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The Idea...

e Let X, Y be two topological vector spaces (tvs)
e X 2 Y 7 Finding an isomorphism...
o X 2Y 17?7

Topological invariant
It is a map 7 on the class of tvs (or a subclass of the class of tvs)
such that

X=2Y = 7(X)=1(Y)

or
T(X)#71(Y) = X2Y.
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Topological invariants

Another notion
A topological invariant 7 is complete if

X=2Y = 7(X)=7(Y)

Diametral Dimension
o The diametral dimension is a topological invariant (on the
class of tvs)
e Interest : determining the diametral dimension of S” spaces

o Every S¥ (not pseudoconvex) has the same diametral
dimension !
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Kolmogorov's diameters

Let E be a vector space and U,V C E be such that U C uV for a

p>0.
Notation : L£,(E) = vector subspaces of E with a dimension < n.

Definition
The nth Kolmogorov's diameter of U in respect with V is

52(U, V) = inf{d > 0: 3F € L,(E) such that U C §V + F}.
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® 6”(U7 V) > 5n+1(U7 V)
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Some properties !
Lemmas
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e 0<6,(U, V)< 1
e Uy C Uand V C WV, then, 6,(Us, Vo) < dn(U, V)
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Kolmogorov's diameters

Some properties !
Lemmas

o 5,(U, V) > bpi2(U, V)
0<d6,(U,V)<p
Up C U and V C V, then, 6,(Uo, Vo) < d,(U, V)
dmE < o0 = §,(U,V)=0if n>dimE
T:E — Flinear = 0,(T(U), T(V)) <dn(U, V)

e T :E — F isomorphism of vector spaces
= 0p(T(U), T(V)) = 6(U, V)
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The definition

Let E be a topological vector space and V(E) be a basis of
0-neighbourhood in E.

Definition
The diametral dimension of E is the set

A(E) = {5 e CYo : vV € V(E)3U € V(E) such that U C V
(&ada(U, V)) = 0}

and lim
n—oo

Remark : the definition does not depend on the choice of the basis.
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If T:E — F is linear, continuous and open, then A(E) C A(F).
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If T:E — F is linear, continuous and open, then A(E) C A(F).
Corollaries

e A (HaeA ECV) C naEA A(Ea)
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Diametral Dimension

Proposition
If T:E — F is linear, continuous and open, then A(E) C A(F).

Corollaries

e A (HaeA ECV) C ﬂaEA A(Ea)
o A(E) C A(E/F)

Theorem
The diametral dimension is a topological invariant on the class of

topological vector spaces.
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e If E is a normed space and if dim E = oo, then A(E) = ¢
(precompact/totally bounded sets, Riesz's theorem)



Diametral Dimension

[e]e]e] le}

Diametral Dimension

Some properties/examples
o dmE < 400 = A(E)=CN
e A(E)Dcy:= {f e CNo: limpoo &p = 0}

e If E is a normed space and if dim E = oo, then A(E) = ¢
(precompact/totally bounded sets, Riesz's theorem)

Warning !

Diametral dimension is not complete !
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Remark

Where is the diametral dimension complete 7
e The class of power series spaces

e Dragilev’s class
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Admissible spaces

Notation
lso = space of bounded sequences with the norm

1€ll1e = sUPneng [€nl-
Definition
A Banach space (/, ||.||;) of complex sequences is admissible if

o V€€ I, n€l,m& € land |Ingll < €]l lInll)
® & = (5k,n)n€No €/ and HekH/ =1

Examples

o h:={£eCNo:3 I€n] < oo} with the norm

||£H/1 = ZneN ‘£n|
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Admissible spaces

Notation
lo = space of bounded sequences with the norm

1€ll1ee = SUPpen [€nl-

Definition
A Banach space (/,]|.]|;) of complex sequences is admissible if

o V€€ o, nel,mg el and n€ll < Il lInlls
o e = (0k,n)nen € 1 and |lex =1

Examples

o ,i={¢¢c CNo . > nen 1€n]P < 0o} with the norm

”lep = (ZnEN ‘fn’p)l/p ifp>1
* (los lI-ll1se) and (co, [I-1l10)
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Kothe sets and Kéthe spaces

Definition
A C CNo is a Kéthe set if
e Yae A neNy, a, >0,
e Vn € Ny, da € A such that o, > 0,
o Yo, B € A, Iy € A such that sup{ap, B} < 7

Definition
Kéthe sequence space :

M) ={ceC vaecAatel}

with the topology defined by the semi-norms p!, : & — |lag]|;.
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Kothe spaces

Remark
M(A) is a Hausdorff complete locally convex space ; it is a Fréchet

space when A is countable

Examples/applications

o If O={(e™"* )nen, : k € N}, then O(D(0,1)) = \1(0)
o If O/ = {(€™)ner, : k € No}, then O(C) = /\’1(

The idea : Taylor's development f(z) = Z+OO f
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A particular case
MN(A) is regular if
e Vk,n € Ny, ax(n) >0
e Vk,n € Ny, ax(n) < aky1(n),

e Vk € Ny, the sequence (ak(n)
ak+1(n)

> is decreasing.
neNp
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A particular case
MN(A) is regular if
e Vk,n € Ny, ax(n) >0
e Vk,n € Ny, ax(n) < aky1(n),

e Vk € Ny, the sequence ( a(n) > is decreasing.
ak+1(n) nGNo

Then...

Theorem
AN(A) =

{g e CNo - vk € N3m e N such that ( 2() §n> c co}
neNg

a1 m(n)
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Kothe spaces

Corollaries
After some developments,

o A(O(D(0,1))) = Nyen £€ € T : (Ene™ ) nemy € lo}
o A(O(C)) = Ugen, {6 € T« (¢ne™ ), € o}

So (e")nen, € A(O(C)) \ A(O(D(0,1)))

— 0(D(0,1)) 2 O(C)!



Introduction
[o]e]

Diametral Dimension
000

00000

0000000

[ 1]

e]e]

Introduction

Diametral Dimension

In functionnal Analysis

Bibliography

Bibliography



Introduction
[o]e]

Diametral Dimension
000

00000

0000000

oe

Bibliography
[e]e]

Schwartz and nuclear spaces

Let E be a locally convex space.
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Schwartz and nuclear spaces
Let E be a locally convex space.

Theorem
TFAE :

e E is Schwartz
* o C A(E)
e ¢ CA(E)

Theorem
TFAE :

e E is nuclear
° Vp >0, ((n+1)P),en, € A(E)

e Jp > 0 such that ((n+ 1)P) € A(E)

neNp

Bibliography
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5% spaces and Diametral Dimension

It can be shown that
A(S) = {66@”1 lim (&(n+1)7%) =0Vs > 0}

= {fe(CNO : (fn(n+1)_1/m):0Vm€No}

[im
n—-+oo

Corollaries

¢ | C A(SY) = SV spaces are Schwartz
e ((n+1)?), ¢ A(S”) = S” spaces are not nuclear

Question : are S” spaces isomorphic ?
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