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Abstract

An approach to multiscale modelling of the hydro-mechanical behaviour of geomaterials
in the framework of computational homogenization is presenteds At the micro level a repre-
sentative elementary volume (REV) is used to model the material behaviour based on the
interaction between a solid skeleton and a pore fluid to provide the global material responses
and associated stiffness matrices. Computational” homogenization is used to retrieve these
stiffness matrices from the micro level. The global response to deformation of the REV serves
as an implicit constitutive law for the macroscale. On the macroscale, a poro-mechanical
continuum is defined with coupled,hydro-mechanical behaviour, relying on the constitutive
relations obtained from the medelling at the microscale. This double scale approach is ap-
plied in the simulation of aybiaxial deformation tests and the response at the macro level
is related to the microsmechanical behaviour. Hydromechanical coupling is studied as well
as material anisotropy. fTo be able to study localization of strain, the doublescale approach
is coupled with a local second gradient paradigm to maintain mesh objectivity when shear
bands develop.

Keyweords:
multis¢ale modelling, FE2, computational homogenization, hydromechanical coupling, local

second gradient model, cracking-induced strain localization
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1. Introduction

The classical approach to modelling hydromechanical coupling in materials is the porome-
chanical description, founded on the pioneering work of Biot (1941), in which a solid and a
fluid continuum exist at the same material point and the behaviour of both continua and
their interaction are modelled by phenomenological relations (for details, developments and
a review see Coussy (1995) and Schanz (2009)). The phenomenologicaldrelations of the
poromechanical description are supposed to correctly represent the interaction between the
solid skeleton and the pore fluid, that could be identified at a niicroseopic scale. These
relations are readily available for cases in which material properties are constant, but for
more complex behaviour, the formulation of constitutive relatiens,and their implementation
in numerical methods becomes more and more compléx. An alternative approach to de-
riving the macroscale constitutive relations is to start from the underlying microstructural
description, for which the different components of the material can be modelled explicitly
and the interaction of the constituents cande defined based on physical considerations.

In this work, the framework of computational homogenization is used in the finite element
squared (FE?) method. On a microseale level, the microstructure of the material is modelled
in a representative elementarysvolume’ (REV), of which the homogenized response serves
as a numerical constitutive.relations in the macroscale continuum. This framework was
initially introduced for_the modelling of microstructural solids of different nature ( Terada
and Kikuchi (1995)sFeyél and Chaboche (2000); Kouznetsova et al. (2001); Miehe and Koch
(2002), see also.SchrOder (2014) for an extensive overview) and later extended to multiphysics
couplings, starting with thermomechanical coupling by Ozdemir et al. (2008b,a). Aspects
of hydromechanical coupling were studied using computational homogenization by Massart
(Massart,and Selvadurai, 2012, 2014), and doublescale computations with computational
homogenization of hydromechanical coupled behaviour were studied in Mercatoris et al.
(2014) and Jénicke et al. (2015).

These methods all describe first-order computational homogenization schemes, taking

into account only the first gradient of the kinematics fields, which allows the full incor-



29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

poration of the separation of scales. This means that the length scale of the kinematical
gradients at the macroscale is much larger than the microstructural REV, such that the REV
represents the material point behaviour. The result of the separation of scales is that no
macroscopic length scale can be taken into account and the method is limited to the classical
continuum mechanics theory (Geers et al., 2010). As a result, a continuum appreach has to
be maintained at the macroscale throughout the computation. To overcome these limitations
of the classical continuum theory, the method was extended to second-order ¢omputational
homogenization (Kouznetsova et al., 2004; Feyel, 2003), deriving the ¢lassical part of the
constitutive behaviour as well as the higher gradient part, thereby directly linking the length
scales between micro and macroscale. With these enrichments; objectivity of the solutions
with respect to the mesh was restored at the cost of losing the.separation of scales.

Additional approaches were presented for micromorphic_continua (Jénicke et al., 2009),
while others have abandoned the macroscale continuum formulation and introduced discon-
tinuous modes of deformation (Mercatoris and Massart, 2011; Coenen et al., 2011a; Nguyen
et al., 2011; Toro et al., 2014). However, thesapplication of these discontinuous modes of
deformation at the macroscale could lead“to complications in case of multiphase couplings
and the restriction to a macroscale continuum is therefore preferred in this work.

At the macroscale, difficulties~arisé in the classical formulation when softening response
is to be considered, and the well-known mesh-sensitivity appears with the loss of ellip-
ticity of the equilibrium equations (Pijaudier-Chabot and Bazant, 1987). To restore the
well-posedness of{the~macroscale problem, an enrichment of the kinematical constraints is
required. This enrichinent has to allow the use of any classical constitutive relation, both
for the miechanieal and the hydraulic behaviour and its coupling, since the computational
homogenization will provide a constitutive relation in the most general form.

In this'work a computational homogenization approach is introduced for the homogeniza-
tion of microscale solid-fluid interaction to obtain a macroscale poromechanical description.
The microscale model is based on the work of Frey et al. (2012). It describes the interac-
tion between the solid skeleton and pore fluid in a REV, without relying on phenomeno-

logical coupling relations at the microscale. For upscaling the hydromechanical coupled
3
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response to kinematic loading of the REV, the framework of computational homogenization
(Kouznetsova et al., 2001) is extended to take into account the hydromechanical coupled
behaviour. The resulting numerical constitutive relation is coupled with a local second gra-
dient paradigm for hydromechanical coupling (Collin et al., 2006). With the decomposition
assumption between first and second gradient parts of the constitutive equations{Chambon
et al., 2001), the continuum can be combined with any classical constitutive relation for
hydromechanical coupling.

The paper is structured as follows; Section 2 presents the macroscale formulation of the
poromechanical continuum with the local second gradient model. Sectipn 3 introduces the
framework for the REV derived from the assumption of local periedicity and introduces
the micromechanical model. Section 4 provides the formulation/of the computational ho-
mogenization for hydromechanical coupling based on. the, Hill-Mandel macro-homogeneity
principle to derive the definitions of homogenized macro response. An example of the ap-
plication of the model is given in Section 5 on the*modelling of biaxial compression under

transient conditions. The paper closes with'some concluding remarks in Section 6.

2. Macroscale formulation of the saturated poromechanical continuum in finite

deformation

As it is the ambition totapply the method on localization problems with material soften-
ing, an enhancement<f the macroscale continuum is required to maintain the objectivity of
the macroscale fotmulation in the softening domain. Many regularization methods were pro-
posed for thig purposeé, either based on a nonlocal averaging (Pijaudier-Chabot and Bazant,
1987), gradient ‘plasticity theories (Aifantis, 1984) or based on micromorphic media (Ger-
main, 1973)=ef which many specific cases can be derived. The most famous of these cases is
the micropolar continuum, better known as the Cosserat medium (Cosserat and Cosserat,
1909). Here, the local second gradient paradigm (Germain, 1973; Chambon and Caillerie,
1999; Matsushima et al., 2002) is chosen, which is a specific case of micromorphic medium in
which the microkinematic gradient v;; is constrained to be equal to the macro displacement

gradient Ou;/Ox;. The weak form balance equation can be written with Lagrange multipliers
4
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to avoid the use of C'! shape functions for the displacement fields (Chambon et al., 2001):

8u 81)* 8’&: N .
/ (”at+2”’fat)d9 /ina‘<@—x§—vij)dQ—We=0 (1)

with W7 the external virtual work as an effect of the boundary traction # and the boundary
double traction T. Superscripts ¢ and * denote quantities at time ¢ and virtualsquantities
respectively; afj are the components of the Cauchy stress tensor, Egjk are the components
of the double stress tensor. In addition, the constraint on the microkinématical tensor v,

with components v;;, requires the additional balance equation with respect to'the Lagrange

t
/ A (g“t y;].) a0t =0 2)

QZ
The balance equation for the fluid part of the problemiis formulated without the gradient

multiplier fields A;;:

enhancement. In absence of sink terms and neglecting gravitational influences, this gives:

/(M“ Z?)dQ—R;:O (3)

Ot

where m! are the components of the fluid™miass flux. The external virtual work R is the
combined effort of the boundary Atiid, mass flux m' = m;n; (n; being the components of
the boundary normal outwardAector, 77) and possible sink terms Q'. M is the specific mass
of the fluid phase with M its‘time derivative and p is the pore pressure. The iterative
search to a configuration Q' for which (1) to (3) hold entails looking for a configuration Q™

that corrects for the residual terms WL T7L and R7!

Y 71, corresponding to (1), (2) and (3)
respectively froth a preceding test solution of configuration Q™!, using a full Newton-Raphson
procedure.~Development of the iterative procedure in an updated lagrangian formulation
(with respect to configuration 71), leads to the following combined expression of iterative
update dQ-between Q™ and Q27 (see Matsushima et al. (2002) and Collin et al. (2006) for

full details):

| W aug Ja = Wik - 77 - R )
Orl ’

The column vector [dUT!] contains subsequently the terms éghil , %CZ’:, dp™, o dvf!
and dA7!, with d[.]™" the difference between subsequent iterative test solutions [] and [.|™

5
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The 23 x 23 matrix [E™!] can written as

Bl Ki™ Ouxe)  Ouxay  —luxa)

Ky K(ngg’)ﬂ Oxg)  O@xa)  O@xa)

(3x4)
[E™] = B2 Opxs)  Digesy Ouxa)  Oxa (5)
E3(T41X4) Oux3)  Ouxs)  Ouxa)y  Liaxa
_E4(4}X4) Oux3)  Ouxs) —luxa) Ouxa

with [I(4x4)] the identity matrix. Matrix [D(sxs)] contains the relatiomsbetween the double
stress ¥;;x, and the gradient of microkinematics 0y, /0, for which'a linear isotropic relation
is formulated in line with the initial work of Mindlin (1965), mritten for the Jaumann rate
of double stress f];

o

Eijk == Dijklmnaplm/axn (6)

See Bésuelle et al. (2006) or Collin et al. (2006) forsthe full matrix Dsys) representing the
6! order tensor with components D;ikimn independent of the material state. The matrices
[E1], [Kwum), [Knmw] and [Kww] describe ‘the relation between the classical components
of the hydromechanical coupled relations™ They contain both geometrical and rheological
terms, the former of which can befound in Matsushima et al. (2002) and Collin et al. (2006).
The rheological terms are thé consistent linearizations of the constitutive relations. In the

following, they will be written as follows:

Cijm Ayt Bij| | 00up! 0z s
Egw Fy Gi| < 06pM )0z, p =4 omM (7)
Hy Ji L spM SMM

or summagized as [A77 ,{0U7} = {0574}, with {U7)} the column vector of the 7 (in a
two-dinrensional problem) first order kinematical degrees of freedom Va, Vp™ and p™ at
the macroscale material point and {S(7)} their dual response terms o, m* and M. Spatial
discretization of field equation (4) is done by means of 8-noded quadrilateral elements with 4
integration points, using the finite element program Lagamine (University of Liege, Charlier

(1987)). Quadratic shape functions are used for interpolation of the displacement fields,

6
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whereas linear shape functions are used for the fluid problem. An additional 9th node is
introduced at the center of the element to take into account the Lagrange multipliers \;;,
which are assumed constant over the element. The reader is referred to Collin et al. (2006)

for more details on the specific element used at the macroscale.

3. Microscale model for hydromechanical solid-fluid interaction

On the microscale, the microstructure of the material is defined by grains, separated by
cohesive interfaces. Fluid can percolate in the pore network that is formed.by these interfaces
and fluid pressure acts statically on the (impermeable) grains. This model was introduced by
Frey et al. (2012) in large strain formulation and used to constitute a REV. The homogenized
response to kinematic loading of this REV was used to provide the macroscopic material
point behaviour. However, this model does not comply with the Hill-Mandel condition of
macro homogeneity (Hill, 1965; Mandel, 1972), whieh requires the work at the microscale
to be equal to the work at the macroscale.

For the consistent homogenization of the response, the microscale model by Frey et al.
(2012) needed modifications to avoid non-symmetries in the stress tensors as some inconsis-
tencies with respect to large deformations prevented the direct application of computational
homogenization of the microsealé model. In addition, the periodic conditions in the presence
of fluid pressure gradients and the definition of a stress tensor in the interface cohesive zone
under large deformation/ required modifications of the microscale model to restore consis-

tency. For thesereasons, the following modifications were made;

e the totalumicroscale fluid pressure in any point inside the REV is approximated by
the macroscale fluid pressure p™ under the assumption of separation of scales. This
assumption is required for the consistent application of fluid-to-solid interaction within
the periodic frame. As a result of this, a fictitious term p defined as p™ = p™ + p is
used to capture any deviation from the macroscopic pressure as a result of both the
macroscopic pressure gradient VpM over the REV and the microscale spatial variation

of the pore pressure as an effect of the periodic heterogeneities. More details are given

7
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in Section 3.3;

e a small strain formulation is adopted for the description of the microstructural REV.
A decomposition of the macroscale deformation gradient tensor into a stretch and a
rotation component is used to be able to take into account possible large rotations at

the macroscale.

To couple the behaviour of the micro and the macroscale, the magtoscale kinematics
needs to be enforced on the REV through the boundary conditions/ It is well-known that
for the problems with elliptic equations underlying the REV boundary value problem (BVP),
the periodic boundary conditions are the most efficient way to enforce’the global kinematics
on the REV (K. Terada, 2000; O. van der Sluis, 2000). ENipticity of the equations can be
lost when microscale damage or softening behaviour becomes/dominant in the homogenized
REV behaviour. The microscale kinematics then loeses its periodicity and the homogenized
response becomes dependent on the size of the REVyas demonstrated by Bilbie et al. (2008)
for the model under consideration.

The use of periodic boundary conditions beyond the point of loss of ellipticity leads
to a material response in which the periodic frame is an inherent part of the homogenized
response, first of all by defining an artificial internal length with respect to spatial repetitions
of the micromechanical fragture pattern and secondly by the orientation-dependency of this
internal length. Early/deyelopments of enhancement of the boundary conditions to deal with
the loss of periodicity. were suggested in literature, see for example Coenen et al. (2011b,a);
Nguyen and Noels (2014); Toro et al. (2014). In this work, no further enhancement is made
to deal with the-loss of periodicity. As a result, the periodic conditions are present in
the homogenized response and as such introduce an REV size dependency in macroscopic
softening behaviour. Further development of the boundary conditions, including consistency
with respect to hydromechanical coupling, remains an unresolved problem.

The hydraulic problem at the microscale is formulated under steady-state conditions.
Steady-state conditions are consistent with the separation of scales because the characteristic

time of the fluid flow at the microscale is much smaller that the characteristic time of fluid

8
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flow at the macroscale. This assumption could be discussed if several characteristic times
at the small scale would coexist, like for a double porosity model or a time dependent

mechanical behavior.

3.1. Formulation of the REV periodic BVP

Two types of kinematics fields are used; those on the macroscale (u},p)%and those
on the microscale (uf*,p™). The macroscale kinematics fields are considered continuous,
whereas the micromechanical displacement fields «!" is generally discemtinueus and should
therefore be treated as piecewise differentiable. Discontinuities in the displacement fields are
restricted to the grain interfaces, such that N continuous subdomains/€2,, can be identified.
These subdomains are separated by interfaces, defining surface domain I'" and the boundaries
of these subdomains are either the external domain boundaries 92 or internal boundaries

0, spatially coinciding with I'. With these defimitions, divergence theorem leads to

Z /3% dv = / u:-”njds—i-/u;”njds (8)

n=1..Ng OVt o0

with 77 the outward normal vector either to the grain boundary 0€2;,,; or to the REV boundary
of) .
Subdividing the internal Boundaries into upper and lower parts of the interface walls Q|

and 09, , with correspouding displacements u;” and u; between which the discontinuity can

int
be defined as Au; = 143~ u; allows rewriting (8) into (9) with domain I" and 7 defined along

oY, Q2° the domain ofycontinuous solids as an assembly of the domains €2,, and 2 = Q°UT".

1
viMt = 0 /VﬁdeJr/Aﬁm@ﬁ‘dS

T

1
0N

with n; the normal outward vector of 0€2;,, and I' the surface domain of the grain interfaces,

which is one-dimensional in the 2D computations in this work.
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For microscale hydraulic pressures p™, no discontinuities exist and the following can be

written:

1 1
vpM = E/medv = ﬁ/pmﬁdS (10)
9) o9

In the doublescale framework, V@™, VpM and pM, will be used as the macroscopic constraint
on the global state of the REV and therefore are equal to V@™, VpM™ and(p™7!. These
kinematic variables are part of the macroscale kinematic state vector U™ ifi(4) for assessing

the equilibrium of trial solution [.]™.

This means that the boundary conditions will be
consistent with the implicit formulation of the Newton-Raphson iterative scheme for solving
the macroscale BVP of Section 2.

The coupling between the two domains is obtained by4means of the assumption of local
periodicity of both the microstructure and the kinematies. Homologous points on the REV
boundary are found at a distance i and periodicity=ofikinematics prescribes an identical
behaviour of these points. Introducing lead points.a’ and follow points z¥" as the homologous

points on opposite sides of the REV (see Figure A.1), their kinematics can be related to
meet (9) and (10):

AU N= a™ (21) + vaM - (11)
P EF) = p" () + VoM g (12)
with ¥ = —iF. This leads'to
vt = % / (V' - ) @ a"ds (13)
onr
vpM = é / (VpM . 37) ®alds (14)
onr

[Figure 1 about here.]

The periodic REV implies the continuation of the material in a repetitive way, such that
a continuity of both strain (or relative displacement in case of interfaces) and stress is

guaranteed. As a consequence, the REV boundary traction ¢ and boundary fluid fluxes

10
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g = m - 1 are antiperiodic, as to provide a combined equilibrium:
'+t =0 (15)

¢ +q"=0 (16)

The definition of the periodic conditions for hydraulic fluxes requires a steady-state assump-

tion of the microscale problem. This assumption is in line with the separation of scales.

[Figure 2 about here.|

3.2. The microscale mechanical problem

The continuous subdomains introduced above are used to"model the granular skeleton
of the material. The grains are assumed to be elasti¢iand characterized by an isotropic,
linear elastic constitutive relation. Their internal.balance equation (V - o = 0) is solved
by means of a finite element discretization using 4-noede isoparametric quadrilateral finite
elements, which need no further discussion.y The interface between two grains is modelled
by means of interface elements to take interaccount the cohesive traction T acting normally
and tangentially between the grains™4-node interface elements with initially zero thickness
are used (see Figure A.4). Normal and/tangential cohesive forces are defined independently,
using a simplistic damage law dependent on parameters Tt’%‘x (the maximum cohesive force
tangential (;) or normals(,) to.the grain boundary), 0 < D;/, <1 (the relative degradation
of the interface) and J), (the relative interface displacement for complete degradation of

the cohesive forees),, Interface state parameters D, and D,, take into account the history of

the relative.displacement between the opposite sides of the interface:

D! = max (DY, |Auf|/6) (17)
t _ 0 T c

where DY and D? are two model parameters defining the state of initial degradation and

thereby the initial interface stiffness. The state variables D! and D! at time t for the

11
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normal and tangential components individually allows writing the equations for the interface

cohesion (see also Figure A.3):

max Aut
T = 17— D) (19)
max Aufl .
A t
— res(] D;)Dt—@ — yAut? Al < 0

This model is equivalent to the linear softening models used for cohesive zones in for example
Geubelle and Baylor (1998). For D,,, D; — 0 this model converges to the linear softening
model by Camacho and Ortiz (1996). It should be noted that the“presented model does
not take into account any relation between normal and tangential components. As a result,
frictional effects are not accounted for at the grain“interfaceés and damage can take place
in each component individually. Nevertheless, mean_stress dependency of strength can be
found as an effect of the imbrication of the grains. This first-version model of the interface
cohesive forces, consistent with formulations in Frey et al. (2012); Marinelli et al. (2016),
can be changed for physically more meaningful constitutive relations without affecting the

modelling framework.
[Figure 3 about here.]

The additional teérm~xAu!* for Au!, < 0 is used to take into account normal contact of
grains by means of penalization. The penalization term x should be taken large to obtain
physically relevant contacts with a minimum of interpenetration of grains, but not too large
so to maintain the numerical accuracy of the system of equations to be solved.

Numerical integration and taking into account the fluid pressure acting normally on the
grain boundaries allows deriving the element equivalent nodal forces and assembling the
element stiffness matrices. This leads to the global system of equations for the mechanical

part of the microscale model:

(Kt Houm t = {0 fm)} (21)
12
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This system of equations is used as the auxiliary system of equations [K™™{du¢'} ~
—{df*'} to iteratively update the configuration {u‘'} by iterative increment {du‘'} =
{u¢?} — {u¢'}. The updated state {u‘?} aime to correct for out-of-balance forces {df¢'}.
Note that the variation of the hydraulic normal forces on the grain interfaces is not taken
into account in this auxiliary system of equations. As an effect of the separation-of scales,
the microscale fluid pressure p™ is approximated by the macroscale fluid-pressuze p*
(see Section 3.3). This means that the hydraulics-to-mechanics couplingfis enforced on the
microscale in a direct way and the microscale granular configuration can be computed in-

dependent from the hydraulic problem, while maintaining the implicitjformulation of the

framework.
[Figure 4 about heré.]

3.3. The microscale fluid problem

As introduced above, the microscale pressureds split into two parts to take into account
variations in pressure gradients and variations~in absolute pressure independently at the
microscale:

p"=p" 4P (22)
Under the assumption of separation of scales the two right hand terms will be of different
orders of magnitude. TPhis implies that p can be used for all (variations of) the total value
of p™, whereas p ¢an be,used whenever gradients of p™ are considered, either enforced by
the macroscale‘gradient Vp™ or due to microstructural heterogeneity.

The pore channel network formed by the grain interfaces allows fluid to be transported as
a reaction, to a/pressure gradient. For defining a relation between the interface configuration
and the pressure gradient on one hand and the fluid mass flux on the other, the assumption
on the 'channel shape and the type of flow is required. As the model is developed in 2D,
an assumption of steady state laminar flow between smooth parallel plates is made. As a
function of the fluid viscosity u, the well-known cubic relation between fluid mass flux in

the channel w, the interface opening Awy, and the pressure gradient dp/ds can be derived

13
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at a certain position s in the channel:

dp 12
w = —pwﬁ(s)d—i, K(s) = EAu;f (23)

The coupling term & is here given as a function of Awy, which is defined by the normal
opening of the interface Au,, and contains a small correction to avoid negative-thickness or
zero-thickness interface openings as this would lead to non-physical interfaceflow preperties
or numerical instabilities respectively. The translation from Auw, to Mg, is'performed as

follows:

A’U,h(s) = A,u/zmn _ A'U,Zans + Aun<8) Zf Aun > Autrans (24)

= Aup if Au, <= At

Two control parameters Auf™ and Au!™"* are introdueed ifi this way, controlling indirectly
the initial and minimum permeability of the material*by guaranteeing continuous flow paths
even in case of closed interfaces from a mechanical point of view (Figure A.5). The minimum
permeability is a simplistic way to takesinto aecount the bulk permeability of undamaged
material of low permeability, in which flow can take place through some permeable solid

components. In this case, the homogenized permeability of the REV cannot be smaller than

the bulk permeability of the intact material.
[Figure 5 about here.|

Fluid compressibility is taken into account, although the spatial variation of fluid density
within the REV can‘be neglected because of the separation of scales. This means that the

fluid density is,a function of the macroscale pressure pt:

pM
P = py exp (/T) (25)

where pg is the fluid density at zero fluid pressure and k" the fluid bulk modulus. With the
fluid density constant over the channel and mass conservation in the channel (dw/ds = 0)

taken into account, (23) can be integrated over the length of an interface element (between
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1 and 12, see Figure A.4), leading to the

12 -1

wl — pw /%ds (ﬁlQ —ﬁll) (26)

1

the first part of the right hand side (26) is captured in a singe term ¢' to charaeterize the

fluid transport in channel [, containing both fluid density and channel conductivity:
¢'(p* — ") = @' (27)

With the fluid mass balance taken into account in each interface’element, the domain fluid
mass balance can be completed for the full domain by considering/the nodal fluid mass
balance ¢, with the nodes positioned on the intersection of\interface channels. Defining the
element system of equations as

1 —é 0 11
¢ | _ ¢ D (25)

ql2 0 ¢l ﬁl2

allows assembling the global system of ‘equations to solve the hydraulic system of equations

[K?mhxm)]{ﬁ(m)} = {Q(m)} (29)

where the nodal mass balafice of,each node ¢ under steady state conditions requires gy = 0.
Enforcing the REV beundaryrconditions (11),(12) and (15),(16) to (29) allows solving the
hydraulic system of equations directly. This gives the relative pore pressure distribution
field p™, from-which, the fluid mass fluxes can be determined using the fluid density based
on pM™. Pheumicroscale hydraulic system for macroscale test solution 71 is hereby solved

corresponding to microscale mechanical configuration based on {u™"}.

4. Computational homogenization for hydromechanical coupling

4.1. Homogenized response

Hill-Mandel principle of macro-homogeneity (Hill, 1965; Mandel, 1972) serves as the

starting point of the coupling between the micro and macroscale. It states that the work
15
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performed at the macroscale is equal to the average work of the microscale:
g wmdv
= QREV (30)
Q

With the assumption of decoupling between first and second gradient parts (Chambon et al.,
2001), W™ considers the work of the first gradient part. The work of the second gradient part
is accounted for by the second gradient constitutive relation (see (1)). It is(straightforward
to write the virtual work of the first gradient part at the macroscale corresponding to a

virtual displacement field u}:
*M

ou
M %
i B, (31)

Given an equilibrated microscale configuration (V- = 0)«with the microscale displacement

WM =g

field u[* piecewise differentiable and using the previously introduced definitions of domains
and boundaries, the internal and external virtualewerk-ean be written for the subdomains

as (see Section 3.1):

Wem = / o 2U 0% / (T; — pMny) Au™ds

g 3xj
Oe T
= /tiu;‘mds (32)
o0
ouM
= ti——u:d 33
f 15 s (3)
o0F

Note that for meeting the requirement of macro homogeneity, the small strain assumption
was adopted to overcome the definition problems of stress and strain states in and around
the interfaéesiat the microscale. For (30) to hold, this means that the macroscale stress

tensor o™ is defined as follows:

1
onr

A similar derivative of transport problems leads to the definition of a homogenized response
of microscale diffusive flow or the combination of diffusive and pore channel flow; see for

example Ozdemir et al. (2008b,a) for thermal flux or Massart and Selvadurai (2012, 2014)
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for fluid flux. In this work, only interface channel flow is considered, although a combination
of interface channel flow and diffusive flow in the grains could be taken into account in the
exact same formulation (van den Eijnden, 2015). Similar to (30) for the mechanical part of
the work, the macroscale virtual work term R*M related to the variation of pressure gradients

has to be equal to its microscale equivalent:

RM = pm (35)
with
* M
RV — agx' (36)

On the microscale, the residual of the field equations over the REV domiain Q7FV is expressed

as:
o 1 Gp
= QREV /mlnzp ds + pr (38)

where the first term on the right hand side exists in case of diffusive flow in the grains and
where ), @ the sum of the fluid flux imbalance in the interfaces, which is non-zero where
interface channels join the REV boundaries. This expression can be further simplified using

the antiperiodicity of the'fluid fluxes:

* M

e Op
R QREV / m;n;y;ds + Z @Yi | 5 (39)

orr

Restriction to a.microscale model with impervious grains allows defining the macroscale flux
from the'macro homogeneity condition as:
M 1
mi' = Srmv D@ (40)
oTF

Finally, the specific fluid mass M is defined using spatially constant fluid density p":

1
M = ﬁp“’/Auhds (41)
T
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4.2. Tangent stiffness matrix by computational homogenization

A general formulation of the variation of nodal response (4 f;,dq) to a variation of nodal
kinematics (du;, 0p) at the microscale can be formulated for the discretized microstructure,

without considering the REV boundary value problem:

K(TZZLH) K(n;fim) 5“(”) _ 5f(”) (42)
KU Kl | | 9P0m) 0q(m)

n and m are here the number of mechanical and hydraulic degrees of freedom respectively.

Although in general, all terms in the matrices of (42) can be non-zeto; it'is easily verified that

in the case of the micromechanical model presented above, [K] (mnﬁm)] = J0(nxm)]. The matrices
(K (’Z;”n)] and [K (hthm)] are provided by the systems of equations used to solve respectively

the mechanical and hydraulic microscale balance equations. /Matrix [K ("nTxn)] contains the
coupling terms, which were not required for solving the"microscale field equations, but can

be derived from the partial derivatives of the coupling term  (23) from which the variation

node
)

of fluid mass flux with respect to a variationyof nodal positions (i.e. dr/0u**) is used to
assemble this matrix for the coupling from mechanics to hydraulics.

To take into account the variation ofithe macroscopic fluid pressure p™ (which is constant
while solving the microscale problemy) the variation of the microscale pressure is split into
two parts:

Sp™ = 5pM + 6p (43)

with 6pM the vafiation,of the macroscale local fluid pressure and dp the variation due to
the macroscale fluid pressure gradient (enforced by the boundary conditions of (12)) and
the microkinematic fluctuation field pf. This means that the variation ép™ and &p are
independent:

For{including the boundary conditions of the REV boundary value problem, 7 additional

degrees of freedom for the macroscale boundary conditions (§V, §Vp, dp) can be added to
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the system described in (42).

'857@%/8%‘(4)\ ( Oa)
85pM/8xj(2) 02)
] oplt) = 0M) (44)
0U(n) 0 fin)
0P(m) 0q(m) |

where the extended matrix [K“*] has the following form:

Oux4)y Oux2)  Ouxt)y  Ouxn)  Ow@xim)
Oex4) Oex2)  Oexy  Oexn)  Q@xm)

Oaxa)  O@x2) K(Afﬁ) K(Af[%) O1xm) (45)
Omxs) Omx2) Kby Kok Onxm)
Omxt) Owmxzy Kl Bl Kinm |

Matrices [K (]‘145 1l and [K (]\ﬁ%] form thellineatization of the relation between M, p™ and
the microscale configuration characterizedsby. {1, } around the current state, as defined in
(41). As part of this linearization,{K{}} )] s fully defined by the current pore volume and
the derivative of (25) with respect to p™. The boundary condition with respect to the total
macroscopic pressure is hereby'taken into account in (45).

The boundary conditions for Vi and Vp* have not yet been taken into account in this
expression. To dosSo, the periodic boundary conditions are used to reduce the dependent
degrees of freedom {ouf'} and {dp?'} through substitution by the periodic boundary condi-
tions of (11) and (12). This entails a column operation in the matrix of (44), redistributing
the columns related to the follow degrees of freedom over the lead degrees of freedom and
the macro,degrees of freedom. This means that the first 6 columns of the matrix are filled.
The substitution of the follow degrees of freedom by the periodicity equations reduces the
number of variables in the system of equations to 7 + n* + m’, with n’ and m® the num-

ber of mechanical and hydraulic independent (those not on the follow boundary) degrees of

freedom respectively.
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For the reduction of the number of equations, the equations for antiperiodic traction
(15) and (16) are used to evaluate the combined nodal balance of the degrees of freedom
on homologous nodes. At the same time, the equations of the homogenized response (34)
and (40) are used to provide the dual terms for the variation of strain and pressure gradient
in the upper six equations. The result is a reduced system of equations with independent

mechanical and hydraulic degrees of freedom:

Koo Kb K U7 dS(7)

K*hM K*hm K*hh 6]5(7#) 5(]*

(m*xT) (m?xnt) (m?xm?) (m?)

with

( 95uM )
Ox1
86u{\4
O0x2
65u§4
ox1

¢ suM

{0Un & (G2 (47)
a5plw
Ox1
86]31\/[
0z

opM

and
50’11

0012
00
{05} = § 6022 (48)
omq
Omeo

oM

\ /

38 As the system of equations is build for an equilibrated configuration of the microstructure,

39 the nodal residuals f; and ¢* are approximately zero. These nodal residuals include the com-

w0 bined nodal balance of homologous points. This allows to condense the system of equations
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in (46) by static condensation on the remaining 7 macro degrees of freedom:
[A"{oU} = {65} (49)

with
1

4%] = [K*MM} _ |:K*Mm JorMh (50)
K*hm K*hh K*hM

A final transformation is needed to change from a formulation of [A*] for variation of
fluid mass §M to a formulation [A] for variation of the rate of change ofithe fluid mass 6 M.

For the incremental time step At in the macroscale BVP, M is ¢omputed as

. Mt o Mt—At
M'= = (51)
This leads to the expression of §M
. oMt

The transformation of [A*] into [A] therefore comprises dividing the seventh row of [A*]
by At. As a result, matrix [A] containstall tangent operator terms in (7) and thereby fully
characterizes the classical part of the-eenstitutive relations for the poromechanical continuum
presented in Section 2. In this~form, the classical part of the constitutive relations shows
similarities with the formulation of Biot theory. Section 5.5 contains a further discussion on
this topic.

The microscalesroutine for deriving the macroscopic response and consistent tangent

operators for asgiven macroscale configuration as presented above is summarized in Figure

A.6.
[Figure 6 about here.]

4.8. Small stretch / large rotation

In order to meet the requirements of the continuity of stress at the microscale, which
is compromised by the cohesive zone models at the grain interfaces in case of large defor-

mations, a small strain assumption is used on the microscale. To meet the large strain
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formulation of the macroscale as well as possible, the principle of frame-invariance is used to
be able to take into account possible large macro rotations. This is done by decomposing the
macroscale deformation gradient tensor F* into a rotational component R and a symmetric

stretch component U':

FY = RYUREY (53)
The rotation is equally applied to the transition of the macroscale pressure‘gradient:
M, _ pMwREV
Vip=RjiVi™p (54)

Macroscale stretch tensor U*Y (assumed approximately identical to, the identity matrix)
and V7EVp are used for describing the boundary conditions of.the REV ((11) and (12)),

after which the homogenized response is rotated back to.the macroscale using rotation tensor

RM . The back-rotation in the upscaling is applied on*hoth*REV stress response oY and
fluid mass flux response m eV
M M _REVSSM
05 = Ry og le (55)
M My REV
mi= R ™ (56)

The rotation of the consistent” tangent stiffness matrices are not frame-objective and
require a more extensive operations;ywhich can be found in Appendix A. This procedure
can be considered as a separateioperation between the macro and microscale and will not

be mentioned explicitly hereafter.

5. Application in,doublescale modelling of biaxial compression tests

5.1. Microstrueture modelling

Based on-Voronoi tesselation of random periodically repeated sites, a periodic microstruc-
ture is(generated (Fritzen et al., 2009).

Voronoi diagrams were proposed to represent brittle rocks such as granite (Massart and
Selvadurai, 2012), shale (Yao et al., 2016), marble (Alonso-Marroquin et al., 2005) and also
clay rock (van den Eijnden, 2015), although the Voronoi diagram does not always match

the geometry of the microstructural pattern perfectly. The main objective of generating the
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microstructure from Voronoi diagrams is to have user-objective realizations of unstructured
grain assemblies, versatile enough to control the orientation distribution. In future applica-
tions, Voronoi tessellation can be replaced by more advanced algorithms to reproduce the
specific material microstructure under consideration, see for example Sonon et al. (2012).
By stretching and rotating the distance functions of the tessellation, a bedding can be
simulated through the grain shape with parameters 3% for the orientation.ef thesbedding
plane with respect to the horizontal and & for the average elongation index of'the individual
grains. In addition, a shape correction is applied to avoid Voronoi diagrams with very
short grain boundary sections. This correction is based on the optimizagion of the position
of vertices that form the connections of the grain boundary sectiens with respect to the
minimum of the sum of the diagram section lengths. Given.the set of N section lengths [
with n = 1..N, defined by M vertices with coordinates %]’ and m = 1..M, the quadratic

sum L of diagram sections is defined;

L =00 (@) (57

n=1
The coordinates of the vertices correspondifig to a minimum of L (referred to as Z™") are
solved for to smoothen the shape of the grains and allow a better spatial discretization by
means of finite elements. This'minimum is found by solving the 2M equations:
oL
=0 (58)

— =
ox!

Once the optimizedsolution ™" is found, a linear combination between the original Voronoi

vertices #%sand the/optimized vertices #™" is taken by means of a parameter 0 < n < 1:

Tt = (1= n)a$ + (59

n

A ré6tation angle 0%FV is introduced to define the orientation of the REV with respect
to the macroscale sample (see Figure A.7). This rotation allows studying the structural
response of samples with different orientations of the anisotropy, which itself is a material

property inherently linked to the microstructure under consideration.
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[Figure 7 about here.]

The representativeness of the microstructure is an argument for a high number of grains
to be taken into account in the REV in line with the classical definition of the REV. Argu-
ments for smaller REVs come from the computational load that comes with the evaluation
of larger REVs; the time required for solving the microscale BVP scales quadratically with
the number of degrees of freedom in its discretization. This requires a compromise between
representativeness of the REV and the computational load to be acceptedsy, However, local-
ized damage patterns that develop in the softening regime can introduee/asspecific number of
localization paths per REV, the spacing of which is in direct relation with the choice of the
number of grains. Therefore, this choice influences the softeningsresponse of the REV. In a
first attempt, a relatively simple REV with 16 grains iscusedand no attempt is made to de-
termine its representativeness. The influence on the softening response is thereby considered
as part of the constitutive behaviour.

The stiffness of the grains is homogeneous over the REV with Lamé parameters pu = 3.0
GPa and A = 2.0 GPa. Identical parameters‘are used for the normal and tangential compo-
nents of the interface cohesion and all.interfaces have the same cohesive relations. This means
that any anisotropy in the macroseale response is due to the geometry of the microstructure
and the orientation of the boundary conditions rather than a phenomenological expression
in the microscale constitutive relations.A horizontal elongation of 67% (i.e. £ = 1.67 and
BPd = 0°). Grain shapecorrection is applied with 77 = 0.20 to avoid a highly irregular distri-
bution of grain boundary section lengths. For guaranteeing a well-posed hydraulic system of
equations and a minimum permeability of the material, the coupling between the interface
hydrauli¢ opening is characterized by Auf™ = 2 x 107° mm and Au/*" = —2 x 107°
mm feeording to (24). For the given microstructure at %Y = 0°, this corresponds to the

following initial permeability tensor;

2.652 0.062
K’ = x 107*°m? (60)
0.062 1.233
The parameters for used to characterize the microscale components of the material are
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summarized in Table A.1.

[Table 1 about here.]
[Figure 8 about here.|

5.2. Macroscale configuration and boundary conditions

A biaxial compression test of a fully saturated sample of dimensions 88 x 76 mm is
simulated. Drainage is applied on the top and the bottom of the samplejithe sample sides are
impervious. A deformation-controlled loading rate of €, = 1 x 107%s~%is applied, which for
the initial permeability of the material corresponds to transient.conditions. The sample ends
are considered to be perfectly smooth to simulate a biaxial‘compression test without friction
between the end platens and the sample (see Figure A.8), No/lateral confinement is applied
and the initial total stress and fluid pressure are z€r6."The macroscale domain is discretized
by a regular mesh of 10 x 20 square quadrilateralelements. Defects are introduced on the
macroscale mesh by reducing the maximum ‘eohesion terms 7" and T7"** by 5% for the
microstructures in elements of the lowerlefttand right corners. As there is no uniqueness
of solution when strain localization starts (Chambon and Moullet, 2004; Bésuelle et al.,
2006), the weakened elements’constitute an attractor towards one of the possible localized
solutions. Defects in bothi loweryeorners has been prefered to a single defect in one of the
lower corners, to keep”the symmetry with respect to the vertical axis of the specimen; the
material anisotropy itself,introduces a dissymmetry of the specimen and is expected to be

influenced by #ither ene of the two defects.

5.83. Mesh objectivity and second gradient model calibration

Regularization of the solution is through the local second gradient model for porome-
chanical problems (Collin et al., 2006), providing mesh-objective solutions. As a special
case of the more general form initially introduced by Mindlin (1964), sixth-order tensor D
in (6) is here fully characterized by a linear elasticity parameter D [N]. This parameter

implicitly scales the width w of the shear band as w o« /D/C, where C is the determinant
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of the acoustic tensor and therefore depends on the first gradient operator C' in (7) and the
orientation of the band (Chambon et al., 1998; Bésuelle et al., 2006; Kotronis et al., 2008).
With an evolving and anisotropic first gradient operator C, the width of the localization
band and the effectiveness of regularization is difficult to predict accurately. The parameter
D is therefore determined iteratively in a series of calibration computations. As‘a result of
this, D = 1.0 kN is found to give mesh-objective results in case of strain localization for the
mesh density used in the examples below.

It has to be emphasized that the local second gradient model is here deployed purely as a
regularization technique and the double stress does not represent/the migrostructural effects
in the way it does in the formalism of micromorphic continta. Im-analogy with this, the
width of the macroscale shear bands has no physical connection with the microstructural
length scales. Notes that the constitutive parameters ¢ouldibe/adjusted to reproduce the true
band thickness of the material (El Moustapha, 2014). However, the bands can be very thin
with respect to the size of the problem and would nieed some very thin elements, increasing
dramatically the number of elements. As\awresult of the phenomenological formulation
of the second gradient model, the macroscale shear band has to be seen as a continuous,
homogenized representation of offa localization of micro-cracks or a fault.

To demonstrate the meshbjective results obtained through regularization by the second
gradient model, a series of biaxial'‘compression tests is performed. This series corresponds to
the BVP introduced4n Figure A.8 for microstructure orientation 8%V = 60°. In addition
to the 10 x 20 referenee mesh in later computations, a coarser mesh (5 x 10 elements), a finer
mesh (20 x 40 elements) and an unstructured mesh (247 elements) are used. The deformed
mesh with the“eotresponding VM equivalent strain fields are presented in Figures A.9b),
A9a), A.9e)-end A.9c) respectively. The white lines indicate the cross-section of the shear
band as it’developed in the 10 x 20 mesh. Length and position of the line are kept the same
for the four subfigures to properly compare the width and location of the shear bands in
the different meshes. It can be concluded that from the consistent width of the shear band
and the general agreement of strain localization patterns, the model is mesh objective at

least for the 10 x 20 and 20 x 40 meshes. The 5 x 10 mesh in A.9a) shows a small deviation
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from the other meshes and might suffer from some minor mesh dependency, particularly
around the reflection of the shear band at the lower sample boundary. Some artifacts from
extrapolation and smoothing in plotting the strain field are visible in A.9¢). Nevertheless,
the general pattern of strain localization is consistent between the four meshes with equal
parameters D, demonstrating the mesh-objectivity of the model.

Figures A.9d) and A.9f) show the deformed meshes of computations with parameter
D = 250 N and D = 4000 kN respectively. Comparison with the deformed meshes for
D = 1000 N demonstrates the relation between parameter D and the léngth scale of
macroscale response (the width of the shear bands). To facilitate’a morefair comparison of
the shear bands, deformed meshes are shows for different leyels ofsneminal axial strain but
approximately equal state of local deformation inside the shear.bands. For D = 250 N in
A.9d) this means to a nominal axial strain of €, ~ 0.4%, whereas the nominal axial strain in
A.9f) reaches g, = 0.7%. With the width of the bands in A.9d) and A.9f) being respectively
two times as small and two times as large as widthwef the shearband in A.9¢e), the relation

between D and shearband width w is demonstrated at least in an approximated way.

[Figure 97about here.|

5.4. Simulation results

Simulations are conducted with different orientations of the microstructure by means of
different REV orientations 0%FY. Figure A.10 shows the global reaction force to deforma-
tion loading in feur of such simulations. The responses for different values of 6%V show
orientation-dépenden€y of the initial material stiffness, the material strength (peak response)

and the softening"behaviour.
[Figure 10 about here.]

Figure A.11 contains the deformed meshes at the macroscale with Von Mises equivalent
(VM) strains and relative fluid fluxes, together with a deformed microstructural REV corre-
sponding to an integration point inside the zone of localized strain. The deformation pattern

at the macroscale shows localization of the deformation in shear bands.
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Inspection of the fluid flux field as the response to the biaxial compression shows the
general trend of fluid transport towards the active localization bands. This behaviour is in
line with the positive pore volume rate due to the separation of the grains at the interfaces.

This causes an under pressure and therefore an influx of pore fluid in the zones of localized.
[Figure 11 about here.]

The lower part of Figure A.11 shows the deformed microstructures of anintegration point
inside the shear band of each of the simulations, indicated in the deformed mesh by the points
A. Tt is important to observe here that the orientations of the pattérns'ef interface softening
at the microscale do not necessarily align with the the shear bands at/the macroscale.

To demonstrate the coupling between the deformation.and the fluid transport properties,
a point that shows strong evolution of permeability s investigated during the simulation
with 0%FYV = 30° (Point C in Figure A.11). A<reference point far away from the zone
of localized deformation is studied as a referénee point (Point D in Figure A.11). The
deformed microstructures for these points atithe'\end of the simulations are given in Figure
A.12. They show a different mode of deformation than observed at point A in Figure A.11
because different loading paths are followed as soon as the homogeneous deformation of
the sample is lost; a more continuousnhetwork of opened interfaces has developed in point
C, leading locally to a significant/increase in permeability (2 orders of magnitude). The
principal components ofithe permeability tensor k; and ks for points C' and D are followed
during the simulation amnd their evolutions are given in Figure A.13. It can be observed
that the evolution at points C and D are identical until ¢, = —0.006, at which a softening
response starts, (seé Figure A.10). At higher states of axial shortening of the sample, the
localized deformation forms zones with strongly increasing permeability (point C), as more
continueus fluid percolation paths appear with the opening of interfaces. However, due to
the two-dimensionality of the model, the evolution of permeability is restricted compared to
three dimensional model, as the required contacts between grains under compressive loading

prevents the development of fully continuous flow paths.

[Figure 12 about here.]
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[Figure 13 about here.]

5.5. Closing remarks

The macroscale formulation in Section 2 is the formulation of a general poromechanical
continuum under saturated conditions. Therefore a comparison with the formulation of Biot
theory can be made. Marinelli et al. (2016) modelled oedometric compression tests under
poroelastic conditions with an adapted version of the model by Frey et al./(2012). The
comparison with the analytical solution of the Biot theory demonstrates that the model
is capable of reproducing consolidation processes. Although a-different homogenization
approach was used, the same tangent operators as given in(7)iwere derived in Marinelli
et al. (2016) to make a comparison with Biot coefficients{Biot, 1941). Biot coefficient b is
demonstrated to be strongly influenced by the relative stiffness of the interfaces with respect
to the grain stiffness. As a result, b tends to be eloseto.l in most cases of microstructure
characterization. This value decreases with an inereasing stiffness of the interface relative to
the grains. Also, anisotropy and the dependency\of the current state of the microstructure
are present in the homogenized response. This leads to deviations from the classical Biot
theory, in which parameters are generally constant and isotropic. With the given examples
in this work and the results of Marinelli et al. (2016) it can be concluded that the model
can be applied in the simulation ef granular solids and capture consolidation processes at
least for values b closeto 1.

In the given examples; dimensions of the REV were not specified explicitly. This is consis-
tent with the doublescale framework from a mechanical point of view since all microstructure
dimensions ean, be/expressed relative to the REV. This means that the mechanical part of
the model.can be applied independent from the grain size. However, the translation from in-
terface openings to hydraulic conductivity (Equations (23),(24)) defines a hydraulic interface
opening relative to the fluid viscosity, which introduces the a length scale in the formula-
tion of the hydraulic system. This indirectly introduces REV dimensions. In the presented
examples, the REV dimensions were defined as 1 mm x 1 mm. Although the validity of the

separation of scales in this example could be argued, the only point in which the definition
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of the REV size has a significant influence, apart from the conceptual consistency, is in the
(evolution of) the permeability. In case of future applications in which dimensions of grain
size and interface cohesion parameters are both defined in an absolute sense, the dimensions
of the REV have to be defined explicitly and the separation of scales has to be verified for
conceptual consistency of the modelling approach.

The computation time for the presented doublescale examples is mainly.determined by
the total loading steps required for applying the desired loading path. With the computation
time for a single macroscale iteration in the order of 1 minute, the total computation time
for the presented simulations, performed with a single CPU, was betweeny10 hours and 1 day
as many small loading steps were required to obtain proper g¢onvergence of the NR iterative

scheme in the post-peak domain.

6. Conclusions

In this paper a FE? approach for the modelling of hydromechanical coupling was pre-
sented. The behaviour of a poromechanical, continuum at the macroscale is derived from
the modelling of the underlying interactiom between a solid granular microstructure and
the pore fluid. The extension of'the framework of computational homogenization to hy-
dromechanical coupling wag derived from the macro homogeneity condition for the work of
the first gradient part of the model. For the modelling of softening behaviour, the multi-
scale model was combined with a local second gradient paradigm to avoid the well-known
mesh dependencyofthe classical finite element while maintaining decoupled from the (local)
constitutive relations of the first gradient part.

The application of the doublescale model for hydromechanical coupling in combination
withva.local 'second gradient model is demonstrated to be suitable for the modelling of lo-
calization problems with hydromechanical coupling in a transient domain. The results are a
good prospective on obtaining a general way of modelling material anisotropy, hydromechan-
ical coupling and a full history dependency, based on simple micromechanical constitutive

relations with consideration of the material microstructure.
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Appendix A. Rotation of the consistent tangent operators

The/T% 7 consistent tangent operator introduced in (7) is repeated here without reference

to coordinate system [|* or [|FEFV.
Oijk:l Aijl Bij 85uk/8xl (SO'ij
By Fy G| § 00p/0x; ¢ = { om; (A1)
Hy Ji L op SM
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The computational homogenization delivers the tangent operators in [V although the

macroscale computation requires all tangent operators in [|*. The objective rotation from

configuration [[*EV to [|M

related to the decomposition of the macroscale deformation gra-

dient tensor F' into stretch U and rotation R demands the following operations for the

different parts of the tangent operator:
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(A.2)

(A.11)

(A.12)

s where [; is the first strain invariant ¢r(U), d;; is the Kronecker delta and 6 is the angle of

757 rotation represented by R.
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Table A.1: Microscale constitutive properties for the

@&

&

u@t;al REV

in Figure A.8.

microscale solid constitutive p@gs

R = 2.00 GPa

microscale interface cons itu%arameters

1L = 3.00 GPa
mer = 5.00 MPa
o¢ —0.05 m
D? = 0.01
Augans :-O.

NIorer = 2.00 MPa
oy = 0.05 mm
D? = 0.01
Au™ = 0.02 um

grain geometry parameter

n

Bbed = ()°

o1





