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ABSTRACT 
The Equal Channel Angular Extrusion process is used to modify the microstructure of an 

AA1050 aluminum alloy in order to produce an ultra fine grained material. Due to the severe 
plastic deformation undergone by the material during the ECAE process, the subsequent 
behavior of the material is non-conventional and difficult to model with classical constitutive 
laws (e.g. ECAE aluminum presents a large initial back-stress which must be adequately 
incorporated in the model). In this study, the evolution of the back-stress during the ECAE 
process is analyzed. Two different numerical models were investigated in this respect. The first 
one is a single crystal strain gradient plasticity model based on dislocation densities. The second 
model is the Teodosiu and Hu’s hardening model, which is a microstructuraly based 
phenomenological model at the macroscale. The results provided by the two models are 
obviously distinct. Nevertheless, some common trends can be pointed out, among which the 
amplitude of the back-stress that is similar. In agreement with the cyclic deformation mode of the 
studied route C ECAE process, the evolution of the predicted back-stress is also cyclic in both 
models.  

INTRODUCTION 
The Equal Channel Angular Extrusion (ECAE) process is used in the present study to 

produce ultra fine grained aluminum. It is well-known that a decrease in the grain size of a 
material is accompanied by an increase of the yield strength as can be represented by the Hall-
Petch relation [1]. Due to their particular mechanical properties, an increasing interest is 
currently dedicated to the study of ultra fine grained materials. However, the modeling of these 
materials is not straightforward. The material deformed by the ECAE process is far from its 
virgin state. Very large plastic strains (in the studied case, the plastic equivalent strain is 1.15 per 
pass) are imposed to the material.  

In the framework of this study, several mechanical tests were performed on the aluminum 
produced by ECAE in order to assess its mechanical behavior [2]. It appeared that a significant 
kinematic hardening was observed. Furthermore, the ECAE aluminum presented an initial back-
stress resulting from the deformation that occurred during the ECAE process. 

This contribution assesses the performance of two different numerical models for an 
accurate modeling of ECAE processed aluminum. A single crystal strain gradient plasticity 
model was scrutinized in this respect. This model uses as internal variables the densities of 
statistically stored dislocations (SSD) and geometrically necessary dislocations (GND). The 
evolution of the SSD densities is based on a balance between dislocation accumulation and 
annihilation rates depending on the slip rates. The GND densities on the other hand result from 
the incompatibilities in the crystal lattice due to gradient of the dislocation slip. Both GND and 



SSD densities are taken into account for the isotropic hardening of the material. The GND 
densities naturally induce a physically based kinematic hardening through their internal stresses 
(i.e. the back-stress, computed as a function of the GND densities gradient).  

In addition, a macroscopic phenomenological hardening model was investigated. The 
Teodosiu and Hu's hardening model [3;4] is a physically-based microstructural model. Basically, 
it is able to describe both kinematic and isotropic hardening, reflecting the influence of the 
dislocation structures and their evolutions, at a macroscopic scale. It permits to describe complex 
hardening behaviors induced by strain-path changes.  

The goals of this research are multiple. First, different numerical models were used to 
predict the evolution of the back-stress during an ECAE process. This yields new insights and 
more accurate material parameters as used in phenomenological models adapted to ECAE 
materials (mainly a reasonable initial back-stress). The modeling of the ECAE process also 
results in an improved knowledge of the mechanisms involved during this forming process. 
Finally, this research permits the comparison of two promising yet different models with very 
different approaches on a relevant application. 

THE MODELS 

Strain gradient crystal plasticity model 
The constitutive framework of this model departs from the classical multiplicative 

decomposition of the deformation gradient F  into a plastic part  and an elastic part :  pF eF

 e p= ⋅F F F  (1) 

pF  is assumed to be achieved only by dislocation slip.  includes small lattice 
deformation and (possibly) large rigid body rotations. The elastic behavior of the material is 
determined by equation (2), where  is the second Piola-Kirchhoff stress tensor expressed in the 
stress-free intermediate configuration (the material deformed by  only),  is the fourth order 
anisotropic elasticity tensor (it is defined by three material parameters, which are three of its 
components: C11,C12,C44).  is the Green-Lagrange elastic strain (work-conjugated to S ), 

obtained by 
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The plastic deformation is due to dislocation glide on slip systems. Therefore, the plastic 
velocity gradient tensor (related to the plastic part of the deformation gradient by ) is 
expressed in the form: 
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In equation (3), αγ  is the slip rate on slip system α, the non-symmetric Schmid tensors 
are defined by , with ( ) ( ) ( )0 0 0ij i j

s nα α=P α
0s α  and 0nα  the slip direction and the slip plane normal 

for the slip system α (expressed in the undeformed configuration). 
A visco-plastic slip law relates the slip rates to the effective stresses : eff
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0γ , ,  are material parameters;  is the Boltzmann’s constant and  is the absolute 
temperature. In equation (4), the exponential term represents the thermally induced dislocation 
motion. The effective stresses  are obtained from equation (5), where  are the Schmid 

stresses defined as the resolved part of the second P-K stress on the slip systems . 
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b
ατ  is the back-stress related to the kinematic hardening included in this model. It is the 

resolved part of the internal stresses induced by the edge and screw dislocation densities present 
on all slip systems according to equation (6). 
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The presence of dislocations in the crystal creates a deformation of the lattice. Assuming 
(at this stage only) that the material is an isotropic elastic continuum medium, the internal 
stresses resulting from distributions of dislocation densities take the form of equation (7) for 
edge dislocations and equation (8) for screw dislocations.  
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In equations (7) and (8), G  is the (isotropic) shear modulus, ν  is Poisson’s ratio,  is 
the length of the Burgers vector and  and 

b
eR sR  are the radii of the fictitious spherical domain 

(around the point where the internal stresses are computed) limiting the dislocations taken into 
consideration. It should be noted at this stage that the dislocation densities are separated in two 
categories: the geometrically necessary dislocations (GND) and the statistically stored 
dislocations (SSD). The GNDs are generated during the plastic deformation by dislocation glide 
in order to maintain the compatibility of the crystal lattice. They have a specific orientation 
(depending on the slip on each slip system) and, they therefore have a net contribution to the 
internal stresses. On the other hand, the SSD have a random orientation such that their influence 
on the internal stresses vanishes. It appears in equations (7) and (8) that the gradient of the GND 
densities  is the governing quantity for the internal stresses. The present crystal plasticity 
model considers face centered cubic metals having 12 slip systems and, consequently, 12 edge 
dislocations and 6 screw dislocations families are considered. In equation (4), the slip resistance 

 is still not defined. It is related to the local slip system hardening. The slip resistance evolves 
as a function of GND and SSD densities through equation (9). 
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c  is a material constant and Aαξ  are interaction parameters between slip system α and 
dislocation ξ. The evolution rule for the SSD densities results from a competition between an 
accumulation rate and an annihilation rate: 
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and an initial condition: ( ) ( )
0

0SSD SSDtξρ = = ρξ  (12) 

In equations (10) to (12), cy , K  and ( )
0SSD

ξρ  are material parameters; H αξ  is an 

interaction matrix (similar to Aαξ ) and t is the time. 
The GND densities evolution is based on the geometrical compatibility of the crystal 

lattice during plastic deformation. The GND are introduced to maintain the lattice continuity in 
the crystals in spite of the dislocation slips. The evolution rules are: 
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for edge GND densities (ξ=1…12) and screw GND densities (ξ=13…18), respectively. 
Further details about the strain gradient crystal plasticity model can be found in [5-8]. 

Teodosiu and Hu’s hardening model 
Teodosiu and Hu’s hardening model is described by 13 material parameters: 

 p R Sd SL X L P 0 Sat satC ,C , C , C ,C , f , n , n , r, Y , R ,S , X0  (15) 

and depends on four state variables: 

  (16) , , , RP S X

Variable P is a second-order tensor that depicts the polarity of the persistent dislocation 
structures (PDSs in [9]) and S is a fourth-order tensor that describes the directional strength of 
the PDSs. Scalar R represents the isotropic hardening due to randomly distributed dislocations 
and the second-order tensor X is the back-stress. These state variables evolve with respect to the 
plastic strain rate  and the equivalent plastic strain rate pε p  as given by  

 ( )p
YY f Y, pε=  (17) 

A precise description of these evolution equations can be found in [3;10-11]. It should 
however be noticed that the fourth-order tensor S must be decomposed into SD and SL according 
to Equation (18). SD is the strength of the dislocation structure associated with the currently 



active slip systems and SL is the latent part of S related to the persistent dislocation structure 
associated with the latent slip systems.  

 DS p pS N N S
ε ε L= ⊗ +  (18) 

where pN
ε  is the plastic strain rate direction. Two distinct evolution equations (with the 

form of Equation (17)) are applied to SD and SL. 
The yield condition is given by Equation (19). 

 y 0Y R f | Sσ σ= = + + |  (19) 

where σ  is the equivalent stress, function of dev( )σ X− , yσ  is the current elastic limit, 
 is the initial size of the yield locus and 0Y R f | |S+  represents the evolution of the isotropic 

hardening. The expression of σ  depends on the definition of the yield locus.  

MODELING THE ECAE PROCESS 
The ECAE process is schematically represented in Figure 1. In this study, the material 

(one material point is illustrated by the square in Figure 1) was assumed to be submitted to 
simple shear in the intersection plane of the two channels. In this respect, the numerical 
simulations were defined in a reference system attached to that plane. The material was 
submitted to the ECAE process following route C (180° rotation of the sample between each 
pass) for 4 passes. This route can be modeled by simple shear (with a shear strain ranging from 0 
to 2 for the studied ECAE geometry) for the first pass and reversed shear for the second pass. 
The initial shape of the material is recovered every 2 passes. 

For the strain gradient crystal plasticity law, the orientations of the individual grains are 
required as input data. The texture of the aluminum before the ECAE process was used to extract 
a set of 8 representative orientations. The grains with these orientations were submitted to simple 
shear separately (Taylor analysis). The material parameters for the strain gradient crystal 
plasticity model were largely extracted from [6] and [12]. Only the initial SSD densities ( )

0SSD
ξρ  

were adjusted according to the actual hardening behavior of the studied aluminum. A value of 
400 µm-2 was adopted. 

For the Teodosiu and Hu’s model, the material parameters for the aluminum were 
obtained from [13]. 
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Figure 1. Schematic representation of the ECAE process (RD is the rolling direction of 
the initial material). 



NUMERICAL RESULTS 
Figure 2 presents the evolution of the shear stress as a function of the shear strain with the 

strain gradient crystal plasticity model during the ECAE process following route C for 4 passes. 
The Bauschinger effect can be observed at the load reversal between successive passes. The 
kinematic hardening (linked to the back-stress) is at the origin of this effect in the model. 
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Figure 3. Evolution of the back-stress (X) during the ECAE process for 4 passes (route C) 
with the strain gradient crystal plasticity model. The components of X are expressed in the 

reference frame of Fig. 1. 

0 0.5 1 1.5 2 2.5 3 3.5 4
-40

-30

-20

-10

0

10

20

30

40

X11
X22
X33
X12
X13
X23

 

MPa 

Pass number 
Figure 4. Evolution of the backstress (X) during the ECAE process for 4 passes (route C) 

with the Teodosiu and Hu’s hardening model. The components of X are expressed in the 
reference frame of Fig. 1. 



The difference between the two models can be partly explained by the microscopic and 
macroscopic aspects of these models. On the one hand, for the strain gradient crystal plasticity 
model, the back-stress originates from a gradient of the GND densities inside each grain. This 
gradient is mainly due to the presence of the grain boundaries. On the other hand, a 
homogeneous behavior is assumed with the Teodosiu and Hu’s model. More consistently, both 
models predicted a larger overall back-stress after passes 1 and 3 and a lower value after 2 and 4 
passes. This observation should be checked experimentally.  
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