 active pa-
rameters only (al = 62 ay = 64 @, = 85).
Thus, as n(s) = 7, n(g) = 12 and n(x) = 0, there follows

On the other hand F is now positive definite (no non trivial zero

energy state).

J.32



Three of the solutions of STq = 0 are the rigid body modes,

two other solutions are mechanisms.

In the general case n > 1, the degree of the Airy function is n+2
so that, discounting its 3 idle parameters (those of the linear

part),

n(s)

(n+3) (n+4)
2

6(n+l) as before

n(g)

The self-stressing states are now given by Airy functions that are

zero together with their normal derivative at the boundary, hence

of type
.2 2 2 )
¢ = L] Ly L3 P(Ly, Ly, Ly)
P is a complete polynomial of degree n+2-6 = n-4
and n(x) =0 for n ¢ 3
1
n(x) = 5(n—3)(n—2) for n > 3

In all cases n > 1 it is found that

-~

Hence, in addition to the 3 rigid body modes, there are exactly
always 3 mechanisms. They may be chown to be of the "floating
corner" type.

Although one can live with such mechanisms and inhibit them, either
by the composite element technique, or by imposing suitable cons-
traints at the assembled level, it appears more satisfactory to
avoid them, inasmuch as, by sticking to first order stress functions

we do not thereby inhibit the extension to isoparametricity.
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Let us now increase the rotational conditioning of the element by
taking as multiplier a complete polynomial of degree r. It is easi-
ly seen that.for n =1 the use of a complete linear polynomial

(r=1) is equivalent to rigorous rotational equilibrium and would
introduce mechanisms. Hence we will impose the restriction r < n-1
and show that the stiffness matrix remains well behaved. Thus rota-
tional conditioning can be improved in parallel with the improvement
of compatibility conditions resulting of a choice of higher degrees
n.

The constraints on the active stress parameters will now be

(]
(@)

/[ (24 4 3By (x,y) dxdy = s'wh (76)
E

9x ay

for an arbitrary vector h, listing the parameters (coefficients)

of the polynomial w(x,y). The following properties may be proved

1) Wh=0 =+ h=0 (77)

that is to say, the columns of matrix W are linearly indepen-
dent. If they were not, some non identically zero polynomial

w(x,y) would exist such that

.ff %% + %%) w dxdy = 0
E

for arbitrary polynomials A and B of degree n+l > r+2.

The result should hold in particular for the choice

oA 9B _
ox * -

(<~

(-3
<

because polynomials A and B of degree r+2 can be so chosen
that the terms of degree r+l on the left-hand side cancel,
leaving an arbitrary polynomial of degree r. For such a choice

however

ff wz dxdy = 0 > w = O
E

and the contradiction proves the point.
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2) The matrix of the new variational equations to be solved

| T
F W s S'q
——L - —— ) = [ ===
T ! :
W | o h 0

is non singular.
The proof consists again in showing that the homogeneous

problem
F s+ Wh=20 W' s =0

has only the trivial solution. Premultiplying the first equa-

tion by sT and using the second equation we must have

We cannot adopt the solution s = s, (the only non trivial one)

because

as one of the columns of W, or a linear combination of themn,
is our former w and~wTso = 1. Hence we must take s=0. The first
equation then reduces to W h = 0 and can only be satisfied by

h = 0, as seen under 1).

The matrix has thus an inverse

such that
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FF +WV =1 FV + W.Q = 0 FP = 0 Wiy = 1 (78)

and the solution of the variational equations is
s =F S ¢ h =V S ¢ (78)

The last result furnishes the information about the rotation
of the element

Again from equations (78) we obtain the characteristic pseudo-

inverse property

* . . .
and F (not the same as the former one) is still non negative.

As a result of the last property we are again led to investi-

gate the q vectors satisfying

st qQ =Wh (79)

as representing the rigid body modes or mechanisms of problem

distinct from the two translational modes. Equation (79) is

in fact one of the variational equations for s = O.

The uniform rotation mode is certainly a solution, since Wh = w
for a suitable choice of h and the existence conditions of a
particular solution are then again implemented by (72). Other
solutions are undesirable, and the stiffness matrix will be well

behaved if at least one of the existence conditions
Wh=o0 (80)
is violated for each other (linearly independent) choice of h.

Given n, this will be shown to be true when r has its maximal

value n-1 and, a fortiori, if it is taken to be smaller.
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Let n = 2 and r = 1. We must prove that in each of the cases
w =x and w = y (corresponding to choices of h linearly inde-
pendent of the choice w = 1) a self-stressing state (A and B

vanishing at the boundaries) can be found such that

9A . 3B [/ du duw

—_— o — = - — —_—

/] . s 5y) v dxdy (A g0+ B 3D) dxdy (81)
E

does not vanish.

The polynomial degree of A and B is here at most equal to 3,

and we dispose of only two different self-stressings. For w=x

we select

and obtain for the right-hand side of (81)

-Jf 1L, L, dxdy <0
E

since the bubble function L, L, L, is positive at every inte-
rior point of E. The same bubble function is used for B in the

case w = y with the same result.

Let now n=3 and r=2. The preceding choices of self-stres-
sings remain valid for the same cases but we must now investi-
. . 2
gate in addition the cases w = x , Xy and y2. On the other hand

the degree of A and B may be raised to 4.

x2, select A = x L, L, L, and obtain

For w 1 2 3

- 2 ff x2 L1 L2 L3 dxdy < O
E

For w = xy, take A = y L. L, L, and B = x L, L, L to find

1 72 73 1 72 73

' 2 2
- ffE (x™ + y7) L1 L2 L3 dxdy < O
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Finally for o = y2 the choice B =y L1 L, L3 gives

- J/f y? L, L2 L, dxdy < 0
. :

This systematic technique can obviously be extended indefini-
tely to higher values of n and furnishes the proof that the

stiffness matrix remains well behaved for r & n-1.

In conclusion it may be said that the existence of a new
familly of two-dimensional membrane elements has been establi-
shed. They share with the pure equilibrium elements the proper-
ties of rigorous translational equilibrium and diffusivity at
the boundaries. They have the advantage of being formulated in
terms of first order stress functions only, with simple C0 con-
tinuity requirements and the attendant possibilities of isopa-
rametric coordinate transformations to curved boundaries.

They distinguish themselves from pure equilibrium models by the
fact that they satisfy only average rotational equilibrium
equations. The degree of enforcement of the rotational equili-
brium may follow one step behind the degree of approximation of
the stress distribution or may be lower, leaving a trade-off
possibility between rotational equilibrium ans strain compatibi-

lity.

14. AN ALTERNATIVE APPROACH TO THE CONSTRUCTION OF THE
STIFFNESS MATRIX .

Take the case n = 1. As the stresses are known to vary li-
nearly, they are uniquely determined by the 3 corner values of

the unsymmetrical stress tensor

T o}
Xy y

Consider then the stress vector o containing this information



T

o = (oxl %2 %x3 Tyxl Tyx2 Tyx3 Txyl Txy2 Txy3 oyl 0y2 oy3)

The information enables the surface tractions and consequently
the generalized boundary (interface) loads to be computed.

It furnishes a 12 x 12 matrix G such that

oQ
"
@
Q

Up to now equilibrium was disregarded entirely. From the rigid

body modes
q =R R al2 x 3 r arbitrary
of the element, Fhe global equilibrium conditions are
T

RTg= R1Go = 0

They are enforced by means of a Lagrange vector multiplier A
in the complementary energy principle
T T T . _ T

% 60 0o+ 27 RO Go-q Goao minimum

The minimizing equations are

T P
)
]
'
[}
]
]
[}
]
1
.
]
]
]
]
'
'
]
]
]
]
1
t
]
'
'
[}

and, from the previous theory, the matrix is invertible,

yielding
c = Q“ GTq
and finally
'g =Kgq with K=2¢e¢" el .
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No consideration was given here to the existence of first order
stress functions, but it is easily established that the trans-
lational equilibrium equations are rigorously satisfied.

Starting from the divergence theorem

du du v v
J (ox X * Tyx dy * Txy 9xX * oy 3_) dx dy
aox Bryx BTxy aoy
= § (ut + vt ) ds - I [ u(5;—+ = ) + v (ax 5 ) ] dx dy

We note that the volume forces equilibrating the stresses

aox 9T 9T 90
9x dy 9x 9y

are at most constants. Thus if u and v are arbitrary constants
0 =u § tx ds + v § ty ds = (u X + v Y) J dx dy
However, since global equilibrium was enforced,

§ t ds =0 } t ds =0
X y

and the result holds for arbitrary u and v if and only if
X =0 Y = 0. This proves that local equilibrium holds for

translation. For rotation we start from the identity

I [ %; (x Txy o) + 2 (xa - Y Toy) ] dx dy = } (x ty"y t )ds

oy y y

The right hand side is zero when global rotational equilibrium

is enforced. Evaluating the left hand side we then find

J (Txy - Tyx) dx dy + I (x Y -y X) dx dy = 0

and, since X = 0 and Y = 0, find, as before, that rotational

equilibrium is only satisfied in the average.
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15. RECTANGULAR

ELEMENTS WITH DISCRETIZED ROTATIONAL

EQUILIBRIUM

The theory established in sections 8 to 13 applies as well

to elements of basic rectangular geometry. For definiteness

we take the example of a rectangle with boundaries X

y =+ h in which the unsymmetrical

by bi-quadratic first order stress functions

A = + + + + 2 + 2 + X 2 + x2 + x2
= a o X o,y a4aXy 0,X agy OgXY a Xy agX y

(o}

>}
|

(o]

2

The stress tensor

T
Xy

presents linear variations only along the boundaries x

y = + h.

The active stress parameters are sequenced in the vector s

. . . 1 T .
The stress energy is again a quadratic form 7 S Fs with a

non negative flexibility matrix possessing as unique non

A
oxX

3
™

@
<«

cvlq:
=]

T

+ o

o

B

B

1

2

1

2 2
Xy + a,x  + 2a8X y

X + 20 7

3 y + 20

5 6

stess tensor 1is generated

. 2 2 2 2
B+ le + 82y + B3xy + B4x + 65}' + B6xy + B7x y + 88x y

’ 2
+toagy ¢+ 2a4x + 2a6y2 + 20Xy f 2a8xy

7
2 2
+ B3x + 255y + 2B6xy + B7x + 288x y

. 2
+ B3y + 264x + 266y + 267xy + 288xy

(al ce. ag | By «-- 68) n(s) =

trivial solution to Fs = 0, the vector

o

(y 0 ...0 | 0y ... 0)

J.41

2

2



Along each boundary we have 4 generalized loads, the 16
generalized loads vector g being related to the active stress

parameters by
g =S s S a 16 x 16 matrix.

However there are two self-stressing states

A = Ax? - 2%y (y? - w2

B = u(x> - 25 (y% - nd)

and the generalized loads depend really on 16 - 2 = 14 parameters

only. In fact the parameters o, and 88 could be replaced by A

and p and, g being independentgof A and p , the S matrix would
have corresponding zero columns.

Thus of the 16 generalized loads, 14 only are independent, a
situation coherent with the fact that they already automatically
satisfy 2 global equilibrium conditions in translation. Any
additional constraint imposed on the parameters, like the one

resulting from
J (Txy - Tyx) dx dy = 0

will also be reflected as a constraint on the generalized

loads, here the global rotational equilibrium constraint.
Furthermore, as there are two self-stressings we may hope to
improve, if we so desire, the rotational equilibrium. The
situation is not fundamentally different from the previous one.
We must verify whether our choice of w(x,y) is such that, accor-
ding to (81)

is violated for at least one of the self-stressings.

Y
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This is again the case for the choices w = x or w =y,

since

JJ (x% - 22)(y2 - hz) dx dy < 0
E

16. ISOPARAMETRIC COORDINATE TRANSFORMATIONS

Let (£,n,z) be global cartesian coordinates of a "primal" .
mesh of finite elements with plane boundaries. In polynomial
approximations, the first order stress functions are piecewise
analytic functions of (&,n,Z), C0 continuous at the interfaces.
Consider now any isoparametric coordinate transformation from
(&yn,z) to (x,y,z), using displacement type interpolation

functions Pi(E,n,C)

x = & + I 4. P. (&,n,z)

y =n+ 29, P. (&,n,C)

N
n

g+ £, P (£,n,0)

to preserve continuity of the continuum by conformity of the

fixed displacements

across interfaces.

Considering (x,y,z) as new global cartesian coordinates, we
obtain the "dual" mesh with curved boundaries and interfaces.

The coordinate transformation is continuous at the interfaces
and, considered as functions of (x,y,z), the first order stress
functions remain C, continuous so that diffusivity is maintained.
Thus there is no need whatsoever to impose to the interpolation
functions Pi(g,n,c) the need to be the same as the interpolation
functions used in the primal mesh to obtain Co continuity of the
first order stress functions.

As alregdy observed earlier, the need of Cl continuity preserva-
tion when second order stress functions are involved, may warrant
a closer investigation of whether this is at all possible by

relating the interpolation functions.
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APPENDIX A

A property of non negative matrices

In section 10 and later use is made of the property that

for a non negative matrix F
T
s Fs=0 > F s =0

A simple proof is as follows. Suppose that a non zero vector s

satisfies
s Fs =0 (A.1)
and set F s = x (A.2)-
Then, since F is non negative,
(x + A s)T F (x+ X 5s) 20 for apy scalar ) .
Expanding and using (A.1l) and (A.2)
T

xT Fx+2)Xx x 320

This can hold for arbitrary A if and only if

and the property is demonstrated.

APPENDIX B

Invariance of local rotational unbalance

The measure <t - by which local rotational equilibrium

Xy Tyx .
is violated is not related to a particular orientation of
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cartesian axes. It is in fact invariant under a rotation of

the axes.

T
8 nt
C&.4_____ -!\\\\\\

YX

Oy

Equilibrium of the elementary triangular prism yields

o = c0326 g+ sinze o+ sin® cosb® (1 + 1)

n X y yX Xy
(B.1)

T = sinf cosB ( -5 ) + 26 - sinze

- s oy O cos rxy Tyx
(B.2)

Increasing 6 by 7w/2

. ’ . 2 2
T = sin6 cosb (0x oy) + sin” 9@ Txy cos 0 T

tn yX

(B.3)

From these relations follow the classical tensorial transfor-

mations when the average shear stress is used

\

2 . 2 . Tyx ¥ Txy
. = cos O o_ + sin 6 o + 2sinbcosh X XY
n X y

2
(B.4)
T, 0+ T, ' ' ' T
Bt B . singcosd (o, - 0 )+(cos’0 - sin’g) —YX XY
2 : y X 2
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Also the announced invariance property

Tt -»rtn = Txy - Tyx (B.5)

In the three-dimensional case we have the tensorial transfor-

mation

Oup = Tai TBj oij (B.6)

for the unsymmetrical stress tensor. The symmetrical part

1 _ 1

5 (oaB + OBa) = Tai Taj 5 (oiJ + oji) (B.7)
satisfies the same trnasformation, while also

o -0 =T . T,. (6.. = 0..) (B.8)

af By al B8] 1] j1

The pseudo-vector of strict components of this antisymmetrical
part is obtained through multiplication by the alternating

1
tensor = e

2 "aBy

1

5 eaBY (oaB OBa) = aY
or, in detail,

81 7 923 T 932 83 T 037 T 033 33 T 01, T 09y
Noting that

eaBY Tai TBj = (det T) eijk TYk
relation (B.8) is transformed in

aY = (det T) TYk a, (B.9)

J.48



showing that under proper rotations (det T = 1) of the cartesian
axes the rotational unbalance tensor ay behaves as a polar

(invariant) vector.

APPENDIX C

Boundary load constraints and stress parameters constraints

We can investigate somewhat differently the relationship
between homogeneous boundary loads constraints, that lead to
desirable global equilibrium of the element but also to undesi-
rable mechanisms, and stress parameter constraints, that may
improve rotational equilibrium of the stress field.

The relation between loads and active parameters

g =S s (Cc.1)
involves the following classical algebraical equality

m = n(g) - n(y) = n(s? - n(x) _ (C.2)

between the number n(g) of boundary loads, n(s) of active
stress parameters, n(x) of independent self-stressings, solutions
of the homogeneous problem

Ss =0 ‘ g = (c.3)

*(i)
and n(y) of boundary displacement modes, independent solutions

of the homogeneous adjoint problem

q | RRAG) (C.4)

It was used in section 11 to establish that in two dimensional
triangular membrane elements with complete polynomial approxima-
tions for the stress functions, the solutions of (C.4) were in
fact restricted to the translation modes. The same was true for
the example of rectangular membrane elemenf and can be shown to

be true for three-dimensional tetrahedroms, so that it seems
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to be a natural situation for elements generated by first
order stress functions.
As

T _ T T _
Y(J) g = (s }’(J)) s =0 (C.5)

the global equilibrium conditions in translation are the
necessary, but also sufficient, conditions for the existence
of an inverse to (C.1l)

s =S g+ a, X (C.6)

i 7 (1)
where S# is ‘any particular pseudo-inverse to S, generating a
particular set of stress parameters corresponding to given
equilibrated (in translation only) boundary loads. The self-
stressing intensities a; are arbitrary and form the general
solution of (C.l1) for g = O.

Any homogeneous constraint
q9 g =20 ' ‘ (c.7)

imposed on the loading induces through (C.l) a corresponding

homogeneous constraint on the stress parameters

w s =0 : (C.8)

with w=2S8 ¢q ' (c.9)

the constraint being effective (w # 0) if and only if q is
linearly independent of the translation modes. Since

T T
x(i) w = (S x(i)) q=20 (C.10)

the w vectors‘generated by (C.9) are automatically orthogonal
to all self-stressings. They span a m dimensional subspace of
the n(s) dimensional space of all w vectors.

Conversely, any w vector of this subspace, used to induce a

stress parameter constraint like (C.8) also induces through C.6
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a homogeneous loads constraint of type (C.7) with

q = SgﬂT v (C.11)

(C.11) is a particular inverse of (C.9) when the existence
conditions for inversion, represented by (C.10), are satisfied.-

The general inverse is then obviously

4

To produce a stress parameter constraint that improves rotational
equilibrium without inducing a homogeneous loads constraint

two conditions are required :

1. The vector w should be one generated by a condition of type

®nij JE o334V = JEE“’l("23""32)“““’2("31"’13)“‘*’3("12""21):|dV=0
(c.13)

2, It must not belong to the subspace of w vectors orthogonal

to all self-stressings.

In that case (C.6) shows that the constraint (C.8) is equivalent
to a coupling between the loading and the self-stressing inten-
sities ’

w S g + a, w X(i) = 0 (C.14)

Obviously the number of such independent constraints may not

exceed the number of independent self-stressings present.
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