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Abstract. Almost all catchments plot within a small envelope arourelBludyko curve. This appar-
ent behaviour suggests that organizing principles may glafe in the evolution of catchments. In
this paper we applied the thermodynamic principle of maxmpower as the organizing principle.
In a top-down approach we derived mathematical formulatiointhe relation between relative
wetness and gradients driving runoff and evaporation fample one-box model. We did this in an
inverse manner such that when the conductances are opdinvigethe maximum power principle,
the steady state behaviour of the model leads exactly tora paithe asymptotes of the Budyko
curve. Subsequently, we added dynamics in forcing and betagorations, causing the Budyko
curve to deviate from the asymptotes. Despite the simplafithe model, catchment observations
compare reasonably well with the Budyko curves subject senked dynamics in rainfall and actual
evaporation. Thus by constraining the model with the asgieptof the Budyko curve we were able
to derive more realistic values of the aridity and evaporaiindex without any calibration parameter.
Future work should focus on better representing the boyndamditions of real catchments and

eventually adding more complexity to the model.

1 Introduction

In different climates, partitioning of rainwater into ewaption and runoff is different as well. Yet,
when plotting the evaporation fraction against the aridityex (ratio of potential evaporation and
rainfall), almost all catchments plot in a small envelopsuad a single empirical curve known as the
Budyko curve (e.d_&_emls_e_tJaIL_ZCLO9). The fact that anatlscatchments worldwide plot within
this small envelope around this curve inspired severahsisis to speculate whether this is due

to co-evolution of climate and terrestrial catchment cbemastics (e.gJ. Harman and Trgl;ul(h, 2b14).
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Co-evolution between climate and the terrestrial systemidcm turn be explained by an under-

lying organizing principle which determines optimum syst&nctioning I(Sivapalan et LlL_zd03;
| 2007: Schaefii et/dl.. 2011: Thompson e@aiL] Ehret et all, 2014: Zehe ef al.,

). As hydrological processes are essentially digsgate suggest that thermodynamic opti-

mality principles are very interesting candidates.

Belonging to this class of principles are the closely relgignciples of maximum entropy pro-

duction kKIeidon and SchvmanLmed&m.mmm&bll;
|d_e|_J_e_s¢Ls_ej_£l|._‘lQ|1b; Westhoff and jelﬂe_,_lZOlS) and maxinmrvarleIeidQn and Rencl r, 2013;
[KL&i_dQD_el_al.l_ZOJJ:‘J;JALe_Slh_O_ﬁ_eIJBJL_Z&14) on the one handth befining the optimum configura-
tion between competing fluxes across the system boundarg,-oarthe other hand, minimum en-
ergy dissipatior'l_LRlnaI_d_o_e_t_uLa_lﬁi ; ' - |_19_9_JZI_I:Le_ma.Lte_nﬁ_t_uL_2614) or maxi-
mum free energy dissipati@ 013), foguen free energy dissipation associated

with changes in internal state variables as a result of bayritlixes, i.e. soil moisture and capillary

potential, and a related optimum system configuration. i ssearch we focus on the maximum
power principle.

With these principles, an optimum configuration between bompeting fluxes can be deter-
mined. It seems therefore potentially suitable to derivee Budyko curve from such a principle,
since the Budyko curve describes the competition betweeoffrand evaporation. This is also the
aim of this study.

The validity and the practical value of thermodynamic ogtlity principles are still debated (e.g.

) and the partly promising results reportederatiove listed studies might be just a mat-
ter of coincidence. There is a vital search for defining rigertests to assess how far thermodynamic
optimality principles bears and applies. The Budyko cumeesrs very well suited for such a test,
as it condenses relative weights of the steady state waxessfln most catchments around the world.
It is thus not astonishing that there have been several ptsetm reconcile the Budyko curve with

thermodynamic optimality principles. For examdll_e_._BQLeﬁaI]. kZQ;LIl) used the maximum entropy
production principle to optimize the runoff conductancel @vaporation conductance of a bucket

model being forced with observed rainfall and potentialpevation of the 35 largest catchments in
the world. The resulting modelled fluxes were plotted in tlielyao diagram and followed the curve
with a similar scatter as real world catchments.

Another very interesting approach was presentmtﬁb) aJJd Kleidon ei al.

), using the perspective of the atmosphere. They maadrpower of the vertical convective

motion transporting heat and moisture upwards using thad@dmit to constrain the sensible heat
flux. This motion is driven by the temperature differencesveen the surface and the atmosphere,
while at the same time depleting this temperature gradieatling to a maximum in power. Addi-
tionally, evaporation at the surface and condensationératmosphere depletes this gradient even
further at the expense of more vertical moisture transpadtthus more convective motion. Their
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approach showed some more spreading around the Budyko farrtlee same 35 catchments as
used irl_EQLa.da_e_tJaL(Zdll), but they used a simpler modeh#sato be forced with much less
observations, namely solar radiation, precipitation antase temperature.

Very recently,| Wang et £I. (2(1]15) used the maximum entropydpection principle to de-
rive directly an expression for the Budyko curve. They st@rtfrom the expression of

kL(ZQIOS) and by maximizing the entrpmduction of the whole system
they reached the expression for the Budyko curve as foreuilayl Wang and T &_(;d14). This is
an intriguing result that partly contradicts the finding hoff and Z el_(LO_hB), whose study

revealed within simulations with an HBV type conceptual mipthat joint optimization of overall

entropy production results in optimum conductances abiog zero.
The objective of this study is to define a model which, understant forcing, leads to a point
on the asymptotes of the Budyko curve when flow conductaneesmimized with the maximum

power principle. The model is comparable to the one propdnséE_QLa.da_el_fllIJ_(ZQlll), but with

different relations between relative wetness and driviragigents. We derived the gradients driving

evaporation and runoff in an inverse manner, with both thenagotes of the Budyko curve and
the maximum power principle as constraints. Subsequendyadded dynamics in forcing or in
actual evaporation (similar {QJALeﬁthﬁ_eJ MM) to maway from these asymptotes to more
realistic values of the aridity and evaporation index, withcalibrating any parameter. Finally, these

sensitivities were compared to observations.

2 The maximum power principle

The maximum power principle implies that a system evolvesuich a way that steady state fluxes
across a systems boundary produce maximum power. It istidirderived from the first and the

second laws of thermodynamics, and is very well explainl!ﬁ_eﬂjan_am_lie_nnl?r (e.b_zd13). Here

we give only a short description: let us start by considedangarm and a cold reservoir, which are

connected to each other. The warm reservoir is forced by stanhenergy inpufi, and the cold
reservoir is cooled by a heat fluk,. In steady stateli, = Jo,t and both reservoirs have a con-
stant temperaturé}, andT,, respectively, withl}, > T... The heat flux between the two reservoirs
produces entropy, which is given by:

_ Jout  Jin
o=

. T, 1)

However, instead of transferring all incoming energy tocbkl reservoir, the heat gradient can also
be used to perform work (to create other forms of free eneiyis means that in steady state, the
incoming energy fluxJi, equals the outgoing energy fluk, plus the rate of workP (which is
power) performed by the system.



95

100

105

110

115

120

For given temperatures of both reservoirs, the theoretizadimum rate of work is given by the

Carnot limit:

Tl - Tc
PCarnot: ']IHIT (2)
h

Now we introduce an extra flux cooling the hot reservoir asrefion of its temperaturéh oyt =

Th. This flux is in competition with the flux,_. between both reservoirs, while both reduce the
temperature gradient between the two reservoirs. In[BgJit2$hould then be replaced b,
while T}, andT, are not fixed anymore, but a function of all fluxes. In thisiegitthere exist a flux
Jh-c; maximizing power. In the extreme cases.gf; = 0 and J,.c — oo, power is zero, while for
intermediate values power is larger than zero.

In hydrological settings, such as this article, power isofgenerated by water fluxes and is given
as the product of a mass flux and the potential differencéndyithis flux. (Note that several authors
divided this formulation by the absolute temperature, &h&ming it maximum entropy production:
e.g. WMMMW@MN
|ZQlJ1 LKQIJ_eltLZQlLS) Although, these formulations are eglgnt in isothermal circumstances, the

here derived maximum power principle is, in our opinion, mmsound.

In the remainder of this article we used specific water fluxe¥{'] and potential differences
Ithigh — fiow IN Meter water columnlL]], where the flux is given as the product of a specific conduc-
tancek [T~!'] and the potential difference. We recognize that, in orderame to the same units as
power, these formulations should be multiplied by the wdgsrsity, gravitational acceleration and
a cross-sectional area, but since we are looking for a maxinamd these parameters are constant,
we can leave them out. We also use the word gradient for trepat differenceunigh — fuow, Where
the length scale with which the difference should be dividadcorporated in the conductance. With
these formulation, power is given by

P =k (thigh — tiow)” 3)

wherek is the free parameter we optimized to find a maximum in power.

3 Mathematical framework

Here we derive the model that, when conductances are ogiilwizh the maximum power principle,

always result in a point on the asymptotes of the Budyko cinglependent of the value of the given
constant atmospheric inputs (here rainfall and chemictdrg@l of the atmosphere). To reach this,
proper relations between relative wetness and gradieriaglrunoff and evaporation were derived,

which is explained in the following.
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3.1 Initial model setup

Our model consists of a simple reservoir being filled by @ir®;, and drained by evaporatiaf,

and runoff@,. Using the same expressions a£ in Kleidon and Schyr_rla{@pthe steady state

mass balance and corresponding fluxes are expressed by

Qin=Ea+Qx 4
Ea - ke (,Ufi - ,Uatm) (5)
Qr = ky (ps — fix) (6)

where i, p, and uam are the chemical potential of the soil, chemical potentfahe free water
surface of the nearest river and chemical potential of tiaphere, whilé, andk, are the specific
conductances of evaporation and runoff. In these expmssig and us — u, are functions of the

relative saturatiork in the reservoir:
Ge(h) = ps(h) 7)
Gr(h) = Ms(h) - Mr(h) (8)

whereG.(h) and G.(h) can have any form as long as they are strictly monotonicaltyeiasing
with increasing relative saturation. For examL)I_e_‘ﬂoLagml é;o;ll) used the van Genuchten model

0) and gravitational potential to @ettie chemical potential of the soil. How-

ever, here we will derive them in such a way that, under congtacing, we end up exactly at the
Budyko curve.

3.2 Backwards analysis to determine the driving gradients
3.2.1 Optimum k% matching the Budyko curve

Let us first find an optimum conductankgleading to a point on the asymptotes of the Budyko curve

B. An expression describing these asymptotes exactly isxgiye(adapted from Wang and Tang,

):

a 1+ EpOt/Qin - (Epot/Qin — ].)2
% B 2 9)

with E,q being the potential evaporation. Now we make an importasuragtion to defindz,o: we

B =

assume that evaporation is purely described as the proflaggradient and conductance; ignoring
the influence of radiation. It is assumed to be maximum whefgs. [5) and{8),.s = 0, meaning
that the relative wetness is 1, implying no water limitati@¥ith this assumption, potential evapora-
tion is given byEyot = k¥ (—ptam) (Note thauam is always negative). Combining this equation with
Egs. [®), ) and{9) results in:

o — Qin

*T G 4o
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whereh* is the steady state relative wetness leading to a point oaghptotes of the Budyko

curve (note that this is the relative wetness occurring when £7).
3.2.2 Maximum power by evaporation

As mentioned abové;: should also correspond to a maximum in power by evaporation {Ve did
this in a backward analysis, implying that we start with defira functionP,(k.) which is always
larger than zero fok. € (0,+oc0) and whered P, /0k. = 0 at k. = k. A function satisfying these
constraints

(11)

whereP, andk, are the reference powel{T '] and reference conductancg€{!], introduced to
come to the correct units. In all computations they have lseeo unity. Setting the derivative to
zero fork, = k yields:

oP, ) 2\ Po _(k;ua)z
= (2k*a— 2k +k)—e W) =0 12
Ok, ( 0) k3 (12)
k2
_k*_ 0
—a o oL

resulting inP, (ke ) = ke Py /kge~ (ke k&) /ko+ko/(2k2))?
Combining this expression with EqE] (3) abdl (P):= k. (G — uatm)Q, G, is expressed as:

Py _(ke=kE kg 2
Ge(ke):i\/k((:e ( " +2k0:) + Hatm: (13)

Since we neglect condensatiof( k.) — uam > 0), only the positive solution remains. Inserting
Eq. (I3) into Eq.[(I0) and setting = £’ yields:

k=2 B) (1)

k2

Po 7 akz2
BE ¢

which can be solved iteratively far’.
Combining these results with the mass balance (Edd. 4-&)sytbe following expression for
runoff gradientG, as a function of.:

. ke Py ( ke—ki k 2
Culhe) = 2 —k\/ e (i) (15)

Note that any value of, does lead to a point on the Budyko curve.

1We have also tested a the functidb(k.) = Poea:p(— ((ke — a)/ko)Q), but this led to two non-trivial solutions for
k%, and is thus less convenient to use than the expression iLE).
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3.2.3 Maximum power by runoff

Although the Budyko curve does not depend on the valuk. o&n optimumk;” can still be found
by maximizing power by runoff. For this, the similar stepsf@soptimizing k. are used, where in

Egs. [(11)-{{IB). is simply replaced b¥., resulting in a gradient for runoff as a function/qf

Gr(kr) — \/P()e(k,,:(]k;‘f +2kT0;‘)2 (16)

ko
while from the mass balance (EG$[#-8)is given by
Qin — [Ge(h) - ,uatm]

ky = 17
Gr(h) 4o
Combining these two equations and settingo &, yields:
k’: — Qin B k; [Ge(k’;) - Hatm] (18)
L
%{W

which can also be solved iteratively fbf.
3.3 Forward analysis

To apply the maximum power principle in any hydrological rabdhe model should run until

a (quasi-)steady state is reached. Within the above pexbdrgckward analysis the steady state

optimum gradients are simply found by givikgthe value oft} in Eq. (I3) andk, = k¥ in Eq. [I5).
However, when the relative wetnessevolves over time, the gradients should be resolved as

a function of the relative wetnes&/{ = G.(h) andG, = G, (h)). To do this, we assumed that

is a linear function ofG,(k.) scaled between zero and unity (for sensitivities to diffieriaitial

relations between relative wetness and one of the gradiestsupplementary data):

G (h) = min G, (ke)] + (max [Gy (ke)] — min [G, (ke)]) h (19)

where the maximum irG,.(k,) occurs when the second term on the right-hand-side of [Eg. (15
is zero:max [G, (k)] = % and the minimum value is derived when this second term is mmauxi,

2
occurring atc, = k" =1/2 <k;‘ _ ki + (kj; — f,f) + 4) . Inserting this into Eq[{15) yields:

2k;

. Jemax Py _(ERex—ki |k 2
min [G, (k.)] = i'r” — Ck;r \/kse ( kof*%oz) . (20)
If we now ploth vs.G., a unigue relation between the two exists (Eig. 1).

With the gradients as functions af the non-steady mass balance equation is written as

smax% — Qi — b Go(h) — ke (Go(h) — pram) (21)

where Smax is the maximum storage depth][and ¢ is time [T]. Now, the time evolution of the

relative wetness can be simulated.
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4 Results and discussion from forward analysis
4.1 Constant forcing

With the known relations between relative wetness and graslidriving evaporation and runoff,
the forward model was run arigl be optimized by maximizing power. With constant forcingelea
value of uam resulted in a point on the asymptotes of the Budyko curve. [Bé). In Fig[2b, the
time evolution of the relative wetness and both gradiergsshown for an initially saturated and an
initially dry state indicating that irrespective of thetial state, the forward model evolves to a steady
state.

4.2 Sensitivity to dry spells

By introducing dynamics in forcing, we expected the resgltbudyko curve to deviate from the
asymptotes.
In literature, the deviation from the asymptotes is oftenelby introducing a empirical parameter

(e.g.LC.h.O.U.d.h.L]}kl'__lQ_b ; 014). To move away fnis empiricism, we start at the
asymptotes of the Budyko curve. Subsequently, we addedpafissand dynamics in evaporation
(e.g. when trees lose their leaves the evaporative conuteeka goes to zero) and tested how this
influenced the Budyko curve.

To test sensitivities to dry spells, simple block functievere used, with either a predefined con-
stant input or no input at all. For longer relative lengthsttug dry spell, the slope of the curves
becomes smaller until a maximum &, /Qi, = 0.98 (Fig.[3). The reason the asymptotes do not
reach unity lies in the fact that already at very short drjllsgesecond maximum in power evolves,

while the first maximum disappears quickly with increasimg spells. This is in line with results

of|3ALe.slh9.tf3.t.ai.[(2Q]|4) while also @E 13) aosecoptimum is present. Although
interesting, we leave a better exploration of this traositzone where two maxima exist for future
research.

These curves were compared with data of real catchmentbdkata relatively stable wet period
interspersed with a regular dry period. The Mupfure cataftniimbabwe j@%) with
approximately seven months without rain (Fig. S1 in the $empent), plots very close to the theo-
retical curve with the same length of the dry spell. Howegatchments from the MOPEX database
d.S_Qha.a.ke_e_t_iIilL_ZQbG) with clear consistent dry spells gtifitfar from the respective theoretical
curves. This discrepancy can be partly explained by the stwatearbitrary way the number of dry

months are determined: The MOPEX catchments are filteredvte bnly those catchments having
at least one month with a median rainfall2.5 mm month~! and a coefficient of variance 0.5
for all months with a median rainfatt 25 mm month~!. The final number of dry months were de-
termined maximizing the difference between the mean mgmttdcipitation of theX driest months
minus the mean monthly precipitation of the- X wettest months, wher& =1,2...12.
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For example, the MOPEX catchment with a four month dry spalild also be argued to have
a dry spell of seven months (Fig. S1, MOPEX ID: 11222000) amilarly, the MOPEX catchment
with a five month dry spell (Fig. S1, MOPEX ID: 11210500) coaldo be argued to have one of six
months. If these “corrections” are made, the variabilityhivi the MOPEX catchments is consistent
(with longer dry spells plotting more to the right), but tads still a discrepancy of one to two
months, indicating that the model should still be improved.

4.3 Sensitivity to dynamics in actual evaporation

We also tested the sensitivity of dynamics in actual evajmwrdy periodically turning:, on and off,
while keeping the rainfall constant. This sensitivity ayséd shows that the longer actual evaporation
is switched off, the smaller the slope of the Budyko curve tnesmaller the maximum value of
the evaporation index (Fifll 4). Comparing the differentveswith real catchments, shows that data
from the Ourthe catchment (Belgium) is relatively closettrespective line (its months without
BALa' 2. Also the MOPEX catchments plot
relatively close to their respective lines. However, the/ e MOPEX catchments were filtered is

actual evaporation are estimated from Fig. 6.

somewhat arbitrary (only those having a coefficient of varéa< 0.12 for monthly median rainfall

and with at least one month with a monthly median maximum anttiemperature: 0 °C are taken

into account; a month is considered to have no actual evapoifthe monthly median maximum
air temperature< 0 °C; aﬁerM@& Fig. S2).

At first sight the comparison with data looks better than ia thase of dry spells. However, all
plotted catchments have an aridity index between 0.5 antl &hd within this range the different
curves plot also close to each other. Yet, it is still somevghiaprising that the comparison is rela-
tively good, since the modelled lines have been createdsiymaisg a constant atmospheric demand
(1atm) for each run, which is different from real catchments thateha more or less sinus shape
potential evaporation over the year. However, we considas future work to better represent the

real world dynamics in the model.

5 Conclusions and outlook

The Budyko curve is an empirical proof that only a subset bpaksible combinations of arid-
ity index and evaporation index emerges in nature. It beddoghe, so-called Darwinian models

(LLLLd_OiH rman and Tr ll\_.LQlM), focusing on emergent behavioarsgbtem as a whole. Since the max-

imum power principle links Newtonian models with the Darigim models, it has indeed potential

to derive the Budyko curve with an, in essence, Newtonianehod
We presented a top-down approach in which we derived refati@tween relative wetness and
chemical potentials that lead, under constant forcing, poiat on the asymptotes of the Budyko
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curve when the maximum power principle is applied. Subsetipieensitivities to dynamics in forc-
ing and actual evaporation were tested.

Since the Budyko curve is an empirical curve, a calibratiarameter is often linked to catchment
specific characteristics such as land use, soil water spidgnate seasonality or spatial scales

(e.g.IM_iII\J,I&L; Choudhuu, 19%; Zhang el MOMMH@S). Although correlations

between characteristics and the calibration parameter begn found, it remains a calibration pa-

rameter.

Here we presented a method to derive the the Budyko curvewutitiny calibration parameter, but
sensitive to temporal dynamics in boundary conditionshéligh we used simple block functions to
test these sensitivities they compare reasonably welletifervations. Nevertheless, improvements
could be made by modelling dynamics closer to reality, ondseadding multiple parallel reservoirs
to account for spatial variability within a catchment.

Even though the model represents observations reasonadly(despite its simplicity), the
method used here is by no means a proof that the maximum paweigte does apply for hy-
drological systems. This is due to the top-down derivatibthe gradients in which the maximum
power principle is used explicitly. In principle, the methoould also be used with respect to any
other optimization principle. However, the reasonableWitth observations gives floor to further
explore this methodology — including the maximum power gpte.

The Supplement related to this article is available online &
doi:10.5194/hess-0-1-2015-supplement.
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Figure 2. (a) Analytical Budyko curve (Ed.]9) and result from forward mode witmstant forcing andb)
time evolution of relative saturation and both gradients for complete initiataaia (solid lines) and initial
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Figure 3. Sensitivity to periodic dry spells to the forward model. MOPEX catchmemrtsiléered to have only
those catchments having at least one month with a median rainfall mm month~' and a coefficient of
variance< 0.5 for all months with a median rainfat 25 mm month . The final number of dry months were
determined maximizing the difference between the mean monthly precipit#titie X driest months minus
the mean monthly precipitation of the— X wettest months, wher& = 1,2...12. Error bars indicate one

standard deviation and are determined with bootstrap sampling.
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Figure 4. Sensitivity to on-off dynamics in actual evaporation to the forward mdd€IPEX catchments were
filtered to have only those catchments having a coefficient of varian@é 2 for monthly median rainfall and
with at least one month with a median maximum air temperatute’C; a month is considered to have no
actual evaporation if the monthly median maximum air temperatufe C (after,). Error bars

indicate one standard deviation and are determined with bootstrap sampling.
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