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Abstract
In this note, we investigate the regularity of Cantor’s one-to-one mapping between the irrational
numbers of the unit interval and the irrational numbers of the unit square. In particular, we
explore the fractal nature of this map by showing that its Hölder regularity lies between 0.35
and 0.72 almost everywhere (with respect to the Lebesgue measure).
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1. INTRODUCTION

In 1878,1 Cantor proved that there exists a one-to-
one correspondence between the points of the unit
line segment [0, 1] and the points of the unit square
[0, 1]2 (repeated application of this result gives a
bijective correspondence between [0, 1] and [0, 1]n,

where n is a natural number). About this discovery
he wrote to Dedekind: “Je le vois, mais je ne le crois
pas !” (“I see it, but I don’t believe it!”).2,3

The cardinals of I = [0, 1]\([0, 1] ∩ Q) and [0, 1]
being equal, Cantor simply constructed a one-to-
one mapping between I and I2 to show that the sets
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[0, 1] and [0, 1]2 are in bijection. Since this applica-
tion (defined on I) is constructed via continued frac-
tions, it is very hard to have any intuition about its
regularity. When looking at its definition or at the
graphical representation of each component (given
for the first time here), it is not hard to convince
oneself that the behavior of such a function is nec-
essarily “erratic”; however, its (Hölder-)regularity
has never been considered.

The set of the natural numbers is denoted by N

(and does not contain 0). We set E = [0, 1], denote
by D the set of the rational numbers of E and set
I = E\D. The set of the (infinite) sequences of
natural numbers is denoted NN; since this space is
a countable product of metric spaces, if a = (aj)j∈N

and b = (bj)j∈N are two elements of NN, we define
the usual distance

d(a, b) =
∞∑

j=1

2−j |aj − bj |
|aj − bj| + 1

.

We will implicitly consider that NN is equipped with
this distance, while E, D and I are endowed with
the Euclidean distance.

Remark 1. Considering a and b as two infinite
words on the alphabet N,4 one can also use the fol-
lowing ultrametric distance on NN: if a = (aj)j∈N

and b = (bj)j∈N both belong to NN, let a∧b denote
the longest common prefix of a and b, so that the
length |a ∧ b| of this prefix is equal to the lowest
natural number j such that aj �= bj minus 1. A
distance between a and b is given by

d′(a, b) =

{
0 if a = b,

2−|a∧b| if a �= b.

The following relations hold:

2−2d ≤ d′ < d.

For the sake of completeness, let us recall the fol-
lowing result.

Proposition 1. The space NN (endowed with the
distance defined above) is a separable complete met-
ric space.

Proof. If NN
n denotes the set {a = (aj)j∈N ∈ NN :

aj = 1∀j > n} (n ∈ N), one directly checks that
∪n∈NNN

n is dense in NN. Moreover, if aj is a Cauchy
sequence of NN, there exists a subsequence bj such
that d(bj , bj+1) < 2−j for any j ∈ N. One easily
checks that bj converges to a0 ∈ NN as j tends to
infinity, where a0,k = bk,k (k ∈ N).

In this note, we first recall the construction of
Cantor’s bijection between I and I2 based on con-
tinued fractions and give, as far as we know for
the first time, a graphical representation of the two
components of this map. We then construct a home-
omorphism between I and NN to show that Can-
tor’s bijection between I and I2 is a homeomor-
phism and that any extension of this mapping to E
is necessarily discontinuous at every rational num-
ber. We also investigate the multifractal nature of
this function. It is well known that most of the “his-
torical” space filling functions are monoHölder with
Hölder exponent equal to 1/25,6; here we show that
for Cantor’s bijection, almost every point of I (with
respect to the Lebesgue measure) is associated to an
Hölder exponent which belongs to an interval con-
taining 1/2 (more precisely, this interval is bounded
by 0.35 and 0.72), while we can exhibit points with
Hölder exponents lying outside this interval. All the
obtained results strongly rely on the theory of the
continued fractions (see e.g. Ref. 7).

The results obtained here show once more that
questions easily formulated with continued fractions
(e.g. what happens if “we split a continued fraction
in two parts”) often lead to difficult problems. This
is maybe why continued fractions are closely con-
nected with fractals and chaos.8–12

2. DEFINITIONS

2.1. Continued Fractions

Let us first recall the basic facts about continued
fractions.7 Here, we state the results for E, but they
can be easily extended to the whole real line.

Let a = (aj)j∈{1,...,n} be a finite sequence of
positive real numbers (n ∈ N); the expression
[a1, . . . , an] is recursively defined as follows:

[a1] =
1
a1

and [a1, . . . , am] =
1

a1 + [a2, . . . , am]
,

for any m ∈ {2, . . . , n}. If a ∈ Nn, we say that
[a1, . . . , an] is a (simple) finite continued fraction.

Proposition 2. For any a ∈ Nn (n ∈ N),
[a1, . . . , an] belongs to D. Conversely, for any x ∈
D, there exists a natural number n and a sequence
a ∈ Nn such that x = [a1, . . . , an].

The representation of a rational number as a
continued fraction is not unique, as shown by the
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following remark; this will be used in the proof of
Proposition 10.

Remark 2. If a ∈ Nn (n ∈ N) is such that an > 1,
one has

[a1, . . . , an] = [a1, . . . , an − 1, 1].

Let us now define the notion of convergent. For
a ∈ NN and for j ∈ N ∪ {−1, 0}, let us define
recursively pj(a) and qj(a) by setting p−1(a) = 1,
q−1(a) = 0, p0(a) = 0, q0(a) = 1 and{

pj(a) = ajpj−1(a) + pj−2(a)
qj(a) = ajqj−1(a) + qj−2(a)

for j ∈ N. The quotient pj(a)/qj(a) is called the
convergent of order j of a. They are intimately
related to the continued fractions.

Proposition 3. Let a ∈ NN. For all j ∈ N, we have

pj(a)
qj(a)

= [a1, . . . , aj ]

and the sequence (pj(a)/qj(a))j∈N converges.
Furthermore, for all j ∈ N, we have

qj(a)pj−1(a) − pj(a)qj−1(a) = (−1)j .

The limit of the sequence ([a1, . . . , aj ])j∈N is
called an infinite continued fraction and is denoted
by [a1, . . .]. If the real number x ∈ E is equal to
[a1, . . .], we say that [a1, . . .] is a continued fraction
corresponding to x. The following result states that
the continued fraction is an instrument for repre-
senting the real numbers (of E).

Theorem 4. We have x ∈ I if and only if there
exists an infinite continued fraction corresponding
to x; moreover, this infinite continued fraction is
unique.

Proposition 5. If x ∈ E can be written as x =
[a1, . . . , an, rn+1], with a1, . . . , an ∈ N and rn+1 ∈
[1,∞), the following relation holds:

x =
pn(a)rn+1 + pn−1(a)
qn(a)rn+1 + qn−1(a)

,

with a = (aj)j∈{1,...,n}.

A sequence a ∈ NN is ultimately periodic of
period k ∈ N if there exists J such that aj+k = aj

for any j ≥ J . In this case, the corresponding con-
tinued fraction [a1, . . .] is also called ultimately peri-
odic of period k. The quadratic numbers (of E)

are characterized by their corresponding continued
fractions.

Theorem 6. An element of I is a quadratic number
if and only if the corresponding continued fraction
is ultimately periodic.

If a is an element of NN or Nn (n ∈ N), we will
sometimes simply write [a] instead of [a1, . . .] or
[a1, . . . , an] respectively.

Let us now give a brief introduction to the notion
of the metric theory of continued fractions. Since,
for any a ∈ NN, [a] corresponds to an irrational
number x ∈ I, one can consider, for each j ∈ N,
the term aj as a function of x: aj = aj(x). Let
us fix j ∈ N and write x = [a1, . . . , aj−1, rj ], with
rj ∈ [1,∞). It is easy to check that for any k ∈ N,
we have, if j is odd,

aj = k if and only if
1

k + 1
< rj ≤ 1

k

and, if j is even,

aj = k if and only if k ≤ rj < k + 1.

For any j ∈ N, aj is thus a piecewise constant func-
tion. Moreover, aj is non-increasing if j is odd and
non-decreasing if j is even. The functions a1 and a2

are represented in Fig. 1. Let x = [a] be an irra-
tional number; for n ∈ N, we set

In(x) = {y = [b] ∈ I : bj = aj if j ∈ {1, . . . , n}}.
We will say that In(x) is an interval of rank n. For
any n ∈ N, In(x) ⊂ In+1(x) ⊂ I and limn In(x) =
{x}. Indeed, using Proposition 5 with rn+1 = 1 and
rn+1 → ∞, one gets

In(x) =
(
pn(a)
qn(a)

,
pn(a) + pn−1(a)
qn(a) + qn−1(a)

)
∩ I,

if n is even (if n is odd, the endpoints of the interval
are reversed). Every interval of rank n is partitioned
into a denumerably infinite number of intervals of
rank n+ 1. We will denote by |In(x)| the Lebesgue
measure of In(x). One has, using Proposition 3,

|In(x)| =
1

qn(a)(qn(a) + qn−1(a))
.

2.2. Cantor’s Bijection

Cantor’s bijection (see Ref. 1) is a one-to-one map-
ping between I and I2. If x ∈ I, let [a1, . . .] be
the corresponding continued fraction and define the
applications f1 and f2 as follows:

f1(x) = [a1, a3, . . . , a2j+1, . . .] and

f2(x) = [a2, a4, . . . , a2j , . . .].
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Fig. 1 The functions x �→ a1(x) (left panel) and x �→ a2(x) if a1(x) = 1 (right panel). This illustrates the fact that I1(x) is
partitioned into a denumerably infinite number of intervals of rank 2; in this case, I2(x) ⊂ [1/2, 1] ∩ I , since a1(x) = 1 if and
only if x ∈ [1/2, 1] ∩ I .

Fig. 2 The functions f1 (left panel) and f2 (right panel).

These applications are represented in Fig. 2.
Theorem 4 implies that the application

f : I → I2 x �→ (f1(x), f2(x))

is a one-to-one mapping. If Q denotes the set of the
quadratic numbers of I, f is a one-to-one mapping
between Q to Q2. Since the cardinals of E and I are
equal, f can be extended to a one-to-one mapping
from E to E2.

One can already show that Cantor’s bijec-
tion is continuous (on I). However, we will be
more precise in the next section, using simpler
arguments.

Remark 3. For any n ∈ N and any x ∈ I, f1 maps
the interval In(x) to Im(f1(x)), where m = n/2
if n is even and m = (n + 1)/2 if n is odd.

This indeed shows that f1 is a continuous func-
tion; obviously, the same argument can be applied
to f2.

3. CONTINUITY OF CANTOR’S
BIJECTION ON I

Let x ∈ I; we write ϕ(x) = a if a ∈ NN satisfies
x = [a].

Proposition 7. The application ϕ is an homeo-
morphism between I and NN.

Proof. Let xj be a sequence on I that converges
to x0 ∈ I. The fact that ϕ(xj) converges to ϕ(x0)
is a direct consequence of Euclid’s algorithm, but it
is even simpler when one has the metric theory of
continued fractions at one’s disposal. For any n ∈ N,
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there exists J ∈ N such that j ≥ J implies xj ∈
In(x0), which is sufficient.

Now let aj be a sequence on NN that converges
to a0 ∈ NN and set xj = [aj,1, . . .], x0 = [a0,1, . . .].
For ε > 0, let n ∈ N such that

qn(a0)(qn(a0) + qn−1(a0)) >
1
ε
.

Since there exists J ∈ N such that xj ∈ In(x0)
whenever j ≥ J , one has

|x0 − xj| ≤ |In(x0)| < ε

for such indexes.

We can thus define the application [·] as follows:

[·] : NN → I a �→ ϕ−1(a).

Since (NN, d) is a separable complete metric space,
we have reobtained the following well-known result.

Corollary 8. The space I is a Polish space.

Proposition 9. Cantor’s bijection f is an homeo-
morphism between I and I2.

Proof. This is trivial since the application

ψ : NN × NN → NN (a, b) �→ c,

where

cj =

{
a(j+1)/2 if j is odd
bj/2 if j is even

is an homeomorphism.

Netto’s theorem13 guarantees that such a func-
tion f cannot be extended to a continuous function
from E to E2. The following result gives additional
information.

Proposition 10. Any extension of Cantor’s bijec-
tion to E is discontinuous at any rational
number.

Proof. Let x ∈ D; there exists k ∈ N and a ∈ Nk

with ak > 1 such that

x = [a1, . . . , ak] = [a1, . . . , ak − 1, 1].

Let b ∈ NN and set xj = [a1, . . . , ak, rj ], yj =
[a1, . . . , ak − 1, 1, rj ] with rj = j + [b]. Both the
sequences xj and yj converge to x and it is easy to
check that limj f(xj) �= limj f(yj).

The previous proposition shows that the Hölder
regularity at rational points of any extension of f to
E is equal to zero. In what follows, we will therefore
limit ourselves on the Hölder regularity of f defined
on I.

4. HÖLDER REGULARITY OF
CANTOR’S BIJECTION ON I

In this section, we give some preliminary results
about the Hölder regularity (see e.g. Ref. 14 and
references therein) of Cantor’s bijection on I. For
any x ∈ R, 
x� denotes the floor function and �x�
the ceil function: 
x� = sup{k ∈ Z : k ≤ x},
�x� = inf{k ∈ Z : x ≤ k}.

Let α ∈ [0, 1]; a continuous and bounded real
function g defined on A ⊂ R belongs to the Hölder
space Λα(x) with x ∈ A if there exists a constant
C > 0 such that

|g(x) − g(y)| ≤ C|x− y|α,
for any y ∈ A. The Hölder exponent hg(x) of g at
x is defined as follows:

hg(x) = sup{α ∈ [0, 1] : g ∈ Λα(x)}.
Following Ref. 14, the function g is said to be mul-
tifractal if there exist x, x′ ∈ A such that hg(x) �=
hg(x′). Let us mention that, if hg(x) < 1, then g is
not differentiable at x.

Let us now state our main result.

Theorem 11. Let x = [a] be an element of I and
y ∈ In(x)\In+1(x). One has

1
n

∑�n/2�
j=1 log a2j−1

1
n

∑n+3
j=1 log(aj + 1) + 1

nC1(n)
≤ log |f1(x) − f1(y)|

log |x− y|
and

log |f1(x) − f1(y)|
log |x− y|

≤
1
n

∑�n/2�+3
j=1 log(a2j−1 + 1) + 1

2nC2(n)
1
n

∑n
j=1 log aj

,

where

C1(n) =
log 2

2
+ log max

(
an+2 + 2
an+2 + 1

,
an+3 + 2
an+3 + 1

)
and

C2(n) =
log 2

2

+ log max
(
a2�n/2�+3 + 2
a2�n/2�+3 + 1

,
a2�n/2�+5 + 2
a2�n/2�+5 + 1

)
.

Proof. Let x = [a] = [a1, . . .] be an element of I
and consider

y = [a1, . . . , an, bn+1, bn+2, . . .],

with bn+1 �= an+1; for the sake of simplicity, one
can suppose that n is even. We will bound |x − y|
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and |f1(x)− f1(y)| with terms depending on a and
n only.

Since In(x) = In(y), one has |x−y| ≤ |In(x)| and

|In(x)| =
1

q2n(a)
1

1 + qn−1(a)/qn(a)
≤ 1
q2n(a)

.

Moreover, since

qn(a) = anqn−1(a) + qn−2(a) ≥ anqn−1(a)

≥ an(an−1qn−2(a) + qn−3(a))

≥ an · · · a3(a2q1(a) + q0(a))

≥ an · · · a1,

one gets

|x− y| ≤ 1
a2

1 · · · a2
n

.

The same reasoning can be applied to

f1(x) = [a1, a3, . . . , an−1, an+1, . . .]

and

f1(y) = [a1, a3, . . . , an−1, bn+1, bn+3, . . .]

to obtain

|f1(x) − f1(y)| ≤ |In/2(f1(x))| ≤ 1
a2

1a
2
3 · · · a2

n−1

.

For the lower bound of |x−y|, let us remark that
In+1(x) ∩ In+1(y) = ∅, but the distance between
In+1(x) and In+1(y) can be zero. However, for any
fixed j ∈ N, there exists a denumerably infinite
number of intervals of rank n + 1 + j in between
In+1+j(x) and In+1+j(y), i.e. there exists a denu-
merably infinite number of z ∈ I such that z′ ∈
In+1+j(z) implies x < z′ < y or y < z′ < x. If
z = [c] is such an element, one has

|x− y| ≥ |In+3(z)| ≥ 1
qn+3(c)(qn+3(c) + qn+2(c))

≥ 1
2q2n+3(c)

.

The relations

qn+3(c) = cn+3qn+2(c) + qn+1(c) ≤ (cn+3 + 1)qn+2(c)

≤ (cn+3 + 1)(cn+2qn+1(c) + qn(c))

≤ (cn+3 + 1) · · · (c1 + 1)

lead to

|In+3(z)| ≥ 1
2(c1 + 1)2 · · · (cn+3 + 1)2

.

Now let

j0 =

{
n+ 2 if x < y,

n+ 3 if y < x,

one can choose z such that cj = aj for any j ∈ N

except for the index j0 for which cj0 = aj0 + 1, so
that z > x in the case x < y and z < x in the case
y < x. Moreover, In+1(z) = In+1(x) �= In+1(y), so
that x < z < y in the case x < y and y < z < x in
the case y < x. One therefore has

|x− y| ≥ |In+3(z)|

≥ 1
2(a1 + 1)2 · · · (an+2 + 1)2(an+3 + 2)2

,

or

|x− y| ≥ |In+3(z)|

≥ 1
2(a1 + 1)2 · · · (an+2 + 2)2(an+3 + 1)2

,

depending on the value of j0. Without loss of gen-
erality, one can assume that j0 corresponds to the
largest integer in such inequalities.

Now there also exists w = [d1, . . .] such that
In/2+3(w) lies between In/2+3(f1(x)) and In/2+3

(f1(y)); moreover one can choose w such that dj =
a2j−1 for any j except for one index j0 ∈ {n/2 +
2, n/2+3}, for which dj0 = a2j0−1 +1. One thus has

|f1(x) − f1(y)|
≥ |In/2+3(w)|

≥ 1
2(a1 +1)2(a3 +1)2 · · · (an+3 +1)2(an+5 +2)2

.

Putting all these inequalities together and taking
the logarithm, one gets

−2
∑n/2

j=1 log a2j−1

−log 2 − 2
∑n+3

j=1 log(aj + 1) − 2 log
(

an+3+2
an+3+1

)

≤ log |f1(x) − f1(y)|
log |x− y|

and

log |f1(x) − f1(y)|
log |x− y|

≤

−log 2 − 2
∑n/2+3

j=1
log(a2j−1 + 1)

−2 log
(

an+5+2
an+5+1

)
−2

∑n
j=1 log aj

.

Of course, the same reasoning can be applied to
f2, leading to the same result.
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Theorem 12. Let x = [a] be an element of I and
y ∈ In(x)\In+1(x). One has

1
n

∑�n/2	
j=1 log a2j

1
n

∑n+3
j=1 log(aj + 1) + 1

nC1(n)
≤ log |f2(x) − f2(y)|

log |x− y|
and

log |f2(x) − f2(y)|
log |x− y|

≤
1
n

∑�n/2	+3
j=1 log(a2j + 1) + 1

nC2(n)
1
n

∑n
j=1 log aj

,

where C1 is defined as in Theorem 11 and

C2(n) =
log 2

2

+ log max
(
a2�n/2	+4 + 2
a2�n/2	+4 + 1

,
a2�n/2	+6 + 2
a2�n/2	+6 + 1

)
.

Let xa be any quadratic number whose continued
fraction expansion is ultimately periodic of period
one with number a: xa = [. . . , a, a, . . . , a, . . .]. The
previous results imply

lim
a→∞hf1(xa) = lim

a→∞hf2(xa) =
1
2
.

To obtain a generic result about the regularity
of Cantor’s bijection, we need a direct consequence
of the ergodic theorem on continued fractions.15

We say that a property P concerning sequences
of NN holds almost everywhere if for almost every
x ∈ I (with respect to the Lebesgue measure), the
sequence a ∈ NN such that x = [a] satisfies P . The
following result can be obtained from the main the-
orem of Ref. 16.

Theorem 13. For any k ∈ N ∪ {0}, almost every
sequence a ∈ NN satisfies

1
n

n∑
j=1

log(aj + k),
1
n

n∑
j=1

log(a2j + k),

× 1
n

n∑
j=1

log(a2j−1 + k) → logKk,

as n goes to infinity, where Kk is defined by:

Kk =
∞∏

j=1

(
1 +

1
j(j + 2)

)log(j+k)/ log 2

.

The seminal result 1
n

∑n
j=1 log aj → logK0 was

proven in Ref. 7; K0 is called the Khintchine’s

constant. Here, we will be interested in the values

logK0 ≈ 0.987849056 · · · and
logK1 ≈ 1.409785988 · · · .

Using Theorems 11, 12 and 13 as n goes to infin-
ity (or equivalently as y tends to x), we get the
following result.

Corollary 14. For almost every x ∈ I, one has

hf1(x), hf2(x) ∈
[

logK0

2 logK1
,

logK1

2 logK0

]
.

Remark 4. The insiders of ergodic theory will cer-
tainly recognize the Birkhoff theorem (with the
Gauss transformation, which preserves the Gauss
measure and which is ergodic for this measure)
behind some arguments to prove Corollary 14.

Thanks to Theorem 11 (and Theorem 12), we
can exactly determine the Hölder exponent of f1

(and of f2) at some points of I. For example, let
a(1),a(2),a(3) ∈ NN be the sequences defined by

a
(1)
j =

{
kj if j is even
1 if j is odd , a

(2)
j = kj and

a
(3)
j =

{
1 if j is even
kj if j is odd

for any j ∈ N, with k > 1. Using Theorem 11, it is
easy to check that

hf1([a
(1)]) = 0, hf1([a

(2)]) =
1
2

and

hf1([a
(3)]) = 1.

We then obtain the following corollary.

Corollary 15. The functions f1 and f2 are multi-
fractal.

Under some conditions, it is possible to improve
Corollary 14 thanks to a refinement of the bounds
of Theorems 11 and 12. Taking the notations and
conventions of the proof of Theorem 11, we have

2 log(qn/2(a′))
log(2) + 2 log(qn+3(c))

≤ log |f1(x) − f1(y)|
log |x− y|

≤ log(2) + 2 log(qn/2+3(d))
2 log(qn(a))

,

(1)

where a′ = (a2j−1)j∈N. In order to estimate the
Hölder exponent of f1 at x, it only remains to
take the limit as n tends to infinity in the previ-
ous inequalities.

On one hand, we have the following result.17,18
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Theorem 16. For almost every sequence b ∈ NN,
we have

lim
n→+∞

1
n

log(qn(b)) =
π2

12 log(2)
.

The real number π2/(12 log(2)) is known as the
Lévy’s constant. On the other hand, we have

lim
n→+∞

1
n+ 3

log(qn+3(c)) = lim
n→+∞

1
n

log(qn(a))

(2)

and similarly, we also have

lim
n→+∞

1
n
2 + 3

log(qn/2+3(d))

= lim
n→+∞

2
n

log(qn/2(a
′)) (3)

(if all these limits exist). It only remains to compare
Expressions (2) and (3), which is not evident. In
any case, from Inequality (1) and from the above,
we have the following proposition.

Proposition 17. Let x = [a] be an element of I
and let a′ := (a2j−1)j∈N. If we assume that

lim
n→+∞

1
n

log(qn(a)) = lim
n→+∞

1
n

log(qn(a′))

=
π2

12 log(2)
, (4)

then we have

hf1(x) =
1
2
.

There is of course a similar result for f2. With
Theorem 16, we can hope for equality (4) to be
satisfied for almost every sequence a ∈ NN. The
following conjecture is thus natural.

Conjecture 18. For almost every x ∈ [0, 1], we
have

hf1(x) = hf2(x) =
1
2
.

Finally, the question of what is yielded by the
multifractal formalism is also natural and could
help to conjecture about the true multifractal spec-
trum. Let us first recall some definitions; for more
details, the reader is referred to e.g. Refs. 5 and
14. For functions such as the one studied above,
considering global information about the regularity
can be enlightening. To do so, one introduces the
multifractal spectrum d of a function f as follows:

d :h �→ dimH{x : hf (x) = h},

Fig. 3 A computation of the multifractal spectrum associ-
ated to f1 (the spectrum associated to f2 is identical).

where dimH denotes the Hausdorff dimension.19 In
some way, d(h) gives the size of the set of points
sharing the same Hölder exponent h (the Hölder
space Λα(x) can be defined for α ≥ 1). However, it
is often difficult to directly determine or compute
such a spectrum starting from a general function f .
This is why several methods, called multifractal
formalisms, have been proposed. The so numeri-
cally obtained function does not necessarily corre-
spond to the original spectrum; nevertheless, it can
be shown that it leads to the expected result in
numerous cases (e.g. for self-similar functions). Here
we have applied two multifractal formalisms to Can-
tor’s bijection: the wavelet leaders method and the
leaders profile method (this last one is described
in Ref. 20). Both lead to what is shown in Fig. 3,
the result being the same whether f1 or f2 is con-
sidered. As expected, the maximum is reached for
h = 1/2. One can see that for the largest val-
ues of h, the spectrum seems to be linear. Val-
ues greater than 1 reveal the existence of points
at which the function is differentiable (on I). How-
ever, the numerical results obtained here only indi-
cate that there could exist one small set of points
(associated to a Hölder exponent close to 1.85) at
which the function is differentiable. In such a case,
the multifractal formalisms will display a linear
behavior.
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