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1. EULERIAN AND LAGRANGIAN COORDINATES

The fundamental theorems of classicai mechanics deal with closed sys?
tems, that is fixed sets of material particles which are followed in their
motion. In most problems of fluid mechénics, one is rather interested in
the phenomena that occur in a fixed region of space traversed by the par- .
ticles. This modification of point of view requires some essential trans-
formations to the classical variational formulations of Hamiltonian

dynamics.

' By'a = ( ai,az;aB) we denote generalized lagrangian or "material
coordinates identifying a particle. They may, but need not necessarily,
‘represent the space coordinates (xl,xz,x3) occupied by the particle at a con-
ventional epoch, usually denoted by t = O, Their general définition is
that of an independent set of integration constants of the differential

equations of trajectories

dxl' dx2 dx3 (1)

TN T A BT A R de

-

In this differential syétem, ui(x,t) is the velocity field of the particles
expressed as a function of spéce location and time. Any set of three in-

dependent first integrals-of (1)

a, = ai(X.t) ‘ ‘ . | (2)
provides an implicit description at a regular point of the patametfic
equations of the trajectories of particles

4

x ‘.}Ej(al.t) ) o S 3

At a regular point in the field, the Jacobian determinant

| D(xl,xz,xB)
J= D(a,,a,,a,)
1’7273
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"is different from zero and the volume element containing the particles
with material coordinates §i in the set a < Si N ai+dai is given
by

(4)

dQ2 = Jda,da.da

17273

The symbol Dt is used to denote the material time derivative ; Di to denote
the partial derivative with respect to the material coordinate a; under fixed
time. Both are partial derivatives of any intensive variable of the field

when expressed in the form of f(a,t) and we have the commutative property
D.f =D,D f.
D, if Di tf

Similarly at will be the symbol of local time derivative; aj that of partial

derivative with respect to x,. Both are partial derivatives of intensive

3

variable f when it is expressed in Eulerian form f(x,t) and we have the

commutative property

at ij = aj atf. .

In general, all transformations will be performed on the Eulerian description

of variables and, for intensive variables, there follows from the definitions

D f = 3.f+3,fDX

J
- 9 = a '
Dth = 3T Xj(a)t) ’Uj(a.t) uj (X,t) : - - (5) .
so thaﬁ
Df =0 f+u df " o | ' (6

J 3

In particular, since a material coordinate is attached to a particle throu-

ghout its motion

=9.a, +ud.a =20. ' . )

Dta 52521

i
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.and (2) way also be considered to be a solution of the partial differential

equation (7).

To compute the material time derivative of the volume element, consider

the Laplacé expansion of the Jacobian determinant

J = emnp DmX1 D XZ DpX3

where use is made of the permutation symboi émnp'

3 = D X_+ 7 .. '
DtJ emnp (Dt mxl DnX2 DPY3 Dmxl DtDnXZ Dph3+DmX1 DnXZ DtDpk3)

However,

DXy = DyPXy = DUy = dyuD X,

hence

emnthDmX1 D h DPX3 aiulemnp D k. DnXZ D k3

94U 4937 < (31“1)’."

With a similar treatment of the other terms, ther finally comes

DtJ = (ajuj) J

or, in view of (4)
Dtdna(‘ajuj)dn. o - ' . (8)

Formulas (6) and (8) funish a jusﬁification of the general statement about

the material time derivative of any extensive quantity

D [ £da= | D (£d@) = | € ftu,0,f+f 3,u.) dQ
"Jn A In e )’L(--t.ujj 3"y
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= [ (0. £+ 3, (uf)} d2
L‘t i) |

or, after application of the divergence theorem
D f fdQ=Ja £4d2 +I £(n,u,) dS (9)
Elg Q © m J3 : '

where nj denote the direction cosines of the.outward normal to the surface

@ bounding the set of particles.

2. LAGRANGIAN ‘AND EULERIAN VARIATIONS

The preceding reminder of well known results is useful in order to
establish a complete analogy with similar conclusions relating material
and local variations. In Hamiltonian mechanics the real motion of‘each
particle is compared to perturbed or "varied" motions. We may, for instance,
consider a family of virtual motions

x, = X, (a,t;e) - | : (10)

J J
of which the real motion (3) would correspond to the value zero for the
parameter . The material or Lagrangian variation of position of a particle

‘can then be defined as

3 , o S .
By =3 X de | ‘ (11)

Inversion of (10)
a; ='a, (x,t;¢) | - | a2

leads naturally, for the material coordinates, to a concept of local or

eulerian variation, in which the space coordinates are kept fixed

3 - S
Sa, = e 3 | de o , . (13)
1 €=0 A



" Since by definition an = 0, we obtain from (10), considering a back-
substitution of the material coordlnates througn (12),

8%, + 6a; DX, =0 ) | | ‘ T2

Conversely, becouse Aai =0 by definition,

+ = . .
6ai ijajai‘ 0 E | (15)
which is the analogue to (7). Thus there is an equivalence by one to one
correspondence between AXj and $a ; (14) and (15) are indeed the .inverse

relationshlps to one another, since for € = 0

D1X3?jam = Gim aja,]._Di}\..'n = Gjm (16)
More generally, the variations of an intensive variable f(x,t3e) are

related by - : ' ‘

Bf = Sf + AX. 3.f . | | a7
5% . (17)

which is the analogue of (6), or by .
6f = Af + Gam me

that follows immediately from its alternative representation as a function

of (a,t;e).

Obviously, A commutes with D and Dt’ while § comnutes with aj and a .

From a computation similar to\:hat of DtJ’ we obtain the analogue to (8)

A = (aj A)Fj AX,) fm ~ ~ (lfi)

) { or i A@Q_ = (3j 5

and finally, the analogue to 9)
A[.‘fcn-= f 6fd 2 +I £(n, " Ax,) dS - (19)
i) R ’ . ' .

a d 3

I
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" The operators at and § keeping the space coordinates fixed, we have also

atd'a= 0 o 8dl =0 . ' | , (20)

3; THE HAMILTON PRINCIPLE FOR AN INVISCID FLUID

In Hamilton's principle the set of particles is kept fixed and must
be followed throughout its motions, a fact that will be stressed in the
formulas by writing 2(t) and 22 (t) for its volume and bounding surface.
The Lagrangian per unit mass will be
L=tDx DX -U-G¢ 1)

2 7tTi el
where G is a gravitational potential, assumed to be a function of the space

coordinates only G(x), so that

. = =3.G . . ' ' 22
8 3¢ . . (22)
~is the 1local gravftational acceleration acting on a particle, and

AG = - 3,GAX, 6G = 0 : (23)

The specific infernal energy U is in general a function of p,.the mass per
unit volume, and of the specific entropy S. To obtain a true variational
vprinciple; it will'be,necessary to make the assumption that there are no
heat exchanges between the particles, nor momentum exchanges. Thus, ne-
glecting conductivity and viscosity the gﬁtropy of each particle remains
the same at any time. In addition we assume, for simplicity, that the
~entropy of each particle is :hé same (homentropic flow).

It is then possible to ignore eatirely the depgndenée of U on S; the
thérmodynamicai pressure becames defined by 4

L 2 du o o : :
p(p) =»p Fry | oo - | (24)

.

and the fluid is barotropié.



Hamilton's principle asserts that

2 £y
AJ J . pldadt - ' o Enj ij ds dt = 0
a(t) t 32 Q(t)
(25)

provided AX.j =0 at t = tL and t = ty e The second.term represents the
virtual work of a prescribed E'in part 329 of the boungary.

.On the complementary part 3,2 the fluid may be assumed to glide along a

L
figed or moving wall so that the constraint

n

1 bx, = 0 on 9,1 (26)

3 1

must be applied .independently.

As it 1is stated the principle does not take care of conservation of mass

that is also to be entered as a side constraint

Alpdl) = O - . or : Ap +.(8j ij)p =0 (27)
This gives
2 . ) _ L .
. 1 p AL df dt - P nijJ dS dt =0
.t:.1 n(p) . - t, 32 Q) : |

Now, in.view of (23) and (24)

AL = D X. D AX, - &~ 8p - 3, G AX
B Rt ng‘? 3 '
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or writing uj for Dth and using (27) again

@ D MK+ 50 AX,) & -p3, GAX, d

AL 49 =
p fL df =pu ; 5 j !

3

Because of the motion of the region occupied by the particles it is ne-
cessary to apply the operator Dt on d included for any integration by
parts with respect to time. This, and the application of the divergence

theorem, are prepared by transforming as follows :

AX; d2) = X, D_ (p u

3% 3 3

+ 3.(p AX.) d2 -~ (3. p + 3. G) AX. A3
3 (P 2% Gy p+ 23y 0 X

We can now carry out the required integrations

t
: f 2
AX, d@ - AX, 4@ + AX, dS dt
I P uy A% J puy bX P ny AX,
2 (tz) ) (tl) £y an(t)
k2 - .
- . P o, 8X, dS dt -
ty 82 2 (t)
t, {
- AX, (D_(pu.d2)+(3,p+pd ,G)AQ?) dt = O
£ 2(t) J £t . J J

The tvo first terms vanish on account of the vanishing of ij at time limits.
The Euler equation provided by the arbitrariness of AX, in the last term

3

turns out to be the correct Newtonian of motion

D u, +3,p+pd, G=0 ‘ o S (28
o.t‘J FLARL o | (28)
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after, again, a separate consideration of time conservation of mass
o : 4 0%y = ‘
Dt( pdl) =0 or Dtp paiui 0 (29)

If due account is taken of (26), the arbitrariness of AX on 32;2(t),

3

yilelds the natural boundary condition

-

P=p on 32 2 (t) . o . . (30)

4, DERIVATION OF AN EULIRIAN PRINCIPLE

"A step towards the derivation of a corresponding Lulerian principle
~consists in an application of formula (19) to the Hamiltonifan principle.

Thus we must have

t2 . t2 tz
I §(pL)dndt =A J pLdddt - J J pL(njAXj)det
t, 2 (t) 2 Q(t) t1 a ()
and in view of (25)
t . . t, .
G(QL)dDd; + pL(n,Ax, )dSdt
t, | ac) t, | a(e) i
1 1
tz _ . '
- P (nijj) dsdt = 0
t:1 32 2 (t) ;

The correctness of this can be verified. However, the principle 1is not
exactly Eulerian in the sense that the time integrals still imply that
the mdotion of the volume occupied by the particles by the particles be

accounted for.

The difference between the true Eulerian variatién

t, (. L t,
cj J pLdRdt ' and J § (pL)dadt
, tl a . : tl aQ(t) . .
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'is‘in the time integrations by parts which require the Bt operator in the
first case, the Dt operator in the second. The terms requiring integration

by parts in time in 6(pL) are
puy $ (Dtxi) dQ-

We have from (17)

§ Dtxi = M)tl\i - AXJ ajui = DtAXi - AX‘1 ajui.

whence

puy é (Dtxi) Q = D;(f ) - Ej AXj a2 ‘ v(31)
where f= puy Aki'

and

E, = p Dtuj + pu (32)

53 1%3%1

Equation (31) is in the form required by the second case. It will generate

two terms that vanish at the time limits and a contribution -E, to the Euler

3

fequation. If we now transform in (31)

D, () = (3, ) @ +3, (u £) @

3

it follows that for the first case we generate again terms that vanish at

the time limits, a surface term:

£, J ,
. aq (njuj)p uiAXi dsdt
1 :

and the same contribution to the Euler equation. As a consequence we do not-

-alter the Euler equation by switching from the quasi-Eulerian functional to
the really Eulerian one, that involves a fixed region ? of space; but in so
doing, we introduce a complicated combination of Lagrangian and Eulerian
surfaceintegrals. This is not'surprising as the boundary conditions
represented by free surfaces or moving walls are essentially Lagrangian by

nature., In the sequel we must be satisfied with taking Eulerian variations
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" of the Eulerian functional

t
2 . R
[ pLdrdt- and fit whatever boundary conditions that are
3 :

ty

"natural" to the situation.

5« A SELF-SUPPORTING EULERIAN VARIATIONAL PRINCIPLE

~ To avoid the necessity of dealing separately with conservation of mass,
the functional can be augmented by means of a Lagréngian multiplier to
include the satisfaction of eq. (27) . This step was taken originally by
'Hérivel (Ref. 4) but is known to be insufficient when the variations on
particle displacement are transferred to material variations of the ve-
locity field; it restricts the flow to the irrotafional case.
A logical step to remove this restriction was taken by the author (Ref. 7)
in 1965, it consists in augmenting the functional further by incorporating

the constraints :

Dtki -u, = 0 1(33)

by means of a vector Lagrangian multlpller p + We thus examine the Eulerian

variatlons of the new functional

ty

1o |, [eL + o(3, p+3 (pu;)) + py, (D X.-u.)] dade . (34)
1 3

where L may now be written as

L=% u ui - U(p) - G(x) | | (35)
N\

N

and 6&p, 66, 6wi, Suy,A X, are independent variations.
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The variations on the Lagrangian multipliers raise (27) and (33) to the

status of Euler equations. If we collect the terms due to the variation of

1 d ' ,
(2 ugu, - i (pU) G) &p + Gatdp + eai(ui Sp) + GQwi(DtXi—ui),
take into consideration that (33) is satisfied and ﬁrepare the required

integrations by parts

1
) (Bép) + 9, (0 u Gp) - 6p ( (pU) + 3 .0 +‘uiaie + G - Enuiui)

we obtain as LEuler equation

1 d
Sp =+ Dt ] 7 Uy T G - Fry (2] (36)

The variation on u, alone generate the terms

puy Gui + 631( péui) - pwi Gui = 31(696 ui) + p(ui—BiO —wi) Sui

and the corresponding Euler equations

su, - u, = aie o (37)

For AXi we must manipulate

6D _X

Xy = DX, - (ajui) AX, = 3 _AX, + u,?,A X, - (ajn_xi)AX»

A - S R R J

generating the terms

p¢16D-X 2 Q;w AX, ) P (p¢ )AX + 9 (pviu AXi) 2 (pw )AX

b 3 1’

pwja u AX

af

and obtain the Euler equation

Kxi - 3, (p¥,) + 3, (p¥yu, ) *py;d u. = 0
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" In view of (29) this simplifies to

AXi' > -th lj = 0 ‘ (38)

From the various contributions we can also derive the following integral

at the time limits

£

L (86p + p\'])_AXi)CQ
. tl

and the surface terms relatéd to possible boundary conditions

f"z
J J ( e(uini)ap +pe(ni5ui) +p(n,u )¢iaxi) ds dt

J
t, /@ .

They will be discussed later, after elimination of the only remaining

Lagrangian variation AXi.

It should be observed that none of the Euler equations correspond
directly to the Newtonian equations of motion. They are, however, contained

as combinations. First of all, we find from (24)

- d du
—— = —_ =] + 2- =
3o (pU) =U + p <o S I(p) | (39).

the specific enthalpy considered as a function of pe If we then take the

material derivative of (37) and eliminate vy by using (38), there ccmes
\ . . !

!

Dt(ui-aie) + (uj-aje?a.u = D u - (B +u, 9 )3 6'=93, 00, ;4

, i) 33 J i}
uu . u,ug
+ 3, 4 = D.u; = 3D 0+ 3 ~;_J-=o

i 2

or, finally, using (36)

D, u; + 3, (I+G) = 0 o - (40)

which is a classical form of the equations of motion.
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~

6. ELIMINATION OF THE LAGRANGIAN VARIATION OF POSITION

To eliminate the uée of AXi we must solve the corresponding Euler
equations (38) and substitute solution into the functional. Equation (38)
states that the wi field is a constant circulation one; on any small _
segment dxi carried by the particles the circulation of wi does depend

on time :
D, (Widxi) =0 . : 41)
Indead, this is equivalent to

+ = ! <, + X
thidx Vthdxj Dtvidx Wdith

. = Dt\bidxi + ¥ du

i i 5%

-

= dxi(Dt¢i+¢ ) =0 -

3019

Equation (41) indicates that the Pfaffian form y,dx, depends only on
q 19%4 Y

material coordinates. In any of its canonical representations

pidx, =dy + adf . (42) L
the variablesa, B,y are material variables :

DtY = 0. Dta = 0 DtB = 0 (43)
From (42) follows then the general solution of (38)

by =3y +ad.B . ' . (44)

and this, substitued into (37) yields the general Clebsch representation
(Ref. 1) of the rotational flow of an inviscid fluid :

ug =90+ 03,8 I o (45)
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" where ¢ = 6+y 1s a velocity potential and & and B are material variables.
If the potential ¢ is single-valued the velocity f{a1d retains the cqnstant

circulation property for closed contours carried by the flow. Moreover
L
rot u = grada x gradB (46)

and we have the statement that the vortex lines which are the intersections
of the surface fagilies a = constant and B= constant, are carried by the
flow. The constant circulation property indicates the existence of an

acceleration potential, indeed,

D.u, =3 (2 ($+ad B) + u.3. (3 $*tad B)

i

=3 (3 ¢+a3 g) + 3 a3 B -9, aB B + ujai(aj¢ +a3jB)

& .

+ ujajaa - ujaiaBjB

u,u
= —dJ -
31(3t¢ tad B+ =% )+ 9,8D a 9,aD B

-

and the two last terms vanish by (43)+ With this result and (40), we obtain

the generalized Bernoulli integral of the equations of motion
u,u :
3.6 *ad B + »%J—— + I+ G = h(t) . (47)

Since the potential ¢ contains an arbitrary additive function of time o11v,

there 18 no restriction 1n making h(t) = O,

To eliminate Axi replace in (34)
wiDtxi = (aiY+aaiB)DtXi = DtY = atY +a(Dt6 -atB) = ‘(BtY.;.aBtB) A
Then

mbi(D Xj-uy) = ‘D(Bt‘Y"'C!at.B) = pu, (3, y+ad B)
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If in addition we transform
. +. = + - -
o{ 3,_p*d; (pu,)} | 3, (p6) 9;(Bpu,) = p3.8 ' pu; 3,0
thg two contributions combine into
6 {d.p +3;(pu;)} + py, (D X ,~u.) =3 (p0) + 3,(0p u;) - pD ¢ ~pa D B

Thus discarding the term that goes to time limits and the divergence term,

we obtain a functional

t2
pKdodt
t, ‘2
L
7 -].'. 1 - - - - =‘ ’
K== uu -U=G-D¢ oD, B (D, =3, +u;3,) (48)

I

The Eulerian variation of this functional yields the following Euler

equations :

uiui .
& - e -.I-G-Dt¢-aDtB=0'. . (49)
Su;, + p(u;=3,¢-ad;B) =0 . (50)
8¢ A-» 3.p * ai(pui) = 0 . (51)
“\. . . ) .
fa . DtB =0 . , » : (52)
&8~ Bt'(pq) +3;(pau;) =0 : | (53)

The last being equivalent to Dta = 0 in view of (51).
The time limits term is ‘
. . ‘tz
- | p(8¢ +asp)
2

/ .
and can be deleted under the yOnvention that the variations on ¢ and B
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vanish for t = tl and t = t2.

The surface terms are

7

s
- [ ( 0 (66 +adB )(“1°i) ds dt
€, ‘a2

The simpler boundary condition is that of a fixed wall. Freedom in the
variations of either ¢ or B at such a boundary wall will give the cor-
responding requirement nu, = 0 as a natural boundary condition. If a

2 of the boundary we add

normal velocity (niﬁ}) is imposed at a part ar

to the functional the term

t :
2 '
. I - p¢(niui) ds dt

1 T

and the free variation of ¢ will impose n.u, = n{E; on ar7. The free
variation on p in this additional term will cause ¢ = O on the same

boundary.

7 .THE PRESSURE INTEGRAL

Consider the energy per unit volume

£(p) =pU(p)

i}
\

The vafiable conjugate to p is by définition

df
dp )

A co-energy is then defined as in elasticity theory by the Legendre trans-

formation
pL = £ = p(I-0) = p(1) . N ¢ 1)

and turns out to be.the pressure to be considered as a function of the

enthalpy. Differentiation of (54) produces then the involutory of conjugate
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variables .
pdI = dp . ‘ - _ (55)
PreciseLy; when (49) is used to eliminate the consideration of as a

variable, the Kernel of the functional reduces to
pPK = p(I-U) = p

We obtain one of Batenan's Eulerian variational principles (Ref. 3), the

so-called pressure integral

t2
J p(I)adt ‘ (56)
ti Q ‘
®
in which the enthalpy must be considered to be expressed through (49) as

.

i1 ’ .
I=-%= =G-D¢ =-aDSB . 6N

From (55) and (57) there comes
= id-B = -\ - -
ép = 57 oI p(gisui 6Dt¢ SaD B aGDtB)

and the Eulerian equations are still given by (50), (51), (52) and (53);

nothing is changed concerning the time limit and surface terms,

The pfessure integral can be further simplified by accepting a priori

the Euler equation (50). Hence substituting the Clebsch representation

\

u, =81¢ +aaiB
\ ' . , . ,
we obtain the pressure integral (56) with the enthalpy given this time by

I= -c% (3,¢+ad B) (3,4 +ad B) + G +3 ¢+ad B) ' (58)

as would result from the generalized Bernoulli integral (47).
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This principle depenrds only on the potential ¢ and the Lagrangian
#riables of tae Clebsch representatioﬁ. Their variations produce the Euler:
equations (51), -(52) and (53); again the time limits and surface terms

are unaltered.

The principle has received a good deal of attention in the problem
of the perturbation of a uniform flow of a compressible fluid by aero-

dynamic bodies. Using a pressure coefficient

o .
P = coee-o

1 2
7 Pl

in place of the pressure itself; introducing the Mach number

u 2 Pe
M=""‘a"- Withag,.:YB"'
-] [~}

and the variable

I -1
©o
2 8 ———
U
instead of the enthalpy itself, the relationships

y

A T y-1
I-1I =c¢ (T-T and £ = (=
w =, (T-T,) SRR
of gas dynamics yield the explicit law
. " ) .;LT
P=~= | (- (yru72)T (59)

M

While, if the flow depends only on the potential ¢, and a perturbation

potential n of the uniform flow along x, be introduced by

1
¢ = UCx +n)

(60)

' 1 1
Z=ntgdn +yamiyn
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An approximate determination of the perturbation potential is possible

by application of the Rayléigh-Ritz method via the variational principle

§

t 2 J ' . Y
|t ]

(-G-U’z) YU 21 |@ae = 0
1 :
with Z given by (60). The principle is also useful as a theoretical tool
for delivering coherent approximations to the field equation governing the
perturbation potential and its boundary conditions, by assuming small pre-

ssure and velocity perturbations and expanding the Kernel by the binomial

theorem.

8. THE PARTICULAR CASE OF INCOMPRESSIBLE FLOW

~Imompressible flow is *an idealized case where the pressure is no more
of thermodynamical origin but constitutes a purely mechanical reaction
against changes of volume. One can, however, consider it as a limiting

case of the enthalpy formula through (55) since then

and £ is sometimes called the specific pressﬁre energy.
Thus the general pressure formulation applies here in the form (56) with

U.illi . . . ‘
P =0(5" - G =D - aD.B) . S (e

There is no loss in generality in dropping the constant factor p in the
Kernel of the principle. It will also be observed that G plays no role in

the variational equations a&%tnay be dropped in the Kernel that becomes :

- t2 . uiui _
$ —5 - Dt¢ - aDtB ) dodt =0 . (62)
tl [y}

However. G retains its role as additional hydrostatic pressure when the
pressure is computed from (61) after the potential and Lagrangian functions

have been determined.
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Consider now the very special case of stationary potential flow of an

incompressible inviscid fluid. The assumptions can be sumarized in
2.0 =0 rot U = 0 div 4.= 0

and the problem is almost purely grometrical in nature. -
Because of the stationarity assumption, the time integral may be dropped
in the variational principle. The second aésumption allows to retain

only ¢, and (62) degenerates into

) ‘uiui -— —
f (uiaiqs - -2~~)cm - ¢uv ds - (niui) (¢~ ¢3)ds
2 3,0 3

min max

(63)

The sign of the functional has been changed and surface terms added to
provide for natural boundary con®itions throughout., '

Those and the Euler equations are in fact

Bui in. Q - u, = 3i¢
Gui on.afn -+ ¢ = ¢

which is equivalent to the impbsition of the velocit& cémponents tangent

to this boundary,

6¢ in Q@ - aiui =0
d¢ - on 3,0 -+ nu, =u

2 i1 v
the imposition of the velocity copponent normal to this boundary.

Principle (63) is in the sojcalled canonical (in the sense of Hamilton)
or invblutory form advocaté& by Friedrchs and whose analogue in elasticity
theory 1is better known under the name,;f Reissner. It is a saddle point
principle in which, after looking for a maximizing choice of the velocity

field under a given potential, one louoks after the minimum of all those
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maxima for the choice of the potential,

From it, two simplér single~field principles may be derived, whose
dual character enables the kinetic energy estimates of the flow, obtained
from Rayléigh-Ritz approximations, to be bounded from below and from above

respectivély.

The first is obtained by accepting a priori the potential character of

the flow. If we add to this the a prior% satisfaction of ¢= E' on 3.2, we

1
obtain
I L 63 .6 d?l- 6 u_ ds min (64)
Q72 °i%% v
3,2 o -

and the principle accounts simply for the incompressibility condition

3iuf =aiai¢ =0

and for the boundary conditions on BZQ °
If, on the contraty, we want to simplify (63) by a priori satisfaction
of the incompressibility condition plus the boﬁndary condition in aél, it

becomes necessary to transform the functional by an integration by parts :

u,u

- L} (935u; + ; LS J

¢(niui -‘uv ) dS + _ niui¢ds
319

323
Accepting now a priori the constraints

aiui =0 and niui = uv on '829;

we obtain the dual single-field principle (the sikn has again be changed)

R i \ 1 i. . u, constrained

[ % uu, & -f n,u, ¢ds . ~min ‘ (65)
3.9 { '
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9. THE VECTOR POTENTIAL

‘'The implementation of the incompressibility constraint on the u, field

calls naturally for the use of a vector potential e :

& o= rot A - div @ = 0 _ (66)

but introduces interpretation difficulties for the boundary terms.
For this reason we carry out the required transformations on (63) instead

of (65). Since the use of a vector potential

= e 9 A
i ipq 'p ¢

automatically entails aiui = 0, the functional in (63) may  already be

transformed to

) ¢(niui—u v) ds + I s 2 ¢niuidS
2 1

Or, with the understanding that ¢= g'on 8f2 ’

uu ’ . -
-l 3 Lo+ I ¢nou. ds - ¢u ds
Q In N ap Vo

‘The free variation &¢ on,azn produces the natural boundary condition’

+ > )
n.u = u .on 3.9,
.. v &
The Qariation u, = e, A ives
. § 1 ipq 3p§ q 8

- -+
= | 8A.rot udg - I nu.e., sAdS + J ¢n.e. 9.6A dS =0
i
J; 0n 1pq q n 11pq "p" ¢q
The Euler equation is obviousiy rot 4 = 0, as was to be expétfed. The
last term; that contains derivatives of the variations of the vector po-
tential,'is transformed as follows :

f

J ¢§.rot 5K ds ; f 3}rot(¢5 R) ds - f ;.(grad¢x5A) ds
aQ ' -

RN a

where, on account of



n .(grad¢x6X) = le(gigrad¢)

the scalar potential has only to be defined on the surface.
As I n.rot (¢6K) dS = 0, we finally obfain for the surface terms
'y)
I 651[:8%(3;grad¢) ] ds = 0 with ¢ = E' on 9.2
n .

1

The boundary conditions are thus finally obtained in the form

Kx3.=»3kgrad$ on atn
§.§=; on IR
v 2

10, ORTHOGONALITY ASPECTS OF TISOCHORIC AND IRROTATIONAL FLOW

Consider on the one hand an irrotational flow described by a scalar

potential :

- . -> .
u, =23.¢ -+ rot u =0
i i

on the other hand, and isochoric flow, described by a vector poﬁential :

v, =0

3 A + divve=y
I B §

v, = e
i ipq p q

and define a scalar product'between the two as
(u,v) = L}uividﬂ

From a first type of integration by parts

(u,v) = va.a 6dY = J ¢én v ds -‘J¢a v.dn =[ ¢n v, dS (67)-
Vi g L1 i1 WRSE A

Q 1]

Iﬁ is apparent that this scalar product vanishes if the bounding surface

i3 subdivised in parts &

3,2 over which - "¢ =0
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> -
2 3 h = . =
320 over whic nivi n.rot A = 0

-

The second type of integration by parts

-+ >
(u,v) =I u,e, 9 A d = f‘ A ds + J A.rot u & or
*)y 1ied’pg ;P itipgq g o h S
(uv) = - I R (axa) ds = +I d. (k) ds - (68)
) _ )

leads to the same conclusions. On aln the imposition of ¢= 0 is

L B -+ o5 <>
equivalent to the requirement nxu = 0, On ai? the requirement n.rot A ¥ 0

. e -)-
is satisfied by the somewhat stronger one nxA = 0.

The equivalence between the two surface integrals to which the scalar

product reduces follows also from the general statement

f div rot g-dl =[ ﬂirot B ds =
2 RN

vith B = dA

This gives -indeed, from

rot(ox) = ¢ rot A+ grad¢xx'

the result

f‘ ¢g.rot Ads = f grad ¢.(ﬁ§3§ ds - : (69)
KR N : .

The_ofthogonality property is thus found to hold between an irrotational

flow, whose tangential velocity component vanishes on afl and isochoric

flow whose normal velocity component vanishes on the complementary part 322.

11. BOUNDING OF THE KINETIC ENERGY

Consider a flow that' is both irrotational and isoohoric and satisfies

non homogeneous boundary conditions on 317, where the tangential velocity

component is specified, -and 329 where the normal component is specified.
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In keeping with the preceding section, denote by u an irrotational flow
that satisfies the homogeneous condition on BIQ (no tangential velocity)
but 1is left unspecified on éi) , while uoidenotes any particular irrota-

tional flow complying with the non homogeneous data on 312.

.Similarly, v will denote any isochoric ¥low gatisfying the homogeneous
condition on 329 (no normal velocity component) and without specification
on 819, while vo_will denote any particular isochoric flow satisfying the

non homogeneous data on 323 « We then find

(uo,v) = J : 3'(;.rot X) ds = 4-[ K,(K#grad¢) ds &70)
(u,v) = s U dS = -J gradd . (n¥A) ds (71)
3 Q v aéz ’

In approximating the flow by a numerical analysis of Ra&leigh~Ritz type,

ve may eithef consider the irrotational flow to contain adjustable para-
meters in u to satisfy in scme best sense the incompressibility condition
and the boundary data on 559, or the isochoric flow to contain adjustable
pafameters in v to satisfy in some best sense the irrotationality condition

and the bodndary data on 319.

Both viewpoints are combined in the requirement that the squared

"distance" between the two adjustable fields by minimized :

(u+u°-v-vo, u+96-v-v0) = (u+u°,g+uo)+(v+yo,v+v°)-2(u+uo,v+v°)
minimum
Because of the orthogonality property (u,v) = 0, this condition naturally

splits into the two independant requirements

N o
(u+u°,q+uo) ~‘2(u,vo) ‘ mizimum _ | - f72[
(vao,vao) -2(v,u°) mi:imum . (73)

The term -2(u°,v°) has been dropped as constant.



Now u + u, is the potential fiow u, = Bi¢ where ¢ = E' as specified

i
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on 3,2,. and the first requirement is identical to our previous variational

T°
principle (64) :

——

1 . ' ,
5 I ai¢ai¢dn - j o) u, ds minimum
o) 829
>

. . g \ -+ —
Similarly, v + v, is the isochoric flow v = rot X where n.rot A = ub is

specified on 3,2 , and the second requirement is identical to the irro-

2
tational principle (65) implemented by a vector potential

e

f rot A rot A a - .E (;}rot X) ds minimum
2

BIQ

We obtain a bounding of the kinetic energy of the flow by considering the

separate problems :

IR are non hcmogeneous (uo ¢ 0)

2& (vo = Q)

Problem 1 : The data specified on 3

but homogeneous on 3
Problem 2 : The complementary problem : u, = o, v, # 0.

We ﬁay note that the general problem can always be handled by linear

superposition of problems 1 and 2,

In problem 1 we must find the best approximations to

(u + ué,'u‘+ uo) minimum : . ' (74)
(v,v) - Z(V,UO)A minimum - . j (75)
n
Set u= 5 C, u,
: . N J i

~

where each uj field is generated by an assumed potential that is zero on

3.2 . The best coefficients &, are given by equating to zero the bartial

L J

derivaties of the quadratic form

(u,u) + Z(G;UO) = ZZajak(uJ,uk) + 2% aj(uj,uo)
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Thus -

Denoting by

The best approximation, those equations are equivalent to

(Gj’ﬁ) =0 ) j = 1, 2, ssey I

Multiplying each by its coefficient‘@} and summing
'“(G-uo,ﬁ) =0 or (&,4) = (G,uo) . - (76)

The exact solution s, which is both irrotational and isochoric satisfies the

similar equation
(sy8) = (s,uo) - A ' ' a7

Indeed, s is both a v-type field (vo = 0) and simultaneously s - ug is a
u~type field, so that (s-uo,s) = 0 by orthogonality.

Furthermore, since the minimum in (74) is not necessarily reached,
6,8 > (s,9) o S ) (78)
\

We can give a similar treatment to

each v, field being generated by a vector potential such that n.rotd = 0

J
on azn.‘

<

(v,v) - 2(\},%) = 158

jﬁkcvi'?k? - 25 Bj(vj,uo) minimué

furnishes the linear system



L Bk(v - (vj,uo) a 0

j 'vk)

o

or with ¥ = & Bkvk’ the best'approximation,
(ngv) - (Vjpuo) =0 ’ j = 1. 2. seesy N

Multipiying by each Ej and adding

@8 - (Fu) =0 - a9
Sincé the minimum og (75) 18 not necessarily reached

@,%) - 2(5,u) 3 (s,8) = 2(s,u))

1

This inequality is transformed by (79) and (77) into

.and this result combined with (78) gives the kinetic energy'boun&ing
(G',G) < (s,s) < (§,8) ‘ _ : | (80)
A-;imilar treatment of Problém 2 yields the reverse bounding

(ﬁ,ﬁ) s (5,8) ¢ (G,G? | | ' . (81)
where § = Zajuj and ¢ = Qo + I ijj

12.. FINITE ELEMENT IMPLEHEN}ATION.OF THE RAYLEIGH-RITZ PROCESSES

The simply connected region ? is divided into adjacent subdomains ?

30,

the so-called finite elements. Any integral extended over the whole, region

.18 understood to be the sum of integrals over the Q Whenever an integra-

tion by parts is applied, the boundary terms 1nvolve the whole set of

boundaries aaaof each subdomain and can be regrouped as a sum of integrals

covering the external boundary a0f 2 and a sum of integrals involving

the two faces of interfaces I_ of the subdomains

8



4+ -
= + I -
I | nifidS -Ia)nifids : [ - ni(fi fi)dS
* I . . I

a : p

In the last terms the convention is adopted that the normal n, to the
interface is that of one of its faces, denoted by the superscript +.

Since for outward normals
n -n, = -n,
i i
the minus sign of the contribution of the other face is understcod.

Consider a first subdivision into finite elements, in each of which a
scaler potential ¢a is defined, usually in the form of a complete polyno-
mial of chosen degree with unknown coefficients; The transition conditions
to be satisfied at the interfaces can be found by examination of the ortho-

gonality condition, generalizing (67)

(ugv) =1 Viai¢a = -3I ¢aaividn + J ) nlvlds +
5 - 3 RN

v 3 a

+3- (o' v -4"vT)ds
X ' ni ¢uvi ¢avi
IB

To obtain orthogonality with an isochoric flow (aivi = 0) satisfying
nyv, = 0 on the part 322 of the outer boundary, while ¢a= 0 on afn.
wé must still ensure that at the interfaces

b n (¢ v ¢ v, )dS =0

IB
This must hold in particular for a continuous isochoric flow, hence
QI = vi at the 1nterfaces and

. + - '

z nivi(q,a -q,a )ds =

IB
It is thus sufficient, although admittedly not necessary, that there be
continuity_éf the scalar potentials at the interfaces. It turns ouﬁ that
in the case of complete polynomials, it is extremely easy to enforce the
interface continuity conditions, both in 2 and 3 dimensions. For the

two~dimensional case, taking triangular finite elements, the coefficients
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of the polynomial defining the scalar potential inside can be determnined
in terms of local values of the potential at the vertices and along the
sides;'plus, as turns out ot be the case for degrees highef or equal to 3,
at some interior points. If, at an interface, the local values of the po-
tentials ¢+ and ¢- coincide, the potentials coincide along the whole

interface.

Similarly, for the same or another subdivision into finite elements,
for each of which a vector potential is assigned containing unknown

coefficients,'the transition conditions follow froam (68)

(u,v) = ¢ [ U.rot K& 4 = ZI Ka.rot @ - J X.(Kk&) ds
9] ] on
G ‘ Ka-)-->+ Ty
+Z (Ae(nxu) + A.(axu) )dS
I
B

'To obtain orthogonality with an irrotational flow (rot U w 0) satisfying

nxu = O on part 3{2 of the outer boundary, while X; = 0 on part BZQ,

it is sufficient to have continuity of the vector potential at the inter-

faces., .
Again, ghis is quite easily implemented for polynomial approxiﬁations

of the vector potéﬁtial. Here in the two-dimensional cases of plane flow

or axisymetric flow, a scalar stream function replaces the vector potential.

13. VARIATIONAL PRINCIPLES FOR VISCOUS FLOW

There are no true variational principles yielding as Euler equations
the Navier-Stokes general equations. There is, however, a principle that
gerrns the dissipation in steady state flow for cases of such low Reynolds
numbers that the acceleration terms are ﬁegligiblé. Limiting ourselves to

incompressible fluids, the dissipation

= ud 06
F= 0%

+3.u

1
7 (a.iuj 54

0

and the functional yielding the equations of motion with negligible inertia’

force terms can be taken as
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o

J a J (pgiui + p(aiui). - F & -i-j’a o Fiui ds
1] _ 2‘.
with uj_ﬂu1 on 3{2.

The pressure p appears here as a Lagrangian multiplier, whose variations

enforce the incbmpressibility condition. With the viscous stresses

- OF
30, §

the Euler equations stemming from variations on the velocity field are

Oij

- + =
P gi 3ip ajoij 0o
and the natural boundary conditions on 8ZQ are

nj(oij-paij) =t
As shown by Debongnie (Ref. 9), this principle can be extended by the
Friedrichs technique to a canonical form involving simultanécusly variations

.on the viscous stresses themselves.

Applications h&ve been made in severai directions. To biomechanics by
P. Tong and Y.C. Fung (Ref. 8). To oil bearing problems and flow over
deep wells by Debongnie (Ref. 9). _
In applying the finite element'methods‘to the two~dimensional cases,
advantage'may be gained from the remarkable analogy with Kirchﬁoff plate
bending problems. The analogy comprises that between the stream function
of the flow and the transverse plate flexure, the viscosity stresses and

the bending moments tensor.
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