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- Binom

ial m
odel (Cox, Ross, Rubinstein) 

- Fundam
ental theorem

 of risk-neutral 
valuation 

- From
 discrete or determ

inistic to continuous 
and stochastic 
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- O

ption : definition and general properties 
o

 D
efinition 

o
 Value 

o
 G

eneral properties 
- D

iscrete valuation m
odel 

o
 H

ypotheses 
o

 Binom
ial m

odel for underlying equity 
o

 Binom
ial m

odel for the option 
o

 Com
plete m

arket 
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 D
e

fin
itio

n
 

 = “contingent claim
” 

 = contract that confers to its purchaser 
- the right to 
- buy (call) or sell (put) 
- an (underlying) asset 
- at a future date (European) / up to a future 

date (A
m

erican) 
- at a price determ

ined in advance (exercise 
price, strike) 

by paying a certain price (prem
ium

) 
 O

ption = 
- a right for the holder 
- an obligation for the issuer 

 H
ere : option on an equity w

ithout dividend 
 

 



The price  ��   at tim
e  �  of an option (�

  for a call,  
�

  for a put) depends on several factors : 
- the price  ��   of the underlying equity 
- the exercise price  �

 
- the duration  �=
−�  rem

aining to the 
option m

aturity 
- the volatility  �
   of the return of the equity 
- the risk-free rate  ��  

 
�� =�(�� ,�,�,�
 ,�� ) 
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 Intrinsic value  
= Profit obtained by the purchaser if the option is 
exercised at tim

e  � (w
ithout taking account of the 

prem
ium

) 
 For a call :  ��� =max (0,�� −� )= (�� −� ) � 
For a put :  ��� =max (0,�−�� )= (�−�� ) � 
 Tim

e value 
= part of the price over the intrinsic value  
 


�� =�� −���  
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 a)    Call-put parity relation for European option 
 Let us consider a portfolio at tim

e  �  obtained by 
 

 
at tim

e  � 
at tim

e  

 

buy 1 uderlying equity 
��  

��  
buy 1 put 

��
 

��  
sell 1 call 

−��  
−��  

borrow
 an am

ount w
orth  �

  
at tim

e  

 

−� (1+�� ) �� 
−�

 

 Value at m
aturity :  �� =�� +�� −�� −�

 
 

- if  �� >�
,  �� =�� +0−(�� −�)−�=0 

- if  �� ≤�
,  �� =�� +(�−�� )−0−�=0 

 �� =0
   w

hatever the value  ��   of the equity at 
m

aturity 
 ⟹

  the value  ��   at tim
e  �  m

ust be equal to  0 ❶
 

�� +�� =�� + (1+�� ) ���
 

b) 
Inequalities on price of an European option 

 
(�� − (1+�� ) ��� ) �≤�� ≤��  

((1+�� ) ���−�� ) �≤�� ≤ (1+�� ) ���
 

 (w
ithout proof) 

  c)   A
m

erican call = European call 
 If the A

m
erican option is exercised at tim

e   
�(<
), then 
 �� ($ )=�� −�<�� − (1+�� ) ���≤�� (% ) 
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- Very general hypotheses 

o
 Perfect m

arket 
o

 N
on risky asset 

- Specific to valuation m
odels 

o
 A

rbitrage-free m
arket 

 a)    Perfect m
arket 

- N
o investor is dom

inant (no m
arket m

akers) 
- Investors are rational (prefer m

ore to less) 
- A

ssets infinitely divisible 
- N

o transaction costs 
- N

o tax 
- Short sales allow

ed 
 b) 

Existence of a non risky asset, the sam
e for 

borrow
ing and deposit (risk-free rate at a bank 

account) 
 

 

c)   A
rbitrage-free m

arket (= “no free lunch”) 
 A

rbitrage opportunity : asset (or portfolio) such 
that 

- Initial (non random
) value : �& ≤0 

- Final (random
) value : 
�� (' )≥0				∀'

 
∃'& ∶		�� ('& )>0 

 Equivalent form
ulation : 

 A
rbitrage-free : if a portfolio has a final value that 

is non random
, its return is equal to the risk-free 

rate 

 N
ote : already used at ❶

 
 Justification : supply and dem

and law
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 (Random
) value of the equity at tim

e  � :  ��  
 Evolution : 
                           ���- =�� ∙/										(Pr=2) 
       ��  
                           ���- =�� ∙3										(Pr=1−2) 
  2

 : historical probability 
 Possible values for  (/,3) :  3<1<1+�� </

 
(otherw

ise, arbitrage opportunity) 
 H

ypothesis : 2,/,3
  constant over tim

e – indep. 
successive m

oves  
                                                  ���4 =�� ∙/ 4 
          ���- =�� ∙/

 
                                                  ���4 =�� ∙/3

 
                                                   ���4 =�� ∙3/

 
          ���- =�� ∙3

 
                                                  ���4 =�� ∙3 4 

                                                              �& ∙/ 5				…
 

                                       �& ∙/ 4 
                   �& ∙/

                                 �& ∙/ 43				…
 

    �&                                �& ∙/3
 

                   �& ∙3
                                 �& ∙/3 4				…

 
                                        �& ∙3 4 
                                                              �& ∙3 5				…

 
 G

enerally, 
�� =�& ∙/ 73 ��7

 

 w
here  8

  is a binom
ial r.v. : 8~ℬ(
;2) 

 Pr <8== >= ? 
= @2 A(1−2 ) ��A								(==0,…,
) 
  

 



N
ote :  

 											B (�� )=C�& ∙/ A3 ��A? 
= @2 A(1−2 ) ��A
�AD&

 

																		=�& C ? 
= @(2/) A( (1−2 )3) ��A
�AD&

 

=�& ∙ (2/+ (1−2 )3 ) � 
  ↔�� =�& ∙ (1+F ) �  for non random

 evolution 
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 a)    1 period : 
=1 
                       �- =� (/ )= (�& /−� ) �								 (2 ) 
      �&  
                      �- =� (3 )= (�& 3−� ) �								(1−2) 
 Let us construct a portfolio 
 

 
at tim

e  0 
at tim

e  1 
buy  G

  equity 
G�&  

? 
sell  1  call 

−�&  
? 

                                           �- =G�& ∙/−�(/) 
     �& =G�& −�&  
                                          �- =G�& ∙3−�(3) 
 W

e chose  G
  such that  �-   is no m

ore random
 : 

 �- =G�& ∙/−� (/ )=G�& ∙3−� (3 )										(F) 
                                                                                     ❷

 
 

 



A
rbitrage-free �

 
 

�- = (G�& −�& )∙ (1+�� )									(FF) 
  (F )∶					G�& = H (I )�H(J)

I�J
 

  (FF )∶		 H (I )�H (J )
I�J ∙/−� (/ ) 

																												= ? H (I )�H(J)
I�J −�& @∙ (1+�� )        

            �& (1+�� )= ? -�
KI�J −
II�J +1 @� (/ )

 

                                                             + ?− -�
KI�J +
II�J @�(3)

 

 �& = (1+�� ) �-L (-�
K )�J
I�J � (/ )+ I� (-�
K )

I�J � (3 )M 
                    (-�
K )�J

I�J =N										 I� (-�
K )
I�J =1−N

 

 �& = (1+�� ) �-<N∙� (/ )+(1−N)∙�(3) > 
 �&  = the discounted value of the expectation of  �-   
w

ith respect to  N 
 

N
ote 1 : this result is independent of  2

 
 N

ote 2 : expected value of  �-   w
.r.t.  N : 

 
BO (�- )=N∙�& /+ (1−N )∙�& 3

 

                              =�& L (-�
K )�J
I�J ∙/+ I� (-�
K )

I�J ∙3 M 
                              =�& (1+�� ) 
 Evolution of the (expected value of the) risky asset 
under  N  = evolution of the non risky asset 
  (N,1−N)  = risk-neutral probability 
                     = m

artingale probability 
 

 



b) 
2 periods : 
=2 

                                      �4 =� (/,/ )= (�& / 4−� ) � 
           �- =�(/) 
 �&                                 �4 =� (/,3 )= (�& /3−� ) � 
           �- =�(3) 
                                      �4 =� (3,3 )= (�& 3 4−� ) � 
 A

pply tw
ice the result for 1 period 

 Q � (/ )= (1+�� ) �-<N∙� (/,/ )+(1−N)∙�(/,3) >
� (3 )= (1+�� ) �-<N∙� (3,/ )+(1−N)∙�(3,3) > R 

 �& = (1+�� ) �-<N∙� (/ )+ (1−N )∙� (3 ) > 
= (1+�� ) �4S

N 4∙� (/,/ )
+2N (1−N )∙� (/,3 )
+ (1−N ) 4∙�(3,3) T 

 �&  = the discounted value of the expectation of  
�4   w

ith respect to the binom
ial law

 w
ith 

param
eters (2,N) 

 
 

c)   

  periods 

 �&   = the discounted value of the expectation of 
the value  ��   at m

aturity  

  w

.r.t. the binom
ial 

law
  ℬ(
;N) 

  �& = (1+�� ) �� 
																		C U 
V WN X(1−N ) ��X�(/,…,/

Y Z[X ,3,…,3
Y Z[��X )

�XD&
 

       = (1+�� ) �� 
																		C U 
V WN X(1−N ) ��X\�& / X3 ��X−�] �

�XD&
 

 / X3 ��X= ? IJ @ X3 �  is increasing w
.r.t.  V 

 Let  ^=min aV∶	�& / X3 ��X−�>0 b 
      �& = (1+�� ) �� 
																						C U 
V WN X(1−N ) ��X\�& / X3 ��X−�]

�XDc
 



�& =�& 	C U 
V WU /N1+�� W Xd 3 (1−N )
1+�� e ��X

�XDc
 

																								− (1+�� ) ���C U 
V WN X(1−N ) ��X
�XDc

 

  						 IO-�
K + J (-�O )
-�
K = I <(-�
K )�J >�J <I� (-�
K ) >

(-�
K )(I�J)
=1 

 
/N1+�� =N f									 3 (1−N )

1+�� =1−N′ 
         �& =�& ∙Pr <h(
;N f)≥^ > 
                         − (1+�� ) ���∙Pr <h(
;N)≥^ > 
 

 

d) 
Estim

ation of the param
eters  ^,/

  and  3
 

 

^=min aV∶	�& / X3 ��X−�>0 b 
     �& / X3 ��X−�>0			⟺			 ? IJ @ X>

jkl J m  
                                           ⇔			V> op(jkl J m⁄)

op(IJ ⁄)
 

                            ���- =�� ∙/										(Pr=2) 
       ��  
                           ���- =�� ∙3										(Pr=1−2) 
 Return :  �= krst �krkr ~ ? /−13−1

2
1−2 @ 

 
B
 =2 (/−1 )+ (1−2 )(3−1) 

         �
 4=	2 (/−1 ) 4+ (1−2 )(3−1 ) 4 
                              −\2 (/−1 )+ (1−2 )(3−1 )] 4 

              =2 (1−2 )(/−1 ) 4+2 (1−2 )(3−1 ) 4 
                              −22 (1−2 )(/−1 )(3−1) 
              =2 (1−2 )(/−3 ) 4 



�
 4=2 (1−2 )(/−3 ) 4 
 W

ith  2=1/2,  3=1//
, 

 

�
 4= 14 U/− 1/ W 4 

 
/ 4−2�
 /−1=0 

 

/=�
 + w�
 4+1 
 By Taylor expansion,  
 /≈�
 +d1+ �
 42 e=1+�
 + �
 42 ≈y z{ 
and 

3≈y �z{ 
 

 

e)   Form
ula for a put 

 Call-put parity relation : 
              �& =−�& +�& + (1+�� ) ���

 
=−�& +�& ∙Pr <h(
;N f)≥^ > 

                               − (1+�� ) ���∙Pr <h(
;N)≥^ > 
+ (1+�� ) ���

 
           �& =−�& Pr <h (
;N f)<^ > 
                              + (1+�� ) ���∙Pr <h (
;N )<^ > 
 f)  Exam

ple 
 Call option (m

aturity : 7 m
onths) on an equity 

(current value : 100 EU
R) w

ith strike price 110 
EU

R. Volatility :  �
  = 0.25 and risk-free rate = 4 %
 

per year 
 D

eterm
ine the call price and put price 
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 Rem
em

ber ❷
 

 
 

at tim
e  0 

at tim
e  1 

buy  G
  equity 

G�&  
? 

sell  1  call 
−�&  

? 
 W

e chose  G
  such that  �-   is no m

ore random
 : 

 �- =G�& ∙/−� (/ )=G�& ∙3−� (3 )										(F) 
                                                                                      
A

rbitrage-free �
 

�- = (G�& −�& )∙ (1+�� )									(FF) 
 2 equations 

- one for elim
inating  G

 
- one for calculating  �&  

 This portfolio 
= hedging position 
= replicating portfolio of the contingent claim

 

G
eneral form

ulation 
 Com

plete m
arket : every contingent claim

 can be 
hedged 

 Counter-exam
ple (non com

plete m
arket) : 

trinom
ial m

odel 
                             �- =�& ∙/- 										(Pr=2- ) 
          �&               �- =�& ∙/4 										(Pr=24 ) 
                            �- =�& ∙/5 										(Pr=25 ) 
  

 
 

…
…

…
. 

 3 equations for 2 actions (elim
inating  G

  –  
calculating  �& ) �

 generally no solution 
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- arbitrage-free m

arket : “no free lunch” 
- com

plete m
arket : “every contingent claim

 
can be hedged” 

 A
rb

itra
g

e
-fre

e
 th

e
o

re
m

 

 
- absence of arbitrage opportunity 
- existence of risk-neutral m

easure 
are equivalent 

 C
o

m
p

le
te

n
e

ss th
e

o
re

m
 

 
- com

plete m
arket 

- unicity of risk-neutral m
easure 

are equivalent 
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 In a com
plete m

arket w
ithout arbitrage 

opportunity, the price of a contingent claim
 is 

equal to the discounted value of the expectation 
of its final value w

ith respect to the risk-neutral 
m

easure 
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- For option 
- Sim

pler : evolution of an asset value 
o

 From
 discrete tim

e …
 

o
 …

to continuous tim
e 
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 2 possible w
ays 

 
 

equity 
option 

discrete tim
e 

Bin 
CRR 

continuous tim
e 

? 
B&

S 
 

 
equity 

option  
discrete tim

e 
Bin 

CRR 
continuous tim

e 
? 

B&
S 
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determ
inistic 

stochastic 
discrete tim

e 
�� =�& ∙ (1+F ) � �� =�& ∙ (1+F- )…(1+F� ) 

continuous tim
e 

�� =�& ∙y |� 
?

 

 F
ro

m
 d

iscre
te

 tim
e

 …
 

 

�� =�& ∙y |t…y |r 
 w

here  }- ,…,}�   are i.i.d. r.v. w
ith  B\}X ]=}

 

 For exam
ple,  }X =}+�∙~X   w

here   

 

~X ~ U −1
1

12 ⁄12 ⁄ W 
 Log-return of the asset : 
 �� =ln U ���& W=ln\y |t…y |r]=}- +⋯+}�  
 

�� =}∙�+�C~X �XD-
 

}∙�  : trend 
�

  : volatility 
∑

~X
�XD-

  : random
 noise 

 Let us denote  �� = ∑
~X �XD-  

 
B (�� )=0																				��� (�� )=� 

 For the log-return, 
 

�� =}∙�+�∙��  
w

ith 
 B (�� )=	}∙�																				��� (�� )=� 4∙� 
  …

 to
 th

e
 co

n
tin

u
o

u
s tim

e
 

 H
ow

 to m
odel the random

 noise  ��  ? 
⟹			N

eed for m
ore advanced probability theory 


