A class of valid inequalities for multilinear 0-1
optimization problems

Yves Cram&® and Elisabeth Rodlyuez-Heck?

QuantOM, HEC Management School, University okge,
Belgium

May 9, 2016

Abstract

This paper investigates the polytope associated with the classical stan-
dard linearization technique for the unconstrained optimization of multilin-
ear polynomials in 0-1 variables. A new class of valid inequalities, called
2-links, is introduced to strengthen the LP relaxation of the standard lin-
earization. The addition of the 2-links to the standard linearization inequal-
ities provides a complete description of the convex hull of integer solutions
for the case of functions consisting of at most two nonlinear monomials.
For the general case, various computational experiments show that the 2-
links improve both the standard linearization bound and the computational
performance of exact branch & cut methods. The improvements are espe
cially significant for a class of instances inspired from the image restoration
problem in computer vision. The magnitude of thifeet is rather surprising
in that the 2-links are in relatively small number (quadratic in the number of
terms of the objective function).
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1 Introduction

We consider the problem of optimizing multilinear polynatsidefined on binary
variables, with no additional constraints. More precisebnsidem binary vari-
ablesx;, i € [n] = {1,...,n}. Let 2" be the set of subsets of indices if,[and
denote byas a real value associated with eve3ye [n]. When|S| = 1, we writeg
instead ofa;, for simplicity. LetS ¢ 21" be the set of subse&such thatg # 0
and|S| > 2. Then, the multilinear polynomial expression

f(Xl,...,Xn):Zasl_[Xi+ZaiXi (1)

SeS  ieS ien]

defines gpseudo-Boolean functipthat is, a mappingd : {0, 1}" — R that assigns
areal value to each tuple nbinary variablesX;, . . ., x,). Conversely, it is known
that every pseudo-Boolean functibrcan be represented uniquely by a multilinear
polynomial of the form[(1L) (see [22, 23,111]).

We are interested in optimizing functions of the form (1) o{@ 1}". This
problem is known to bev#-hard, even when the objective function is quadratic
(in which case it equivalent with max-cut; s€el[13]). Moraeelly, multilinear
binary optimization belongs to the field of pseudo-Booleatinogation, which
has been extensively studied during the last century anecesdly in the last 50
years, given its applicability to a wide range of areas siughediability theory,
computer science, statistics, economics, finance, opestiesearch, manage-
ment science, discrete mathematics, or computer visi@[8end [11] for a list
of applications and references).

Several approaches have been proposed to solve the naatilmnary opti-
mization problem, such as reductions to the linear or to tredrptic case, alge-
braic methods, enumerative methods like branch-and-banddts variants, or
cutting-plane methods (see, for example, surveysl[5,/824.225]). The icacy
of these techniques strongly depends on the structure pirtidem, and it is un-
clear whether one approach is generally better than thesotte this paper we
focus on linearization, an approach that attempts to dravefitefrom the exten-
sive literature on integer linear programming. Howeveredirization techniques
present two important drawbacks: they introduce many exidit variables and
constraints, and the resulting continuous relaxation liysleads to weak bounds.
Our objective is to palliate the latter drawback by introdgcnew inequalities
that tighten the formulation of the linearized problem.

The standard linearizatioris a classical linearization procedure which con-
sists in substituting each nonlinear mononii§iLs X, by a new variableys, and
imposingys = []ics X as a constraint for atb € S. We denote byXs, the set of



binary points satisfying these constraints, that is,

Xs1={(xy) € {0, 1" |ys = [ [ x, ¥S e S), )
ieS

and we denote its convex hull B3 :
PsL = con(Xsy). (3)

Then, the problem of optimizin@|(1) is equivalent to the #inprogramming prob-
lem

min Li(xy) = > asys+ ) ax. (4)
(xy)<Ps, SeS ie[n]
In order to obtain a 0-1 linear programming formulation of ptoblem, the poly-
nomial equationys = []ics X can be expressed using the following constraints, to
be calledstandard linearization inequalitieis the sequel:

ys < X, VieS (5)

ys = > % —(ISI-1), (6)
i€S

ys >0 (7)

More precisely, whelx; is binary for alli € S, the feasible solutions of the con-
straints[(5)-£(7) are exactly the solutions of the polyndméuationys = []ics ;.
(The integrality requirement does not need to be explisitited forys: when the
original variablesx; are binary, thernys automatically takes a binary value too.)
So, if we define thestandard linearization polytopassociated with as

PsL={(xy) € [0,1]""| B), (6), VS € S}, (8)

thenPs is a valid formulation ofXs in the sense thaXs, is exactly the set of
binary points inPs .

The standard linearization was proposed by several authdependently
([18, [19,[32,733]), in a slightly dierent form from [(5)-£(7) and with integral-
ity constraints on the variables;. The initial formulation was later improved
by Glover and Woolsey, in a first contribution by adding fewenstraints and
variables in the reformulation [20], and in a second countrdn by introducing
continuous auxiliary variables rather than integer oné% [2

When f contains a single nonlinear monomi&k is equal toPg, (see Sec-
tion[2). However, for the general case whemrontains an arbitrary number of
nonlinear monomials, finding a concise perfect formulatwdrPg, is probably
hopeless (unlesB = NP). Recent work concerning polyhedral descriptions of
the standard linearization polytope can be foundin [7] %5, 1
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In this paper, we introduce a new class of valid inequalioesPs , that we
call 2-links

Our main contribution is that, wheh contains exactly two nonlinear mono-
mials, a complete formulation &% is obtained by adding the 2-link inequalities
to the standard linearization constraintsRaf,. We also establish that the 2-links
are facet-defining wherfi consists of nested monomials, that is, of a chain of
monomials contained in each other. Furthermore, we prosasheputational ex-
periments showing that for various classes of multilinedypomials, adding the
2-links to the standard formulatidPs provides significant improvements in the
quality of the bounds of the linear relaxations and on thdgperance of exact
resolution methods.

The rest of the paper is structured as follows. Sedtion 2 &tignintroduces
the 2-links. Section]3 establishes their strength for thee @ nested monomi-
als, and derives some related properties of the standararization inequalities.
Sectior 4 presents our main result for the case of two naadim®@nomials. Sec-
tion[5 describes our computational experiments. Finaltgt®n 6 proposes some
conclusions and sketches further research questions.

2 Definition and validity of 2-link inequalities

This section formally introduces the 2-links and estal@gshome of their proper-
ties. Letf be the function on variables, i € [n], represented by the multilinear
polynomial [1) withag # O for all S € S. Let the seiXs,, its convex hullPg , and
its standard linearization polytop®; | be defined as in Section 1. Note thé&f,,
Ps. andPg actually depend ori, or more precisely on the set of monomials
However we do not indicate this dependence in the notatiosifoplicity.

As in [9], we say that a polytopP (and by extension, any system of linear
inequalities definingP) is a perfect formulationof a setX if P is exactly the
convex hull ofX.

Remark 1. WhenS contains a single nonlinear monomial S, the inequalifigs (5
(7) and the bound constrain€< x; < 1 (i € [n]) provide a perfect formulation of
XsL. That is, PSL: Ps..

This remark appears to be part of the folklore of the field aflm@ar binary
optimization. It can be easily derived by direct argumeaty] it also follows
from related results, e.g., by McCormick [30] and by Al-Khalgnd Falk[[2] for
the quadratic case, by Crama|[10] and by Ryoo and Sahinidif¢81fe general
case of degree higher than two (see also [29]).

However,Ps provides a very weak relaxation 8, whenf contains an ar-
bitrary number of nonlinear monomials. We now provide iragigs that tighten
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this continuous relaxation.

Definition 1. Consider two monomials indexed by subsefs € S and consider
variablesys, yt such thatys = []ics X, y1 = [lier X. The2-link associated with
(S,T) is the linear inequality

ys<yr- ). % +[T\S|. (9)

i€T\S

Proposition 1. Validity of the 2-links. For any ST € S, the 2-link inequality
(9) is valid for P,.

Proof. It suffices to show thaf {9) is satisfied by all poinisy) in Xs,. This is
trivial whenys < yr. When §s,yr) = (1,0), the monomial ;.5 X takes value
one and the monomidl],.t X takes value zero, which implies that a variable in
T\S must be zero. It follows again thatl (9) is satisfied. O

Note that the 2-link inequalities are valid whighn T| < 2, but in that case
they do not strengthen the relaxationRy¥,. Indeed, whers N T = 0, then [9)
can be derived by simply adding the standard linearizatiequalities/s < 1 and
Sier X — (T =1) < yr. Also, when|SNT| =1,say,SNT = {k}, then [9) is
obtained by adding ups < xcand .t X — (|T| - 1) < yr.

3 Nested nonlinear monomials

In order to illustrate the strength of 2-link inequalitiege next establish a re-
sult (Proposition 2 hereunder) concerning multilinearctions with a particular
structure, namely, those for which the nonlinear monomaaésnested. We al-
ready note that Proposition 2 has been independently foyrfeideher, Fischer
and McCormick[[16] in the more general framework of polyndrfu&actions op-
timized over a matroid polytope; we will return to this retkat the end of the
section.

Observe that the 2-link inequality associated w8Lil() takes the fornys < y+
whenT C S.

Proposition 2. Nested monomialsConsider a function
()= asm [ [+ ax
ke[l] ies® ies®

defined on | monomials such that’sc S@ c ... ¢ SO, where|SW| > 2 and

SO = [n] without loss of generality. Let**'be the convex hull of the integer



points of the standard linearization polytope associatetth\ii Then, the 2-links

ysw Syswn— Y % +[SEI\SW, (10)
ieskrD\S®

Ysked < Ysi, (11)

fork=1,...,1 - 1, are facet-defining for E°*.

Proof. Let X = (x4, ..., X)), let u; be then-dimensional unit vector witf" com-
ponent equal to one, lgt = (ysw,...,ysn), and letv; be thel-dimensional unit
vector with thej" component equal to one.

Observe first thay"*is full-dimensional; indeed, thepoints &, y) = (u;, 0),
Vi € [n], thel points ,y) = (Xicsw Ui, 2j<k vj), YK € [l], and the point (00) are
in P5°%'and are inely independent.

Let F be the face oP]** represented by (10F; = {(x.y) € P ysw =
Ysien — Yieswemsw X + [SE\SW]} for a fixedk < I. To prove thatF is a
facet, we will show thaF is contained in a unique hyperplane and ttims(F) =
dim(P57°%) — 1, sincePg[**is full-dimensional. Consideb(X,y) = Yicqy bix +
Ykep) Pswysw and assume thdt is contained in the hyperplargx, y) = by. We
will see that this is only possible H(X, y) = by is a multiple of

ysw =ysen — > % +[SEI\SW), (12)
ieske\ S0

1. The point & y) = (Zieswnsw Ui, 0) is in F. Assuming thatX, y) satisfies
b(X, y) = bo, we have thaEieS(k+1)\s(k) b = bO-

2. Fix an indexj € S®, and considerx,y) = (Uj + Yicskenysw Ui, 0) € F.
Assuming thatX, y) satisfied(x, y) = by, we havebj + Xicswn\sw b = bo,
which implies, together with the previous condition, that 0,Vj € S®.

3. Ifk+1 <, fixanindexj € SM\S&D and considen( y) = (Xicswn sw Ui+
uj,0) € F. Assuming thatX, y) satisfiesb(x,y) = by, we have thab; +
Yieskenyst b = b, which implies together with the first condition tHgt=
0,Vj e SO\SkD),

4. We next show thabs) = O for j < k. Assume first thaj = 1 < k and
let (X, y) = (Ziestemsw Ui + Ziesw Ui, v1) € F. Assuming thatX, y) satisfies
b(X, y) = by, we have thatziesm bi + Zies(kﬂ)\s(k) b + bsw = by, which
implies, together with the previous conditions, that) = 0. Repeating this
procedure forj = 2,...,k— 1 (in this order), we obtain thdi; = O for all
] <k



5. Fixaj € S&\S®, and takeX, y) = (Dicswnj Ui, i<k vi) € F. Assuming
that (x,y) satisfiesb(x,y) = b, we have}icswn s b + Xigbso = b,
which implies, together with the previous conditions angeaing forj €
S+ SK) thatb; = bsw, for all j € Sk+\SK),

6. ConsiderX y) = (Zicskn Ui, X<k i) € F. Assuming thatX, y) satisfies
b(x,y) = by, we obtain that sy b + Xicki1bso = bo, which implies,
together with the previous conditions, thgty + bgw = 0.

7. Consider subs&**?, and take X, y) = (Jicswa Ui, X j<ks2vj) € F. Assum-
ing that , y) satisfiesb(x,y) = by, and using the previous conditions we
have thatosx:2 = 0. Repeating this reasoning fpr= k + 3,...1 (in this
order), we obtairsy = 0, forall j > k+ 1.

Putting together the previous conditions, we have bifaty) = by takes the form
Bsw Diestemsw Xi +Bswysw — Dswysw = IS\ S| bgw, which is a multiple of
equation[(1R) as required.
In a similar way, it can be proved that the face represente Byis a facet.
O

Remark 2. The 2-link inequalities are only facet-defining for conge@mono-
mials in the nested sequence. In fact, the 2-links corredipgrto non-consecutive
monomials are implied by the 2-links associated with consezmonomials.

The following remarks can be proved using similar argumestshose pre-
sented in the proof of Propositidh 2. They imply, in partazruthat the standard

*,nest

linearization inequalities {5)=(7) are not always facetiting for Pg|~".

Remark 3. The lower bounding inequalit < yso is facet-defining for g!°

However, the inequalitie8 < ysw, k= 1,...,1 — 1 are redundant, since they are
implied by0 < ys«y and byyswen < ysw.

Remark 4. The standard linearization inequalitysny > Yicsw X — (S| — 1)
is facet-defining for B°*. Howeverysw > Yiesw X — (IS®| - 1), k = 2,...,1

are redundant, since they are implied By > Yicswn X — (1S®Y| - 1) and
Ystn < ysw — Vieststen Xi + [SO\SED),
Remark 5. The standard linearization inequalitiegw < x;, i € SW\SK are
facet-defining for B**'for all k = 1,...,l, where S” = 0. Howeverysy < X;,
i € S&D are redundant, since they are implied byt < x, i € S&Y and
Ysk < Ysk-1).

The results by Fischer et al. [16] actually imply that inddies (10), [11),

together with the facet-defining inequalities of Remarks]and[5 , define the
convex hullPg[**'for the nested case.
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4 The case of two nonlinear monomials

In this section, we present some results for the specialaasenultilinear func-
tion f(X) = as [lies X + ar [lier X + Xiey &% containing exactly two nonlinear
monomials indexed b$ andT. Our first result states that the 2-links associated
with S andT are facet-defining foPg , whenevelS N T| > 2. As observed in
Sectiori 2, the 2-links are valid but redundant/®nT| < 2. Our second and main
result is a theorem stating that the 2-links, together withstandard linearization
inequalities, provide a complete descriptionRy,. Throughout this section we
assume tha® U T = [n] for simplicity. The results provided can be easily ex-
tended to the more general c&e T C [n], since the variables im[\(SUT) do
not complicate the description of the convex hull. Alsogcsiithe case of nested
monomials has been covered in the previous section, we asthats ¢ T and
T¢S.

Remark 6. The standard linearization inequalities] (5),] (6) arid (7 dacet-
defining for the case of a function f containing exactly twolime@ar monomials
defined by subsets S and T suchthgg $and T¢ S.

This remark can be proved using similar arguments as in thef @f Propo-
sition[2; it is valid for|]S N T| > 0.

Proposition 3. The 2-links

ys<yr- ). % +[T\S| (13)
ieT\S

yr<ys— ) X +IS\T|, (14)
ieS\T

are facet-defining for B, the convex hull of the integer points of the standard lin-
earization polytope associated with a function f contairemgctly two nonlinear
monomials defined by subsets S and T such®atT| > 2.

Proof. Let X = (X4,...,X,), let u; denote then-dimensional unit vector with"
component equal to one, Igt= (ys,yt), and letvs = (1,0), vt = (0, 1), respec-
tively. Since Propositiohl2 covers the case of nested maalsimve assume that
S ¢ TandT ¢ S. We will prove that[(1B) is facet-defining (the proof for [1d)
analogous).

Observe thaPy, is full-dimensional (i.e., of dimensiom+ 2), given that then
points (i, 0), Vi € [n], the two points ;.5 Ui, vs) and it Ui, vr), and the point
(0,0) are contained ifPg, and are flinely independent.

Now, letF be the face oPg, represented by (13F; = {(X,y) € P, | ys =
yr — Yienys % + [T\SI}. Letb(X, y) = Xiciy biXi + bsys + bryr and assume thd
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is contained in the hyperplamgx, y) = by. We will use the same technique as for
Proposition 2 to see th&t is a facet.

1. ConsiderX, y) = (Ziet\s Ui, 0) € F. Assuming thatX, y) satisfied(x, y) =
bo, we obtain thad’ s by = bo.

2. Fixanindexj € S and considerx, y) = (Zicr\s U + Uj, 0) € F. Assuming
that (x, y) satisfied(x, y) = by and using the previous condition we deduce
thatb; = Oforall j € S.

3. Fix anindexj € T\S. Consider K, y) = (Zicisum)\(j) Y- vs) € F. Assuming
that (x, y) satisfiesb(x,y) = bp we obtain}is ) bi + bs = bo, which,
together with the previous conditions, implies= bs for all j € T\S.

4. Consider X, y) = (Ziesut Uisvs + v1) € F. Assuming that X, y) satisfies
b(x, y) = by, and together with the previous conditions, we obtgir- —br.

Putting together the previous conditions, we have bifaty) = by takes the form
bsys — bsyr + bs Yicr\s X = bs[T\S|. O

Propositiori B establishes that the 2-links are strong vadéidualities forPy, .
We will see that, in addition, when we add the 2-link$tq, we obtain a complete
description ofPg, . For this, let

P2inks — Ps | N {(X, ys, y7) € R™2 | (I3), (14) are satisfied

It is easy to see that the bound constrayys< 1, yr < 1 andx > 0, Vi € [n]
are implied by the standard linearization inequalities gB)l by the remaining
bound constraints. We keep them in the descriptioPZfs for simplicity of
exposition. Note that folS N T| < 2, we have thaP2"s = Pg,, since the 2-links
are redundant.

Theorem 1. P, = P2"swhen the function f contains two nonlinear monomials.

For disjoint monomials, this can be derived directly from Rekil. For the
general case, the proof relies on a classical result by Bigd]( see alsd [9] for
the bounded case) aimed at modeling the convex hull of thenuwfiq polytopes
P!, ..., P9 C R™such that, fok € [q], PXis described by the inequalities

Alx < b,

0<x<d (15)

The unionUyq P* can be modeled by introducingbinary variableg®, indicating
whether a poink is in thek" polytope, andy vectors of variableg® € R™. Then,
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a pointx € R™belongs tauyq P« if and only if there exisk, ..., x4 andz, ..., A

such that
Z X< = x (16)

ke[d]

AN < B, kelq] (17)
0<x¢<dZ kelq (18)
Z =1 (19)
ke[q]

Ze{0,1), kelq. (20)

Let Q be the set of pointsx( X%, ..., xd,7, ..., 2 satisfying (16)+(20). Balas’
result states that this disjunctive model is perfect:

Proposition 4. [3} 4,/9] The convex hull of solutions tio (16)—={20), that isng Q),
is described by inequalities (16)=(19) arfdez[0, 1] for k € [q].

For any seWW c R™ (defined on variablesx(w) € R™"), let Proj,(W) be the
projection ofW on the space of thevariables. With these notations we can write
the union of the polytopes asqP* = Projx(Q) and, by commutativity of the
operatorsorv andPro j,, we have that

CONM(Uyerq P¥) = Projx(con(Q)). (21)

So, Propositionl4 provides a perfect extended formulatfarpo(Uyeq P¥).
We are now ready for a proof of Theoréin 1.

Proof. We will show that all vertices oP2s are integer and therefor@2inks
is a perfect formulation oP, (i.e., P2ks = Py ). Consider the following set
of inequalities, where (22)=(23) result from the standawddrization ofyst =
[Ticsnt X, (24)—(26) result from the standard linearizatioryef= ysnt [Tics\ Xi»
and [27)-(20) result from the standard linearizatiog0f ysat [Tier\s X -

Ysnt = X, YVieSNT, (22)
ysor = Y. %= (SNTI-1), (23)
ieSNT
Ys < YsnT, (24)
Yys < X, Vie S\T, (25)
ys = D X +ysar —IS\T|, (26)
ieS\T
Y1 < YsnT, (27)
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yr < %, VieT\S, (28)

yr = Z X + ysat — T\S|, (29)
ieT\S

O<ys<1, (30)

O<yr<i, (31)

O<ysr <1, (32)

0<x <1, VieSUT. (33)

Let P denote the polytope

P = {(X, ys, y7.ysnt) € R™? | (22) - (33) are satisfied

and letP° (respectively,P!) denote the faces d? defined by fixingys.r = 0
(respectivelyys~r = 1) in (22)-{33). SoP? is described by the constraints

Z % —(SNT|-1)<0

ieSNT
ySmT:ys:yT=0
0<x <1, YieSUT

andP! is described by

D x—(S\TI-1) <ys

ieS\T
D x—(T\SI-1)<yr

ieT\S

Ys < X, Yie S\T
yr < X, YieT\S
O<ys<1

O<yr<1

Ysat = X =1, YieSNT
0<x <1, Yi e (S\T) U (T\S)}.

Observe thaP? is an integer polytope because it is defined by a (totally odim
ular) cardinality constraint. Polytope! is also integer, because it is defined by
the standard linearization constraints correspondingdomonomials on disjoint
sets of variables, namely]ics\t X and[]icr\s X; hence we can use the fact that
Ps| is a perfect formulation for a single nonlinear monomial.
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As a consequencepry(P° U PY) also is an integral polytope. Our objective
is now to describe this polytope and, namely, to show ¢oat(P° U P!) = P. In
view of Proposition 4, a point( ys, y1, ysnt) belongs tacory(P°U PY) if and only
if there exist®, Xt € R" (i € SUT) andy?, 3, v2, y3, 2 7, ya~1, 2, 2t € R such
that

Xio+xil:Xi’ YieSUT, (34)
yS +ys = us, (35)
Yy +y1 =y, (36)
Yoot + YsnT = Ysn, (37)
> R<(snTI-1)2, (38)
ieSNT

yng =0, (39)
ys =0, (40)
Y7 =0, (41)
X < 2, VieSUT, (42)
0< X, VieSUT, (43)
DXk < (S\TI-1)Z, (44)
ieS\T

DXyt <(T\SI-1)Z, (45)
i€T\S

ys < X, Vi e S\T, (46)
<, VieT\S, (47)
yémT =4, (48)
ys <7, (49)
0<ys, (50)
yr < 24, (51)
0<uyt, (52)
Xt =2, VieSNT, (53)
xt < 7, Vi e (S\T) U (T\S) (54)
0<x, Vie (S\T)U (T\S) (55)
2+ =1, (56)
<1, (57)
0<?, (58)
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<1,
0<Z.

(59)
(60)

Let W denote the polytope defined by constraints (84)-(60). We explicitly
calculate the projectioRro jix s ,r.4s.m) (W) = conv(P° U P1).
First, we simplify constraint$ (34)-(60) using the follawjiobservations:

e Substituting[(4D) in[(35) we obtaift = ys.
Substituting[(41L) in[(36) we obtait = yr.

Substituting [(3P) in[(37) we obtai; = ys,t, which in turn givesz' =
ysnt Using [48).

UsingZz! = ys4t in (B6) we have that® = 1 — ygqr.

Substituting [(5B) in[(34) for € SN T and usingZ* = yst, We have that
Xl-OZXi—ySmT,Vi eSNT.

e Finally, (34) also gives that' = x, — X, Vi € (S\T) U (T\S).
Applying these substitutions tb {34)—(60), we obtain

D %= (SNTI-1) < ysar, (61)
ieSNT
Yysot < X, VieSnT, (62
Ys S YsnT, (63)
Yt < YsnTs (64)
X <1, VieSNnT, (65)
0 < ys, (66)
0 <y, (67)
O0<ys~t <1, (68)
D ox= DX <ys +ysor (IS\TI - 1), (69)
ieS\T ieS\T

D %= >0 X <yr+ysar (T\SI - 1), (70)
i€T\S i€T\S
ys < % — X0, VieS\T, (71)
yr <% - X, VieT\S, (72
) Vie (S\T)U(T\S),  (73)
X — X0 < ysnr, Vie(S\T)U(T\S), (74)
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X < x, Vie (S\T)U(T\S), (75)
0<%, Vie (S\T)U(T\S).  (76)

We will now use the Fourier-Motzkin elimination method tajact out all vari-
ablesx® from (61)—{76), fori € (S\T) U (T\S), so as to obtain a description of
conp(P° U PY) in the space of variablesi(ys, yr, ysnt).

Notice that constraints (61)—(68) will not play any role e tprojection, since
they do not involve the variable§.

Proceeding by induction on the number of eliminated vaegpletl C S\T
andJ c T\S be the sets of indices such that variablfsave been projected out
foralli e 1 U J, and let|l| = p, |J] = g. As induction hypothesis, suppose that
after eliminating the variables ihu J, the formulation is defined by constraints
(61)-(68) together with the following inequalities:

0<x <1, Yieluld (77)
ys < X, Yiel, (78)
yT < X, Vied (79)
D Xi— D, K <ys+ysar(S\TI- (p+ 1) +p, (80)
ieS\T ie(S\T)\I

D %= D, K<yr+ys(T\SI-(@+1)+g, (81)
ieT\S ie(T\S)\J

ys < % — X, Vie (S\T)\I, (82)
yr <% =X, Vie (T\S)\J, (83)
ysor < 1- %0, Vie (S\T\)U(T\S)\J), (84)
X =X < ysar, Vie (S\T\)U(T\S)\J), (85)
< X, Vie (S\T\)U(T\S)\J). (86)
0< X, Vie (S\T\)U(T\S)\J). (87)

Note that the induction hypothesis holds wHee J = 0 andp = g = 0, since
(°1)—(8T) boils down to (69)=(76) in this case. GivenJ, p andq, let us now
eliminate variable<?, wherej € (S\T)\I, by the Fourier-Motzkin method (the
analysis would be similar foj € (T\S)\J). This leads to inequalitx; < 1 by
combining constraints (84) and (85) fgr to inequalityys < x; by combining
(82) and [(87) forj, and to inequality O< x; by combining [(86) and_(87) foy.
Combining (80) and_ (84) yields

Dox— > X <ys+ysar(S\TI-(p+2)+p+1
ieS\T ie(S\TO\(IULj))

All other combinations of inequalities containiu@in (7°7)-(87) lead to redundant
constraints. So, clearly, the formulation obtained aftejgxting outx? is the
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same as[(417)=(87), with replaced byl U {j}. This shows that the induction
hypothesis holds for all, J, p, g.

Assume now that we have eliminated all variabi@si € (S\T) U (T\S).

In this case, it follows from the inductive reasoning thahstaints [(8R)-£(87)
become vacuous. Moreover, the remaining constrdints (68)-and [(77)-£(81)
are exactlyl(22)+(33), the defining constraints of polytBgexcept for the bounds
ys < 1,yr <landx; > 0,Vi e SN T, which, as stated previously, are among the
redundant constraints and can be easily derived from thairemg inequalities).
Therefore, we have proved thRt = corv(P° U PY), which implies thatP has
integer vertices.

To conclude the proof, we are going to show next tR&f*s is exactly the
projection ofP on the space of{ ys, y7) variables. Indeed, if we use the Fourier-
Motzkin elimination method to project out variahjg.r from (22)-(33), then we
obtain the standard linearization inequality (6) ®ry combining constraints
(Z23) and [(26), and foll by combining [2B) and (29). Constrainid (5) fg,
yt, andi € SN T are obtained by combining (22) ard (24), and (22) (27),
respectively. Finally, the 2-link§ (13) ard (14) are ob¢gifirom inequalitied (24),
(29) and[(26),[(27), respectively.

So, we have established tHRg"™s = Proj ., (P). SinceP is bounded, ev-
ery vertex ofP2"s js the projection of a vertex d?. This implies that all vertices
of P2"ks gre integer, sinc® is integral. ThusP2"s is a perfect formulation for
XS Ly that iS,Pé”lr_]ks = P*S L O

5 Computational experiments

We have seen in Sectidn 4 that adding all possible 2-link®4p provides a
complete description d?g, when the associated function contains two nonlinear
monomials. This is not true anymore for functions with thnealinear monomi-
als. A counterexample is given by the functiffhon(X) = 5X1XoXs — 3X1 XaXs4 —
3X1XoX3 + 2x3. If we defineP2™s for famen and optimize the corresponding lin-
earized functionL; over P2"*s, we obtain the fractional solutior = 0.5 for

i =1,23,4,y134 = 0.5,y124 = 0 andy;3 = 0.5.

However, the 2-links might still be helpful for the generake of functions
containing more than two nonlinear monomials. In this segtive provide com-
putational evidence showing that the 2-links improve ther&Rxation of the
standard linearization, as well as the computational perdoce of exact reso-
lution methods. This may not be totally expected, since ttiakd are in rela-
tively small number (quadratic in the number of terms). pegrs, however, that
capturing relations between pairs of terms improves thedstal linearization for-
mulation to a certain extent. (Buchheim and Kleih [6] providsults of a related
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nature for constrained binary quadratic problems, in thesesdhat they derive
valid inequalities for simplified problems involving a slagjuadratic term, and
observe that these inequalities result in significant imgneents when applied to
the general case.)

In our experiments, we consider two classes of instancdseahteger linear
program

min  L¢(X y) = YsesAsys + Liern &% (88)
subject to K y) € PsL (89)
x € {0, 1}". (90)

The first class containssnpom InsTances that are randomly generated in the same
way as in[[7]. The second class contains so-callean iNnsTances; they are in-
spired by an image restoration problem which is widely stddin the field of
computer vision. A description of all instances is providedhe next subsec-
tions.

We have used CPLEX 12.6/[1] to run our experiments. We repartyyes of
results. First, we compare the bound obtained when solWiegedlaxed problem
(88)-(89) with the bound obtained when optimizifgl(88) oRi™s. Next, we
focus on the computational performance of the CPLEX IP-golugen solving
the instances to optimality. We compare foutelient versions of branch & cut to

solve [88)4(9D), namely:

1. no curs: the automatic cut generation mechanism of CPLEX is disaloled
solve the plain standard linearization model (88)-(90).

2. user cuts: We solve the standard linearization model enhanced with th
addition of 2-links (i.e., over the polytope2'"s) but without additional
automatic cut generation by CPLEX.

3. crLex cuts: the automatic cut generation mechanism of CPLEX is enabled
(with the default setting of cut generation parameterspteesthe standard
linearization model (88)-(90).

4. crLex & user cuts (¢ & u): CPLEX is allowed to use two types of cuts,
namely, the 2-links and any additional cuts that it can aeatitcally generate
to solve the standard linearization model.

Note that when the 2-link inequalities are used in the braaclut process, they
are treated as a pool of so-called “user cuts”. During thegss, CPLEX first
tries to cut df the current solution by relying on these user cuts only, aaxt n
generates its own cuts as needed.
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Except for the cut generation parameters, all other IP uéisol parameters
are set to default. Several preliminary tests have beemneed in order to de-
termine the best settings of CPLEX pre-processing parasefes a result, we
chose to set theinear Reduction Switch parameter to the non-default value
“perform only linear reductions” since this is the recommbed setting by CPLEX
whenever there are user cuts. A time limit of 1 hour was set&oh instance. All
experiments were run on a PC with processor Intel(R) Core(TM)510U CPU
@ 2GHz-2.60GHz, RAM memory of 8 GB, and a Windows 7 64-bit Opegat
System.

5.1 Random instances

Instance definition. Random instances are generated aslin [7]. All functions in
this class are to be maximized. They are of twibadent types.

e SAME-DEGREE. The number of variables, the number of monomials and
the degreal are given as input. For each triplet, 6, m), five functions are
generated by randomly, uniformly and independently chapgie variables
to include in each of then monomials. All monomials have the same de-
greed. Their coeticients are drawn uniformly in the intervat 10, 10]. All
instances in this class have small degree, nardety{3, 4}.

e RANDOM-DEGREE. N andm are given as an input. Each of themonomi-
als is generated as follows: first, the degdeef the monomial is chosen
from the set2, ..., n} with probability 2-9. In this way, we capture the fact
that a random polynomial is likely to have more monomialowfdr degree
than monomials of higher degree. Then, the variables anicieat of the
monomial are chosen as for theve-pEGREE instances. Again, we generate
five instances for each pain,(m). These instances are of much higer de-
gree than theame-beGree instances. Their average degree will be reported
hereunder.

Results. Table[l presents the results of our experiments on instancesm
SAME-DEGREE. Each line displays averages over 5 instances. The firg talemns
specify parameterd, n, m. The fourth and fifth columns display the relative gaps
between the optimal value of the integer programming praolde one hand, and
the optimal value of the LP-relaxations of the plain staddarearization Ps),

or of the standard linearization with 2-linkB3"™%s) on the other hand. Columns
6 to 9 present the execution times of each of the four testatade (3600 is
reported whenever no instance was solved to optimalityd,aiumns 10 to 13

give the number of nodes of the branch & cut tree (“-” indisdteat no instance
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was solved to optimality). If the time limit was reached forecor more instances,
the unsolved instances are not taken into account in thegesr In addition, we
write in parentheses () how many instances were solved tmality in this case.
Table[1 shows that as a general trend, the addition of 2-lmkke standard
linearization is useful. Concerning the LP-relaxation kagjrwe see that adding
the 2-links always improves the bound associated Wgh by a gap percentage
of 0.25% up to 8%. For execution times, it is clear that cuts of apetare
helpful, since methodo cuts is, in most cases, significantly worse than the other
methods. In almost all cases, the fastest method is eittkercurs or crLEx &
user cuts (plain crLex curs is fastest only three times). For large instance sizes,
cPLEX & USER cUTS IS able to solve more instances than the competing methods.
Looking at the number of nodes, itis interesting to noti@ #ven whemwser cuts
is the fastest method, it usually generates more nodes itiean @Lex Or cPLEX &
USER cuTs. This suggests that its performance is due to the smalleuahod time
spent in generating the cuts and in solving the correspgndis. In contrast, it
seems that the performancemfex & user cuts is due to the fact that it produces
smaller branch & cut trees. It may also be interesting to ndesthat the diiculty
of the problems clearly increases with the density of théaimses, that is, with
the ratioT. This observation was also made by Buchheim and Rinaldi [7] (fo
slightly smaller values of). Dense instances feature more interactions among
monomials. This may increase the intrinsi€fidulty of the instances and reduce
the dfect of adding the 2-links (or other cuts).
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Table 1: Results fokanpoMm (SAME-DEGREE) instances

Instance LP bounds: gap % IP execution times (secs) IP number of nodes

d n m R P%"Eks NO CUTS USER CPLEX c&vu NO CUTS USER CPLEX c&u

3 200 500 16.37 12.19 28.00 3.75 9.67 8.24 11557 1208 771 598

3 200 600 27.32 22.80 198.51 (3) 292.46(4) 416.71 445.25 74409 (3)55493) 58004 60808

3 200 700 34.96(2) 28.46(2)>3600(0) 433.78(1) 1541.8(2) 1426.72(2) -(0) 104504 (1) 1288p7 138958 (2)
3 400 800 4.51 3.49 3.65 2.57 7.46 6.68 423 251 210 135

3 400 900 9.31 7.93 502.41 243.58 104.52 87.75 65848 27489 6481 5405
3 400 1000 14.77(3) 13.13(3) 841.36(1) 434.76(1) 1334.96(2) .2838) 91939(1) 37172(1) 61899(2) 84172 (3)
3 600 1100 2.78 2.32 14.09 9.88 16.07 14.52 1551 1121 891 626

3 600 1200 6.06 5.37 645.16 333.94 197.13 270.07 46502 25967 8616 59121

3 600 1300 10.17(3) 9.15(3) >3600(0) >3600(0) 2157.84(2) 2234.61(3) -—(0) —(0) 84366 (2) 84655 (3)
4 200 350 16.50 11.23 6.50 3.20 9.98 5.89 2218 885 1468 722

4 200 400 22.25 15.84 663.89 207.28 341.68 108.36 262758 64383 7021526307

4 200 450 28.72 20.81 999.44 324.28 664.39 382.55 285857 81764 9820649588

4 200 500 35.09(4) 24.84(4) 2461.88(1) 2268.63(3) 1281.11 (1) 0.B343) 586370 (1) 364125(3) 143895(1) 177784 (3)
4 400 550 4.37 3.26 36.97 17.10 14.76 11.6 6753 2743 1806 1318
4 400 600 8.15 5.91 58.79 13.86 63.1 20.19 7416 1458 5563 1184
4 400 650 10.22 7.72 177.74 (4) 681.06 348.79 514.13 22268 (4) 76797 55172 44714

4 400 700 12.25(3) 8.92(3) 1343.18(2) 1179.95(3) 602.68 (3) 348)05 130349 (2) 110322 (3) 36622 (3) 21418(3)
4 600 750 1.54 1.28 3.42 3.05 6.15 5.89 278 234 222 142

4 600 800 2.59 2.14 16.54 12.08 18.37 155 1423 940 987 744

4 600 850 5.20 4.02 475.43 (4) 359.65 664.29 316.73 34555 (4) 28255 50238 21381

4 600 900 9.38(4) 7.59(4) 103.49(1) 42.29(1) 1526.84 (2) 1475.3 (4865 (1) 2183 (1) 63850 (2) 61697 (4)




Table[2 presents the results of our experiments on instanac®smM RANDOM-
DEGREE. The structure of the table is the same as for Table 1 excaft thpresents
now the average degree of the five instances consideredlirliaac

The interpretation of the results is very similar to theiiptetation of Tablé]1.
The 2-link inequalities, by themselves, already improwe It bound, the exe-
cution time and the size of the branch & cut tree, as compareing no cuts.
MethodcpLex cuts is usually more ffective thanuser cuts here. HowevergpLEx
& user curts still provides an improvement overLex cuts, both in terms of ex-
ecution time and size of the enumeration tree, and espgtialtiense instances.
Observe that for this class of instances, we can handle migtiethdensities”
than for thesame-pEGREE instances. This is again similar to the observations in
Buchheim and Rinaldi [7], and might be due to the fact that mdrortsmono-
mials (of size 2) tend to appear in this type of instances aagl mduce their
complexity.
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Table 2: Results fokanpoM (RANDOM-DEGREE) iNStances

Instance LP bounds: gap % IP execution times (secs) IP number of nodes

d(avg) n m RsL Pé"[‘ks NO CUTS USER CPLEX c&vu NO CUTS USER CPLEX c&vu

126 200 600 12.21 10.15 10.42 8.08 7.15 5.81 5838 3595 398 368
112 200 700 12.73 10.73 78.72 30.12 34.74 28.17 35521 12821 3979 2997
11 200 800 18.99 16.10 748.15 254.81 118.55 111.64 257212 76479 10589936

136 200 900 27.29 23.72 889.37 (2) 690.72(2) 1029.25 863.39 242729 @884 (2) 93124 75445
112 400 900 3.03 2.43 3.09 1.72 4.15 3.88 859 330 82 61

11 400 1000 3.50 2.82 19.56 6.77 8.87 8.44 4404 1396 286 259
114 400 1100 7.27 6.64 55.64 (4) 347.27 59.86 53.66 11289 (4) 61545 2970 459 2
118 400 1200 7.04(4) 6.45(4) 256.80(3) 117.35(3) 254.46 (4) 147.8042/54 (3) 18483(3) 13987 (4) 9123 (4)
138 600 1300 1.38 1.21 2.97 2.53 5.42 5.42 252 207 58 51
114 600 1400 3.86 3.57 294.03 238.87 124.30 135.38 36485 27234 5650 5516
122 600 1500 4.63 4.10 593.70 228.02 100.28 86.36 67493 24272 3942 3444

126 600 1600 5.00 4.53 1374.74 (4) 561.85(4) 345.37 280.95 110267 47097 11063 8844




5.2 Vision instances

This class of instances is inspired from the image restmrgiroblem, which is
widely investigated in computer vision. The problem cotssis taking ablurred
imageas an input and in reconstructing an origishérp base imageased on this
input. The interest of the vision instances, beside thetjpadmportance of the
underlying problem, is that they have a special structurevtach linearization
and related pseudo-Boolean optimization methods have griavperform well
(see, e.q./128]/126]/117].[27]). It is out of the scope bétpresent paper to work
with real-life images: we will rely on a simplified version thfe problem and on
relatively small scale instances in order to generate wired instances and to
evaluate the impact of the 2-link inequalities in this swjti Accordingly, we do
not focus on the quality of image restoration (as engineenglavtypically do),
but we devote more attention to the generation of relatitialyl instances.

Input image definition. An imageis a rectangle consisting ot h pixels. We
model it as a matrix of dimensionx h, where each element represents a pixel
which takes value 0 or 1. An inpburred imageis constructed by considering a
base imageand by applying a perturbation to it, that is, by changinguhleie of
each pixel with a given probability. A base image is deno&iP%eand its pixels
by p’**¢ A blurred image is denoted BY"" and its pixels bypf"".

We consider three base images, namely,LEFT RECTANGLE, CENTRE RECTANGLE
andcross (see Figuréll), with three fllerent sizes 1& 10, 10x 15 and 15x 15.

1111100000 000O0DO0CODODODOO 0O00OO0ODOCODODODOO
1111100000 D00O0DO0CODODO0ODO0OO 0O00OO0ODOCODODODOO
1111100000 0011111000 0O00O0D1100C00
1111100000 0011111000 0O00O0D1100C00
1111100000 0011111000 0011111100
0O00OO0ODOCODODODOO 0011111000 0011111100
0O00OO0ODOCODODODOO 0011111000 0O00O0D1100C00
0O00OO0ODOCODODODOO 0O00DO0ODO0OCODODODOO 0O00O0D1100C00
0O00OO0ODOCODODODOO 0O0O0DO0ODO0OCODODODOO 0O00OO0ODOCODODODOO
0O00OO0ODOCODODODOO 0O00OO0ODO0OCODODODOO 0O00OO0ODOCODODODOO
(&) TOP LEFT RECTANGLE (D) CENTRE RECTANGLE (c) cross

Figure 1: Base images: size Q0

We define three dierent types of perturbations that can be applied to a base

imagel ®2%¢in order to generate’", namely:
o None: p" = pi**®with probability 1,v(i, j) € [1] x [h].
o Low: pi" = pf***with probability 095, (i, j) € [1] x [h].
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o Higu: pi" = pf**with probability 05, ¥(i, j) € [I] x [h] with pi***= 0.

Regarding the classibh, note that changing the value of every pixel with prob-
ability 0.5 would lead to blurred images that are totallyelated to the original
base image; that is why we only apply the perturbation to tiate” pixels (orig-
inally taking valuepf®** = 0) in this case.

Image restoration model. Theimage restoration mod@issociated with a blurred
image!® is defined as an objective functidifx) = L(X) + P(x) that must be
minimized. The variables;;, for all (i, j)  [I] x [h], represent the value assigned
to each pixel in the output imagd.(x) is the linear part and modessmilarity
between the input blurred imadjg,; and the outputP(x) is the nonlinear polyno-
mial part and emphasizesnoothnesst aims at taking into account the fact that
images typically consist of distinct objects, with pixefside each object hav-
ing similar colors, while pixels outside the objects haveféedent color. Much
has been studied on the complex statistics of natural imdy#sve use here a
simplified model.

e Similarity: L(X) = a_ Zie[,],je[h](pﬂ'“f—m)z minimizes the dierence between
the value of a pixel in the input image and the value that igyassl to the
pixel in the output. Since;; € {0, 1}, L(X) is indeed linear. The cdiécient
of L(x) is chosen ag, = 25.

e SmoothnessP(x) is a polynomial defined by considering<2 pixel win-
dOWSVVij = {Xij, Xi,j+1> Xi+1,j5 Xi+1,j+1}, fori=1,...,1 -1, j =1,....,h-1.
Smoothness is imposed by penalizing the objective funatiim a nonlin-
ear monomial for each windoWif;. The more the assignment of variables
in the windowW,; looks like a checkerboard, the higher the ffimgent of
the monomial, thus giving preference to smoother assigtsnefable 3
provides the penalties used for each of the 16 assignmenalués to a
2 x 2 window. So for example, the assignment of valugs= X j.1 = 1,
Xi+1j = Xs1j+1 = O (third row in Table[B) gives rise to the monomial
30x;; X, j+1(1 — Xi+1,)(1 — Xi+1,j+1) in the objective function.

The choice of coicients in Tablé 3 and of the linear deienta, was made
by running a series of preliminary calibration tests aimfthding a good balance
between the importance given to smoothness and to singjladthat the resulting
instances are not too easy to solve.

Instance definition. For each image size if10x 10,10 x 15,15 x 15} and for
each base image, we have generated five instances, namelgharp image (the
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Table 3: Variable assignments ir2 windows, and associated penalty iméents

Variable assignments Ctirsient
00 11

00 11 10

00 00 01 10 11 11 10 0120

01 10 00 00 10 01 11 11
11 00 10 01

00 11 10 01 30
10 01
01 10 40

base image with perturbation typene), two blurred images with perturbation
typerow, and two blurred images with perturbation tyjpen.

Notice that the dference between the five instances associated with a given
size and a given base image is due to the input blurred imagehwesults from a
random perturbation. This onlyfacts the similarity ternb.(x), while the smooth-
ness modeP(x) remains the same for all instances of a given size.

Results. Tables 4, b and|6 report the results obtained for images efliz 10,
10x 15 and 15x 15, respectively. The structure of the tables is the sameras f
random instances, except for the first two columns, whicpeetsvely specify the
base image and the perturbation applied. For the pertorbpenone, we report
the result obtained for a single instance. For the pertigh#ypeLow or HiGH, we
report the averages for two instances.

We can see that, in all cases, the bounds derived Rgpare very bad (rang-
ing from 400% to 2000% above the optimal value). The bounds@nificantly
improved (by about 50%) when we add 2-links to the formulaiisee column
p2inks), but they still remain very weak. Concerning execution m@ethods
No cuts anduser cuts perform poorly and reach the time limit for almost every
instance. A drastic improvement in computing times is askdeby cpLEX cuTs,
which solves the easiest instances in just a few secondfiamddst dificult ones
in 110 seconds at most. Interestingly, however, a furthggricant improvement
is obtained bycpLex & user cuts, which solves all instances in less than 13 sec-
onds. crLEX & USER CUTS IS in some cases up to ten times faster thamx curs
and always solves the problem at the root node, which sugtfestits excellent
performance is indeed due to the addition of the 2-links.

It is interesting to notice the majoiffect played by the structure of the in-
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stances. Indeed, vision instances have much worse LP gapsramdom in-
stances, and are much more dense (reachirg225 variables andn = 1598
terms for the 15 15 images). For the vision instances, we observe dramdiic di
ferences among the four solution methods that we have tdstaertheless, these
instances turn out to be much easier to solve to optimaldp tandom instances:
it appears that the cuts generated by CPLEX and the 2-linkusdécps are very
complementary and provide remarkable benefits for the ofagision instances.
Of course, the larger the size of the image, the matedit the problem becomes.
Perturbation types also have a big influence on complexitgesiica perturba-
tion type instances are always harder to solve, as one migleice Finally, the
choice of base images does not seem to have any impact onffilceltyi of the
instances.
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Table 4: Results fovision instances of size 18 10

Instance (10« 10)

LP bounds: gap %

IP execution times (secs)

IP number adshod

Base image  PerturbationPs_ Pg”[‘ks NO CUTS USER CPLEX C& U NOCUTS USER CPLEX Cc& U
TOP LEFT RECT NONE 584.07 296.70 >3600 61.31 275 476 - 122037 0 0
TOP LEFT RECT LOW 679.57 352.33 >3600 105.91 470 074 - 220003 4 0
TOP LEFT RECT HIGH 48295 253.18 > 3600 > 3600 16.22 252 - - 775 O
CENTRE RECT  NONE 1074.53 581.13 > 3600 304.89 6.05 081 - 625644 0 0
CENTRE RECT  LOW 1038.39 562.50 > 3600 494.95 741 094 - 1027936 0 0
CENTRE RECT  HIGH 525.25 277.48 > 3600 > 3600 11.44 148 - - 0 0
CROSS NONE 1989.29 1100 > 3600 206.25 325 095 - 418973 0 0
CROSS LOW 1679.44 931.69 > 3600 669.79 849 163 - 1407712 0 0
CROSS HIGH 379.48 192 >3600 3062.91(1) 10.15 1.45 - 5727483 (1) 3.5 0




Table 5: Results fovision instances of size 18 15

LZ

Instance (10< 15) LP bound: gap % IP execution times (secs) IP number ofsrode
Base image  PerturbationPs_ Pg”[‘ks NO CUTS USER CPLEX C& U NOCUTS USER CPLEX C& U
TOP LEFT RECT NONE 621.80 318.05 >3600 >3600 6.22 198 - - 0 0
TOP LEFT RECT LOW 749.58 396.66 > 3600 > 3600 1550 2.04 - - 3.5 0
TOP LEFT RECT HIGH 480.87 251.87 > 3600 > 3600 38.49 3.35 - - 425 O
CENTRE RECT  NONE 859.13 458.65 >3600 >3600 794 204 - - 0 0
CENTRE RECT  LOW 1015.13 552.04 > 3600 > 3600 15.74 259 - — 3.5 0
CENTRE RECT  HIGH 464.31 24259 > 3600 > 3600 4942 3.11 - - 645 O
CROSS NONE 1608.33 883.33 > 3600 > 3600 32.37 2.26 - — 0 0
CROSS LOW 1790.63 999.23 > 3600 > 3600 20.78 2.54 - — 7.5 0
CROSS HIGH 468.24 245.07 > 3600 > 3600 38.22 346 - - 385 0
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Table 6: Results fovision instances of size 1% 15

Instance (15 15)

LP bounds (gap %)

IP execution times (secs)

IP numberddéso

Base image  PerturbationPs_ Pg”[‘ks NO CUTS USER CPLEX C& U NOCUTS USER CPLEX C&
TOP LEFT RECT NONE 660.90 340.26 > 3600 > 3600 19.5 349 - - 0 0
TOP LEFT RECT LOW 714.29 374.27 >3600 >3600 28.06 6.41 - - 0 0
TOP LEFT RECT  HIGH 565.72 302.48 > 3600 >3600 111.3 12.86 - - 1265 O
CENTRE RECT  NONE 698.13 366.75 >3600 >3600 30.12 4.71 - - 0 0
CENTRE RECT  LOW 851.09 45740 >3600 >3600 38.33 844 - - 6.5 0
CENTRE RECT  HIGH 483.33 253.69 >3600 >3600 97.17 10.34 - - 222 0
CROSS NONE 128452 698.57 >3600 >3600 1654 563 - — 0 0
CROSS LOW 1457.22 801.10 >3600 >3600 2230 7.26 - — 0 0
CROSS HIGH 530.46 282.23 > 3600 > 3600 103.75 11.02 - - 80 0




6 Conclusions

In this paper, we have provided new results on the standaedgviiization tech-
nique, a well-known approach to the optimization of mulglar polynomials in
binary variables. We have introduced the 2-link inequadita set of valid inequal-
ities that express a relation between pairs of monomials tlaat strengthen the
LP-relaxation of the standard linearization. Our main ltesuhat, for a function
containing at most two nonlinear terms, the 2-links, togethith the classical
standard linearization inequalities, provide a perfeaniaation of the standard
linearization polytopéy, .

For the general case of objective functions with more thanrtenlinear terms,
the 2-links are not enough to obtain a complete descriptiathe standard lin-
earization polytope. However, our computational expentaeshow that the 2-
links are still helpful for various classes of instances. @ hand, the 2-links
always improve the LP-relaxation bounds derived from tlangard lineariza-
tion. The improvement is much larger for the computer visitances, which
have very bad standard linearization bounds to begin whiim for unstructured
random instances. On the other hand, our results show thak2ean be very
effective within a branch & cut framework. This is especiallyetrwhen solv-
ing vision instances, where the addition of 2-links to thelpaf available cuts
allows CPLEX to obtain the optimal solution without any braimg and, as a
consequence, significantly reduces the solution time. Tégnitude of this fect
is even more surprising given that the 2-links are rathepEnmequalities and
that they are in relatively small number (quadratic in thenbar of terms of the
objective function).

There are many interesting open questions arising from esearch. Of
course, it is unlikely to obtain a complete description of 8tandard lineariza-
tion polytope in the general case (unlgds= NP). It remains however interest-
ing to investigate whether there are other special casasofibns for which the
2-links provide a complete description Bf,. A related question is to identify
specially structured instances for which the impact of thllZs is computation-
ally significant, as is the case for our vision instances.alynanother natural
question is whether it is possible to generate similar iaéties by establishing
a link between three or more monomials, and whether thespiatides would
further tighten the lower bounds and improve computatipeaiormance.
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