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Faraday rotation, band splitting, and one-way propagation
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We calculate the dispersion relations of plasmonic waves propagating along a chain of
semiconducting or metallic nanoparticles in the presence of both a static magnetic field B and a liquid
crystalline host. The dispersion relations are obtained using the quasistatic approximation and a
dipole-dipole approximation to treat the interaction between surface plasmons on different nanopar-
ticles. For plasmons propagating along a particle chain in a nematic liquid crystalline host with both B
and the director parallel to the chain, we find a small, but finite, Faraday rotation angle. For B perpen-
dicular to the chain, but director still parallel to the chain, the field couples the longitudinal and one of
the two transverse plasmonic branches. This coupling is shown to split the two branches at the zero
field crossing by an amount proportional to |B|. In a cholesteric liquid crystal host and an applied mag-
netic field parallel to the chain, the dispersion relations for left- and right-moving waves are found to
be different. For some frequencies, the plasmonic wave propagates only in one of the two directions.
©2016 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4943647]

I. INTRODUCTION

Ordered arrays of metal particles in dielectric hosts have
many remarkable properties.'® For example, they support
propagating modes which are linear superpositions of the so-
called surface or particle plasmons. In dilute suspensions of
such nanoparticles, these surface plasmons give rise to the
characteristic absorption peaks, in the near infrared or visi-
ble, which play an important role in their optical response,
and which have recently been observed in semiconductor
nanoparticles as well as metallic ones.”® For ordered chains,
if both the particle dimensions and the interparticle separa-
tion are much smaller than the wavelength of light, one can
readily calculate the dispersion relations for both transverse
(T) and longitudinal (L) waves propagating along the chain,
using the quasistatic approximation, in which the curl of the
electric field is neglected.

In a previous paper, we calculated these dispersion rela-
tions for metallic chains immersed in an anisotropic host,
such as a nematic or cholesteric liquid crystal (NLC or
CLC). The liquid crystalline host serves as an anisotropic
dielectric medium whose alignment and dielectric tensor can
be controlled by varying the direction and magnitude of an
external static electric field, or temperature. Thus, we can
tune the dispersion relations of the plasmonic waves by
adjusting these control parameters. The effects of an iso-
tropic host material, such as air or vacuum, can be found, for
example, in Refs. 5 and 9.

It is worth briefly summarizing some of the new effects
generated by the anisotropic host, in comparison to an iso-
tropic host such as air or vacuum. With an isotropic host, there
are three branches of plasmonic waves propagating along the
chain: one longitudinal (L) and two degenerate transverse (T)

YElectronic mail: Stroud@physics.osu.edu

0021-8979/2016/119(11)/113103/7/$30.00

119, 113103-1

branches. For a uniaxially anisotropoic host, such as an NLC,
these three branches still exist, and the two T branches remain
degenerate as long as the symmetry axis of the host dielectric
tensor (i.e., the director of an NLC) is parallel to the chain.
The degeneracy persists because the host does not break the
symmetry between the two T branches. The three branches
are, of course, shifted up or down because the host has a dif-
ferent dielectric tensor than an isotropic host. Furthermore,
the L branch continues to cross the doubly degenerate T
branch at a particular wave vector, just as in the isotropic
case. If, however, the director of the NLC is perpendicular to
the particle chain, the symmetry between the two T branches
is broken, and it is found that they are no longer degenerate.
This is a feature special to the anisotropic host and was
obtained numerically in Ref. 5.

In this article, we consider the additional effects of a
static magnetic field applied either parallel or perpendicular
to a chain of nanoparticles in an anisotropic host. In order to
obtain a larger effect from the magnetic field, we will also
consider doped semiconducting nanoparticles, besides the
metallic particles considered previously. Such nanoparticles
have a much lower electron density than typical metallic
nanoparticles. For example, the electron density in semicon-
ductor nanoparticles, such as the Cu,_,.S nanoparticles whose
optical properties have recently been studied,’” can be
adjusted over a broad range from 10'7 to 10> cm ™ or even
lower. The largest effects are obtained with electron den-
sities towards the lower end of this range. We find, for a par-
allel magnetic field orientation, that a linearly polarized T
wave undergoes a Faraday rotation as it propagates along the
chain. For a field of 2 T and a suitably low electron density,
this Faraday rotation can be at least 1° per ten interparticle
spacings. For the case of very small nanoparticles with diam-
eters (denoted 2a) of 3-5 nm,’ and spacing d = 3a, this rota-
tion corresponds to a 1° for every 4575 nm of chain length.

© 2016 AIP Publishing LLC
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In this case, for the parallel field orientation, the NLC quanti-
tatively modifies the amount of Faraday rotation, but there
would still be rotation without the NLC host.

As mentioned, our calculations are carried out in the qua-
sistatic approximation, which is suitable when both the parti-
cle size and the separation between particles are small
compared to the wavelength of light in the medium. If both
these conditions are satisfied, the relevant quantity for calcu-
lating the plasmon dispersion relation is the ratio a/d between
the particle radius a and center-to-center separation d between
particles. As is shown below, the plasmon waves typically
propagate at frequencies of order 0.4w,, where w, is the
plasma frequency. For particles of typical metallic electron
density, w,, is in the near ultraviolet, so the particles should be
spaced of order 2040 nm or less, in order to satisfy this con-
dition. However, if semiconducting nanoparticles are used,
the spacing (and particle radius) can be much larger. Our cal-
culations are all carried out in terms of the dimensionless
quantity kd, so they are, in principle, valid for a range of parti-
cle sizes and separations, so long as the ratio a/d is fixed. As
far as chain length is concerned, our dispersion relations are
computed assuming an infinitely long chain of particles. Of
course, a realistic chain in a physical system will be a finite
number of perhaps 50—100 particles. The “end effects” associ-
ated with the finite chain length could be calculated, in princi-
ple, though they are not considered in this paper, but the
infinite-chain calculation should provide a good approxima-
tion, and can easily be carried out using Bloch’s theorem.

We also consider the propagation of plasmonic waves
along a nanoparticle chain but with a CLC host. In this case,
if the magnetic field is parallel to the chain and the director
rotates about the chain axis with a finite pitch angle, we
show that the frequencies of left- and right-propagating
waves are, in general, not equal. Because of this difference,
it is possible, in principle, that for certain frequencies, a line-
arly polarized wave can propagate along the chain only in
one of the two possible directions. Indeed, for sufficiently
low electron concentration, we do find one-way propagation
in certain frequency ranges. This realization of one-way
propagation is quite different from other proposals for one-
wave wave-guiding.'**

The remainder of this article is organized as follows:
First, we use the formalism of Ref. 5 to determine the disper-
sion relations for the L and T waves in the presence of an ani-
sotropic host and a static magnetic field. Next, we give
simple numerical examples and finally we provide a brief
concluding discussion.

Il. FORMALISM

We consider a chain of identical metallic or semicon-
ducting nanoparticles, each a sphere of radius a, arranged in
a one-dimensional periodic lattice along the z axis, with lat-
tice spacing d, so that the nth particle is assumed centered at
(0,0,nd) (—o0o < n < +00). The propagation of plasmonic
waves along such a chain of nanoparticles has already been
considered extensively for the case of isotropic metal par-
ticles embedded in a homogeneous, isotropic medium.” In
the present work, we calculate, within the quasistatic
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approximation, how the plasmon dispersion relations are
modified when the particle chain is immersed in both an ani-
sotropic dielectric, such as an NLC or CLC, and a static
magnetic field. We thus generalize earlier work in which an
anisotropic host is considered without the magnetic field.>°

In the absence of a magnetic field, the medium inside
the particles is assumed to have a scalar dielectric function.
If there is a magnetic field B parallel to the chain (which we
take to lie along the z axis), the dielectric function of the par-
ticles becomes a tensor, €. In the Drude approximation, the
diagonal components are e(w), while €, = —¢, = iA(®)
and all other components vanish. In this case, the compo-
nents of the dielectric tensor take the form

> >
=1-—2———1--L 1
() o(ow+1i/t) - ®? M
and
w2t , w’o
Alw) = -2 2 @
® (1—iwr) wr

where ), is the plasma frequency, 7 is a relaxation time, and
. is the cyclotron frequency, and the second limit is appli-
cable when w1t — co. We will use Gaussian units through-
out. While this approximation may be somewhat crude,
especially for semiconducting nanoparticles, it should be a
reasonable first approximation.

The dielectric function of the liquid crystal host, for ei-
ther the NLC or CLC case, is taken to be that described in
Ref. 5. The dispersion relations for the surface plasmon
waves are determined within the formalism of Ref. 5.
Specifically, we write down a set of self-consistent equations
for the coupled dipole moments; these are given in Ref. 5 as
Eq. (9), and repeated here for reference

4dna . A
P == tZg(xn — X )Py (3)
n'#n
Here,
t =oe(l —Toe)! 4)

is a “t-matrix” describing the scattering properties of the
nanoparticle spheres in the surrounding material, Gand T
are a 3 x 3 Green’s function and depolarization matrix given
in Ref. 5, 1 is the 3 x 3 identity matrix, and d€ = € — €,
where €, is the dielectric tensor of the liquid crystal host.

A. Nematic liquid crystal

We first consider a chain of such particles placed in
an NLC host with B||Z and parallel to the liquid crystal direc-
tor 7. Using the formalism of Ref. 5, combined with Eq. (3),
we obtain two coupled sets of linear equations for the trans-
verse (T) components of the polarization, p,, and p,,. The
solutions are found to be left- and right-circularly polarized
transverse waves with frequency w and wave number k-,
where the frequencies and wave numbers are connected by
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the dispersion relations in the nearest-neighbor

approximation
28 ¢ [e(w) —1_  3A(w)
302 (c(w) 72 () 127 =D O

where we use the notation of Ref. 5. These equations are
accurate to first order in A(w). The longitudinal (L or z)
mode is unaffected by the magnetic field. Since the
frequency-dependences of both e(w) and A(w) are assumed
known, these equations represent implicit relations between
w and k-~ for these T waves.

If B||x while both 7 and the chain of particles are paral-
lel to z, then the y and z polarized waves are coupled. The
dispersion relations are obtained as solutions to the coupled
equations

—2a° [e )
Poy = 343 [ 2H lyyPoy — t_yzp(]z:| cos(kd),

—2Cl € 2
P =—=7 [ 2” lyzPoy — _Zzzp02:| cos(kd). (6)

These y and z modes are uncoupled from the x modes.

If we solve this pair of equations for pg, and po. for a
given k, we obtain a nonzero solution only if the determi-
nant of the matrix of coefficients vanishes. For a given real
frequency o, there will, in general, be two solutions for
k(w) which decay in the +z direction. These correspond to
two branches of propagating plasmon (or plasmon polari-
ton) waves, with dispersion relations which we may write
as k= (w). The frequency dependence appears in t,., t,,, and
t.., which depend on o [through e(w) and A(w)]. However,
unlike the case where the magnetic field is parallel to the
z axis, the waves are elliptically rather than circularly
polarized.

B. Cholesteric liquid crystal

We now consider immersing the chain of semiconduct-
ing nanoparticles in a CLC in the presence of a static mag-
netic field with B||Z and the chain. A CLC can be thought of
as an NLC whose director is perpendicular to a rotation axis
(which we take to be 7), and which spirals about that axis
with a pitch angle o per interparticle spacing. For a CLC, if
we include only interactions between nearest-neighbor
dipoles, the coupled dipole equation [Eq. (3)] takes the
form

4na’ R ~1 -

R Eig s

as is shown in Refs. 5 and 6. Here, p, = R, (z)p, and R, (z2)
is a 2 x 2 rotation matrix for the director 7i(z). If B||Z, the
two T branches are coupled. One can write a 2 X 2 matrix
equation for the coupled dipole equations in the rotated x
and y directions. This equation is found to be

p=— Bt FREDG ], (D

Po = — =5 M(k,») - Py, (8)
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where p,, is the rotated two-component column vector whose
components are P, and pyy. The components of the matrix
M (k, ®) are found to be

M, = €[ty cos(kd) cos(ad) + ity sin(kd) sin(ad)],
M,, = ety cos(kd) cos(ad) + ity sin(kd) sin(od)], ©
Mxy = e[ty cos(ka’) cos(ocd) ityy sin(kd) sin(od)],

[it, in(od) — (ad)]

tyy cos(kd) cos(ad)],

1/2

where €; = 3/2 and ¢, =
/qf
ol

the two T waves are the non-trivial solutions to the secular
equation formed from Egs. (8) and (9).

The most interesting result emerging from Egs. (8)
and (9) is that the dispersion relations are non-reciprocal,
i.e., w(k) # w(—k), in general. The magnetic field appears
only in the off-diagonal elements ., and f,,, which are linear
in the field except for very large fields. The terms involving
ty and t,, in Eq. (9) are multiplied by sin(kd) and thus
change sign when k changes sign. Thus, the secular equation
determining (k) is not even in k, implying that the disper-
sion relations are non-reciprocal. The non-reciprocal nature
of the dispersion relations disappears at B=0 even though
the off diagonal terms of M(k, @) are still nonzero, because
sin(kd) appears only to second order. Also, when the host
dielectric is an NLC, the non-reciprocity vanishes because
the rotation angle o =0 and all terms proportional to sin(kd)
vanish, even at finite B.

For a finite B, the difference in magnitude of wave num-
ber between a right-moving or left-moving wave is

Aki(w) = [Re(kiz)| — [Re(kir)|, (10)

The dispersion relations for

where i =1, 2 for the two elliptical polarizations and L or R
denotes the left-moving or right-moving branch. If, for
example, Ak(w) # 0, then the left- and right-moving waves
have different magnitudes of wave numbers for a given fre-
quency and are non-reciprocal.

C. Faraday rotation and ellipticity

By solving for k() using either Eq. (5) or Eq. (6) for
an NLC, or Eq. (8) for a CLC, one finds that the two modes
polarized perpendicular to B and propagating along the
nanoparticle chain have, in general, different wave vectors.
For the NLC, we denote these solutions k() and k_(w),
while for the CLC, we denote them k; () and k;(w).

We first discuss the case of an NLC host and B||Z. Then,
the two solutions represent left- and right-circularly polar-
ized waves propagating along the chain. A linearly polarized
mode therefore represents an equal-amplitude mixture of the
two circularly polarized modes. This mixture undergoes a
rotation of the plane of polarization as it propagates down
the chain and is analogous to the usual Faraday effect in a
bulk dielectric. The angle of rotation per unit chain length
may be written as

0(w) = 5 ks () = k()] (11)
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In the absence of damping, 0 is real. If 7 is finite, the
electrons in each metal or semiconductor particle will experi-
ence damping, leading to an exponential decay of the plas-
monic waves propagating along the chain. This damping
is automatically included in the above formalism and can be
seen most easily if only nearest neighbor coupling is
included. The quantity,

O(w) = 01 (w) + i (w), (12)

is the complex angle of rotation per unit length of a linearly
polarized wave propagating along the chain of particles.
Re[0(w)] represents the angle of rotation of a linearly polar-
ized wave (per unit length of chain), and Im[0(w)] is the cor-
responding Faraday ellipticity, i.e., the amount by which the
initially linearly polarized wave becomes elliptically polar-
ized as it propagates along the chain.

In the case of a CLC host, neither of the two 7" modes is
circularly polarized in general. Thus, the propagation of a
linearly polarized wave along the chain cannot be simply
interpreted in terms of Faraday rotation.

lll. NUMERICAL ILLUSTRATIONS

We now numerically evaluate the dispersion relations
presented in Sec. II assuming the host is the liquid crystal
known as E7. This liquid crystal was described by Miiller
et al.,15 from whom we take the dielectric constants € and €, .
We first consider the case of an NLC host with both the direc-
tor and an applied magnetic field parallel to the chain axis Z.
To illustrate the predictions of our simple expressions,
we take a/d = 1/3, and assume a magnetic field such that the
ratio w./w, = 0.07 or 0.007 as indicated in the figures. For
a typical plasma frequency of ~10's™", the ratio of 0.007
would correspond to a magnetic induction of B ~ 2T. We
consider both the undamped and damped cases; in the latter,
we choose w,7 = 100. For propagating waves, we choose sol-
utions for which Im[k=] > 0 so that these waves decay to
zero, as expected, when z — oo when Re k > 0.

The calculated dispersion relations for the two circular
polarizations of plasmonic wave are shown in Fig. 1 with
and without single-particle damping. The splitting between
the two circularly polarized T waves is too small to be seen
on the scale of this plot. The difference can be seen through
its effect on the Faraday rotation angle, which is shown in
Fig. 2. In this, and all subsequent plots, we have calculated
far more points than are shown in the Figure, so that effec-
tively the entire range 0 < kd < m is included.

In Fig. 2, we plot the corresponding quantity 6(k)d, the
rotation angle for a distance equal to one interparticle spac-
ing. When there is no damping, we find that the real part of
0d is very small and that the imaginary part is zero. Both
become larger when damping is included, as we do here by
setting ,7 = 100. Even in this case, neither Re[0(w)d] nor
Im[0(w)d] exceed about 0.005 rad, showing that a linear
incident wave is rotated only slightly over a single particle
spacing (by about 1/4° per interparticle spacing for the cho-
sen parameters). If we assume that the wave intensity has an
exponential decay length of no more than around 20 interpar-
ticle spacings in realistic chains, the likely Faraday rotation

J. Appl. Phys. 119, 113103 (2016)
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FIG. 1. Blue symbols (x’s and +’s): Dispersion relations for left-(x) and
right-(+) circularly polarized T plasmon waves propagating along a chain of
nanoparticles immersed in a NLC with both the director and a magnetic field
parallel to a chain. The particles are described by a Drude dielectric function
with w,7 = 100 and o./w, = 0.07. Red symbols (open squares and trian-
gles): Same as the blue symbols, but assuming no single-particle damping
(wpt = 00). In both cases, the splitting between left and right circularly
polarized waves is not visible on the scale of the figure (but the rotation is
visible in Fig. 2). For w, = 5.0 x 10'2 57!, the chosen a, /)y, corresponds
toB~2T.

of such a wave will only be 3°-4° over this distance. The
present numerical calculations also suggest that 0(k)d is very
nearly linear in B for a given k, so a larger rotation could be
attained by increasing B; it can also be increased if the elec-
tron density is reduced.

For a chain of Drude particles in an NLC where B | Z,
we find, using the same parameters and requirements as the
previous case, that the two non-degenerate waves (one an L
and the other a T wave) become mixed when B # 0. The dis-
persion relations, again with and without damping, are plot-
ted in Fig. 3. When compared to the previous work in Ref. 5
without the presence of damping, the dispersion relations in
Fig. 3 are modified because of the finite damping and pres-
ence of the magnetic field. Decreasing the electron density
of the metal or semiconductor at fixed B increases the inter-
action of the coupled L and T mode near their crossing point

0.005 T

st
0.0 *%x%ﬁ%xﬁﬁww%%@mwwww%%
O pebs SOq
X

od

-0.005 :
0.56 0.58 0.60

(o/o)p

FIG. 2. Real and imaginary parts of 0d, the rotation angle per interparticle
spacing (in radians), as a function of frequency, assuming ./, = 0.07.
Blue +’s (real part) and green x’s (imaginary part of 0d): Drude model with
no damping (w,7 — 00). Black triangles (real part) and red circles (imagi-
nary part of 0Od): Drude model with finite damping (w,7 = 100). In both
cases, the magnetic field and the director of the NLC are assumed parallel to
the chain axis, as in Fig. 1. The dotted lines merely connect the points.
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g a0l Tx
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0.30 ‘ - - ‘ - -

05 1 15 2 25 3

kd

FIG. 3. Red open squares: dispersion relations for plasmon waves ellipti-
cally polarized in the yz plane and propagating along a chain of nanopar-
ticles described by a Drude dielectric function and assuming no damping.
The chain is assumed immersed in an NLC with director parallel to the chain
(2), B||x and @ /w, = 0.007. Blue x’s: same as red open squares, but assum-
ing single-particle damping corresponding to @,t = 100. For ®, =
1.0 x 103 57, the chosen ./ w, corresponds to about 2 T.

kd = 0.7, although this is not visible in the figure for the cho-
sen parameters.

We find that the magnetic field appears to “repel” the
two dispersion relations near their crossing point, although
this is again not visible in the figure for a magnetic field of
2T. For fixed electron density 7., we find that this band gap
between the mixed L and T waves increases monotonically
with increasing magnetic field. Also, for a fixed magnetic
field, the band gap decreases monotonically with increasing
electron density. In the Appendix, we show analytically that
the band gap varies linearly with the magnitude of the mag-
netic field. We have not obtained a simple analytical rela-
tionship between the gap and the electron density for fixed
magnetic field, but we do show numerically in the Appendix
that this gap does increase monotonically with decreasing
electron density.

Finally, we discuss the case of a chain parallel to the z
axis, subjected to a magnetic field along the z axis, and
immersed in a CLC whose twist axis is also parallel to Z.
Using the same host dielectric constants given above and a
twist angle of ad = 1/6, we show in Fig. 4(a) the resulting
dispersion relations, i.e., w/w, plotted against |kd|, for the
two transverse branches. In particular, we show both trans-
verse branches for a right-moving wave, displayed as black
(+) symbols, and a left-moving wave, displayed as red (x)
symbols, giving a total of 4 plots shown in Fig. 4(a). The
separation between the two T branches is on the order of
0.05 /w), for all k.

In Fig. 4(b), we plot the corresponding difference in
wave number between the left- and right-moving waves as
Aki(w)d. Since Ak;j(w)d is nonzero in a wide frequency
range, the wave propagation is indeed non-reciprocal in this
range. One-way wave propagation clearly does occur in part
of this range. Such propagation occurs when, at particular
frequencies, waves can propagate only in one of the two
directions. From Fig. 4(a), we can see that for the upper dis-
persion relation, only the right-hand-moving wave can prop-
agate near kd = m, whereas for the lower one, only the

J. Appl. Phys. 119, 113103 (2016)
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FIG. 4. (a). Black + symbols: the two dispersion relations for right-moving
transverse plasmon waves propagating along a chain of Drude nanoparticles
immersed in a CLC host with BJ|Z, plotted as a function of |kd|. Red x’s:
same quantities but for left-moving plasmon waves. We assume that
./, = 0.007, w,t = 100, and the twist angle od = 1/6. (b). The absolute
value |Ak;d| of the difference Akjd = |Re(k; d)| — |Re(kird)|, between the
normalized wave vectors for left-propagating and right-propagating modes of
the two branches, as given by Eq. (10), as functions of frequency. L, R refer to
the left-moving or right-moving waves, and i (i = 1,2) labels the two branches
for each direction. Note that a non-zero value of |Ak;(w)d| implies that for a
given frequency the left- and right-traveling waves have different wave vec-
tors. Numerically, we find that |Ak;(w)d| is independent of i. There is a gap
between the two curves in Fig. 4(b). This gap corresponds to a region where
the waves propagate in a single direction only. These one-way modes occur in
the upper branch near |kd| = 7, where there is a small region where only the
red branch has solutions, and in the lower branch near |kd| = 0, where only
the black branch has solutions. One-way wave propagation occurs only in the
region between the two horizontal lines in Fig. 4(b).

left-hand-moving wave propagates near kd =0. Thus, there
is a gap in the plot of Ak;(w)d near w/w, = 0.41, within
which there is only one-way wave propagation. In Fig. 4(b),
the boundaries of the frequency band for one-way propaga-
tion are indicated by the two horizontal lines.

IV. DISCUSSION

The present numerical calculations omit several poten-
tially important factors which could alter the numerical
results. The first of these are the effects of particles beyond
the nearest neighbors on the dispersion relations.” We
believe that these further neighbors will mainly modify the
details of the dispersion relations without changing the quali-
tative features introduced by the magnetic field and the NLC
or CLC host. Another omitted factor is the (possibly large)
influence of the particles in disrupting the director orienta-
tion of the liquid crystalline host,'®?° whether NLC or CLC.
This could be quite important in modifying the dielectric
properties of the host liquid near the particles, and could also
cause the positions of the particles themselves to be dis-
turbed, depending on whether they are somehow held in
place. Even though these effects could be quite substantial,
we believe that the qualitative effects found in the present
calculations, notably the regime of one-way propagation
found for certain frequencies in a CLC host, should still be
present. We hope to investigate these effects in future work.
Finally, it is known that radiative damping,' not included in
the quasistatic approximation, can have a significant effect
on the dispersion relations at special frequencies. Once
again, however, we believe that the qualitative effects
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discussed in this paper should still be present even if radia-
tion damping is included. Thus, we believe that our calcula-
tions do qualitatively describe the combined effects of a
liquid crystalline host and an applied magnetic field on the
surface plasmon dispersion relations.

It should be noted that the magnetic field effects
described in this paper are numerically small, for the param-
eters investigated. The smallness is caused mainly by the
small value of the ratio w./w,, taken here as 0.07 or 0.007
depending on the electron density used in the calculation. To
increase this ratio, one could either increase . (by raising
the magnetic field strength) or decrease w,, (by reducing the
free carrier density in the particle). For the case of a particle
chain in a CLC host, any change which increases w,./w), will
increase Ak, leading to a broader frequency rage for one-way
wave propagation.

In summary, we have calculated the dispersion relations
for plasmonic waves propagating along a chain of semicon-
ducting or metallic nanoparticles immersed in a liquid crystal
and subjected to an applied magnetic field. For a magnetic
field parallel to the chain and director axis of the NLC, a lin-
early polarized wave is Faraday-rotated by an amount pro-
portional to the magnetic field strength. For a CLC host and
a magnetic field parallel to the chain, the transverse wave
solutions become non-reciprocal (left- and right-traveling
waves having different dispersion relations) and there are
frequency ranges in which waves propagate only in one
direction. Thus, plasmonic wave propagation can be tuned,
either by a liquid crystalline host or a magnetic field, or both.
In the future, it may be possible to detect some of these
effects in experiments, and to use some of the predicted
properties for applications, e.g., in optical circuit design.
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APPENDIX: ANALYSIS OF BAND GAP IN FIG. 3

In this Appendix, we show that the two bands shown in
Fig. 3, which in zero magnetic field cross near kd =0.7, are
“repelled” in a finite magnetic field B|| % resulting in the open-
ing of a band gap which, at fixed electron density #,, is propor-
tional to |B|. We will also shows numerically that this band gap
at fixed |B| is monotonically increasing with decreasing 7,.

The dispersion relations for the coupled y and z polar-
ized waves are obtained from the two coupled equations (6).
They have non-trivial solutions when the determinant of the
matrix of coefficients vanishes, i.e.,

2(13 € 4613 1
1+ gcﬁgl‘yy(a))cos(kd)] |:l - gﬁatzz(a))cos(kd)
8a° ¢ 2
S () costkd) =0 (A1)
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We first consider the case of zero magnetic field. In this
case, the off-diagonal components of the z-matrix, namely,

t,, = —t;,, both vanish. The dispersion relations are then
given by
2a3 GH

Fi(k,w) =1 +§$ztyy(w)cos(kd) =0 (A2)
and

Fa(k,w) = 1 4“31r( Jeos(kd) = 0. (A3)

w)=1—=-——t.(w)cos =0.
B 3de, -

The two bands will be degenerate when F(k,w)
= F,(k, ), or equivalently
|

1
ztyy(w) + Zt(w) =0. (A4)

Equation (A4) gives the frequency of the degeneracy,
which we denote w,. The corresponding wave vector k, of
the degeneracy is determined by either

Fy(ko, o) =0 (A5)
or
Fz(ko, CO()) =0. (A6)

Now, we consider Eq. (A1) with non-zero magnetic field,
i.e., finite #,,(®w). For k= ko, assuming that the band energies
o are close to their zero-field value w,, we can expand F; and
F> in Taylor series as Fi(kow) ~ (@ — wo)F}(ko, o) for
i=1, 2, where Fj(ko, wo) = [0F;(ko, ®)/0®)],_,, - Again to
lowest order in B, we can write #,,(®) ~ f,.(wo). Then, the
solutions to Eq. (A1) are given by

8 a6 6“
F (ko, o) F (ko, o) (@ — w0)2 = 55%1‘;@0) cos? (kod)
(A7)
or
30
20
10
10]7 10‘]8 10‘]9 10‘20 102] 1022
3
n, (cm™)

FIG. 5. Semilog plot of the (dimensionless) matrix element |7,.| as a function
of electron density 7, (in cm ) for a fixed magnetic field of B = 2T. The
orientations of the magnetic field and chain are the same as in Fig. 3. Since
the gap equals a density-independent constant multiplied by |t,,], this plot
shows that the gap also is monotonically decreasing with increasing n, at
fixed |B|. In all cases, we assume ), 7 = 100.
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w(B) — g
1/2
L) 8d%e 5 ) , ,
= + 656—3%((00) CcOoS (kod)/‘Fl (ko, C()())F2 (k(], (1)())|
L
(A3)

Here, w(B) represents one of the two band energies at k = k.
Since tyz(a)o) is proportional to B (see below), and since
the other terms in Eq. (A8) do not depend on magnetic field,
Eq. (A8) shows at the splitting between these two band ener-
gies at k = kg is proportional to |B|.

To show that #,.(wg) o< B, we can calculate #,. (and the
other components of t) from Egs. (1), (2), and (4). The result,
to lowest order in de,. (), is

dey: (@)
) S T ey @) (1 - Twtea(@)” A

Since Jey.(w) x A(w), we see that 1,.(w) x o, x B.
Hence, the splitting between the two bands at k =k is pro-
portional to |B.

In addition to the magnetic field dependence, one can
also numerically determine the dependence of the band gap
on the electron density 7.. In Fig. 5, we show the calculated
matrix element |f,,| as a function of n, for |B| =2T; it
increases monotonically with decreasing n, over several
orders of magnitude of n,. For the magnitudes of |B| and n,
considered in Fig. 3, this splitting is not visible on the scale
of the Figure, but we have verified numerically that this split-
ting is definitely present for finite magnetic field and finite
electron density.

In the plot of Fig. 5, we assume wp,t = 100 for all den-
sities. Since ), depends on n,, we are effectively assuming
that 7 also depends on 7,. We have done similar calculations,

J. Appl. Phys. 119, 113103 (2016)

however, with t independent of 7., and also with no damping
(T = 00). In all cases, we find the same monotonic decrease
in gap with increasing n,, though quantitatively the behavior
is different.
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