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Chapitre 2 : Mécanique hamiltonienne

2.0 Transformee de Legendre : notions



e 2.0 Transformee de Legendre : notions
S1p =p(v) = (dL/dv’),

Si dp(v)/dv = 0; d’L/d?v = 0 = v = v(p)

L _. (L(v))=H({p)=-y(v,0) =p v(p) - L(v(p))
L(V’

y(v,0)
=-H(p)

y(v;v') = p(v) (v'-v) + L(V)

(1:0) = -p(¥) ¥ + L(Y)
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» 2.0 Transtformee de Legendre : notions
H(p) =2 L(v)

u(p) = dH/dp



e 2.0 Transformee de Legendre : notions

y(Vv,0) = -p(v) v + L(v)

Lvep(L(V)) = H(p) = -y(v,0) = p v(p) - L(v(p))
: N\




2.0 Transformee de Legendre : notions

la transformée de Legendre de L(v) = (1/2)mv*.

p=dL/dv=mv

dp/dv =m # 0



» 2.0 Transtformee de Legendre : notions

s1 la fonction L dépend de f variables v

P — 6[//8’0@

8]15(’0,@) 82L

(9?)j - 8“0,58’0.7'

Lomsp, (L(v;)) = H(p;) = prvr(p;) — L{vi(p;))



2.1 Equations de Hamilton et systemes canoniques

Lagrangien : f; q,(t), .= Hamiltonien : 2f: q:(t), p;(t), t

'_8L
P= 94

Ip; J*L ) 2L AT —V) T
ditm — | = dtm — 0 = =
(3%‘ ) (3%’@%‘ 7 04;04; 04;0q; 04;04;

(1=1,2,.... ) (2.1)

i = ila,p, ) (2.4) (2.3) (2.2)

H{q,p,t) = Ly, (L{q,4,1)) = pigi(q,p, 1) — L(q,4(q,p,1), 1)
(2.5)
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2.1 Equations de Hamilton et systemes canoniques

H(q,p,t) = LL(q,p,t) = pi¢i(q,p,1) — L(q, é(q,pat%t)‘ (2.6)

oH — OH  OH oL
AH = Sda -+ Sdp -+ Trdt = Gy £~ (5l \%{dq@ _ —dt
OH oOH OH
dH = dy; —dt =
9. T o P T
OH , OH .
G; = D = — (i=1,...,)(2.9)
op; 04,




2.1 Equations de Hamilton et systemes canoniques

H(q,p,t) = LL(g,p,1) = piGi(q, p, 1) — L(q, é(q,paﬂvt)‘ (2.6)

Sl L(q19 q29 G qj-19 gj(qj‘i‘l’ qf: (.19 t)
— H(qp Yo, - qj-1> %qjﬂa o+ Yp Py t)

__9H __ OH ,_
T T X

Si L(q, 4, % = H(q, p, ¥

di _9H _ 9L\ 10)
dt dt ot
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2.1 Equations de Hamilton et systemes canoniques

Suivant Lagrange ... Suivant Hamilton ...

/ d; d;
P P;

—> —»

9
¢
qiq

J

f
Espace de configuration Espace de phase
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» 2.2 Exemples de systemes canoniques
Exemple 1 :
2?4+ y? = R

F = —k

coordonnées géneralisées 4 et 2

X

1 1 1
V:§kr2:§kx2—|—y2—|—z2 5kR2+Z2

xr = Rcosd y = Rsind R = constante
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» 2.2 Exemples de systemes canoniques

,02::1'32_|_3;2_|_Z'2:R2_|_R26'2_|_Z'2

1 .
T — §m (R262 —|- 22)

1 : 1
L=T-V= 5m(R2<92 + 2%) — §k(R2+z2)

0L :
—_ — = mRQG
Pé BY:
oL

P 0z

0*L 0*T mR? 0 5 o
dtm(@(}gaq'j)_dtm(aq'ﬁqj)_dtm( ) m)—mR =+ 0




» 2.2 Exemples de systemes canoniques

/I A
mER2’ m

. . 1 : 1
H = pib+p.2—L=mR+msz*— §m(R262 + 22) + Ek(RQ + zz)

2 2
Pa P |
— —k kR =T
e o T3t TRk +V
2 2 1
H(z,pg,pz): Pe + Pz 4+ —kz?

mME2 2m 2
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» 2.2 Exemples de systemes canoniques

2 2
p{? pz 1 2
H - —k
(Zapﬁap»’%) I9m R2 + I + 9 ~
do B 8H B P
dt B 8}?9 B m R*
dz oH  p.
dt op, m
d H :
% — _88_6’ =\ pe = mR*H = constante
dp. OH .
dt Jz N
9 k

Ptwiz=0 avec w. = —
m
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» 2.2 Exemples de systemes canoniques

Exemple 2 : La pendule plan

1 .
L = =ml?6* + mgl cos 0

2
0L :
:—:mfzé)
Pé BY:
' Ny P
H:pgg—L:§m€9 —mgﬁcos@z2 £2—mg£COS{9
m
o _  oH_ - p
dt B 6]39— mi?
% = —%—2]: —mgl sin §
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» 2.2 Exemples de systemes canoniques

2

(4, pg) nggz —mglcosf = F
m

Oscillation ( -mgf<E<mg? )
Separatrix ( E=mgf ) |
Rotation ( E>mg¢ ) Py — Hyperbolic point

Elliptic point

(9 — ::ﬂ',p@) (6 — ::ﬂjpg) 17




» 2.2 Exemples de systemes canoniques

Oscillation ( -mgf<E<mg? )
Separatrix ( E=mgf ) |
Rotation ( E>mg¢ ) Py — Hyperbolic point

2R\

N\

(a) (b)

Elliptic point

o

Sk
(3

0 < I/ + mgl < mgl.

2

Pa 1 2
—magll” ~ F 14
Il T ng T mg
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» 2.2 Exemples de systemes canoniques

E = mqgl

§ = m (avec py = 0)

po = £2ml+/ gl cos(6/2)

Oscillation ( —-mgf<E<mg? ) . :
S eparatrix ( E=mg? ) | Elliptic point
Rotation ( E>mgf ) | Py — Hyperbolic point

W\

o

Zae

(a) (b)

)

)k

0



signe de dpy /db




e 2.3 Le principe variationnel d’Hamilton modifie

L(Qv q(vavt)vt) — pz%(vavt) T H Q7p7 (2 11)

" L 8(p/&q'?:_H) L] _ _
" og )T e Y [Ty 1Y
d dpigi—H), pigi— H) | _ . _9H| 14
dt( 0P ) Ipy |U:> = Ipy ( )
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