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Abstract. We focus on a stochastic process {Y'(¢)};cp0,s) defined by a pathwise
Young integral of a general form. Thanks to the Haar basis, we connect the classi-
cal method of approximation of {Y(#)}+c[o,.) through Euler scheme and Riemann-
Stieltjes sums with a new approach consisting in the use of an appropriate series
representation of {Y'(¢)}¢cjo,)- This representation is obtained through a general
compactly supported orthonormal wavelet basis. An advantage offered by the new
approach with respect to the classical one is that a better almost sure rate of con-
vergence in Holder norms can be derived, under a general Wiener chaos condition.
Also, this improved rate turns out to be optimal in some situations; typically, when
the integrand and integrator associated to {Y'(¢)};¢[0,s) are independent fractional
Brownian motions with appropriate Hurst parameters.

1. Introduction and motivations

Throughout the article the integer v > 1 is arbitrary and fixed, and the interval
[0, v] is often denoted by I. We focus on a real-valued stochastic process {Y (¢)}1er
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of a general form: it is given by the pathwise Young integral
t
Y(t):= / o(s)dX(s), foreachtel. (1.1)
0

Such kind of process is closely connected to (stochastic) differential equations driven
by fractional Brownian motions and more generally by (random) Hélder functions
with correlated increments (see e.g. Baudoin and Coutin (2007); Decreusefond and
Ustiinel (1999); Gubinelli et al. (2016, 2006); Lejay (2010); Lyons et al. (2007);
Nualart and Ragcanu (2002); Ruzmaikina (2000); Zdhle (1998, 2001)). Therefore it
is useful to find approximation procedures for {Y (¢)}:esr paths which converge at
the fastest possible rate.

In this article, for convenience, the real-valued integrand ¢ and integrator X are
assumed to be defined on the whole real line and not only on the interval I := [0, v].
Also it is assumed that the paths of 0 and X, on any compact interval K C R,
respectively belong to some Holder spaces C%(K) and C?(K), where a € (0,1)
and 8 € (0,1) do not depend on K and satisfy o + 8 > 1. Notice that this is a
classical condition (see e.g. Lyons et al. (2007)) which guarantees the existence of
the pathwise Young integral in (1.1). We recall that, for any 6 € [0, 1), the Holder
space C?(K) is defined as the Banach space of the continuous functions h, from K
to R, such that

sup
(z1,22)€EK2, z1<T2

{|h(x1) — h(zs)|

< oo
|21 — 2|7 } ee

it is equipped with the norm

et sup {Wﬂfl)h%)} (12)

[Allce ey = lIR|
) (z1,22)EK2, 21 <22 |.’1?1 - $2|9

where
[hllxc,00 == sup |h(z)] (1.3)
zEK

denotes the uniform norm over K. It is clear that CY(K) is nothing else than the
whole space of the real-valued continuous functions on KC; moreover || - ||co(x) and
I - llic,c0 are two equivalent norms. We mention that sometimes we will say that “h
satisfies a Holder condition of order 6 on K”, or more simply that “h is #-Holder
continuous on K7, in order to indicate that h belongs to the Hélder space CY(K).

The classical Euler scheme corresponding to Riemann-Stieltjes sums associated
with dyadic intervals of fixed length 277, J € N, provides a natural method for
approximating paths of the process {Y(t)}ic;. More precisely, for every dyadic
number m/2”, with m € {1,...,27v}, one approximates

141

Y (%) = /0;} o(s)dX(s) = g /;J o(s)dX(s)

o

m—1

Y, (2@) =3 oG An(X), (1.4)

1=0
where the §;;’s denote arbitrary fixed real numbers in the dyadic intervals [I/ 27 (1+
1)/27], and the A ;;(X)’s are the first order increments of X associated with these
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intervals, namely

As(X) =X (l;f) - X (;) . (1.5)

Then, using linear interpolation, one gets a random function, from I to R, ¢t —
Y 9(t) which approximates the whole path ¢ — Y'(t). More precisely, for every
t € I, one sets

_ vy, (W> + (27— 270) 03 p00) A s pprg (X)), (1.6)

where [-] is the integer part function, and with the convention that
YE5(0):=0 and Y/5(v):=Y;(v).

The following crucial proposition allows to derive a control on the uniform norm
over I of the error term Y — Y9

Proposition 1.1 (Young — Loeve inequality). There exists a positive finite constant
Aotp, depending only on a+ B > 1, such that the inequality

ta
\/ o(s) dX (s) — o (ty) (X (t2) fX(tl))‘
t1
< Aarsllolloaq e Xllos g )t — )+ (L7)
holds for all real numbers t1 and to satisfying t1 < ta.

The proof of the proposition can be found in Section 1.3 of Lyons et al. (2007),
just to give one reference.

Remark 1.1. It results from Proposition 1.1 and the Hélderianity assumption on
the paths of o and X that the paths of Y, on any compact interval I C R, belong
to the Holder space CP(K). In other words, one has ||Y ||cs ) < +00.

Remark 1.2. It can easily be derived from Proposition 1.1 and (1.2) that the
inequality
to
\/ o(s) dX (s) — 0(3) (X (t2) fX(tl))‘
t1
< (14 Aas )0l e 1 X oo s e (E2 — 1) (1.8)
holds for all real numbers t1, ta and § satisfying t1 < ta and § € [t1,t2].

In view of (1.1), (1.4), the triangle inequality and Remark 1.2, one has for all
me {1,...,27v},

() v ()l <

m—1

(1+1)2~7
/lz—J o(s)dX(s) = o(571)As1(X)

=0
cp2 I etB=1)

IN
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where ¢ := (1 + Aaip)llollcan [ X |lcs(ry- Then, the straightforward inequality

1Y = Y500 < [Vller 2"
m m
+max{ v (37) - (5)

IV = Y9100 < 277 (0B, (1.9)

, me{l,...,2‘]v}}

implies that

where ¢; := ||Y||¢s (1) +co. The following proposition, proved in Appendix, provides
an extension of (1.9) to some Holder norms.

Proposition 1.2. There exists a random finite constant ¢ > 0 such that for all
v €1[0,8) and J € N, one has

1Y =Ygy < ca7/mimimmetfml), (1.10)

Is it possible to find approzimation procedures, for {Y (t)}icr paths, allowing to
have better rates of convergence than the one provided by (1.10)?

Studying this question is the main motivation behind our article; to this end, it
is very useful to have an appropriate explicit expression for the error term.

The rest of the article is organized in the following way. In Section 2 we in-
troduce, via a compactly supported orthonormal wavelet basis for L?(R), a series
representation of the process Y; the partial sums of the series, denoted by Y}/V,
are somehow similar to the Riemann-Stieltjes sums YJRS and play the same role.
Under the sole weak Holderianity assumption, made at the beginning of the present
section, one can only show that the approximation error |Y — Y}/Vch( 1) converges
to 0 at the same rate as the one in (1.10). Yet, the wavelet approach offers the
advantage to provide a rather “nice” explicit expression for the error term Y — Y}/V.
This advantage is exploited in Section 3 where it is further assumed that the Wiener
chaos condition (WC'), given by Definition 3.2, holds. Under this additional con-
dition (WC), it turns out that the approximation error ||Y — Y}V||c+(y) converges
to 0 at a better rate of convergence than the one provided by (1.10). The main
goal of Section 4 is to show that a wide class of integrators X and integrands o
satisfies the condition (WC); for example X and o can be multiple It6-Wiener
integrals. Last but not least, the issue concerning the optimality of the improved
rate of convergence is discussed in Section 5. This improved rate is optimal in some
situations, such as when the integrand and integrator associated to {Y'(t)}+cs are
independent fractional Brownian motions with appropriate Hurst parameters.

2. The approximation method and its general rate of convergence

In order to state the main result of this section, one first needs to introduce some
notations. Assume that the collection of functions, from R to itself,

{p(e —1): 1€ ZYy U {29/%)(2) @ k) : (j, k) € Zy x L} (2.1)

satisfies one of the following two hypotheses.

(H1) This collection is simply the Haar wavelet basis of L?(R), in other words
one has @ = 1[0’1) and w = 1[0’1/2) - 1[1/2’1).
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(Hz2) This collection is an arbitrary compactly supported orthonormal wavelet
basis of L?(R) such that the scaling function ¢ and the mother wavelet 1)
are a-Hoélder continuous on R, which means that

{ o(x1) = pla2)| + [p(21) — (22|

|21 — 22|*

sup } < +00.

(z1,22)ERZ2, 21 <22
Notice that this order of Holderianity « for ¢ and v is exactly the same as
the one for the paths of the integrand o in (1.1).

It is known that (see e.g. Meyer (1992); Daubechies (1992); Wojtaszczyk (1997))
one has

+o0o +oo
/ p(z)de =1 and Y(z)dx =0, (2.2)
— 00 — 00
and that the integer translates of ¢ form “a partition of unity” in the sense that:
“+oo
Z plx—10)=1, forallxzeR. (2.3)
l=—0c0

Now, notice that one can derive from the continuity of the paths of ¢ that, for
any fixed ¢ € I, the (random) function of the variable s

s> 0y(s) = 0(s)L(s) (2.4)

belongs to L?(R). So, it can be expressed as the series of functions

+oo +oo  +oo
o= bout)e(e =) +> > a;x(t)2%(27 e —k) (2.5)
l=—o00 j=0 k=—oc0

which converges in L?(R). Notice that the coefficients of the series are defined as:

bo(t) := /0 a(s)p(s—1)ds (2.6)
and
a;i(t) == 21’/2/0 o(s)(27s — k) ds. (2.7)

Thus many of these coefficients vanish due to the compactness of the supports of
@ and 1. More precisely, let N7 and Ny be two fixed integers with N1 < Na, such
that

supp ¢ C [Ny, Na] and supp ¢ C [Ny, Na). (2.8)
Then, it is clear that
(I+ Ny, L+ No)N(0,8) =0 = bou(t) =0
and
(277 (k+ N1),277 (k+ N2)) N (0,8) =0 = a;x(t) =0.
Thus, for any fixed ¢ € I, the equality (2.5) reduces to

+oo [271]=N

[t]—N1
o=y bouple—1D+> > ajk(t)2P)(27 e —k).

I=1—Ny J=0 k=1-N»
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Next we consider, for any J € N, the partial sum

[t]— Ny J—1 [27t]-Ny _ _
orri= Y boa(ple =D+ > D a;k(t)27(27 e —k). (2.9)
I=1—N> j=0 k=1—Ns

Using the multiresolution analysis (see e.g. Meyer (1992); Daubechies (1992); Wo-
jtaszezyk (1997)) generated by ¢, one can derive that

[27¢]— N,
oLy =Y, bu(t)27p2” e 1), (2.10)
I=1—-N;
where
t
bya(t) := 2‘]/2/ o(5)p(27s — 1) ds. (2.11)
0

In view of (2.8) and (2.10), the random functions o, s, t € I and J € N, have
compact supports uniformly bounded in ¢ and J. More precisely, setting

Ql 221—(N2—N1) and QQ I:U+(N2—N1), (212)
then one has supp o,y C [Q1,Q2], for every ¢ € I and all J € N.

Definition 2.1. For anyt € I and all J € N, one sets

Q2
YV (t):= / or.7(s)dX(s).

1t is important to note that, in view of (2.9) and (2.10), this pathwise Young integral
satisfies the two equalities:

[t]— Ny J—1 [27t]— Ny [27¢]— N,
YiV(t) = Z bo,l(t)ﬂo,l+z Z ajk(t)Ajk = Z bri(tns, (2.13)
I=1-N, =0 k=1—_N, I=1-N,

where the stochastic processes {\j i} (jkyez, xz and {Nsi1}(11)ez. xz are defined as

4 277 (k4 N>) '
i i= 21/2/ oy VS RIAXG), foral R € By xZ, (214
27I(k+N;

and

277 (14+-Ny)
Ny = 2J/2/ ©(27s —1)dX(s), forall (J,1) € Zy X 7. (2.15)
2-7 (I4+Ny)
Remark 2.1. The main result of the present section, that is the following theorem,
shows that {Y (t) }re1 paths can be approzimated by {YV (t)}ier paths. Actually this
approximation procedure can be connected to the one with Riemann-Stieltjes sums,
presented in the previous section. More precisely, assume that the basis in (2.1) is
the Haar wavelet basis, and that the §5;’s in (1.4) are chosen so that

277 (1+1)
U(§J7l):2j/ o(s)ds, for everyl e {0,...,27v —1}.
2

—Jy
Then, in view of (1.6), (1.4), (2.13), (2.11) and (2.15), one has
YV ) =YFS@27l), foralledo,...,27v}.



Approximations in Holder norms of stochastic Young integrals 7

Theorem 2.1. There is a finite random constant ¢ > 0 such that, for all v € [0, 3)
and J € N, one has

1Y =YV [leviy < ¢ 277 min(A=y,atf-1),

A straightforward but important consequence of this theorem and the first equal-
ity in (2.13) is the following:

Corollary 2.2. Almost every path of the process {Y (t)}ier can be expressed as
path of the following series of random functions:

[o]— NN, +oo 2]‘] Ny
E bo,i ()70, + E E @ (®)Ajik
l=1— N2 ] =0 k=1-— N2

which converges in the Hélder space CV(I), for any v € [0, ).

Remark 2.2. We mention that, in some sense, Corollary 2.2 is reminiscent of
Theorem 3.14 in Gubinelli et al. (2016) which provides, via the Haar basis, a series
representation for processes defined by Young integrals. Also, Corollary 2.2 might
have some connections with the pathwise stochastic integral introduced in Ciesielski
et al. (1993) via the same basis. Yet, we point out that there is a considerable
difference between the approach in the two articles Ciesielski el al. (1993); Gubinelli
et al. (2016) and the one in our present paper. Indeed, in these two articles it is the
“derivative” of the integrator, namely dX (e), which is expanded in the Haar basis
in order to get the series representation for the integral, while in our present paper
it is the integrand o(e)1ljg 4 (e) which is expanded in this basis, and more generally
in a wavelet basis.

In order to prove Theorem 2.1, one needs to introduce, for each fixed J € N and
t1,to € I satisfying t1 < to, the following two finite sets of indices I:
I+ Ny I+ Ny
LJ,t1,t2 = {l E {1—N2,...72J’U—N1} : |: 2.] 5 2J g [tl,tg] 5 (216)

and

Oy, ey = {l €{1—Na...,27v— N1} :1¢ Lys, s,

and [pg(t1,t2),vy(ty, t2)] # @}

(2.17)
where, for every [ € OL 4, +,, the interval [‘LLJ7l(t1,t2), I/J7l(t1,t2)] is defined as
I+ Ny I+ Ny
[a(ty ta), vty t2)] = { 5T ' o7 } N [t1,t2). (2.18)

Notice that Ly, ¢, or OL4 +, can sometime be the empty set.
Also, the proof of Theorem 2.1 requires to make use of the three properties (P1),
(P2) and (P3) of the scaling function ¢ listed in the following lemma.

Lemma 2.3. Under the hypothesis (H1) or the hypothesis (Hz), given at the very
beginning of the present section, the following four results hold.

(Py) There is a finite random constant ¢; > 0 such that, for every J € N and
every l € {1 — Na,...,27v — N1}, one has

(H-Nz
]/ 275 — 1) dX(s)| < e12778. (2.19)
2— Jl+N1)
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(Pi) There is a finite mndom} constant ¢ > 0 such that, for every j € Z, and
every k € {1 — Na,...,29v — N1}, one has

(lc+N2 .
‘ / (25 — k) dX(s)’ < 2798, (2.20)
23 (k+Ny)
(P2) There is a finite random constant co > 0 such that, for every J € N and
every l € {1 — Na,...,27v — N1}, one has

(l+N2)
| / o(s) ~712)p(2s — D AX ()] < 22770, (221)
27 (I4+Ny)
where
277 (14 Na)
T = 2']/ o(s)p(27s — 1) ds. (2.22)
2=J(I4+Ny)

(P3) There is a finite random constant cs > 0 such that, for every ty,to € I with
t1 < to, every J € N and everyl € OL 4, +, (see (2.17)), one has

‘ /t i o(s)p(27s —1) dX(s)‘ < cgmin (2777 [t — t2]7). (2.23)

The proof of Lemma 2.3 is postponed to Appendix, we now focus on that of
Theorem 2.1.

Proof of Theorem 2.1: In view of (1.2), it is enough to show that there is a finite
random constant ¢ > 0 such that, for all v € [0, ), all t1,to € I with ¢; < t2, and
all J € N, one has

|Y(t2) - Y(tl) - YJVV(tQ) + Y}/V(tl)} < CQ—Jmin(ﬁ—’Y’@“!‘B—l).
[t — ta|" -
Notice that (2.13), (2.11), the first inclusion in (2.8), (2.16), (2.22), (2.15), (2.17),
and (2.18) imply that

(2.24)

277 (14-N2)
V() - Y ()= S / 711 0(2s — 1) dX (s)

LEL 7 ¢yt ~7 (14N
ta
+ > nu2’? / o(s)p(27s — 1) ds. (2.25)
t1

1€l 11 1o

Moreover, it follows from (1.1), (2.3), the first inclusion in (2.8), (2.16), (2.17), and
(2.18) that

to to +o0
Y(t) - Y(t) = [ o()dx(s) = [ ats)( D wz’s-1)dx()
t1 t1 l=—00
:/20(5)( Z 0275 1) + Z 4,0(2‘]5—[)) dX(s)
t1 LE€L 1y tg lG@]LJ,tl)tz
2- J(l+N2
— 275 —1)dX (s
Z / i, TS DAX()
+ Y [T oees—ndxs). (2.26)

1€0L ¢y ,00 11
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Next using (2.25), (2.26) and the triangle inequality, one gets

Y (t2) = Y1) = Y (82) + YV (11)| < AP (11, 80) + AP (t1,80),  (227)
where
L 277¢( Z+N2)
A= 3| [ o(s) ~ Fa1)p(2's — ) aX(s)|  (2.28)
LEL 4,1 277 (14+N)
and
to
APt t) = Y o(s)p(27s — 1) dX(s)
1€AL 4y 0y 11

ta
— 272 / o(s)p(27s —1)ds|. (2.29)
t1

Let us first provide an appropriate upper bound for A(l)(tl, t2). Assume that
1 € Ljt, 1, is arbitrary. Using (P2) in Lemma 2.3, one gets

277 l+N2)
n o(s) ~Ta)el2’s — D AX(s)| <@ 27D (230)
2— J(lJer

where the finite random constant ¢; > 0 does not depend on J, t1, t5 and [; in fact
¢1 is nothing else than the finite random constant cs in (2.21). Also notice that, in
view of (2.16), there is a finite deterministic constant ¢z > 0 (which should not be
confused with the constant co in (2.21)) not depending on .J, ¢; and o, such that,
for all J € N, one has

card(Ly s, 1,) < c22”|t1 — tal. (2.31)
Thus, (2.28), (2.30) and (2.31) yield
AW (ty,82) < eslty — |27/ (0FF-D), (2.32)
where ¢3 > 0 is a finite random constant not depending on J, ¢; and t,.

Let us now give an appropriate upper bound for ASQ) (t1,t2). It follows from
(2.29) and the triangle inequality that

APt < 30 (B (1) + B (1 12)). (2.33)

1€8L7, 4 1y

where, for every [ € 0L+, t,,

ta
BY (1, t2) - ‘nu?’/g/ o(s)p(2”s —l)ds‘ (2.34)
t1
and
ta
BS?;(tl,tQ) = ’/ 0(5)@(2‘]:3 -1 dX(s)’. (2.35)
t1

First, one provides an appropriate upper bound for Bgll) (t1,t2). Using (2.15) and
(P1) in Lemma 2.3, one obtains that

Nl < a2 7072, (2.36)



10 Antoine Ayache, Céline Esser and Qidi Peng

where ¢4 is nothing else than the finite random constant ¢; in (2.19), which does
not depend on J, 1, ta and I. Moreover, it can easily be derived from (1.3), (2.17),
(2.18) and (2.8) that

’ /t:Z o(s)p(27s —1)ds

< llolli@1,@a1,00 101Ny Na) oo (N2 — Ni)min (277, [ty — to]).

(2.37)
Putting together (2.34), (2.36) and (2.37) leads to
BY (t1,t2) < ¢527 0P min (277, [t; — 1)), (2.38)

with ¢5 > 0 being a finite random constant, not depending on J, ¢y, t2 and .
Now, one provides an appropriate upper bound for 8521) (t1,t2). Using (Ps) in
Lemma 2.3, one obtains

Bfl)(thtz) < ¢cgmin (2_”7 |t; — t2|ﬂ), (2.39)

where ¢g is in fact the finite random constant c3 in (2.23), that does not depend on
J, t1, t2 and [. Next, one sets ¢y := 2(N2 — Ny + 1). It can be derived from (2.17)
and (2.18) that

card(OL ¢, +,) < c7. (2.40)

Then, it follows from (2.33), (2.38), (2.39) and (2.40) that
AP (1) 15) < cs<min (2778270 =Bty — ty]) + min (2778, |t — t2|ﬁ)), (2.41)

where cg := c¢ymax(cs,cs). Next, one sets ¢y := max(cs,cg). Combining (2.27)
with (2.32) and (2.41) yields

Y (t2) = Y(t1) = Y)" (t2) + Y)  (t1)] < 09(|t1 P
+min (278,270 |ty — to]) + min (2777, [t; — t2|ﬂ)). (2.42)

Finally, in view of (2.42), a straightforward computation shows that, in both
cases [t; —to| > 277 and [t; — t2| < 277, one has, for every v € [0, 3),
Y (t2) =Y (1) = Y]V (t2) + V)" (t1)]

1=y 9g—J(a+p-1) 4 9=J(B—7)+1
‘tl — t2|7 C9 (U + )

< g min(Byetpo1)

where ¢ := 3cov!™7. Therefore (2.24) holds, hence the conclusion. (]

3. A better rate of convergence under the Wiener chaos condition (WC)

First, it is useful to make some brief recalls on the notion of Wiener chaos; our
presentation of it is inspired by the one in the book Janson (1997). Throughout
this article the underlying probability space is denoted by (€2, F,P). Moreover, for
any fixed p € (0,+00), the space of the real-valued random variables on (Q, F,P)
having a finite absolute moment of order p is denoted by LP (2, F,P).
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Definition 3.1 (Wiener chaos). Let G be an arbitrary fixzed Gaussian subspace
of L*(Q, F,P), that is a closed subspace consisting of real-valued centred Gaussian
random variables. Let n be a nonnegative integer, the Wiener chaos of order n
associated with G is denoted by P, (G), or more simply by P,. The space Py is
defined to be the closed subspace of L*($), F,P) consisting of all the constant random
variables. Whenn > 1, the space P, is defined as the closed subspace of L*>(Q2, F,P)
spanned by the following set of random variables:

{Hglml c (91,--,90) €G" and (my, ..., my,) € L7} with Zml Sn}.
=1

=1
Remarks 3.1.

(a) One clearly has P, C Ppy1, for every n € Zy. Moreover, for all fized
p € (0,+00), the space P, := Un€Z+ P, is dense in LP(Q, F(G),P), where
F(G) denotes the smallest sub o-field of F for which all the random vari-
ables in G are measurable (see for instance Theorem 3.51 in Janson (1997)).

(b) The LP(Q)-norms are equivalent on P,, (see for instance Theorem 3.50 in
Janson (1997)). In other words, there are two positive and finite universal
constants c1(n,p) < ca(n,p), depending only on n and p, such that, for any

random variable x € P,,, one has

c1(n,p) (E [|X\2])p/2 <E[|xI?] < ea(n,p) (]E [|X|2])

(c) For every fived n € Z and for each sequence of random variables in P,
convergence in probability is equivalent to convergence in LP(Q)-norm, for
any fized p € (0,+00) (see for instance Theorem 3.50 in Janson (1997)).

(d) For all fized integer n > 1, there exists a positive finite universal constant
c3(n), depending only on n, such that, for every random variable x € P,
and for each real number y > 2, one has

P(1x] > yllxllza@ ) < exp (= es(m)y™) (3.2)

o (3.1)

1/2
where ||x||z2(q) = (IE [|X|2]) (see for instance Theorem 6.7 in Janson
(1997)).
Let us now precisely define the so-called Wiener chaos condition (WC).

Definition 3.2 (the Wiener chaos condition (WC')). One says that the stochastic
process {Y (t)}ier, defined through the pathwise Young integral (1.1), satisfies the
Wiener chaos condition (WC') when, for some arbitrary integer n > 1, the integrand
{o(8)}ser and the integrator {X(s)}ser are two stochastic processes belonging to
the Wiener chaos P,, (i.e. o(s) € P,, and X(s) € Py, for all s € R) and possessing
the following two properties:

(C1) There exist two positive real numbers ag and By, satisfying ag <1, fo <1
and ag + By > 1, such that the restrictions of {o(s)}ser and {X(s)}ser
to any compact interval IC are respectively ag-Hélder continuous and [y-
Holder continuous in quadratic mean. In other words, the inequalities

E [|J(51) - 0'(82)|2:| < colsy — s2|%®  for all 51,50 € K (3.3)



12

Antoine Ayache, Céline Esser and Qidi Peng

and
E “X(sl) — X(sz)ﬂ <eclsy — 82|2B° for all s1,89 € K (3.4)

hold, for some finite deterministic constants cy and ¢y which a priori depend

on K.

The wavelet coefficients' aj = a;j,(v) and \j 1, defined through (2.7) and

(2.14), have the following “short-range dependence” property: the inequality
2‘71)7N2 2jU7N2

> ‘E [y g @ ks Nk )
k1=—N1 ka=—N;

< 022—2j(ao+[30—1/2) (3.6)

is satisfied, for some finite deterministic constant co > 0 and for all positive
integer j such that 27v > Ny — N;. Recall that Ny and Ny are two fized
integers satisfying (2.8).

Remarks 3.2. Assume that the Wiener chaos condition (\WC') holds.

(a)

Combining (C1) with the second inequality in (3.1), where taking x =
o(s1) — o(s2) (resp. x = X(s1) — X(s2)) and p large enough, and us-
ing the Kolmogorov-Centsov Hélder continuity theorem (see Chapter 2 in
Karatzas and Shreve (1988)), it can be shown that the process o (resp. X )
has a modification whose paths belong to the Holder spaces C*(K), for all
a € (0,ap) (resp. CP(K), for all B € (0,50)) and for all compact intervals
K. This modification is always identified with o (resp. X ) itself, therefore
Proposition 1.1 implies that the paths of the process {Y (t)}ser are Hélder
continuous of any order 3 € (0, By).

In view of the fact that for s € R, the random wvariables o(s) and X (s)
belong to the Wiener chaos P, (for some arbitrary integer n > 1), by
approzimating the pathwise Young integral in (1.1) by Riemann-Stieltjes
sums and by using Remark 3.1 (¢), it can be shown that, for each t € I, the
random variable Y (t) belongs to the Wiener chaos Pay,.

Using similar arguments, one can prove that for all (J,1) € Z+ X Z, (j, k) €
Zy X Z and t € I, the random variables a; i (t), byi(t), A\jx and 0y (see
(2.7), (2.11), (2.14) and (2.15)) belong to the Wiener chaos P,. This
implies that YV (t) (see Definition 2.1) belongs to the Wiener chaos Pay,.

The main goal of the present section is to obtain the following theorem.

Theorem 3.1. Under the condition (WC'), for any fized real numbers o € (0, ap),
B € (0,B0) and v > 0 satisfying o + > 1 and v < min(8,1/2), there is a finite
random constant ¢ > 0 such that the inequality

[V =¥} ey < e277 mins=rarks=1/2-) (37)

LObserve that, for every j € Nand k € {~Ny,...,2/v — Na}, one has

supp ¥(27 @ —k) C [279 (N1 + k),277 (N2 + k)] C T

and consequently (see (2.7)) that

aj = a;k(v) = 2i/2 /Rzp(st — k)o(s)ds. (3.5)
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holds almost surely, for each J € N. We recall that the processes Y := {Y (t) }rer and
YV = {YW(t)}ier have respectively been introduced in (1.1) and in Definition 2.1.
Also, we recall that the interval I := [0, v].

In order to derive Theorem 3.1 one needs several preliminary results. First we
are going to state all of them and then we will give their proofs.

The following lemma shows that for deriving the theorem it is enough to prove
it when v = 0. Let us mention that this lemma remains valid even if one drops the
Wiener chaos condition (WC).

Lemma 3.2. Assume that «, 5 and ~ are as in the statement of Theorem 3.1.
Also, assume that there is a finite random constant ¢’ > 0 such that the inequality

1Y = Y)Y |l100 < ¢ 27 min(Pesiml/2) (3.8)

holds almost surely, for each J € N. Then, there exists a finite random constant
¢ > 0 for which (3.7) is satisfied almost surely, for all J € N.

Let us now explain the strategy that will be employed to get the crucial inequality
(3.8). To this end, for each fixed j € N, one denotes by Z; := {Z;(t)}1er the
stochastic process defined, for all ¢ € I, as

29v—N; [29t]— N,
Zit)= > ai®Nk= Y 4Nk, (3.9)
k=1—N; k=1—N,

where the last equality follows from (2.7) and (2.8). Observe that Z; “lives” in
the Wiener chaos Pa, (see Remark 3.2 (c)), and has continuous paths since the
a; (e, w)’s are continuous functions on I. Also, observe that one knows from the
first equality in (2.13) and from Corollary 2.2 that the paths of the stochastic
process Y — YV can be expressed, for any fixed J € N and w € Q (the underlying
probability space), as the series of functions

+o00
Y(.,LU) - Y}/V(.vw) = Z Zj(',(d),
j=J

which converges in the Holder space C7(I), for any v € [0, 8). Therefore, using the
triangle inequality, one has

—+oo
1Y (0.0) =¥} (0.0, oo < D (12500 - (3.10)
j=J
Then it turns out that in order to get the crucial inequality (3.8) it is enough to
obtain the following lemma.

Lemma 3.3. Assume that a and B are as in the statement of Theorem 5.1. Then,
one has almost surely

sup {2j IIlin(ﬁ’“"’ﬁ_l/g)||Zj||1,oo} < +o00. (3.11)
jEN

Next, let us point out that || Z}|7,« := sup,c; | Z;(t)] is the supremum of infinitely
many random variables. Actually, it is more convenient to work with a supremum
of finite number of them; this can be done thanks to the following lemma.
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Lemma 3.4. For each j € N, one sets

v(Z;) = sup |Z;(2791)). (3.12)
1€{0,...,27v}

Then, for any fized 8 € (0, By), one has almost surely
sup {Qﬂ‘ﬂ|||zj||,,oo - y(zj)|} < to0. (3.13)
jEN

Proof of Lemma 5.3: In view of Lemma 3.4, it turns out that in order to get
Lemma 3.3 it is enough to obtain the following lemma. O

Lemma 3.5. Assume that « and B are as in the statement of Theorem 5.1. Then,
one has almost surely

sup {Zj mi“(ﬁ’o‘JrB_l/Q)y(Zj)} < 400. (3.14)
JEN
Notice that if one shows that

+oo
Zp(zj min(8,a+6-1/2) 7.y > 1) < to0, (3.15)
j=1

then the Borel-Cantelli lemma entails that (3.14) holds. Using the Markov inequal-
ity, one has, for every j € N,

P(Qj min(B.0+6-1/2) 7.y > 1) < Qi min(BatB-1/2) [ (1(7;)) . (3.16)

In view of (3.12) and of the fact that, for every fixed j € N, the random variables
Z;(2791), 1 € {0,...,27v}, “live” in the Wiener chaos Pa,, one can see that, to get
an appropriate upper bound for the expectation E (V(Zj)), it suffices to use the
following result with n replaced by 2n.

Lemma 3.6. Let the integer n > 1 be arbitrary and fixed. There exists a universal
deterministic finite constant c¢(n) > 0, depending only on n, such that, for every
sequence {xi ien of random variables belonging to the nth Wiener chaos P,,, the
inequality
/2 S\ /2
E{ sup |xi| ] <c(n)log"’“(8 4+ L) sup (IE [l D (3.17)
1<I<L 1<I<L
holds, for all L € N. Observe that log denotes Napierian logarithm.
Proof of Lemma 3.0: For each integer L > 1, one sets
2log™/?(8 + L)
min {(2-1¢;(n))"/2,1}
(3.18)
where ¢1(n) > 0 denotes the constant cs(n) in (3.2). There is no restriction to

assume that py > 0. Using Tonelli theorem for nonnegative functions and the
change of variable x = yuy, one has

—+oo —+oo
E(ML):/ ]P’(ML>x)d:E:pL/ IP’(ML>y,uL)dy.
0 0

Thus, one gets that

Mp = sup [xi|, pr = sup [xillr2(o) and AL ==
1<I<L 1<I<L

+oo

E(ML) < [L[)\L —+ uL/ P(ML > y,U,L) dy (319)
AL
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Moreover, it follows from the first two equalities in (3.18) that, for all y € [A,, +00),
one has

L L
P(Mp, > ypr) = P( Ul > yuL}> <> P(hal > ylxallae) - (3.20)
=1 =1

On the other hand, one knows from the third equality in (3.18) that Ay > 2. Thus,
(3.2) and the third equality in (3.18) imply that, for all { € {1,..., L},

+o0 +oo
/ Bl > ylhall sy dy < / exp (— er(n)y?) dy
AL

AL

+oo
< ca(n) /}\ y%*l exp ( - 2*101(n)y%) dy

L
=c3(n)exp (—27 "¢y (n))\i/")
<ec(n)(8+ L)Y, (3.21)
where the constants ca(n) ;== sup yexp(—2""¢ (n)yz/”) < 400 and c3(n) :=

y€[0,+00)
nce(n)/ci(n). Next, one can derive from (3.20) and (3.21) that, for each L € Z,

/}\+OOIP’(ML > yur) dy < cz(n). (3.22)

L

Finally, putting together (3.18), (3.19) and (3.22) leads to (3.17). O

Proof of Lemma 3.5: It follows from (3.12) and from Lemma 3.6 that, for all j € N,
one has

. . 1/2
E (v(Z;)) < c(2n)(log(9 + 2/v)) sup (E (1Z; (2_Jl)|2)) . (3.23)
1€{0,...,27v}
Then, in view of (3.23), (3.16) and the inequality 8 < Sy, it turns out that in order
to get (3.15) it is enough to obtain the following lemma. O

Lemma 3.7. One has

sup sup {22jmin(50,ao+ﬁo—1/2)E(|Zj(2—jl)|2)} < 400. (3.24)
JEN 1€{0,...,29v}

We mention in passing that the condition (WC) will play a crucial role in the
proof of Lemma 3.7.

Having stated the preliminary results one needs for getting Theorem 3.1 and
having explained the connections between these preliminary results, the proof of
the theorem then becomes quite straightforward.

Proof of Theorem 3.1: The theorem is a straightforward consequence of Lemma 3.2,
(3.10) and Lemma 3.3. O

From now on, one focuses on the proofs of Lemmas 3.2, 3.4 and 3.7.

Proof of Lemma 3.2: In view of (1.2), it is enough to show that, for every fixed
nonnegative real number v < min(3, 1/2), there is a finite random constant ¢ > 0
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such that, for all ¢1,t; € I with ¢; < to, and for each J € N, one has
[Y(t2) = V(1) = Y] (t2) + Y,V (t1)]

(ta —t1)7
< oI min(B—y.ath-1/2-7) (3.25)

RJ(tQ,tl) =

Notice that, without any restriction, it can be further assumed that to — t; < 1;
indeed, when t5 — ¢; > 1, it easily follows from the equality in (3.25), the triangle
inequality, (1.3) and (3.8) that the inequality in (3.25) holds, for any finite random
constant ¢ > 2¢’ and for all J € N.

Let Jy be the unique positive integer such that

27‘]0 <ty —t1 < 27(‘]071). (326)

Observe that, in the case where J > Jy, using the equality in (3.25), (3.26), the
triangle inequality, (1.3) and (3.8), one has

Ry(ta,t1) 2" Y = V)V |1 00 < (2¢)27 min(Bmmatfml/227), (3.27)

which proves that the inequality in (3.25) holds in this case, for any finite random
constant ¢ > 2¢’. From now on, one assumes that J < Jy. Then, from (3.26)
and (2.16), it turns out that L;,, ., is the empty set, for all j € {J,...,Jo — 1}.
Therefore, in view of (2.17), one has, for every j € {J,...,Jog — 1},

ki N k+N2}m[t1,t2}7ﬁ(b}. (3.28)

aLj,h,tz - {k S {1_N27~'~72jv_N1} : |: 27 ’ 27

Next, one sets
Spr(tastr) == Y7 (t2) = Y3) (t1) = Y3V (t2) + Y}V (81)]- (3.29)
It results from the equality in (3.25), the triangle inequality and (3.27) that
Rj(ta,t1) < Ry, (ta,t1) + (t2 — t1) 77 Sy, s(t2, t1)
< (Qc/)zf‘fo min(f—y,a+p-1/2—7) 4 (ta —t1) 77 Sy u(ta, t1)
< (2¢)27 I min(B=y et BoL/229) 4 (1) — )TV Sy s(ta tr) . (3.30)

Let us now provide an appropriate upper bound for the random quantity S, j(t2,t1).
Using (3.29), the first equality in (2.13), (2.7), (2.8), (2.14), (3.28), the triangle in-
equality, (2.20), (1.3), (2.40) and (3.26), one gets that

=y 279 (k+N2) ,
Swaltnt) < 3 2 3 \ [ @~ g, ) ds
J=J  k€dLy 4y, | 2T (RN
277 (k+Nz) )
X/ Y(2's — k)dX(s)
2=3(k+N1)
Jo=1
< allollneoll¥ll vy Na) 00 (B2 — t1) Z 9i(1=5)
j=J
Jo—1 ,
< allolroellll, v (b2 —t1)7 3 279
j=J
< ety — )Y 277 B, (3.31)
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where

+oo
c2 = 1] roo |Vl Moo P 27" < o0,
n=0
and ¢ is a finite random constant not depending on J, t; and t,.
Finally, setting ¢ := 2¢’ 4 ¢q, one can derive from (3.27), (3.30) and (3.31) that
the inequality in (3.25) is satisfied. O

Proof of Lemma 5./: Let us fix an arbitrary j € N. The fact that the paths of the
process {Z;(t) }1er are continuous functions on the compact interval I implies that
there exists a random point tg € I such that

1Z111,00 == b;1€1§|Zj(7f)| = |Z;(to)l. (3.32)

Let us set lg := [27to]. Using (3.32), (3.12), the inequality v(Z;) < ||Z;|1,0c and
the triangle inequality, one has

1Zjll1,00 = v(Z5)| < |1Z;(t0)] = 1Z;27710)|| < |Z;(t0) — Z;(27700)| . (3.33)
Moreover, it follows from (3.9), (2.14) and (2.20) that
lo—N1
|Z(to) = Z;27710)] < > ajk(te) = aje(27710)| ) k]
k=1—N;
lo—N1
< 27TV N ag(te) — ajk(27710))]
k=1—N,
lo—Ny
= 2= B-1/2) Z |aj7k(t0) _ aj,k(27j10)| ,
k=lo—Na+1
(3.34)

where ¢; denotes the finite random constant ¢} in (2.20), and where the equality
results from the fact that a;jx(to) = a;x(2771y), when k < Iy — Ny (see (2.7) and
(2.8)). Next observe that, using (2.7), (1.3) and the equality Iy := [27t], one has,
for each k € {lp — No+1,...,lg — N1}, that

) ) to )
|a; i (to) — a;(27710)| = 2777 /2 | o(s)Y(27s — k)ds
it
< 272 (tg = 27710) 7| 1 oo ¥l vy a0
< 2_j/2 HJ I7OO||’(/}H[N17N2],OO'

Thus, letting co be the finite random constant, not depending on j, defined as
c2 := c1(N2 — N1)||o]| 1,00 | |l[Ny ,N2],00, ODE can derive from (3.33) and (3.34) that

1Zill1,00 — v(Z;)| < 22797,
which proves that (3.13) holds. O
In order to derive Lemma 3.7, one needs the following lemma.

Lemma 3.8. Assume that (C1) in Definition 3.2 holds. Then, there is a finite
deterministic constant ¢ > 0 such that, for everyt € I and j € N, one has

E[|\jxl?] <2772V forallk € {1 — Na,...,[270] — Ny}, (3.35)
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E [|a; ()] < 273Ce0t D) = for all k € Ljoy, (3.36)
and
E [|ajx()|?] <277, forallk € 0L;o;, (3.37)

where the sets L; o+ and OL; o+ are defined through (2.16) and (2.17), with J = j,
tl =0 andtgzt.

Proof of Lemma 5.8: It is clear that (3.35) holds when 1 satisfies the hypothesis
(H1) (see the beginning of Section 2). The proof of (3.35) under the hypothesis
(H2) is long and technical. For the sake of simplicity we only gives it in the case
where 1) is continuously differentiable. Denoting by 1’ the derivative of 1), in view
of (2.14), one has almost surely that

4 277 (k+N2) '
A = 2%/ / X ()0 (25 — k) ds.
23 (k-+N1)

Then, the change of variable u = 27s — k and the equality f]yf Y/ (u) du = 0 imply
almost surely that

Nk = —2]/2/ X (277 (u+ k)Y (u) du
Ny

- _9i/2 /NN2 (X(Q*j(u—k k)) — X (277k) )wl(u) du .

Thus, setting ¢1 := |, JJ\Z ® |3’ (u)|? du and applying Cauchy-Schwarz inequality as well
as Tonelli theorem for nonnegative functions, one obtains that

E [|Aj6]?] < 012j/

Ny

Vg UX(Q_j(u + k) - X (277k) ﬂ du.

Then (3.35) follows from (3.4).

We skip the proof of (3.36) since it is rather similar to that of (3.35).

Let us now turn to the proof of (3.37). Assume that k € JL, .. Using (2.7),
the change of variable u = 275 — k, and the second inclusion in (2.8), one has

Na ‘
lajk(t)] §2j/2/ \U(s)|\1/1(2js—k)|ds:2*j/2/ |J(27J(u+k))||1/)(u)|du.

— 00 N1

+oo

Thus, it follows from Cauchy-Schwarz inequality as well as Tonelli theorem for
nonnegative functions that

Na

E [Jaj x(B)]?] < ca277 /

L E [‘0(2_j(u+k))‘2] du, (3.38)

where ¢y = f]yf |¢)(u)]?> du. On the other hand, observe that (3.3) entails that

2+ E [|o(2)|?] is a continuous function on R, and consequently a bounded function
on each compact interval. Therefore, (3.37) results from (3.38) and (2.17). O

Proof of Lemma 5.7: Assume that j € N and [ € {0,...,2/v} are arbitrary and
fixed. Using (3.9), the triangle inequality and the inequality (z + y)? < 222 + 2y2,
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for all z,y € R, one obtains that

[|Z(2 Jl U Z CLJk2 jl ]k"’ Z a]k j ]k‘2:|

kel;,; k€dL;

< 2E U 3 aj,k(z—jl)Aj,kﬂ +2E“ 3 aj,k(rJJ)Aj,kﬂ, (3.39)

k€L, kedL;,

where LL;; and OL;; denote the two sets of indices defined as LL;; := L, g o-5; and
OLj; = 0L;02-i; (see (2.16) and (2.17)). Next, observe that, when k € L;;, one
has a;,(2791) = a; := ajk(v). Thus, using the inclusion L;; C {—Ny,...,25v —
Ny} and (3.6), one gets that

Bl| ¥ wszina]

kel;,
E , E : a] kl ji k1 4, k2 s k2 = E E ‘ a] kl 3,k1 @k /\j,kz]
ki1€L; ko€l k1€L;; ka€L;,

2j7j N2 2j’U Ng

E : E , ‘ a] k1 J7k1aj,k2)‘j7k2]

k1:—N1 ka=—N

< 612—2j(2a0+50—1/2) , (3.40)

where ¢; is a finite constant not depending on j and [.

Let us now provide an appropriate upper bound for the second term in the right-
hand side of (3.39). First, observe that, as done in (2.40), it can be shown that
there is a finite deterministic constant c¢o > 0, not depending on j and [, such that
one has

card(9L; ;) < ca. (3.41)
Also, observe that it follows from the Cauchy-Schwarz inequality and the second

inequality in (3.1) that for all j € N, ky, ks € {1 — No,...,2/0 — N1}, and [ €
{0,...,2/v}, one has

‘E [0y (277D Nk @5y (277D A ]

1

< (B [lajas @DIIE [N T [lasea2DITE [IAsl])
< ¢ (E [lajs @D PIE [Mjs PIE [Jaj 7OPIE [Nial?])

Nl=

(3.42)

where c3 is a finite constant not depending on j, k1, ko and I. Thus, when k1, ko €
OL;,1, combining (3.42) with (3.35) and (3.37) one obtains

< 3 (CQ—jCQ—j(Qﬁo—1)02—1'62—3'(2!30—1)) 1/2

= 2720 (3.43)

‘E [0y (277D Nk @y (277D A s ]
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where ¢4 = c3c? is a finite constant not depending on j, k1, k2 and [, with ¢ being

the constant given in Lemma 3.8. Next, it follows from (3.41) and (3.43) that

E U 3 ajvk(wmj,kﬂ

keol;,;
< > > ‘ [k, (277 DN by @5k (277D A 1
k166]LJ 1 k)zea]L]'l
< 527 2P0 (3.44)

where c5 = c3¢4 is a finite constant not depending on j and .
Finally, putting together (3.39), (3.40) and (3.44) one gets (3.24). O

4. Examples of processes satisfying the condition (WC)

This section involves constructing wide classes of examples of real-valued sto-
chastic processes o and X satisfying the Wiener chaos condition (WC') described
in Definition 3.2. For the sake of convenience one assumes that these two processes
are independent, centred and given by multiple It6-Wiener integrals (see for exam-
ple Janson (1997); Nualart (1995)) in the frequency domain. More precisely, one
denotes by {W, (u)}yer and {Wx (u)}ycr two independent real-valued Brownian
motions defined on the probability space (£, F,P). Then, for = o or 4 = X, one
lets W# be the complex-valued Gaussian random measure, defined as the “Fourier
transform” of W, that is:

\/%WH(A) = /]R (/Acos(un) dn) dW#(u)-l—z'/R (/Asin(un) dn) dW,,(u),

for each Borel set A with a finite Lebesgue measure; notice that fR ( . ) dW,, is the
Wiener integral associated with the Brownian motion W,. Recall that {x(s)}scr
denotes either the process {o(s)}ser or the process {X(s)}ser. It is assumed to
be, for some positive integer IV, and for each s € R, of the following form:

p(s) = /]RN (eis("1+"'+"Nu) — 1)9u(7717 .. 777Nu) dwu(nl) . dwu(n]\h‘) , (4.1)

where g,, is a Borel function from R¥« into C (the set of the complex numbers),
which satisfies the following three properties®.

(i) One has
2 2
. min (1, (1 + ... +79n,) )|g(n1,...,77NM)| dnp ... dnn, < +oo. (4.2)
RN
(ii) The function g,, is symmetric in its variables 7y,...,7ny,, i.e. the quantity
9y (771, RN Nu) remains the same when 71,...,ny, are interchanged.

(iii) Denoting by g, (n1,...,nn,) the complex-conjugate of g, (n1,...,mn, ), one
has, for almost all (91,...,71n, ),

Gu(m,-nn,) = gu (=m0 —nn,) -

2Notice that these properties guarantee the existence of the multiple 1t6-Wiener integral in
(4.1) and the fact that it is real-valued.
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Remark 4.1. It is worth mentioning that the well-known Gaussian fractional Brow-
nian motion of an arbitrary Hurst parameter H € (0,1) belongs to the class of pro-
cesses defined through (/.1): in its case, one has N, = 1 and g,(n) = c|n|~H~1/2,
for almost all n € R, where ¢ is an arbitrary nonvanishing constant. Also we
mention that the non-Gaussian Rosenblatt process of an arbitrary parameter d €
(1/4,1/2) belongs to this same class of processes: in its case one has N, = 2 and

Gu(n1,m2) = —i(m + n2) " Hmmnz| =%, for almost all (m1,n2) € R2.

Let us now observe that it follows from the “isometry property” of the multiple
Ito-Wiener integral in (4.1) and from the change of variable { =0y +n2+...+nn,,
that, for all (sq,s2) € R?, one has

E [u(s1)p(s2)]
— ist(m+n2+...+nN,) _ —isg(m4nz+...4+nn,) _
e I R

2
dnidns ... an”

X|gu(msnz, - nw,,)
_ is1& —i82§ _
= (NM)!/RN“ (ezs 1) (e is 1)

[gu(€ = — =Ny )| dEdn L da,.
(4.3)

Next, one denotes by f, the even® and positive Borel function defined, for each
£ ER, as

Fu(€) = (Nw)! /RNM |90 (§ =12 = = v, 2,0,

with the convention that f,(£) := |g,(£)|?, when N, = 1. On one hand, one can
easily derive from (4.2) and (4.4) that

/Rmin (1,8%) fu(€) dé < +o00. (4.5)

On the other hand, using (4.3), (4.4) and Fubini theorem one obtains, for all
(s1,82) € R?, that

2
dng...dny,, (4.4)

+oo

EM@M@H=/ (€16 — 1) (152 — 1) £,,(€) dé . (4.6)

—00

In other words, one has

B [lnts0) — 50 "] =& [lntss = s =4 s (5228 fgpae.
(4.7)

Remark 4.2. Assume that the process {{u(s) }ser s self-similar of order vy € (0,1),
that is the processes {u(as)}ser and {a u(s)}ser have the same finite-dimensional
distributions, for any fived positive real number a. Then, the corresponding func-
tion f, is more precisely denoted by [, s5(~,) and satisfies, for almost all § € R,
Ju,88(v0) (&) = c|¢| 727 ~1, where ¢ is some positive constant. We recall in passing
that the Gaussian fractional Brownian motion of Hurst parameter H € (0,1) is

3This means that fu(&) = fu(—€), for almost all £ € R. Notice that the fact that f, is an even
function implies that the integral in (4.6) is real-valued.
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self-similar of order vo = H. Also, we recall that non-Gaussian Rosenblatt process
of parameter d € (1/4,1/2) is self-similar of order vy = 2d.

A simple sufficient condition on f, and fx for the processes o and X to satisfy
(C1) in Definition 3.2 is provided by the following remark.

Remark 4.3. Let ap, By € (0,1) be as in Definition 3.2. A sufficient condition
for the process o to satisfy (3.3) is the following: there exist two positive finite
deterministic constants ¢ and &, such that the inequality

fo(€) < cfg] 7207t (4.8)

holds for almost all real number & satisfying |£| > &o. Notice that in order to get a
sufficient condition for the process X to satisfy (3.4), one simply has to replace in
(4.8) o by X and ag by Bo. Also notice that, in view of Remark /.2, the inequality
(4.8) holds as soon as the process o is self-similar of order vy > «p.

Proof of Remark /.5 Let s; and sy be two arbitrary and distinct® real numbers
belonging to some fixed compact interval IC. It can easily be derived from (4.7) with
u = o, from (4.8) and from the classical inequality |sin(z)| < |z, for all z € R,
that

E [|o(31) — 0(52)|2]

&o +o00 S| — 8
< (s1—s2)? . & fs(8) d€+48[ sin? <|122|§> |¢| 720t dg.

Then, setting ¢ = |s; — s2|¢ in the second integral, and using (4.5), the fact that
ag € (0,1), and the inequalities |s; — s2] < diam(K) < +oo, one obtains (3.3). O

From now on our goal is to provide sufficient conditions on f,, fx and the
wavelet 1 (see (3.5) and (2.14)) under which (Cz) in Definition 3.2 holds.

Remark 4.4. Let ag, By € (0,1) be as in Definition 3.2. Suppose there are a
constant ¢ > 0 and two nonnegative integers Uy and Vi satisfying Uy + Vo = 2, such
that, for every j € N and for all ki, ko € {—N1,...,27v — Na}, one has

—Up

|E [aj 5 ajk,] | < 2770 (1 + |k — ko) (4.9)

and _ v
IE N Ajks] | < 277D (14 kg — ko)
Then (3.6) is satisfied.

Proof of Remark /./: The fact that {o(s)}ser and {X(s)}ser are independent im-
plies that the a;;’s and A;’s are independent. This together with the inequalities
(4.9), (4.10) and the fact that Uy + Vo = 2 yields

(4.10)

‘]E [Nk Aok )

’E (@5 A ks Njies | | = ‘E (@ ks Qs |

< P2 2(e0tho) (1 4 |y — /€2|)*27 (4.11)
for all ki, ko € {—N1,...,27v — Na}. Then (3.6) can be straightforwardly obtained
by using (4.11). O

The following four propositions are the four main results of the present section.

41t is clear that (3.3) holds when s = ss.
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Proposition 4.1. Assume that the wavelet ¢ in (2.1]) is the Haar function, that
is ¥ = 1j9,1/2) — 1[1/2,1). Then (4.10) holds as soon as fx is Vy times continuously
differentiable on R\ {0} and satisfies the following condition (D1 x ), in which )((n)
denotes the derivative of fx of order n, with the convention that f)({o) = fx.

(Dy,x) There ezist two finite deterministic constants 5, € [5o,1) and ¢ > 0 such
that, for alln € {0,...,Vo} and £ € R\ {0}, one has

(9] < cmax (jgf =20, Jgl 2%t | (412

Proposition 4.2. Let M € N be arbitrary and fixed. Assume that the wavelet ¢ in
(2.14) is continuously differentiable on the real line and has at least M vanishing
moments, that is

/+Oo s™p(s)ds =0, forallme {0,...,M —1}. (4.13)

Then (4.10) holds as soon as fx is Vg times continuously differentiable on R\ {0}
and satisfies the following condition (Das x ), which is weaker’ than (D1 x ).

(D, x) There exist two finite deterministic constants 3, € [Bo,1) and ¢ > 0 such
that, for alln € {0,...,Vp} and £ € R\ {0}, one has

[A(©)] < emax (Jg[~2007r 1, g2 ) .

Proposition 4.3. Assume that the wavelet ¥ in (3.5) is the Haar function. Also
assume that the integer Uy in (4.9) belongs to the set {0,1}. Then (4.9) holds
as soon as f, is Uy times continuously differentiable on R\ {0} and satisfies the
following condition (D1, ), in which fén) denotes the derivative of f, of order n,
with the convention that f[(,o) = fy.

(D1,5) There exist two finite deterministic constants oy € [ag,1) and ¢ > 0 such
that, for alln € {0,...,Up} and £ € R\ {0}, one has

[F0(©)] < emax (Jg 72007 g 2671 (4.15)

Proposition 4.4. Let M € N be arbitrary and fixed. Assume that the wavelet ¥ in

(5.5) is continuously differentiable on the real line and has at least M + 1 vanishing

moments. Then (4.9) holds as soon as f, is Uy times continuously differentiable on

R\ {0} and satisfies the following condition (Dyr,, ), which is weaker” than (D1 ).

(Do) There exist two finite deterministic constants af € [ap,1) and ¢ > 0 such
that, for alln € {0,...,Up} and £ € R\ {0}, one has

[F0()] < cmax (Jg| 720071, g 2eb M=) (4.16)

Remark 4.5. For p = o or p = X, it is clear that (D) holds when p is self-
similar of order v (see Remark 4.2).

A major motivation for weakening the condition (D1,,,) to the condition (Dyy,,,)
is the following: the behavior of f,, in the neighborhood of 0 can then be much more
singular, namely f,, can have infinitely many oscillations in the vicinity of 0. This
is for instance the case, when, for all £ € R\ {0}, one has

Fu(©) = [e172 71 + g 7>~ sin® (J€] )

5More generally, (D, x) is weaker than (Dyy/ x), for any M’ < M.
6More generally, (Dhr,o) is weaker than (Dyy ), for any M' < M.
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where the three parameters u, v and w are arbitrary real numbers such that 0 < u <
v <1 and w > 0. Observe that the larger is w the more oscillating is this function
fu in the neighborhood of 0. Also observe that this function fails to satisfy (Dy,,.);
yet, for any integer M > 14 w, it satisfies (Dar), with fo =u and ) = v.

In the sequel, one only gives the proofs of Propositions 4.1 and 4.2. The other
two Propositions can be derived rather similarly to Proposition 4.2.

Proof of Proposition /.1: Tt easily follows from (2.14) and the equality ¢ =
1j0,1/2) — 111/2,1) that, for all j € N and k € {=Ny,.. .,29v — Ny}, one has

. 2k + 1 k k+1
—3/2y ., — _ _
2 /\jy;§_2X<2j+1 > X(2j) X< 57 >

Therefore, using (4.6) and standard computations, one gets, for any k1, ks € {—Nq, ...

N}, that
E [Ajky Ak, ] = 22072 / et(ki=h2)m gt (g) fx(27n)dn.

There is no restriction to assume thaﬂs k1 > ko. Then, setting

G(n) == e "sin? (g) ) (4.17)
one can write

E [k Ajoky] = 22072 / eIk =kl o, (1) dip (4.18)

where - _

Fj(n) = G(n)fx(2'n). (4.19)

Next, observe that it easily results from (4.17), the general Leibniz rule and standard
computations, that G is infinitely differentiable on R. Moreover, there is a finite
deterministic constant ¢; > 0, such that, for all ¢ € {0,...,Vy} and n € R, one has

|G ()| < ¢ min (1,]n]*79), (4.20)

where G(9 denotes the derivative of G of order ¢, with the convention that G(9) :=
G.

Let us now derive useful properties of the function F; defined in (4.19). Notice
that F; is V, times continuously differentiable on R \ {0} since fx is Vp times
continuously differentiable on R \ {0} and G is infinitely differentiable on R. Also
notice that using (4.19), the general Leibniz rule, the condition (D;,x) and (4.20),
one can show that, for some finite deterministic constant ca > 0 (not depending
on j) and for any arbitrary n € R\ {0}, one has, for all p € {0,..., 5},

EP )] < ex 2R P i<l <2, (421)
and
_ P
|[FP ()] < ¢ 279040 S min (1, [p|*9) [pla=2P02=1if [ > 279 (4.22)
q=0
Next, observe that it follows from (4.21) and (4.22) that, for each p € {0,...,V,},

the function Fj(p ) belongs to the Lebesgue space L!(R) and has vanishing limits at
+00. Moreover, it has a vanishing limit at 0 when p # 2.
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In view of these properties of F}, Vj integrations by parts allow to obtain that

T bk Vi vo (T i (Vo)
or .— —Vvo -
/ et (Lt k1 z\)nFj(n) dn =i~ "0 (14]k1—k2|) /0 ! (Flk ’”D"Fj “(n)dn.

0
(4.23)
Similarly one has

0 0
/ ez(1+|k1—k2‘)7]Fj(,r]) d77 — ,L'—Vo (1 + |k1 _ k2|)_V0 / ei(1+‘k1_k2|)nFj-(VU)(n) d,'7 .
(4.24)
Finally, putting together (4.18), (4.23), (4.24), (4.21) with p = Vg, (4.22) with
p = Vo, and the inequality 8} > fBo, it can be shown that there exists a finite
deterministic constant ¢ > 0, not depending on j, k1, ko, such that (4.10) holds. O

In order to show that Proposition 4.2 holds one needs the following lemma, which
provides an explicit convenient expression of the expectation E [A; k, Aj x,] in terms
of fx and of the Fourier transform 1 of the wavelet 1.

Lemma 4.5. Assume that the wavelet ¢ in (2.1/) is continuously differentiable on

the real line. Then, for all j € N and for every ki,ks € {—Ni,...,27v — N3}, one
has

E [Nk Ajoko] =22j/Rei(’“"“2)"772 10 () 2 fx (27m) dnp. (4.25)

Proof of Lemma /J.5: First notice that the integration by parts formula can be
applied to the Young integral in (2.14), since 1 is continuously differentiable. Thus,
in view of (2.8), one can express \;x, for all j € Nand k € {—Ny,...,270v — No},
as the Lebesgue integral

Ajp = —239/2 / V(25 — k)X (s)ds,
R

where 1)’ denotes the first order derivative of . Then, using Fubini theorem, (4.6),
elementary properties of the Fourier transform, and the change of variable n = 277¢,
one obtains

E [Aj ks Ajika] = 2% / / V(2751 — k) (2750 — ko)
R JR

XE [X (s1)X (s2)] dsy dsy
=2% "(27s1 — k)Y’ (255 — ko

X(eis1£ _ 1)(e—i325 _ 1)fX (f) dg dSl d52
— 9 /R il k)27 E e2 14 (277g) | fx (€) dE

:22J/Re(’“ R 2 ()| fx (27n) dny.
0

Proof of Proposition /.2: The proof is rather similar to that of Proposition 4.1.
Let j € N and kq,ke € {—Ny,...,29v — Ny} be arbitrary and fixed with k1 > ko
(there is no restriction to assume this). In view of (4.25), setting

G(n) = e " n* | (n) (4.26)
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E [Ajk, Aj k.| can then be expressed as

E [Aj ks Ajka] = 2% / e!HIk=kaln B () dyy, (4.27)
R
where
Fi(n) == G(n) fx (2'n). (4.28)

Now, let us derive the properties of the function G which one needs in the
proof. First, observe that the fact that v is compactly supported implies that 121\
is infinitely differentiable on R. Thus, in view of (4.26), the function G shares the
same regularity property. Next, we show that there is a finite deterministic constant
c1 > 0 such that the inequality

‘é(Q)(n)‘ < ¢ min (1’ |n|2(M+1)—q> (4.29)

holds, for all ¢ € {0,1,2} and n € R. In view of (4.26), the inequality (4.29) can be
obtained by using the general Leibniz rule, if one shows that there exists a finite
deterministic constant co > 0 such that the inequality

(90 ()] < eamin ((1-+[n]) " g ") (4.30)

holds, for every n € {0,...,V5} and n € R. One can derive from the definition of
the Fourier transform ¢ that, for any [ € Z; and n € R,

-~

2O () = (—i)! /R ¢ (shap(s)) ds. (4.31)

Notice that s — s'1)(s) is a compactly supported continuously differentiable func-
tion. Therefore, an integration by parts in (4.31) yields, for each 1 € R, that

DO < es(1+ ) ™ (4.32)

where c3 > 0 is a finite deterministic constant not depending on 7. Thus, when
—1 < M —n <0, the inequality (4.30) results from the inequality (4.32). In the
opposite case M —n > 0, one knows from (4.13) and (4.31) that zZ(”'H") (0) =0, for
any nonnegative integer r satisfying r < M — n. Thus, Taylor formula applied to
zz(") allows to obtain, for all n € [—1, 1], that

|G ()] < caln™ (4.33)

where ¢4 > 0 is a finite deterministic constant not depending on 7. Then combining
(4.32) and (4.33) one gets (4.30).

Now, one derives some useful properties of the function F ;i defined in (4.28).
Notice that f'j is Vo times continuously differentiable on R \ {0} since fx is Vj
times continuously differentiable on R\ {0} and G is infinitely differentiable on
R. Also notice that using (4.28), the general Leibniz rule, the condition (D, x)
and (4.29), one can show that, for some finite deterministic constant ¢5 > 0 (not
depending on j) and for any arbitrary n € R\ {0}, one has, for all p € {0,...,Vs},

|[FD ()] < 05 277+ [pPMA1-pM=260 350 < || < 279, (4.34)
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and

P

‘ﬁj(p) ()| < c5 27720 +D) Zmin (17 |,7|2(M+1)—q) g2 2P0—P=1if || > 2.

q=0
(4.35)

Next, observe that it follows from (4.34) and (4.35) that, for each p € {0,...,Vo},
the function ﬁj(p ) belongs to the Lebesgue space L'(R) and has vanishing limits at
+00. Moreover, it has a vanishing limit at 0 when p # 2.

In view of these properties of F 7, Vo integrations by parts allow to obtain that

—+oo +oo
/ 6i<1+|k1*k2‘)”ﬁj(n) dnp=i—" (1+|k17k2|)7vo/ ei(lﬂ}“*kz')”ﬁj(vo)(n) dn.
0

0
(4.36)
Similarly, one has that

0 _ _ o ~
/ e!IFlkL=kln 7, () dip = =Y (1 + |y — ko) V“/ el =kahn £ V) (1) qy

(4.37)

Finally, putting together (4.27), (4.36), (4.37), (4.34) with p = Vp, (4.35) with

p = Vo, and the inequality 8 > Bo, it can be shown that there exists a finite
deterministic constant ¢ > 0, not depending on j, k1, k2, such that (4.10) holds.

O

5. Discussion on the optimality of the improved rate of convergence

What is for the approximation error |[Y — Y }V||c+(y) the fastest possible rate of
convergence to zero? In order to provide a precise answer to this question, let us
first briefly summarize what is already known on it from our previous two main
results, namely Theorems 2.1 and 3.1. To this end, one denotes by @ and 3 the two
critical exponents defined as:

a:=sup{ac(0,1):0eC*(I)}and B:=sup{B€[0,1): X € C°(I)}. (5.1)

They somehow respectively provide a measure of the critical Holder regularity on
I of a path of the integrand ¢ and a measure of that of a path of the integrator X.
Notice that the assumption on the Holder regularity of these two paths, made at
the very beginning of the article, implies that:

ac (0,1, Be(0,1] and @+pj>1.

In the sequel, one imposes to @ and 3 to satisfy the following invariance condition

Uue).

Definition 5.1 (the invariance condition (UC)). The values of @ and B remain
almost surely unchanged when the compact interval T := [0,v] in (5.1) is replaced
by any other compact interval K C R.

It is worth mentioning that the condition (UC) holds when o and X are Gaussian
fractional Brownian motions; in this case @ and S are equal to their corresponding
Hurst parameters.

Remark 5.1. Under the condition (UC), Theorem 2.1 can be rewritten in terms of
@ and B in the following way: for each fixred v € [0, ) and arbitrarily small € > 0,
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one has L
?ug {2J(m1n([3—%a+[3—1)—6) ||Y _ Y}}V”CW(I)} < +o00. (5.2)
S

Remark 5.2. Assume that the condition (UC) holds. Also, assume that the condi-
tion (WC), described in Definition 5.2, is satisfied for all ag € (0,@) and By € (0, B)
such that g + Bo > 1. Then, Theorem 3.1 can be rewritten in terms of @ and 3 in
the following way: for each fized v € [0, min(B,1/2)) and arbitrarily small € > 0,
one has, almost surely,

sup {27 G Ams B2 Y Y[ o1y | < o (5.3)

Let us now turn to the statement of the main result of the present section.

Theorem 5.1. Suppose that the invariance condition (UC) holds. Also, suppose
that B < 1 and that, for each s € I, the probability P(o(s) = 0) wvanishes (notice
that this is the case as soon as the random variable o(s) has a probability density
function). Then for all fived v € [0,3) and arbitrarily small € > 0, one has, almost
surely,
sup {2704y [V |len )} = oo, (5.4)
JeN
We point out that Theorem 5.1 provides an universal lower bound for the rate
of convergence to zero of the approximation error ||Y — Y}V ||cv(y). In view of
Remarks 5.1 and 5.2, this theorem can be seen as a counterpart to Theorems 2.1
and 3.1.
Before proving Theorem 5.1, we note that the following result, which is a straight-
forward consequence of Theorems 5.1 and 3.1 (see also Remark 5.2), gives a partial
answer to the question raised at the very beginning of the present section.

Corollary 5.2. Assume that the invariance condition (UC) holds and that @ > 1/2
and B < 1. Also assume that the condition (\WC), given by Definition 3.2, is
satisfied for all ag € (0,@) and By € (0,5) such that ag + By > 1. Moreover,
suppose that, for any s € I, the probability P(c(s) = 0) vanishes. Then, for each

fized v € [0, min(B,1/2)) and arbitrarily small € > 0, one has, almost surely,

sup {zc’@ﬂ*@ Iy — YJW||CW)} < 400 (5.5)
JeN

and _
sup {2/ C7 Y = Y} |l } = +o0, (5.6)
JeN

which provide a sharp estimate of the fastest possible rate of convergence to zero
of the approzimation error ||Y — Y}/VHCW(I). In the sequel, one uses the concise
notation B

IV =Y lovry < 2770
to mean that both (5.5) and (5.0) are satisfied, almost surely, for all fized arbitrarily
small € > 0.

Remark 5.3. Assume that the integrand o and the integrator X are two indepen-
dent Gaussian fractional Brownian motions whose Hurst parameters are respectively
denoted by Hy and Hs and satisfy Hy > 1/2, Hy + Hs > 1.

Then, it results from Corollary 5.2 that, for all fixred v € [0, min(Ho,1/2)), one
has HY — Y}/VHC'W(I) = 2~ J(Ha=7)
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Proof of Theorem 5.1: First observe that using the second equality in (5.1), Propo-
sition 1.1, the condition (UC) and the assumption that, for all s € I, the probability
P(o(s) = 0) vanishes, one has

B=sup{fe0,1):Y eC’I)}. (5.7)

In order to show that (5.4) holds one will argue by contradiction. So, let us assume

that there exist €y € (0,1 — 3) and o € [0, 3) such that

up {zJ(ﬁ—%M) Y —yW ||mo(1)} < +oo. (5.8)
€

Under this assumption one will show that
B<sup{#e[0,1): Y eC}, (5.9)

which will contradict (5.7).
Let vg be an arbitrary and fixed real number satisfying

€
0<V0<f0 .
B =

(5.10)

Observe that (5.10) implies that
(B + om0 + €0) (1 + o)t > B. (5.11)

Denote by t; and to two arbitrary real numbers belonging to I with ¢; < t5. Then
there is a unique positive integer J such that

p2 () < gy 4y < 2= (=D Aw0) (5.12)
It follows from (1.2), (5.8) and (5.12) that
[ =YY (t2)) — (V= V)] < 1Y = Y a2 — 1)
< 0127100 (1, — 11)70 < gy (by — ) FHr0v0 ) (o)™ (5.13)

where ¢; > 0 and ¢ > 0 are two finite random constants not depending on %1, to
and J.
Next, one assumes that €; is an arbitrary fixed real number satisfying

0 < €; < min (B, (1- B)I/O). (5.14)
Observe that (5.14) implies that
(B—i—VO —61)(1+V0)_1 >E. (515)

Let us show that there exists a finite random constant ¢s > 0, not depending on
t1, to and J, such that

YV (ta) = Y}V (t1)] < es(ta — ) FHro—en)(+0) ™ (5.16)
2

It follows from (2.11), (2.13), (
Lemma 2.3 that

.15), the triangle inequality, and property (P;) in

2jv—Nl
|Y}/V(t2) - Y}/V(tl)’ < Z |bj,z(t2) - bj,l(t1)|’77j,z|
I=1—N,
. _ 27v-N to .
< g2/ (Fea=h) / o(s)p(27s — l)ds)7 (5.17)
t1

l=1—N>
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where ¢4 > 0 is a finite random constant depending on €; but not depending on 1,
ty and J (in fact ¢4 is nothing else than the constant ¢; in (2.19) in the case where
B = — €1). Next, observe that, using (5.12), it can be shown that the cardinality
of the finite set

I+ N1 I+ Ny

{le{l—NQ,...72jU—N1}:|: ARy :|ﬂ[t17t2]7é®}

can be bounded by some finite deterministic constant c¢5 > 0 not depending on ¢1,
ty and J. Thus setting cs := cacs|o(|[n,,Ny),00 |2l [Ny, N2],00, Where the integers Ny
and N are as in (2.8), one can derive from (1.3) and (5.17) that

YV (ta) = YW (t1)] < 27 OBty — 1y). (5.18)

Then combining (5.12) and (5.18) one gets (5.16).
Finally, putting together (5.11), (5.13), (5.15) and (5.16), one shows that (5.9)
holds, which contradicts (5.7). O

Appendix

Proof of Proposition 1.2:
First notice that using (1.5) as well as the fact that the paths of X satisfy a
Holder condition of order 8 on I := [0,v], and setting ¢; := || X||cs (), one has that
A k(X)) <2787, forevery J € Nand k € {0,...,27v — 1}. (5.19)

From now on, one denotes by t; and t5 two arbitrary fixed real numbers belonging
to I and satisfying ¢; < t2. In view of Remark 1.1, one has that

Y (t2) = Y(t1)] < ealta —t1)", (5.20)
where ¢ > 0 is a finite random finite constant not depending on ¢; and t».
Next, for each v € [0, ) and J € N, one sets
™ Y () — VS () — Y(0) + Y (1)
E) (t1,t2) == )
(t2 —t1)7

In view of (1.2), in order to show that (1.10) holds, one has to prove that there
exists a finite random constant c¢3 > 0, not depending on =, t1, t2 and J, such that

(5.21)

ED (ty,t5) < g2 min(A=r046-1) (5.22)
To this end, one denotes by k; and ks the two integers, belonging to {0,...,27v},
defined as k; := [27t;] and ky := [27%5], and studies the three different cases:

klikg, k1+1:k'2 andk1+2§k:2.
First case: k1 = ko. It follows from (1.6), (1.3) and (5.19) that

Y75 (ta) = V5 ()] = (27 (t2 — t1)0(Buk ) A sy (X))
1ty —t1)]ol1,0023 757, (5.23)

On the other hand, one necessarily has that ¢t —t; < 27 since ky = ko. Combining
this inequality with (5.23), (5.21), the triangle inequality and (5.20), one obtains
EM(ty,t)) < ealta— 1) +er(ty — 1) 7o 1,002

< 20, (5.24)

IN

where ¢4 > 0 is a finite random constant not depending on ~, J, t; and ts.
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Second case: k1 + 1 = ko. First one notes that this case is rather similar to the
previous one. It follows from (1.6) and (1.4) that

Y (ty) — Y5 (1)

- k1 +1
= (2Jt2 — /ﬁ — 1)0’(SJ)]{;1+1)AJ,]€1+1(X) + YJ ( ! )

2]
J . ky
—27t — k)0 (Bap) A, (X) — Yy (w)
=27ty — k1 — D)o (570,41) A s sy +1(X)
+(ky+1—27t1)0 (878, ) Ak, (X).
Thus, using the triangle inequality, (5.21) and (1.3) we obtain that

Y7 (t2) — Y (1)

<27ty — k1 — V||ollr.0e2 P +ci(kr +1—27t) o)l 1.002777

= ¢1(ty — t1)]| o] 1,002 (5.25)

On the other hand, it is necessarily true that to —t; < 2-277, since k; + 1 = ks.
Combining this inequality with (5.25), (5.21), the triangle inequality and (5.20), we
get that
EM(ty,t9) < e5277 ), (5.26)
where ¢5 > 0 is a finite random constant not depending on ~, J, t; and to.
Third case: ki + 2 < k. It follows from (1.1), the triangle inequality and (5.20)
that

Y (t2) = Y7 (ta) — V(1) + Y (1))
(3 b (3)

ko
oJ
| [ oo ax () - VS ea) + v 1)

) ko

J
< 2¢927P7 4 / o(s)dX (s) — YFS(to) + YFS (). (5.27)
1
o7

Moreover, using (1.6), the triangle inequality, (1.3), (1.4), (5.19), (1.5) and (1.8),
one has that

kg

27 k k
/kl o(s)dX(s) — Y5 (23) +Y[S <2}>
+ (2712 = k2)0(8k0) A sy (X)| + (2781 — k)0 (54, ) Aty (X))

ko—1

>

I=k1 |V 27
6(k2 — k1)27(0‘+/8)‘] —+ 201“0'”[70027’8‘]
7(t2 — t1)2_(a+ﬁ_1)‘] + 261||0'||]7002_BJ, (528)

1+1
oJ

IN

O'(S) dX(S) — O'(gtj’l)AJ,l(X) + 261”0’”]70027&]

<c¢
<c
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where ¢g > 0 and ¢7 > 0 are two finite random constants not depending on J,
t; and to. On the other hand, the fact that k; + 2 < ky yields to — t; > 277.
Combining this inequality with (5.27), (5.28) and (5.21), one gets

EM(t1,t2) < 2(ca + 1|0l 1.00)2~ P 4 cr(ty — ty)' 7 27 (0 FFDT,
Thus, it results from the inequality (t2 —t1)*~7 < v'~7 that

ED (11, 15) < g2~ min(B=rats-1) (5.29)
where cg > 0 is a finite random constant not depending on ~, J, t; and ts.
Finally (5.24), (5.26) and (5.29) imply that (5.22) holds. O

Let us now turn to prove Lemma 2.3. In the proof one will separately study the
case of the Haar basis (see (H;) at the very beginning of Section 2) and the other
case where the compactly supported scaling function ¢ and mother wavelet ¢ are
a-Holder continuous on R (see (Hz) at the very beginning of Section 2).

Proof of Lemma 2.3 under the hypothesis (H1)):
First notice that, under the hypothesis (#1), the integers N; and Ny in (2.8)
can be chosen such that N; = 0 and Ny = 1, since one has

Y = 1[0,1) and ’lp = 1[0’1/2) - 1[1/2’1). (530)
In all the sequel, one assumes that J € N and [ € {0,...,27v — 1} are arbitrary
and fixed, and denotes by Z;; the dyadic interval [27/1,277 (1 + 1)]. Recall that
I:=[0,v].
Let us show that (P;) is satisfied. Notice that, in view of (5.30), one has that

277 (14-N2) 277 (141)
/ 0(27s —1)dX(s) = / dX(s)=X(277(1+ 1)) - X(2771).
2= (I4+Ny) 2-J]

Thus, the fact that the paths of X are Holder continuous of order 3 on the interval
I implies that (2.19) holds. Using rather similar arguments, it can be shown that
(P7) is satisfied as well.

Let us now turn to (Pz2). Notice that, in view of (5.30) and (2.22) one has that

277 (14+-Na)
/ (o(s) —T51)p(27s — 1) dX (s)
27‘](l+N1)

277 (141)
:/2 o(s)dX (s) — Ty (X(z—J(z+1)) —X(z—Jz)), (5.31)

5
277 (141)
Tyl = 2‘]/ o(s)ds.
2

—Jy

where

Also notice that, using the continuity of the paths of ¢ and the mean value the-
orem, one has 5;; = o(5;,), for some §;; € Z;;. Thus, combining this equality
with (5.31), Remark 1.2, the inequality [|o||ca(z,,) < [|oflce(r) and the inequality
1 Xlcez,,y < 1 Xlles(r), one gets (2.21).

Finally, let us turn to (P3). Assume that t1,t5 € I are arbitrary and such that
t1 < to. Also assume that [ € L4, 4, (see (2.17)), and let [a, b] be the nonempty
interval defined as

[a,b] == Ty N [ty ta] = [2771,277 (1 4+ 1)) N [t, ta). (5.32)
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Then, in view of (5.30), one has
/ o (8)p(275 — 1) dX (s) = / o () dX(s). (5.33)
t1 a

Moreover, using the triangle inequality, Proposition 1.1, the fact that the paths of
X are B-Holder continuous functions on I, (1.3) and (5.32), one gets that

| / " o(s) ax(s)
< /ab o(s)dX (5) = o(a) (X (b) ~ X(a))| + |o(a) (X (b) = X (a))]
< egmin (2777, (t5 — 1)), (5.34)

where ¢4 := Koy gllollce )| X ey + ol 1,00l| Xlcs(r). Thus (2.23) results from
(5.33) and (5.34). O

Proof of Lemma 2.5 under the hypothesis (Hs)):

Throughout this proof, one assumes that J € Nandl € {1—Na,...,27v—N;} are
arbitrary and fixed and denotes by Z;; the dyadic interval [277 (I4+N7), 277 (14 N2)];
notice that this is not exactly the same interval as in the previous proof.

Let us show that (P;) is satisfied. Using Proposition 1.1 and the equality
©(N1) =0 (see (2.8)), one gets that

277 (14 N2)
‘ / o275 — 1) dX(s)‘
2-7 (I+Ny)

< Kays(No = N1)*H|p(27 0 —1 WX llos (2, 0277 (5.35)

)HCO‘(IJJ

Moreover, it can be derived from (1.2) that

o2 @ =D)llcaz,,) < 27 lollce (v Na- (5.36)

Also, it can be derived from (1.2) and (2.12) that

1Xlles @, < 1Xlles (101.0a))- (5.37)

Thus, putting together (5.35), (5.36) and (5.37), it follows that (2.19) holds. Using
rather similar arguments, it can be shown that (P}) is satisfied as well.

Let us now turn to (Pz). One can derive from the triangle inequality, (1.2), (1.3),
(5.36) and (5.37) that

(o(e) =72)92" © =Dl a(z,)

<o =Taillz,, collllng, Nl 0o + 10 = Tillz,, 00 ll9(27 @ =Dl ca(z,)
+llo|

C“(IJ,Z)HQOH[NLNQ],OO'

< (@7 + Do = Faallzsie + lollcmganean): (5.38)
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where ¢4 := ||¢[|ca((n,,n,))- Next, using (2.22), in which one sets u = 27s — I, and
using (2.2), one gets, for all fixed z € Z;,, that

+oo
o =aul = | [ (e@) —ol 12 T w)pw
< /N lo() — 0(2771+ 277 u)|| o) du

< 6527‘]&7

where ¢5 1= (No — N1)%||olce((Q1,02)) fiVN |o(u)| du. Therefore, in view of (1.3),
one has

lo =T illzsp 00 < 52777 (5.39)
Next putting this together with (5.37), (5.38) and (5.39) , it follows that there is a
finite random constant c¢g > 0, not depending on J, [, such that

[(o(e) =T 1) p(2” @ —l)Hca(zJ,,> 1Xllos(z,,) < cs- (5.40)

Thus, using Proposition 1.1 and the equality ¢(N7) = 0, one gets that

277 (14-N»)
‘/ (o(s) —Ts1)e (QJS—Z)dX(S)’
2~ ‘] Z+N1)

< (Ny — N1)Q+B’Ca+ﬁ 9—J(a+p)
— J
[|(o(e) =Tra)p(2” o _l)Hca(I,,l)||XHCB(IJ,,)
< C7Q*J(a+ﬁ)’
where ¢7 = c6(Na — N1)**PK 4 5. This shows that (2.21) holds.
Finally, let us turn to (Ps). Assume t1,to € I are arbitrary and such that

t1 < to. Also assume that | € 0L, +, (see (2.17)) and that py; = py(t1,t2) and
vy =vy(t1,t2) are as in (2.18). Then, one has

/ Co(s)p(27s — 1) dX (s) = / T o(s)p(2s — 1) X (s). (5.41)

t1 Kl

Moreover, one can derive from the triangle inequality that

]/# P25 1) dX(s)
<

< / h a(s)p(27s = 1) dX (s) = o (ns)p (2" prg — D(X (V) — X(“J’l))‘

+‘U(NJ,Z)‘P<2JMJ,Z —)(X(vs) - X(MJ,l))‘- (5.42)

Let us now provide an appropriate upper bound for each term in the last sum. On
one hand, using Proposition 1.1, (5.37) and (2.18), one obtains that

[ oo — DX () — olan)e(@ s = (X (v3) = X (1)

a+p
< cs||a(o)go(2" ° —Z)HCQ(I“) (min (2*‘], [t; — t2|)> , (5.43)



Approximations in Holder norms of stochastic Young integrals 35

where cg > 0 is a finite random constant not depending on J, ¢; and t5. Moreover,
one can derive from (1.2), (1.3) and the triangle inequality that

||0(°)<P(2J s _Z)HCa(IJ,l)

< lloll@1.@s1, o el Ny, Nal, 00 + 1011 (@1,@a1, o0 1927 @ =D oz,
Hlollea(@i.@an lellin,ns), oo-
< o277, (5.44)

where cg > 0 is a finite random constant not depending on J, I, t; and t5. On the
other hand, using the fact that the paths of X are g-Holder continuous functions
on I, (1.3) and (2.18), one gets that

]a(w,lw(z"uJJ — (X () — X(u“))‘ < ciomin (2779 |ty — 1)), (5.45)

where 19 = (N2 — N1 [oliar @uoe I9l v ot ool X lc(@r a)y: - Next, putting
together (5.41) - (5.45), one obtains that

\ /tt o(s)p(2”s — 1) dX(s)‘

< cll(min (27&], [t; — t2|°‘+ﬂ 20"]) -+ min (27‘]5, [t1 — t2|5)), (5.46)

where ¢17 = max(cgcg, ¢19). Moreover, studying separately the two cases ty — t; <
277 and ty —t; > 277, one can easily show that

min (2777 t; — t5|**7 2%7) < min (2777, [t; — t2|7). (5.47)
Finally combining (5.46) and (5.47) leads to (2.23). O
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