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Abstract

Generalized Holder-Zygmund spaces Ag"N(Rd) were recently introduced in [42] and are
based on a generalization of Besov spaces (see e.g. [21]). Under some conditions, gener-
alized Holder-Zygmund and Besov spaces are equal ([56]). It has been proved that most
properties of classical Holder-Zygmund spaces are held for spaces A”’Q(Rd), which consti-
tute a particular case of spaces A;’,N(Rd) with N; = 27 (|42, 43]). The goal of the present

document is to prove that most of these properties are kept for Ay N(Rd) spaces.
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Some basic notations

No ={0,1,2,3, ...} denotes the set of natural numbers.
N*={1,2,3,...}.

Z denotes the set of integers.

R denotes the set of real numbers.

R? = {(xy,...,24) s 2; €R Vi€ {1,...,d}} denotes the euclidean space of dimension
de N

Nd = {(ay,...,aq) : 0y € Ng Vi € {1,....,d}} denotes the set of natural numbers of
dimension d € N* (also called the set of multi-indices).

B(x, R) denotes the open ball with center # € R? and radius R > 0.
B(z, < R) denotes the closed ball with center € R? and radius R > 0.
|z] = sup{m € Z : m < z} denotes the floor of z € R.

[z] = inf{m € Z : m > z} denotes the ceiling of z € R.

(x)+ = max{z,0} denotes the positive value of a real number = € R.

a! denotes the value a! = oy!...ag! if @ € N is a multi-index.

|a| denotes the value a; + ... + aq if @ € N is a multi-index.

(’;‘) = (m%)w where m, j € Ny and m > j.

C(A) denotes the space of continuous functions defined on A C R?

CP(2) (p € NgU{oo}) denotes the space of functions which are p-times continuously
differentiable on Q (where  is an open set of R?).

D(Q) denotes the subspace of C*°(2) made of compactly supported functions on
Q C R

LP(A) denotes the space of measurable functions on A satisfying
| fllecay = (J,1f ()P d:p)l/p < oo (where p €]0,00[ and A is a measurable set of
RY).

L>(A) denotes the space of measurable functions on A satisfying
[ fllzoeay = sup,p4 | f| < oo (where A is a measurable set of RY).

I fllz = sup,cp | f(x)| where f is function defined on E C R%,
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o I[P = L[P(RY) if p €]0, 00].

o [? =[P(Nj) denotes the space of sequences (a,)nen, such that
1(@n)nerollir = (3272 lanl?) /P < oo (p € [0, 00]).

o [ = [*(Np) denotes the space of sequences (a,)nen, such that ||(an)nenllic =
SUP,,en, |@n| < 00.

e D'(R%) denotes the space of distributions on R?

S (Rd) = &S denotes the Schwartz space, composed of all rapidly decreasing infinitely
differentiable functions on R%.

° S’(Rd) = &’ denotes the topological dual of the space S, i.e. the space of all tempered
distributions on R%.

e Ff denotes the Fourier transform of the distribution f € S’(R%). If the function f
belongs to L'(R?), this expression is equal to Ff(&) = (2m)~4? [a e ¢ f(x) dx.

e F~'f denotes the inverse Fourier transform of the distribution f € S'(R%). If the
function f belongs to L'(R?), this expression is equal to F 1 f(§) = (2m)~%?2 [La et f(z) da.
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Chapter 1

Definition of generalized
Holder-Zygmund spaces A7 N(Rd)

The core of generalized Besov and Hoélder spaces relies on the notion of admissible sequence.
We briefly recall the concept.

Definition 1. A sequence o = (0;)jen, of real positive numbers is called an admissible
sequence if there exists two positive constants dy and d; such that

In the following, we will only consider admissible sequences which are not identically
zero. This implies in particular that no element can be equal to 0.
For an admissible sequence o = (0;),en,, let

. o Otk _ k .
o, = inf -2 and g; i= sup , j€eNg.
k>0 O} k>0 Ok

The lower and upper Boyd indices are respectively defined by

log. (5.
and  $(o):= lim 0g2—(0])'

log, (Qj)

s(0) = lim |
J—+00 ] j—+oo 7
It is known that two previous limits exist and are finite (see for example [41, 42]).
The Boyd index 5(o) of an admissible sequence o describes the asymptotic behaviour
of 7;; similarly, the index s(o) describes the asymptotic behaviour of ;. We notice that
for € > 0, there exist two positive constants ¢; = ¢1(¢) and ¢y = c2(g) such that

Oj+k
Ok

612(§(0)—€)j S Qj S S Ej < 022(5(0)-&-5)]'7 j7 k e No . (12)

Conversely, s(o) and 5(0) are respectively the biggest and the lowest real numbers satisfying
inequalities (1.2) for every ¢ > 0.
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Definition 2. An admissible sequence o = (0;);en, is strong of order N € N* if it satisfies

J
ZZNij < C2Mgy, (1.3)
=0
400 '
> oW ig; < c2V D g, (1.4)
j=J

for all J € N,.
We have the following results.

Lemma 3. Let 0 = (0j)jen, and N = (N;)jen, be two admissible sequences such that
s(N) > 0. If M € Ny is such that M > 5(oc1)s(N)™', then there exists a constant C' > 0
such that

J
> NMo; <CNJYo, VJeN.
3=0

Lemma 4. Let 0 = (0j)jen, and N = (Nj)jen, be two admissible sequences such that
5(N) > 0. If L € Ny is such that L < s(0c71)5(N)™L, then there exists a constant C' > 0

such that
+oo

> Nlo;<CNjo, VJeN.
j=J

Let us recall the definition of generalized Holder-Zygmund spaces. This definition relies
on the principles exposed in [41].

Definition 5. Let o > 0, 0 = (0)jen, and N = (N;)jen, be two admissible sequences.
The generalized Holder-Zygmund space Aﬁ,’"N(Rd) is defined by

A N(RY) = {f € L®RY) : sup ot sup AL e < o0}
J€No = |n|<N;

If N; =27 (j € Np), then we note A™*(R?) instead of AZ y(R?) to simplify notations.
Proposition 6. Let a > 0, 0 and N be two admissible sequences. The space (Ag v, [|.][a2 )
15 a Banach space.

The next result links the generalized Holder-Zygmund spaces and the generalized Besov
spaces studied in [21].

Proposition 7. 1. Let 0 and N be two admissible sequences such that Ny > 1 and
s(e™)3(N)™! > 0. We have

-1 s(c~1)s -1 —
BN RY) = AZS YT (RY) = A (RY)
for all M € Ny such that M > 5(c~)s(N)™1.



2. Let o be an admissible sequence such that s(c=') > 0. We have
B o (R) = AR = A=V LR

for all M € Ny such that M > s(a™1).
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Chapter 2

Characterizations and basic properties
of generalized Holder-Zygmund spaces

o (R

The purpose of this section is to generalize the results obtained in [41, 42, 43| to the more
general spaces AY ~(R?). Basically, we show that main properties of spaces A%*(R%) can be
transposed to spaces A?VN(Rd). This indicates that those spaces provide a generalization
of Holder spaces at a higher level that keeps them interesting. Moreover, these properties
hold for spaces BZYN_ ([56]).

,O0

2.1 Some preliminary results

In this section, we present two basic results that are useful in the sequel. Let p € C*(R?)
a compactly supported function whose support is included in the closed ball B(0, < 1) and
which satisfies the following conditions:

1L 0<p< s

2. Jpap(x)dz =1;

3. pis aradial function, i.e. |z| = |y| = p(z) = p(y).

Let us denote ps(z) := 6 ¢p(x/d) V6 > 0. The same proof as lemma 4.1 in [42] leads to
the following result.

Proposition 8. Let m € N*, 0 = (0})en, be an admissible sequence, N = (N;) en+ be a se-
quence of positive numbers and f € Li,.(R) be a function such that sup ||A} f|lz~ < Co;
RI<N; !

for all j € Ng. There exists ® € D(R) such that
sup || f @5 — fllz < Coj, VjeNy.

—1
J<N;
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Lemma 9. Let 0 = (0;)en, be an admissible sequence and N = (Nj) en, be a sequence of
positive numbers such that there exists dy > 0 satisfying

doN; < Nj41 VjeNg.
If f € L (R) is a function satisfying
Hf*PN]fl — flleemy < Coj Vj €Ny
then, for all k € Ny, we have
| D (f*PNJfl - f*Pij) e < CNfo;  VjeN.
Proof. Let us note that
frpnr = Fxpyo =pyoix (Frpys = Frpy)
+ PNt (f - f*pNJfl)
=Nt k(= Fxon-).

Using Hausdorfl-Young inequalities (see appendix), one gets
HDk(pNj*l * (f*pNJfl - f*pNjill))”Loo < ||kaNj*1||L1Hf*pNj*1 - f*pN]fleL‘x’
< ONF (I1f %oy = fllie + 11 = S oyl )

Then, we have
HDk(pNj_l * <f *pNj_l — I p]\[j:l1))”LoC < CNJI'C(UJ' + Ujfl) < CNJI'CUJ'

for all 7 € Nyg. The two other terms in the decomposition of f x py-1 — f py-1, can be
J J—
handled in the same way. [

2.2 Generalized Holder spaces Aj ~v(RY) and C*(R?) spaces

It is known that spaces A%*(R%) can be linked with C*(R?) spaces ([42]). The goal of this
section is to show a similar result for spaces AJ v (RY).

Proposition 10. Let m,k € N*, 0 = (0;)en, be an admissible sequence and N = (N;);en,
be an non-decreasing sequence of positive numbers such that

“+o0o
j=1
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If the function f € L™(R?) satisfies

sup ||AY fllze < Co; Vi€ Ny
|h|<N

then f is k-times continuously differentiable (in the sense that f coincides almost every-
where on RY with a k-times continuously differentiable function,).

Proof. Let ® be the function given by proposition 8 and let us set
fi:= f*q)Nf1, fi= f*(@NJ_A — (I)Njill) VjieNy, j>1.

We have ||f;|| < Co; for all j € N*, where the constant C' does not depend on j. So, the
series Zj:f f; converges uniformly on R? to a function which coincides almost everywhere
with f. Moreover,

ID° fillL~ < CNJo; VjeN* |a| <k

. . o0 @ .
One can conclude, since the series > j=1 D f; converges uniformly. ]

We have the following result without any assumption on the sequence N.

Proposition 11. Let a > 0, 0 = (0;)en, be an admissible sequence and N = (N;);en, be
a sequence of positive numbers such that

oo
Z 0; < OQ.
j=1
We have
A2 y(RY) € C(RY)

(in the sense that each element of A§7N(Rd) coincides almost everywhere with a continuous
function on R?).

Under the assumptions of theorem 4.1 in [56], the result can be rewritten in the following
way.

Corollary 12. Let k € Ny, 0 = (0})jen, and N = (Nj) en+ be two admissible sequences
such that Ny > 1, s(c™1) > 0 and

+o0o

k
E Nj o < 0.
j=1

We have . )
BL N (RY) = AZ% YT (RY) € OF(RY).
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Remark 13. Let m € Ny and N, be a non-decreasing sequence such that N; — +oo. If o
is an admissible sequence satisfying

+oo
E Nm+10'j < 00,

J
j=1
then the space Af,’fN(]Rd) is composed of constant functions.

Indeed, if the function f belongs to this space, we know that f belongs to C"'(R?)
by proposition 10. Moreover, we have

AT (@)

Gt
Nj

— | D3 f (@)

and
AT f(@)

J

So, we have D" f =0 forall7 € {1,...,d}. Forall j € {1,...,d}, the function f can be
written as

m

. — (%) i

fl@1, .2y, g) = E S 3
i=0

Since f € L™, we thus get

f(xlv vy Ljyeny fL’d) = aacl,...,;vj_l,a:j+1 ..... Tq)

so that D, f = 0. This implies that f is a constant function.

2.3 A characterization of the spaces Aj ~v(R?Y) in terms of convolu-
tion

It is shown in [42] that spaces A”*(R?) can be characterized through approximations by
the convolution product of their own elements with a smooth function. The quality of
the approximation is directly linked with the sequence o. The goal of this section is to
generalize this result to the spaces A ~(RY).

Proposition 14. Let m € N*, 0 = (0})en, be an admissible sequence and N = (N;);en,
be a sequence of positive numbers such that

J
Y N"o; <CNj'o, VJeNg (2.1)

J=1
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and
—+o0

ZO’jSCO’J VJ eNy. (22)
oy

If f € L=(R?) is a function for which there exists ® € D(R?) satisfying
Hf*(I)Nj—l — fllge < Co; Vi € N,
then we have
sup HAZLf”Loo S C(Tj VJ € No.

-1
Ih|<N;

Proof. We keep the same notations as in proof of proposition 10. We know that A" f =
;;Oi’ A7 f; with uniform convergence on R%. For all J € N*, we have

J +o00
AR flloe <Y AR fille + > AR f]l o

j=1 j=J+1
J 400
<CY A" sup D fillpe + D 27 flles
j=1 lod=m j=J+1

J +o0
<CI™Y N'oj+C Y o
j=1

j=J+1

SO
AR fllzee < C(1+ || NT)o,.

One can conclude, since we have

sup ||AY fllpe < Coy.
|h|<N;!

]

Corollary 15. (D.K., S. Nicolay) Let 0 = (0;),en, and N = (IV;) en, be two admissible
sequences such that N, > 1 and s(o™') > 0. We have

B R = A5 (R =

{f € L>*(R%) : 3® € D(R?) such that sup <o—j1 sup || f * ®5 — f”Lw) < oo}.

J€No 53]\/;1

Proof. This is a consequence of proposition 14. Tnequality (2.2) is satisfied because s(o™!) >
0 and inequality (2.1) is satisfied for any natural numbers m satisfying m > s(o~!)s(N) ™.
O
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2.4 A polynomial characterization of the spaces A ~(RY

It is shown in [42] that spaces A”®(R?) can be characterized in terms of polynomial ap-
proximations, where the quality of the approximation is linked with the sequence 0. We
prove in this section that this result can be extended to the spaces AgN(Rd).

Notation 16. Let P, denote the set of polynomials of degree less or equal to m € Nj,.

Theorem 17. Let m € N*, f € L®(R?) be a continuous function on R%, (0;)jen, be an
admissible sequence and N = (N;),en, be a sequence of positive numbers such that there
exists ko € Ny satisfying

2N; < N forall j and k  such that j + ko < k.

The following assertions are equivalent:

1. there exists a constant C' > 0 such that sup, <1 [|A} flle < Co; Vj € N
— 7
2. there exist a constant C > 0 and a natural number J such that

: | .
Pellg’l,f,l IF = P|’L°°(B(w,N{1)) <Co; VzeR"j>J

Proof. The proof that 1 = 2 is immediate from Whitney theorem ([11]). Let us prove that
2= 1. For all x € R? and j > J, there exists a polynomial P € P,,_; such that

sup  [f(y) — P(y)| < Coy.
yeB(x,N]fl)

For any polynomial P € P,, 1, we have

AR f(2)] = [AR(f = P) ()]

<2"  sup[f(y) - P(y)l.
ye{z,....x4+mh}

By assumption, there exists a natural number k; such that

N1
NP < —— Vji+k <k
m

For all || < N]'_Jr1k17 we find

AR f(z)| <2"Co;
< 2"Cdy ™Moy,

which is sufficient to conclude. ]
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Remark 18. The assumption on N in theorem 17 is satisfied by all strongly increasing
sequences.

Corollary 19. (D.K., S. Nicolay) Let 0 = (), en, and N = (IV;) en, be two admissible
sequences such that N; > 1 and s(c™') > 0. If M € Ny is such that M > 5(c~1)s(N)™,
then

—1

BZ Y (RY) =AS5 T (RY) =

oo (mdy . -1 o B
{f € L*(RY) :;1]15 <f§1\£ (O‘j Pelﬂgg,l Il f P||LOO(B(I7Nj 1»)) < oo}

Proof. This is a consequence of theorem 17, where the continuity of the elements of
BgOT;N (R?) results from corollary 12. O

2.5 A characterization of the spaces AJ ~(R?Y) in terms of deriva-
tives

It is shown in [42] that spaces A%*“ )(R?) can be characterized in terms of deriva-
tives of their elements. The goal of this section is to generalize this result to the spaces
Ag(;‘V*l)é(N)fl(Rd).

Proposition 20. Let o, N be two admissible sequences such that S(N) > 0 and L, M
be two natural numbers such that L < s(o™")s(N)™! < 5(c7Ys(N)™t < M. A function
fe Afgl(Rd) satisfies the following properties:

1. f € CHRY;

2. DVf € L*(RY) V|v| < L;

3. SUP|p <! ||A}]LV[_|V‘D"f||Loo < CN}Vlaj Vj € Ny, |v| < L.
Conwversely, if a function f € C*(RY) N L2(RY) satisfies

sup [|AY MDY flle < CNVloy; V)€ No, v] = L,
|h|<N:t

then f € Afﬁl(Rd).

Proof. Let f € AM 1 (R?). Using the same notations as in proposition 10, we have

+oo
Z D' f; = D" f (uniformly) V|v| < L.
j=1
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Using lemmata 9 and 4, we get

+oo +oo

DD filli= < CYONo; < oo,

j=1 j=1

which proves the two first assertions. Let v € NI be a multi-index such that |v| < L,
h € R and J € Ny such that || < N;'. By the mean value theorem and by lemmata 3
and 4, we have

J “+00
M—|v v M—|v v M—|v 14
AN D fllpee < STIAN DY il + D7 1A DY £l
J=1 j=J+1
J
<N T RMM sup |DO || + C Z BB sup  [[DOF £ e
j=1 |a|=M—|v| Tt la|=L—|v|
J “+00
Z hMVINMg, + C Z |h[EVINEo,
=1 j=J+1
SCN(|]|O-J

Let us prove the converse result. Let |h| < Nj_l. By the mean value theorem, we have
1A fllz < ClhI" sup IAR D" fllze
v|l=
~L 7L
S CNJ Nj O'j = CO’j.
O

So, the value s(671)5(N)~! characterizes the level of differentiability of f € Aig}’{lﬁ(mfl (RY),
while the value 5(c~!)s(N)~! determines the order of the finite difference for D” f (|v| <
s(o™1)E(N) ).

Proposition 21. Let L € Ny, 0, N be two admissible sequences and f € C*(R?)NL>®(RY).
If there exists a natural number M > L such that

sup [ A D fllpe < CoyNj Vv| =
|h|<N;T

then f € A%Ql(Rd).

S(U Ds(N)~1 (Rd)

Let us now give a characterization of spaces A, in terms of derivatives.

Corollary 22. (D.K., S. Nicolay) Let o, N be two admissible sequences and let L, M
be two natural numbers such that L < s(c™1)s(N)™! <5(c71)s(N)™! < M and N, > 1.
We have

1

BL N (RY) = AX T RY) = {f € I®(RY) N CH(RY) -

sup [|AMTEDY fllpe < CoyNF Vj e No,|v| = L}, (2.3)
h|<N; !
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2.6 A characterization of the spaces Aj ~(RY) in terms of Taylor
decomposition

Under strong assumptions on admissible sequences, spaces A"’g("fl)(Rd) can be character-
ized in terms of Taylor decomposition of their elements ([42]). The goal of this section is

to generalize this result to the spaces A s 1(]R”l)

Theorem 23. (D.K., S. Nicolay) Let L € Ny, 0 and N be two admissible sequences
such that S(N) > 0 and

L<s(c)s(N)' <5 Hs(N)™' < L+ 1.
If fe Aif}’vi%(mfl(]l%d), then for all z € R? we have

hY ||L

1/ d
fla+h)=>" D"f( W+RL(Ih) I VheER
v|<L
where |Rp(z,h)| < Co;NF, V|h| < N; .
Conversely, if f € L®(R%) N CL(R?) satisfies
7 |l
fle+h)=">" D"f( —+RL( ) vz, h € R (2.4)

[v|<L
i NL 4 50 N)s(N) ™ pd
with sup, JH<N; |Rp(z,h)| < CojN; Vj € Ny, then f € Ay (RY).

Proof. Let f € A e~ (RY). As f € C*(R?), we get, using lemma ??, that
I

flx+h)= ZD” —+RL( h)F’

]!
v|<L
where |Ry(z, k)| < Csupy, < | Al DY f|| L. Proposition 20 leads to the conclusion.

lv|=L
The converse result is a consequence of theorem 17. O]

The following result is immediate:

Corollary 24. Let L be a natural number, o and N be two admissible sequences such that
S(N) >0 and
L<s(cH)s(N) ' <5(cHs(N)™ < L+1.

We have
Aj?%(mil(ﬂ%d) = {f € L°RHYNCERY) : f can be written as (2.4) with
sup |Rp(z, h)| < CUijL Vj € Ny}

x,\h|§N?1

Moreover, if N, > 1, then this space is equal to B, ’ N(RY).
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2.7 A characterization of the spaces Ay v(RY) in terms of Littlewood-
Paley decomposition

It is shown in [41, 43] that spaces BgO’OO(Rd) and A%*)(R?) can be characterized in terms
of Littlewood-Paley decomposition. The goal of this section is to generalize these results to
the spaces BZY (R?) and Ai(jvil)ﬂN)A(Rd). For that purpose, we need to slightly modify
the definition of Littlewood-Paley decomposition in order to take into account the presence
of the sequence V.

Let J € N* and N be a sequence of bounded growth that is also strongly increasing (we
define kg as the natural number associated with the strongly increasing sequence N). Let
us construct a sequence of functions (cpj-v"])jeNO which belong to the Schwartz space S(R?)
in the following way ([21]). Let p € D(R) be a function such that

p(t)=1 V[t| <1 , suppp C {tcR:[t| <2},
and such that p is non-increasing for ¢ > 0. Let us set

¢;V7J(§)ZP(N]_1|§|) ]:Oa]-) 7Jk:0_1
and
;" (€) = p(NTHED) — PN, [ Vi = Tko.

We easily check that this sequence of functions belongs to the set @7 (defined in |21, 41])
where we can suppose that' ¢, = 1 (we can divide the function p by ¢, = koJ for this

purpose). We set
NJ/g\ _ =17 N,J
AT(f) =F (¢; " Ff)

for all j € Ny. These functions belong to the space C*(R%). One gets
Id =AY + AN

(with convergence in S'(R%)).
We have the following result.

Lemma 25. If f € LP(R?) where p € [1,+00|, then the functions Ajy”](f) belong to LP(R?)
and we have
NJg\ _ (=1, N,J
Aj (f)=(F v, )x f

for all 7 € Ny.
Let p': € € RY = p(|¢]). Let us remark that
Flo @) = N{Fp(Nig)  j=0, Jho— 1,

and
Flo¥ (&) = NIF T (N;6) = N o F 0 (Njmgwo€) V5 > Jho.

! This assumption is not necessary but it simplifies notations.
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Remark 26. Let C; := inf{1,d; "™}, Cy := sup{2,2d;7*} and j > Jko. Let us remark
that
€] < CaN; = ¢7(§) = 0.

Similarly,
€] = CalN; = 577 (€) = 0.

So, the support of the function gaj»v"] is included in the annulus B(0, < CoN;)\B(0, < C1N;)
for all j > Jk.

Proposition 27. Let 0 = (0j)jen, and N = (N;)jen, be two admissible sequences such
that Ny > 1 and s(c™') > 0. If f € L°(R?) satisfies

IAY fll~ < Coy Vi € N
then f € AJN (M) 1(Rd)
Proof. Let M € Ny such that 5(c71)s(N)™! < M. As s(c7') > 0, we have
f= Z A;V’J f uniformly on R%.

J€Np
Let 2o € RY, J' € Ny and set
T — .
Pi(x — xg) = Z ( ol 7o)" DO‘ANJf(xO) Vi € Ny (2.5)
lal<M-1
and
Pl’o J’ Z P x - IO (26)

The degree of the last polynomial is less or equal to M — 1. Let z € R? be such that
|z — 29| < N;,'. We have

J/

) = Parte =] < |30 [ &3750) - 3 Bl pea) )
=0 la] <M1
+o0
+1 >0 AV ()]
j=J'+1

Since s(0~1) > 0, the second term is bounded by Co . Based on the Taylor formula, the
first term is bounded by

Jl

Z |z — 20/ sup ||DaAN Tl

j=0 lo|=M
J/

<CN;M Z k0 (by S. Bernstein’s inequalities)
7=0

<Coy
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thanks to lemma 3, where the constant C'is independent of x and J’. Theorem 17 leads
to the conclusion. O

Remark 28. The sequence of polynomials given by
PTOJ’ J]—[EO ZP [E—l’() JIGN()) (27)

where

Ple-—a)= 3 I poar g (28)

u
o] <M—1 o

can be used in the approximation given by corollary 19. Moreover, if M € N* is such that
M—1<s(es(N) ' <3(67Hs(N)™' < M,

then the polynomial P,, given by

Pryla = 20) = Y Pi(w = a0) (2.9
where
Pe =)= 3 EEDAN ) (et (2:10)

lo|<M—1

satisfies corollary 19 for every scale j € Ny.

Remark 29. The previous proof gives interesting information about the spaces AS(U )N~ (Rd).

Indeed, equations (2.8) and (2.7) give some polynomials that can be used in the approxi-
mation given by corollary 19. Moreover, if M € N* is such that

M= 1< s(e™)s(N)™" < 5(0)s(N) ™ < M,

then the polynomial P, given by

+o0
P, (x — x0) = ZPj(x—xo) (2.11)

where .
Pla—z)= 3 EI paaNIp) (e Ny) (2.12)

satisfies corollary 19 for every scale j € Ny.
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Proposition 30. Let L € Ny and 0 = (0;)jen,; N = (Nj)jen, be two admissible sequences
such that Ny > 1 and
L<s(c™)3(N)™ <5 Hs(N)™ < L+2.
If e NG N7 (RY) then
IAY fllp < Coy Vi €Ny
Proof. Using proposition 20, we have f € C*(R?),
Df € L®(R%) and sup |ARDflL~ < Co;NJ V|a| = L.

|h|<N;

One gets

A Dy, fla) = F igee; " Ff)(@)

= D, A f(2)

for all k € {1,...,d}. By induction, we find

N.J Ay e ANJ

A D f(x) = D*A f(z) Vl|a| < L.

Let j > Jko. We have

AN D f(x) = /

=5 [0 @) =207 @)+ D7 = ) F ) )y

D fa—y)F e (y)dy

2

_ N.J . . . . . . . .
because F' 1goj "’ is even with a vanishing integral (its Fourier transform is equal to zero at

the origin and the function goév"] is even). We know that the support of goj.v"] is included in
the set B(0, CoN;)\B(0, C1N;) for some constants C, Cy such that 0 < €y < Cy (remark
26). One of S. Bernstein’s inequalities states that

IAT fllz= < ONFE S|L11>L||D“A§V’Jf!|Lw-
al=

We get
Al < o8t [ sup | A5D" =17 o) ()l dy
R? |«

< CN;* s IAT D fll o NG F = 0 (Njy) = Ni_ iy F =10 (N gy ldy

< CN]»’L | Sup |]A§D°‘fHLoc|Nf-7:71/)/(NjZ/)’dy

R? |o|=L

+ONTE [ sup 183" IS P (N ano) s
R o=
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Let us consider the first term of the last sum. One can proceed similarly for the second
one. We have

NE [ s IATD Tl INEF o (Nl

=N [ sup [[AL o Dl F P ()ldy.

R? |a|=L
We get
[ s 182, Dl P )ldy < CoN}
ly<1 al=L i
and
/ sup (| A2, DO fll | F 10/ ()l dy
Nm§|y|§Nm+1 |a|:L J
< / sup A%y 12D fllz= | F 1 ()l dy
N77L§|y|§Nm+l ‘(Xl:L
|h|<N;
< C[Npir)? / sup (| A2D ||| F 0/ (y)dy
N7n§‘y|§Nm+1 \a|:L
|h|<N:t
Cuy

< CN?, UlN.L/
AR SR S [1]

L nr—MA+d+2

)Mdy (as seen that NV, > 1)

for M € Ny arbitrarily large. Let us take e.g. M = d + 3. One can conclude, since the
series Z;L:OS Nj’1 converges because [V, > 1; indeed, we have

N N; < Njy Vj €Ny

and ‘
NP S NN Vi EN,
so that
+o0 +o0
SN NS
§=0 j=0

2.8 Wayvelet coeflicients and spaces AgiN(Rd)

It is known that spaces A%* )(RY) can be completely characterized by the decreasing
properties of their wavelet coefficients (|43]). In this section, we show that wavelet co-
efficients of elements of Aif‘]’\; )ﬁ(N)il(]Rd) keep their decreasing properties, under strong
assumptions on o and N. We consider Lemarié-Meyer wavelets or Daubechies wavelets.
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Wavelet coefficients considered in this section are modified versions of the classical
concept. This modification takes into account the presence of the sequence (N;); which
replaces the usual dyadic sequence (27);: we set

Vigale) =0 (Nr = k) and =N [ f@)ih, (oo

for all i € {1,...,2¢ — 1}, j € Ny and k € Z¢.

Proposition 31. Let o0, N be two admissible sequences such that Ny > 1 and M € Ny
such that
M < s(c™)3s(N) ™ <5 Hs(N)™ ' < M +1.

If fe Aif}j\,_l)ﬁ(N)_l(Rd) then there exists a constant C > 0 such that

ey, 1| < Coj Vi €Ny, Vie{l,...,.2" =1}, Vk € 27

Proof. Suppose that [ € Ai(f\;%(mfl(Rd). We get

|Ck| = k)dz| < C| fl|pe-

We also have

‘C§Vj,k| = de

/ f (kN + (= kN 1) ¢(Njz — k)dx
. fllM
[Y(Njx — k)dz]

| —
M!

=1 [ R () M

<c / sup [ ALD f [l |y N () |,
R |n|<|y|N; !
lo|=M

_Nd\/ Rag (kN; 2 — kN;Y)

using the same notations as in theorem 23. A similar proof to proposition 30 allows to
conclude. ]

2.9 Generalized Holder spaces Aj v(RY) as a generalized (real) in-
terpolation of Sobolev spaces

It is shown in [43] that spaces A%*° )(R%) can be expressed as a generalized interpolation
of classical Sobolev spaces. The goal of this section is to generalize this result to spaces
Ai(f\;l)g(m 1(Rd). For a reminder about interpolation theory, the reader can refer to [43]
and references therein.

First of all, we need a preliminary result.
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Proposition 32. Let L, M € Ny and o, N be two admissible sequences such that N; > 1

and
L<s(c™H)3(N) ! <5 Hs(N)™' < M.

If Ay is continuously embedded in Ay, one has
[A07 Al]é*),w,J = [Ao, Al]g,w,}(
where 0 is the admissible sequence defined by

o _ | N0 Vj € — Ny,
77 (0-) "= Nto; VjeN,

and v is the admissible sequence defined by

" :{ NZMP Vj € — Ny,
J

()t =NM"" VjeN,

Proof. Let f € [Ag, A1]5 ,, ;- This function can be written as f = ., f; where the series
converges in Ag and the functions f; satisfy

1fillao + ©ill filla, <COF Ve

Let us set b; = Z{;ioo fiand ¢; = Z;;OJO fi for all j € Z. We have b; € Ay and ¢; € A;.
Let us now prove the following inequality:

0;(lIbjllay + ¥jlleilla) <€ VjeZ
1. If 5 < 0, then

j—1
105110 < > 1 fillag

l=—00
+o00o +oo
<C Y 07=C Y No
l=—j+1 l=—j+1

< CNto_;=00;"

J

and

+o0
lejlar < > lfilla,
l=j
+oo
<Cy o7ty
I=j

—J +o0
<O 0T+ O e
=1 =0

< CNMo_;+C < Cy; o7t
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2. If 5 > 0, then

0 j—1
15140 < D Ifillag + D filla,
=1

l=—00
7j—1
<C+CY N Mo
=1

< C <ot

and

+o0 +00
lejlla, <N filla, <CY N Mo
=y I=j
—M,_—1
< CON; Vo,
where we used the relation 5(c!)s(N)~' < M in the last inequality.

Let f € [Ag, A1]j k- For all j € Z, there exist b; € Ag and ¢; € A, such that f = b; +¢;
and

1651 40 + ©5llcilla, < COF.
Let us write by = Zfl (bj+1 — b;), with convergence in A,. Similarly, we have ¢y =

j=—00
+o0

j:O(Cj — ¢j+1), with convergence in A;. Let us set

g b by e N
J Cj —Cj+1 lfj S No.

As bjy1 — bj = ¢j — ¢j4q1 for all j € Z, we have f = ZjeZ fj in Ay, where f; € A for all
J € Z. Moreover, we have

1£illay = l1bj1 — bslla, < CO;*

and
1fillay = llejan — ¢jllay < Cyi'05,

which lead to the conclusion. O]

The following result rewrites spaces A§E§71)§(N)71(Rd) as a generalized interpolation of
Sobolev spaces:

Theorem 33. (D.K., S. Nicolay) Let L, M € Ny and o, N be two admissible sequences
such that N, > 1 and

L<s(cH)3(N)™ <5 H)s(N)™ < M.
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We have
o1 S(o71)s(N) 1 0o coT* 00 coT*
Boo,oéN(Rd) = Aa(,N ) (Rd> =W 7WM]9,¢,J = (W 7WM]€,w,K
where 6 is the admissible sequence defined by

o _ | N0 Vj € — Ny,
J (H_j)_lzN]-Laj VJ EN*,

and 1 is the admissible sequence defined by

e — NZMH Vj € — Ny,
! (Y—j) P =NM"" VjeN,

Proof.
Let us prove that Aiff\,_l)ﬂ]v)_l(Rd) = W, Witlsps Let f € Aifj'v_l)ﬁ(N)_l(Rd) and set

0 ifjez,j>1,
A_i(f) itjeZ, j<l

By Bernstein inequalities, the series ZjeZ u; converges in Wk and u; € WM. Moreover,
we have 0;J(¢;,u;) < C using theorem 4.1 of [56].

Let f € W, Wiils,. - Let us check that the assumptions of proposition 20 are
satisfied. Let (f;)jez be a sequence of functions of W5?(R?) such that ez li = fin
W (R?) and such that

0;J (15, f3) € I(Z).
As we modify the functions f; on some negligible set, we can suppose that they belong to
CM-YR?). Let |a| < L. We have

+0oo +o0 +o0o
DD fille <CY w67t =C Y N Mo
=0 =0 =0

which is bounded because of 5(c71)s(N)~! < M. Moreover, we have
-1 -1 +o00
D O IDfille <C D> 671 =CY Nl
l=—o0 l=—00 =1

Putting these inequalities together, we find that f € C*(R?) and D*f € L*® V|a| < L.
Let h € R? be such that |h| < Nj_1 and |a| = L. We have

AVEDYf = Z AYEDA f, (uniformly).

leZ
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Using successive applications of the mean value theorem and by Morrey inequality (see e.g.
[43]), we have

+oo +o0o
S IAYTED fill e < CIRMTES | fillwes
1=0 =0

“+o0o
—(M—-L —1p—
<ON; Y wrter
=0
< ON;M™P < ONYo,

and
—j—1
Z JAM LD fy]| e = Z IAMED fi g+ > AN LD fi|
l=—00 l=—j l=—o00
—j—1
< ClpM* Z Ifillwee +C ) Ml fillwse
l=—j l=—00
<CN(MLZ¢10 +CZ@1
l,_] l=—o0
< ON; M0 ZNZ o+ C Z Nlo,
l=j+1

S ON]-LO']'

which implies supy, -1 AN LD f| e < CNfoy;.
- J

2.10 A weak result of Lions-Peetre type for spaces A ~(RD

Proposition 34. Let m € N*\{1}, a > 0 satisfying 1 < o < m, 0 = (0;)jen, be an
admissible sequence, N = (N;)jen, be a non-decreasing sequence of positive numbers and
f € L>*(R) such that

sup HAZLfHL‘X’ < CO']' \V/j € No.

-1
IHI<N;

If

—+00
>N < o

J=1
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then, for all n € N*, there exist two functions FI* € A~ (@~D(R), Fp € A"~ *(R) such that
f=F"'+F} and

+00
|ATFy o < CiR™ 3" NI, VB[ <1

j=n+1
and i
|ARF 1 < Cofh|™ 41 Y NJ**Hoy vh| <1,

J=1

where C7 and Cy are two constants independent of n.

Proof. Let ® be the function defined in proposition 8 and
fi:= f*CIDNf1, fi= f*((I)NJ_A - @N]fjl) (7 >1).

We have || f;||z~ < Co;j for all j € N*, where the constant C' does not depend on j. We

thus get
k k
S lfillee <CD oy,
j=1 j=1

for all £ € N*, which implies f = Z;;O‘f f; with uniform convergence. By the mean value
theorem and lemma 9, one has

A fi(2)] < CIR[™[D™ fill e < ClR[™ Nj"0;

and
AR fi()] < 27 fjll e < 27 Coy,

for all j € N*. Therefore,
AR fi (@) = A7 f (@)™ | AR f ()|
< C|h|" N0y

for all 0 < a < m.

For n € N let us set I := 37" | f; and [y := j+:o:>l+1 fj. We have
+oo
| AR F | < ClR™ > Nj*C0;
J=n+1
and

| AR F |z < ClR[™e*t Y Nty
j=1
which ends the proof. O

Remark 35. This result can be adapted to R¢.
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