
 

C
h

a
p

te
r 3

 

 

S
to

ch
a

stic p
ro

ce
sse

s 

 

 

- 
D

e
fin

itio
n

s 

- 
A

 d
iscre

te
 tim

e
 sto

ch
a

stic p
ro

ce
ss : ra

n
d

o
m

 

w
a

lk
 

- 
M

a
rtin

g
a

le
s 

- 
G

a
u

ssia
n

 p
ro

ce
ss 

 
 

D
e

fin
itio

n
s 

 

- 
S

to
ch

a
stic p

ro
ce

ss 

- 
D

istrib
u

tio
n

 o
f a

 sto
ch

a
stic p

ro
ce

ss 

o
 P

ro
b

a
b

ility
 d

istrib
u

tio
n

 

o
 M

o
m

e
n

ts 

- 
P

o
ssib

le
 p

ro
p

e
rtie

s o
f a

 sto
ch

a
stic p

ro
ce

ss 

o
 S

trict sta
tin

a
rity

 

o
 W

id
e

 sta
tio

n
a

rity
 

o
 S

ta
tio

n
a

ry
 in

cre
m

e
n

ts 

o
 In

d
e

p
e

n
d

e
n

t in
cre

m
e

n
ts 

- 
F

iltra
tio

n
 

o
 D

e
fin

itio
n

  

o
 F

iltra
tio

n
 a

n
d

 sto
ch

a
stic p

ro
ce

ss 

o
 E

xa
m

p
le

  

- 
S

to
p

p
in

g
 tim

e
 

o
 D

e
fin

itio
n

 

o
 A

 p
a

rticu
la

r sto
p

p
in

g
 tim

e
 : th

e
 b

a
rrie

r 

o
 E

xa
m

p
le

 

 
 



S
to

ch
a

stic p
ro

ce
ss 

 A
 sto

ch
a

stic p
ro

ce
ss is a

 fa
m

ily
 o

f r.v
., in

d
e

x
e

d
 b

y
 

tim
e

 

��� �∶		Ω×		∶		�
,��⟼
�� �
� 

 If th
e

 tim
e

 se
t  	

  is 

- 
d

iscre
te

,  ��� �  is a
 d

iscre
te

 tim
e

 sto
ch

a
stic 

p
ro

ce
ss (=

 se
q

u
e

n
ce

 o
f r.v

.) 

- 
co

n
tin

u
o

u
s,  ��� �  is a

 co
n

tin
u

o
u

s tim
e

 

sto
ch

a
stic p

ro
ce

ss 

 Le
t  ��� �  b

e
 a

 sto
ch

a
stic p

ro
ce

ss 

- 
fo

r a
n

y
 fixe

d
  �∈	

,  ��   is a
 r.v

. 

- 
fo

r a
n

y
 fixe

d
  


∈Ω
,  �� �
�  is a

 p
a

th
 

(tra
je

cto
ry

) o
f th

e
 sto

ch
a

stic p
ro

ce
ss 

 If  	=
ℕ

  o
r  ℤ

, th
e

 sto
ch

a
stic p

ro
ce

ss  ��� �  is a
 

tim
e

 se
rie

s 

 
 

 
 



D
istrib

u
tio

n
 o

f a
 sto

ch
a

stic p
ro

ce
ss 

 P
ro

b
a

b
ility

 d
istrib

u
tio

n
 

 T
h

e
 p

ro
b

a
b

ility
 d

istrib
u

tio
n

 o
f a

 r.v
. is g

iv
e

n
 b

y
  

Pr[�∈�]  fo
r a

n
y

 B
o

re
l se

t  �
 

 T
h

e
 fin

ite
-d

im
e

n
sio

n
a

l d
istrib

u
tio

n
 o

f a
 sto

ch
a

stic 

p
ro

ce
ss  ��� �  is th

e
 p

ro
b

a
b

ility
 d

istrib
u

tio
n

 o
f 

 

���� ,…,��� �
 

 fo
r a

n
y

  �≥
1,�� ,…,� ∈	

 

  M
o

m
e

n
ts 

 a
)    E

x
p

e
cta

tio
n

 :  !" �� �=
� ��� �							∀�∈	

 

b
) 

V
a

ria
n

ce
 :  $" %���=

&'( ��� �							∀�∈	
 

c)    C
o

v
a

ria
n

ce
 : )" �*,��=

)+&��, ,�� � 
 P

ro
p

e
rty

 :  )" ��,� �=
$" %��� 

P
o

ssib
le

 p
ro

p
e

rtie
s o

f a
 sto

ch
a

stic p
ro

ce
ss 

 In
d

ica
te

 d
e

p
e

n
d

e
n

ce
 stru

ctu
re

 

 S
trict sta

tio
n

a
rity

 

 T
h

e
 sto

ch
a

stic p
ro

ce
ss  ��� �  is strictly

 sta
tio

n
a

ry
 

if,  ∀�≥
1,�� ,…,� ∈	,ℎ	  

[su
ch

 th
a

t  �� +ℎ,…,� +ℎ∈	
], th

e
n

 

���� ,…,��� �
  a

n
d

  ���� /0 ,…,��� /0 �
  h

a
v

e
 th

e
 

sa
m

e
 p

ro
b

a
b

ility
 d

istrib
u

tio
n

 : 

 

���� ,…,��� �≜
���� /0 ,…,��� /0 �

 

 P
ro

p
e

rty
 : if th

e
 sto

ch
a

stic p
ro

ce
ss  ��� �  is strictly

 

sta
tio

n
a

ry
, th

e
n

 

 

!" �� �=
!" �0 �							∀� 

$" %�� �=
$" %�0 �								∀�	 

)" �*,� �=
)" �|�−* |�							∀*,� 

 

 
 



W
id

e
 sta

tio
n

a
rity

  

 (o
r “2

n
d o

rd
e

r sta
tio

n
a

rity
”) 

 T
h

e
 sto

ch
a

stic p
ro

ce
ss  ��� �  is sta

tio
n

a
ry

 in
 th

e
 

w
id

e
 se

n
se

 if 

 

!" �� �=
!" �0 �							∀� 

)" �*,� �=
)" �|�−* |�							∀*,� 

 P
ro

p
e

rty
 : if th

e
 sto

ch
a

stic p
ro

ce
ss  ��� �  is 

sta
tio

n
a

ry
 in

 th
e

 w
id

e
 se

n
se

, th
e

n
 

 

$" %�� �=
$" %�0 �								∀�	 

 
 

S
ta

tio
n

a
ry

 in
cre

m
e

n
ts 

 T
h

e
 sto

ch
a

stic p
ro

ce
ss  ��� �  h

a
s sta

tio
n

a
ry

 

in
cre

m
e

n
ts (o

r is h
o

m
o

g
e

n
e

o
u

s) if 

 

�� −�, ≜
��/0 −�,/0 								∀*,�,ℎ

 

  In
d

e
p

e
n

d
e

n
t in

cre
m

e
n

ts 

 T
h

e
 sto

ch
a

stic p
ro

ce
ss  ��� �  h

a
s in

d
e

p
e

n
d

e
n

t 

in
cre

m
e

n
ts if,  ∀�≥

1,�� <
�% <	…

<
� ∈	

, 

th
e

 r.v
. 

 

���6 −��� �,���7 −��6 �,…,���� −���8� �	 
 a

re
 in

d
e

p
e

n
d

e
n

t 

		  
 



F
iltra

tio
n

 

 D
e

fin
itio

n
 

 Le
t  �Ω,ℱ,Pr�  b

e
 a

 p
ro

b
a

b
ility

 sp
a

ce
 

 A
 filtra

tio
n

 is a
n

 in
cre

a
sin

g
 fa

m
ily

 o
f su

b
-$

-fie
ld

s 

o
f  ℱ

  : 

 

:
;=

<ℱ� :�∈	 >
*<

�⟹
			ℱ, ⊂

ℱ� 		�⊂
ℱ� A 

 In
te

rp
re

ta
tio

n
 :  ℱ�   is th

e
 co

lle
ctio

n
 o

f e
v

e
n

ts 

re
p

re
se

n
tin

g
 th

e
 a

v
a

ila
b

le
 in

fo
rm

a
tio

n
 u

p
 to

  �   
(=

 th
e

 h
isto

ry
 u

p
 to

  �) 
 N

o
te

 : g
e

n
e

ra
lly

,  ℱB =
<∅,Ω>  a

n
d

, in
 th

is ca
se

, 

 

� �∙ |ℱB �=
��∙� 

 W
e

 ca
n

 n
o

w
 g

e
n

e
ra

lize
 th

e
 p

ro
b

a
b

ility
 sp

a
ce

 

w
h

e
n

 a
 tim

e
 v

a
ria

b
le

 is p
re

se
n

t :  �Ω,ℱ,Pr,;� 

F
iltra

tio
n

 a
n

d
 sto

ch
a

stic p
ro

ce
ss 

 

a
)    N

a
tu

ra
l filtra

tio
n

 o
f a

 sto
ch

a
stic p

ro
ce

ss : 

 

ℱ� =
$ �<�, ∶*≤

�> �								∀� 
 

=
 th

e
 h

isto
ry

 o
f th

e
 sto

ch
a

stic p
ro

ce
ss 

 

b
)    A

 sto
ch

a
stic p

ro
ce

ss  ��� �  is a
d

a
p

te
d

 to
 a

    

filtra
tio

n
  ;

  if 

 

∀�,				��   is  ℱ� -m
e

a
su

ra
b

le
 

 

c)    C
o

n
d

itio
n

a
l e

xp
e

cta
tio

n
 w

.r.t. a
 filtra

tio
n

 : if  

�
  is a

 r.v
., le

t d
e

fin
e

  F
� =

���|ℱ� ) 
 

P
ro

p
e

rty
 :  {F

� 	∶		�∈	}  is a
 sto

ch
a

stic 

p
ro

ce
ss, a

d
a

p
te

d
 to

  ;
 

 In
te

rp
re

ta
tio

n
 :  F

�   re
p

re
se

n
ts th

e
 m

e
a

n
 

e
stim

a
tio

n
 o

f  �
, ta

k
in

g
 in

to
 a

cco
u

n
t th

e
 

a
v

a
ila

b
le

 in
fo

rm
a

tio
n

 u
p

 to
  � 



E
x

a
m

p
le

 : to
ssin

g
 a

 co
in

 3
 tim

e
s 

 

A
 (sy

m
m

e
tric) co

in
 is to

sse
d

 3
 tim

e
s, 

in
d

e
p

e
n

d
e

n
tly

 

 

Le
t u

s d
e

fin
e

  ��   th
e

 n
u

m
b

e
r o

f  “ta
il(s)” u

p
 to

 th
e

 

�-th
 to

ss  (�=
0,1,2,3)   

 

(a
) 

W
e

 ca
n

, fo
r e

a
ch

 p
o

ssib
le

 o
u

tco
m

e
, a

sso
cia

te
 

th
e

 v
a

lu
e

 o
f th

e
se

 r.v
. : 

 Ω
 

			
 		I

 	I	
 I		

 	II
 I	I

 II	
 III

 

�B
 

0
 

0
 

0
 

0
 

0
 

0
 

0
 

0
 

��
 

1
 

1
 

1
 

0
 

1
 

0
 

0
 

0
 

�%
 

2
 

2
 

1
 

1
 

1
 

1
 

0
 

0
 

�J
 

3
 

2
 

2
 

2
 

1
 

1
 

1
 

0
 

 

 
 

(b
) 

N
a

tu
ra

l filtra
tio

n
 o

f th
e

 sto
ch

a
stic p

ro
ce

ss        

{�� ∶�=
0,1,2,3}  ?

 

     ℱB =
{∅,Ω} 

     ℱ� =
{∅,Ω,KL ,KM }=

$ ( {KL ,KM }) 
w

ith
    KL =

{			,		I,	I	,	II } 
            KM =

{I		,I	I,II	,III} 
     ℱ% =

$ ({∅,Ω,KLL ,KLM ,KML ,KMM } ) 
w

ith
             KLL =

{			,		I } 
                            KLM =

{	I	,	II} 
                            KML =

{I		,I	I} 
                            KMM =

{II	,III} 
     ℱJ =

ℱ
=
N(Ω) 

 
 



(c) 
C

o
n

d
itio

n
a

l e
xp

e
cta

tio
n

s o
f  �J

 =
 n

u
m

b
e

r o
f 

“ta
il(s)” a

fte
r 3

 to
sse

s ?
 

 

- 
w

.r.t.  ℱB
  : fo

r a
n

y
  


∈Ω
,  

 



⟼

3∙ 18 +2∙ 18 +⋯
+0∙ 18 =

32
 

 

N
o

te
 :  � (�J |ℱB �=

���J � 
 

 
�J

  is in
d

e
p

e
n

d
e

n
t o

f  ℱB
     (R

3
) 

 

- 
w

.r.t.  ℱ�
 

 



∈KL ⟼

3∙ 14 +2∙ 14 +2∙ 14 +1∙ 14 =
2

 



∈KR ⟼

2∙ 14 +1∙ 14 +1∙ 14 +0∙ 14 =
1

 

 

 
 

- 
w

.r.t.  ℱ%
 



∈KLL ⟼

3∙ 12 +2∙ 12 =
52

 



∈KLR ⟼

2∙ 12 +1∙ 12 =
32

 



∈KRL ⟼

2∙ 12 +1∙ 12 =
32

 



∈KRR ⟼

1∙ 12 +0∙ 12 =
12

 

 

N
o

te
 1

 :  � [� ��J |ℱ% �|ℱ� ]=
� ��J |ℱ� �     (R

6
) 

 N
o

te
 2

 :  ��� ��J |ℱ% ��
 

																							=
52 ∙ 14 + 32 ∙ 14 + 32 ∙ 14 + 12 ∙ 14 =

32
 

                    =
���J � 

 
 

 
 

 
 

 
 

 
 

(R
2

) 

- 
w

.r.t.  ℱJ
 



=
			⟼

3
 



=
		T⟼

2
 

…
 



=
TTT⟼

0
 

 N
o

te
 :  � ��J |ℱJ �=

�J
                                   (R

4
) 



S
to

p
p

in
g

 tim
e

 

 

D
e

fin
itio

n
 

 A
 sto

p
p

in
g

 tim
e

 o
n

  (Ω,ℱ,Pr,;)  is a
 r.v

.  U
  w

ith
 

v
a

lu
e

s in
  ℝ

/
WWWW=

ℝ
/∪{∞}  su

ch
 th

a
t 

 

∀�∈	,								 �U≤
� �∈ℱ�  

 In
te

rp
re

ta
tio

n
 : a

 ru
le

 w
h

ich
 te

lls w
h

e
n

 to
 sto

p
, 

b
a

se
d

 o
n

ly
 o

n
 th

e
 k

n
o

w
in

g
 o

f th
e

 h
isto

ry
 u

p
 to

 th
e

 

in
sta

n
t o

f sto
p

p
in

g
 

 P
ro

p
e

rty
 : if  U�

  a
n

d
  U%

  a
re

 tw
o

 sto
p

p
in

g
 tim

e
s, 

th
e

n
  min(U� ,U% )  a

n
d

  max(U� ,U% )  a
re

 a
lso

 

sto
p

p
in

g
 tim

e
s 

 E
xa

m
p

le
 : fo

r th
e

 sh
o

rt-te
rm

 in
te

re
st ra

te
  ((�), 

- 
th

e
 first tim

e
  ((�)  is e

q
u

a
l to

  3
 %

 is a
 

sto
p

p
in

g
 tim

e
 

- 
th

e
 la

st tim
e

  ((�)  is e
q

u
a

l to
 3

 %
 is n

o
t a

 

sto
p

p
in

g
 tim

e
 

A
 p

a
rticu

la
r sto

p
p

in
g

 tim
e

 : th
e

 b
a

rrie
r 

 Le
t  (�� )  b

e
 a

 sto
ch

a
stic p

ro
ce

ss a
n

d
  ;

  th
e

 

n
a

tu
ra

l filtra
tio

n
 o

f  (�� ) 
 

U=
inf	 {�∈		∶		�� ≥

` } 
 is a

 sto
p

p
in

g
 tim

e
 fo

r th
e

 b
a

rrie
r  `

 

 It is p
o

ssib
le

 to
 co

n
stru

ct th
e

 a
sso

cia
te

 sto
ch

a
stic 

p
ro

ce
ss  (a� )  “sto

p
p

e
d

 a
t  `

” : 

 

a� =
: �� 				bc			�≤

U
`				bc				�>

U A 
 

 



E
x

a
m

p
le

 : to
ssin

g
 a

 co
in

 3
 tim

e
s 

 a
)     W

e
 sto

p
 to

ssin
g

 th
e

 co
in

 w
h

e
n

 th
e

 first ta
il 

a
p

p
e

a
rs : 

U=
min{�∶�� =

1} 
 

Ω
 

			
 		I

 	I	
 I		

 	II
 I	I

 II	
 III

 

�B
 

0
 

0
 

0
 

0
 

0
 

0
 

0
 

0
 

��
 

1
 

1
 

1
 

0
 

1
 

0
 

0
 

0
 

�%
 

2
 

2
 

1
 

1
 

1
 

1
 

0
 

0
 

�J
 

3
 

2
 

2
 

2
 

1
 

1
 

1
 

0
 

U
 

1
 

1
 

1
 

2
 

1
 

2
 

3
 

∞
 

 

�U=
1 �=

{			,		I,	I	,	II }=
KL

   

is  ℱ�
-m

e
a

su
ra

b
le

 

 

�U=
2 �=

{I		,I	I }=
KML

   

is  ℱ%
-m

e
a

su
ra

b
le

 

 �U=
3 �=

{II	 }  is  ℱJ
-m

e
a

su
ra

b
le

 

 S
o

,  U
  is a

 sto
p

p
in

g
 tim

e
 

 N
o

te
 :  �U=

∞ �=
{III } 

 

b
) 

W
e

 sto
p

 to
ssin

g
 th

e
 co

in
 a

t th
e

 la
st tim

e
 ta

il 

a
p

p
e

a
rs : 

U′=
min{�∶�� =

�J } 
 

Ω
 

			
 		I

 	I	
 I		

 	II
 I	I

 II	
 III

 

�B
 

0
 

0
 

0
 

0
 

0
 

0
 

0
 

0
 

��
 

1
 

1
 

1
 

0
 

1
 

0
 

0
 

0
 

�%
 

2
 

2
 

1
 

1
 

1
 

1
 

0
 

0
 

�J
 

3
 

2
 

2
 

2
 

1
 

1
 

1
 

0
 

U′ 
3

 
2

 
3

 
3

 
1

 
2

 
3

 
∞

 

 

�U′=
1 �=

{	II }  is n
o

t  ℱ�
-m

e
a

su
ra

b
le

 

 

�U′=
2 �=

{		I,I	I }  is n
o

t  ℱ%
-m

e
a

su
ra

b
le

 

 S
o

,  U′  is n
o

t a
 sto

p
p

in
g

 tim
e

 

 
 



A
 d

iscre
te

 tim
e

 sto
ch

a
stic p

ro
ce

ss : 

ra
n

d
o

m
 w

a
lk

 

 

- 
G

e
n

e
ra

l ca
se

 

o
 D

e
fin

itio
n

 

o
 P

ro
p

e
rtie

s 

- 
S

p
e

cia
l ca

se
 : sy

m
e

trica
l p

ro
b

a
b

ilitie
s 

 
 

G
e

n
e

ra
l ca

se
 

 D
e

fin
itio

n
 

 D
e

scrip
tio

n
 : a

 p
a

rticle
 (o

r a
n

 a
sse

t re
tu

rn
, o

r a
 

d
ru

n
k

a
r, …

) 

- 
sta

rts a
t tim

e
  �=

0
  a

t th
e

 p
o

in
t  0

 

- 
a

t e
a

ch
 ste

p
, it m

o
v

e
s b

y
  Δg

  w
ith

 p
ro

b
a

b
ility

  

h
  a

n
d

 b
y

  −Δg
  w

ith
 p

ro
b

a
b

ility
  i=

1−h
 

- 
th

e
 d

u
ra

tio
n

 o
f th

e
 ste

p
s is  Δ� 

- 
th

e
 d

iffe
re

n
t m

o
v

e
s a

re
 in

d
e

p
e

n
d

e
n

t 

 In
 th

is m
o

d
e

l,  	=
(Δ�)∙ℕ

=
{0,Δ�,2Δ�,…} 

   ��   is th
e

 p
o

sitio
n

 o
f th

e
 p

a
rticle

 a
t tim

e
  � 

 

�B =
0															�j� ~ l −Δg

Δg
i

h m
 

 

�%j� ~ l −2Δg
0

2Δg
i %

2hi
h % m													…

 

−Δg						Δg
 



P
ro

p
e

rtie
s 

 Le
t u

s e
xa

m
in

e
 th

e
 situ

a
tio

n
 a

fte
r  �

  m
o

v
e

s a
n

d
 

d
e

n
o

te
 �=

�∙Δ� 
 

�� =
n

op
 pq�

																		op ~ l −Δg
Δg

i
h m

 

 W
e

 h
a

v
e

 

� (op )=
Δg(h−i) 

 

&'( (op )=
(Δg ) %(i+h )− (Δg ) %(h−i ) %

 

                       =
(Δg ) %(1− (h−i ) %) 

                       =
(Δg ) %4hi

 

S
o

, 

� (�� )=
�∙� (op )=

(h−i ) ΔgΔ� ∙� 
 

&'( (�� )=
�∙&'( (op )=

4hi (Δg ) %
Δ�

∙� 
 

 

S
p

e
cia

l ca
se

 : sy
m

m
e

trica
l p

ro
b

a
b

ilitie
s 

 If  h=
i=

�% , w
e

 h
a

v
e

 

 

� (�� )=
0

 

 

&'( (�� )=
(Δg ) %
Δ�

∙� 
 T

h
e

 e
v

o
lu

tio
n

 o
f th

e
 p

a
rticle

 is su
ch

 th
a

t th
e

 

p
o

sitio
n

 

- 
is n

u
ll in

 m
e

a
n

 

- 
w

ith
 a

 v
a

ria
n

ce
 p

ro
p

o
rtio

n
a

l to
 tim

e
 

 
 



M
a

rtin
g

a
le

s 

 

- 
D

e
fin

itio
n

 

- 
P

ro
p

e
rtie

s 

o
 E

xp
e

cta
tio

n
 o

f a
 m

a
rtin

g
a

le
 

o
 In

te
rp

re
ta

tio
n

 a
s a

 fa
ir g

a
m

e
 

 
 

D
e

fin
itio

n
 

 Le
t u

s co
n

sid
e

r a
 p

ro
b

a
b

ility
 sp

a
ce

  (Ω,ℱ,Pr,;) 
 A

 sto
ch

a
stic p

ro
ce

ss  (�� )  is a
 m

a
rtin

g
a

le
 if 

- � (|�� |�<
∞					∀� 

- ��� �  is a
d

a
p

te
d

 to
  ;

 

- � ��� |ℱ, �=
�, 					∀*,�		�*<

�� 
 N

o
te

 1
 : A

 sto
ch

a
stic p

ro
ce

ss m
a

y
 b

e
 a

 m
a

rtin
g

a
le

 

w
.r.t. a

 filtra
tio

n
  ;

, b
u

t n
o

t w
.r.t. to

 a
n

o
th

e
r o

n
e

  

r
. O

n
e

 u
se

 so
m

e
tim

e
s th

e
 n

o
ta

tio
n

  (�� ,;) 
 N

o
te

 2
 : T

h
e

 e
sse

n
tia

l d
e

fin
in

g
 p

ro
p

e
rty

  

� (�� |ℱ, �=
�,   m

e
a

n
s “th

e
 b

e
st p

re
d

ictio
n

 o
f  

��� �  w
h

e
n

 w
e

 h
a

v
e

 in
fo

rm
a

tio
n

 u
p

 to
  *		�≤

��  is  
�, ” 
 N

o
te

 3
 : F

o
r d

iscre
te

 tim
e

 p
ro

ce
sse

s, th
e

 e
sse

n
tia

l 

d
e

fin
in

g
 p

ro
p

e
rty

 b
e

co
m

e
s 

  

� �� /� |ℱ �=
� 										�=

0,1,…
 



E
xa

m
p

le
 1

 

 Le
t  o� ,o% ,…

  b
e

 in
d

e
p

e
n

d
e

n
t r.v

. w
ith

 n
u

ll m
e

a
n

, 

th
e

n
 th

e
 p

a
rtia

l su
m

s 

 

s =
o� +⋯

+o 							�=
1,2,…

 

 is a
 m

a
rtin

g
a

le
 w

.r.t. th
e

 n
a

tu
ra

l filtra
tio

n
 o

f  �o � 
 F

o
r th

e
 a

d
a

p
ta

tio
n

 o
f th

e
 sto

ch
a

stic p
ro

ce
ss, 

 

$ �s� ,…,s �=
$ �o� ,…,o �=

ℱ 
 

 b
e

ca
u

se
 th

e
y

 co
n

ta
in

 th
e

 sa
m

e
 in

fo
rm

a
tio

n
 : 

 

: s =
o� +⋯

+o 
o =

s −s t� A 
F

u
rth

e
rm

o
re

, 

            � �s /� |ℱ �=
� �s +o /� |ℱ � 

                                  =
� �s |ℱ �+� �o /� |ℱ � 

                                  =
s +	��o /� � 

                                  =
s 

 

E
xa

m
p

le
 2

 

 Le
t  o

  b
e

 a
 r.v

. su
ch

 th
a

t  � �|o |�<
∞

  a
n

d
 a

 

filtra
tio

n
  ;

. T
h

e
n

  �� =
��o|ℱ� �  d

e
fin

e
s a

 

m
a

rtin
g

a
le

 

 F
o

r a
n

y
  *,�  su

ch
 th

a
t  *≤

�, 
 

� ��� |ℱ, �=
� �� �o |ℱ� �|ℱ, �=

� �o |ℱ, �=
�,  

 

 
 



P
ro

p
e

rtie
s 

 E
x

p
e

cta
tio

n
 o

f a
 m

a
rtin

g
a

le
 

 T
h

e
 e

xp
e

cta
tio

n
 fu

n
ctio

n
 o

f a
 m

a
rtin

g
a

le
 is 

co
n

sta
n

t 

 F
o

r a
n

y
  *,�  su

ch
 th

a
t  *≤

�, 
 !" (* )=

� (�, )=
��� (�� |ℱ, )�=

� (�� )=
!" (�) 

  In
te

rp
re

ta
tio

n
 a

s a
 fa

ir g
a

m
e

 

 Le
t  (�� )  re

p
re

se
n

t th
e

 w
in

n
in

g
s (o

r th
e

 lo
sse

s) u
p

 

to
 tim

e
  �  a

n
d

 su
p

p
o

se
 it is a

 m
a

rtin
g

a
le

 

 If w
e

 h
a

v
e

 in
fo

rm
a

tio
n

 u
p

 to
 tim

e
  *		(≤

�), th
e

 

in
cre

m
e

n
t o

f w
in

n
in

g
s  (�� −�, )  d

u
rin

g
  �*;��  is 

su
ch

 th
a

t 

� (�� −�, |ℱ, )=
	� (�� |ℱ, )−� (�, |ℱ, ) 

											=
�, −�, =

0
 

G
a

u
ssia

n
 p

ro
ce

ss 

 A
 sto

ch
a

stic p
ro

ce
ss  (�� )  is sa

id
 to

 b
e

 g
a

u
ssia

n
 if 

a
n

y
 fin

ite
-d

im
e

n
sio

n
a

l d
istrib

u
tio

n
 o

f th
is p

ro
ce

ss 

is m
u

ltin
o

rm
a

l : fo
r a

n
y

  �≥
1,�� ,…,� ∈	

 

 

���� ,…,��� �
 

 is a
 m

u
ltin

o
rm

a
l ra

n
d

o
m

 v
e

cto
r 

  In
 p

a
rticu

la
r, if  (�� )  is a

 g
a

u
ssia

n
 p

ro
ce

ss, th
e

n
,  

∀�∈	
,  

�� 	~	v
 


