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Option : definition and general properties

Definition

4

= “contingent claim”

= contract that confers to its purchaser
- theright to
- buy (call) or sell (put)
- an (underlying) asset
- at a future date (European) / up to a future
date (American)
- at a price determined in advance (exercise
price, strike)
by paying a certain price (premium)

Option =
- aright for the holder

- an obligation for the issuer

Here : option on an equity without dividend



The price p; attime t of an option (C for acall,

P for a put) depends on several factors :

the price S; of the underlying equity

the exercise price K

the duration T =T — t remaining to the
option maturity

the volatility op of the return of the equity
the risk-free rate Ry

p: = f(St, K, T, 0, Rp)

Value

Intrinsic value

= Profit obtained by the purchaser if the option is
exercised at time t (without taking account of the
premium)

Foracall: IV, = max(0,S, — K) = (§; — K)*
Sﬁxﬁo\w - ..Wﬁv Aw - .M.Hv+

Foraput: IV}

Time value
= part of the price over the intrinsic value

TV =pe —1V;



General properties

a) Call-put parity relation for European option

Let us consider a portfolio at time t obtained by

attime T

attime ¢ attime T
buy 1 uderlying equity S St
buy 1 put Py Pr
sell 1 call —C; —Cr
borrow an amount worth K | —K(1 + Rp)~" -K

Value at maturity : Vo =S¢+ Py —Cr — K

- __n.m.ﬂvx~ —\ﬂ”rm.ﬂlTO'A,m.ﬂ'xvlmAq”O
S, <K, Vp=S;+(K—-S)—0-K=0

Vr = 0 whatever the value Sy of the equity at

maturity

— the value V; attime t must be equal to 0

wﬁl_l.m‘H”ﬁ‘Hl_lAHlem.vlﬁx

b) Inequalities on price of an European option

A.m‘ﬂ - AH |_| mﬁvlﬁxv+ m ﬁ‘ﬂ. m .WH.
(14+Rp)TK—-S)* <P, <(1+4+Rp)K

(without proof)

c) American call = European call

If the American option is exercised at time
t(<T),then

¥ =8 -K<S—(1+R)TK<C®



Discrete valuation model

Hypotheses

a)

b)

Very general hypotheses
o Perfect market
o Non risky asset

Specific to valuation models
o Arbitrage-free market

Perfect market

No investor is dominant (no market makers)
Investors are rational (prefer more to less)
Assets infinitely divisible

No transaction costs

No tax

Short sales allowed

Existence of a non risky asset, the same for

borrowing and deposit (risk-free rate at a bank

account)

c) Arbitrage-free market (= “no free lunch”)

Arbitrage opportunity : asset (or portfolio) such
that
- Initial (non random) value : V/; < 0
- Final (random) value:
Vi(w) =20 Vo
Jwg : Vr(wy) >0

Equivalent formulation :

Arbitrage-free : if a portfolio has a final value that
is non random, its return is equal to the risk-free
rate

Note : already used at Q

Justification : supply and demand law




Binomial model for underlying equity So - ud

2 —
..WO u
. . \ / 2
(Random) value of the equity at time t: S; o Soru ~ - So - u“d
rm.o rm.o : :&
Evolution : T syd T T, ud?
volution : S s o v 0 /».w &N\ 0
t+1 = ot U r=a 0 4"~
St — So " d?
/ _ . _
.m.ﬂ+H|.WH ﬁN A—Uﬁ.lHIQv
Generally,
a : historical probability Sy =8 -ulVdT™—N
Possible values for (u,d): d <1<1+Rp<u where N is a binomial r.v.: N~B(T; a)
(otherwise, arbitrage opportunity)
PriN =kl = (] )e* - )% (k=0,.,T)

Hypothesis : a,u, d constant over time —indep.
successive moves
Sty2 = St u

\

Str1 =S¢ U

St+2 = S¢ " ud

St+2 =S¢ du

/
Sty1 =S¢+ d A

Stz =S¢+ d?



Note : Binomial model for the option (CRR)

a) lperiod:T =1

T
E(Sp) = ) So-ukd?™* (] )ak(1— )T
wuoﬂ C,=C(u) =(Sou—K)* (a)

-
=50 )" (i) (@ - )+ o

k=0
=Sy (au+ (1 —a)d)T

C,=Cd)=Syd—K)*' (1-a)

Let us construct a portfolio

© St =5, (1+i)T for non random evolution

attime 0 |attime 1
buy X equity XS, ?
sell 1 call —Cy ?

\SHNMO.:IQS

—\O == X.m.o - ﬁ.o / ~ | -
Vi =XSy-d—C(d)
We chose X such that V; is no more random :

Vi =XSo-u—C(u) =XSy-d—C(d) (i)



Arbitrage-free 2

Vi = XSy — Co) - (1 + Rp) (ii)

. c(w-c(d
(@): XS, = |€~w|aﬁ )

L Cw-Cc@
(ii) : ——u C(u)

nmzvlnav
= () R

14+R
Co(1+Rp) = FMM i Hv C(w)

+(-Z+ e

u—d

Co=(1+Rp)™ [F2E=2 ¢ () + =8 ¢ (g)]

AH+mm.v|Q _ QIAH+%~UV
u—d =4 u—d

=1— q
Co=0+Rr) Mg - Cw)+ (1 —q)-C(A)]

Co = the discounted value of the expectation of C;

with respect to g

Note 1 : this result is independent of «
Note 2 : expected value of §; w.r.t. q:

Eq(S1) =g Sou+(1—q)-Spd
_ AH+~Nm.v|Q . u— AH+-~uv
=S —|:|a u+——>= &_

== .WOAH + mNm.v

Evolution of the (expected value of the) risky asset
under g = evolution of the non risky asset

risk-neutral probability
martingale probability

(¢.1—q)



b) 2 periods: T =2

C, = C(u,u) = (Squ? — K)*t
C; =C(u) 4
ot N

6o
N
6=c@’

ﬁ‘N = QAQ\ Qv == A.WOQN - Nﬂv+

ﬁ.N = ﬁ.ﬁ\:. &v == AMO:Q - Nﬂv+

Apply twice the result for 1 period

wmcb =(1+Rp)7 g Cuw)+ (1 —q) C(u,d)]
C(d)=0+Rp)7 g - Cdw+(1—q)Cdd)]

Co=0+Rp) g - Cw+ (1 —q)C(a)]
q?% - C(u,u)
=1 +Rp)?[+29g(1 —q) - C(u,d)
+(1—¢q)*-C(d,d)

C, = the discounted value of the expectation of
C, with respect to the binomial law with
parameters (2, q)

c) T periods

Co =the discounted value of the expectation of
the value C; at maturity T w.r.t. the binomial
law B(T; q)

ﬁ.o - AH + mmm.vlﬂ
T

M Qv ¢ A-)"C,....u.d,..,d)

j=0 J T—j
(1+Rp)7T

5 () -or s -1y
j=0

. . J
wdl~J = AWV dT isincreasing w.r.t. j

Let J = minf{j : Sow/d"~/ — K > 0}
ﬁ.o == AH + mNm.vl.N.

M (j)a’a =@ (sgwiam - k)
=



T—i N
d(1-q)\ "’ d) Estimation of the parameters J, u and d

Co=5 MAX:?% 1+ Ry

~(1+ Rp)” QMA )al(1 - )

J =min{j : Squ/d"™/ — K > 0}

SowdT 7 —-K>0 & @\.v K

d SodT
T
ua_ d(1-q) _ u[(1+Rp)-d]+d[u—(1+Rp)] _ 1 s j> E_AMW\OM )
1+Rr ~ 1+Rp (1+Rp)(u—d) -
v _ ., dd-9_. g T (Pr = a)
1+R, | 1+ R, 1 e
rm‘H+H”rm.ﬂ.& ﬁ—Uﬂ”HlQV
Co=Sy Pr[B(T;q") >
S AH Ama vl:«ﬁ_u B(T; q) > Return: R = 3t11=5t A:| 1 d- J
|A + m.v H.ﬁ A .Qv'\g St a 1—«a

Er=au—-1)+0—-a)d—-1)

oi=alu—12+1-a){d-1)2?
~(au-D+A-a)d-1)°
=a(l—-a)(u—1?+a(l—a)(d—-1)?
—2a(1—-a)(u—1)(d—-1)
=a(l—a)(u—d)>?



02 =a(l—a)(u—d)?

With a =1/2, d = 1/u,

, 1 1)
=)

u? —20ru—1=0
u=og+ \Sw +1
By Taylor expansion,

uxog+|1+—)=1+0x+—=e°R

and

e) Formula for a put
Call-put parity relation :

Po=-So+Co+(1+Rp)TK
= —So+ S Pr[B(T;q") =]]
—(1+Rp)™TK - Pr[B(T; q) = J]
+(1+Rp)TK

Py = =S, Pr[B(T; q") <]J]
+(1+ Rp)TK - Pr[B(T; q) <]J]

f) Example

Call option (maturity : 7 months) on an equity
(current value : 100 EUR) with strike price 110
EUR. Volatility : gz =0.25 and risk-free rate =4 %

per year

Determine the call price and put price



Complete market

xmBchmﬂg
attime 0 |attime 1
buy X equity XS, ?
sell 1 call —Cy ?

We chose X such that V; is no more random :

Arbitrage-free 2
Vi = XSy — Co) - (1 + Rp) (ii)

2 equations
- one for eliminating X
- one for calculating C,

This portfolio
= hedging position
= replicating portfolio of the contingent claim

General formulation

Complete market : every contingent claim can be
hedged

Counter-example (non complete market) :
trinomial model

\.wpl.wo.f (Pr = a;)
So— 51 =50 Uy (Pr = ;)
== .WO ) :w A—Um. = D“wv

3 equations for 2 actions (eliminating X —
calculating C,) = generally no solution




Fundamental theorem of
risk-neutral valuation

Fundamental theorem of risk-neutral valuation

Definitions

- arbitrage-free market : “no free lunch”
- complete market : “every contingent claim
can be hedged”

Arbitrage-free theorem
- absence of arbitrage opportunity
- existence of risk-neutral measure
are equivalent

Completeness theorem
- complete market

- unicity of risk-neutral measure
are equivalent

In a complete market without arbitrage
opportunity, the price of a contingent claim is
equal to the discounted value of the expectation
of its final value with respect to the risk-neutral

measure




From discrete or deterministic
to continuous and stochastic

- For option

- Simpler : evolution of an asset value
o From discrete time ...
o ...to continuous time

For option

2 possible ways

equity | option
discrete time Bin | | CRR
continuous time ? 'L, B&S
equity | option
discrete time Bin - CRR
continuous time ? ' B&S




Simpler : evolution of an asset value

deterministic

stochastic

discrete time

M.m”.%O.AHl_IN.Vn

.m.m = rm.o ' AH + ~Hv AH + :.v

continuous time

rﬂw ”MO.N%H

?

From discrete time ...

S; =Sy e

:.m%ﬁ

where 63, ...,0; arei.i.d. r.v. with mﬁ&.v =0

For example, §; = § + 0 - & where

G Am\w HWNV

Log-return of the asset :

R, =1 Amﬁ
t = 1n S,

v = _:Am? ...mm& =6; +

ot 8,

t

j=1
6t :trend
o :volatility
t-1& :random noise
_ vyt
Let us denote wy = );_; €
E(w,) =0 var(w,) =t

For the log-return,

NNH”@;.WI_IQ.S\H.
with

E(R)= 6"t var(R,) = 0%t

... to the continuous time

How to model the random noise w; ?
— Need for more advanced probability theory



