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Segmentation Strateqy (Cren & Li 2007, Denosl 2008)

1. Consider a contact pattern and the associated contact positions
2. lune the contact positions to ensure the rod integrity

3. Check the validity of the contact pattermn
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Segmentation Strateqy (Cren & Li 2007, Denosl 2008)

1. Consider a contact pattern and the associated contact positions
2. Tune the contact positions to ensure the rod integrity

3. Check the validity of the contact pattermn

Continuity of the rod
[Mp] = [Mc] = [Mp] =0




Segmentation Strateqy (Cren & Li 2007, Denosl 2008)

1. Consider a contact pattern and the associated contact positions
2. lune the contact positions to ensure the rod integrity

3. Check the validity of the contact pattern
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Lagrangian

- Segmentation drawbacks

- |nitially unknown domain [ Free boundary problem J

« Evaluation of the distance rod/conduit axis

— Rod
Conduit axis

Contact detection




Lagrangian vs. Eulerian

- Segmentation drawbacks (Lagrangian) q
* Initially unknown domain _— A

- Evaluation of the distance rod/conduit axis s

* Eulerian formulation (Denoel & Detournay, 20711)
- Rod relative deflection A (.5)
- Coordinate s +— S

- Domain ¢ — L & Rod
% Conduit axis




Canonical Problem

- Rod configuration between contacts (s € [sq, Sp])
» Known extremities positions and inclinations  «,; (sq.p) ,a:;- (Sap)
- Known axial force F', and torque M,

« Unknowns

- Rod length ¢ = s, — s, , axial force F', and torque M,
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Lagrangian Formulation

« Rod definition

- Centroid r (S) — T €L

— Space curve &
- Directors {d (s)}

— Section orientation

* Equilibrium
dF
=0
ds /
dM dr
ds  ds xEF+m=0

- Constitutive equations
F3 — A (Oé — 1)

\‘\}73
Ml };1\\7/\\
Y QB
mdsY
- Kinematics
dd
—— = u X di
ds
dr
- = d3
ds
Mio=Bu s

M3:C’u3
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Issues with Lagrangian Formulation ©ren & 1i, 2007,

* |soperimetric constraints (boundary conditions)
°b dr

T - e; ds

— |ntegral constraints on the unknown length ¢ = s, — s, Of the rod
- |ll-conditioning of the governing equations when B /w P <1

- Parasitic solutions with curling — — P Wi

- Contact detection (Lagrangian vs. Eulerian)

Constraint axis X (.5)
/

Rod centerline z; (s)
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—ulerian Formulation

» Orthonormal frame { D, (S)} attached to the reference curve €

C

 Eccentricity vector

r(s)=R(S)+ A(5)

dR
— A =0
dsS

— Contact detection [|A|| <c¢

- Jacobian of the mapping

ds ds |d.S
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Mappings: 3 curvilinear coordinates

4 , )
Lagrangian

_ Unstressed config.

-

Eulerian
Reference curve

Stretched
Deformed config.
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Jacobian of the Mapping

__-—/—\__
Cga() \\ \\
o d s
€
& d5
dS
dr > > Oédg — (R,—I—A/) —
ds
— = d3
ds J

— Drift between S and s:

» Eccentricity between the rod and the reference curve

« Stretch of the rod
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Jacobian of the Mapping

ds -
ee—
Cga() \ \\
s s B
- 1dS /X
¢ g
ds
i dS Q )
dr > ST TR A
dr o T s T TR AT
ds J

— Drift between S and s:

» Eccentricity between the rod and the reference curve

« Stretch of the rod
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Jacobian of the Mapping

_ d-
=135
r(s(S)) =R(S)+A(S) )
> >
dr
45 s J

ds -
_———/ .

AN

&Y N

[
ds

-

.

\

45«
- ds T ||R + A

J1

— Drift between S and s: —E\L;\P\“

» Eccentricity between the rod and the reference curve

« Stretch of the rod

_—
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Rod Attitude

» Orientation of the rod directors {d;}

dy (S) =cospki; —sinpks

ds (S) = sinp ki + cos p ko
d3 (S) — Jl (D3 A/) /Oz

where k1 and ks are the images
of Dyand D5 through the rotation D,
mapping D3 on ds

do
ks = ds

- Intermediate {k;}-basis (Rodrigues formula) Ds
kj :D]—l—’ﬁ X DJ—I—’ﬁ X (’19 X .DJ)/(].—FCOSH)

with 9 = D3 X d3
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Strain Variables

- Kinematic
dD .
dSJ:UxDj «— Known
dd ;
d—;:uXd]
dk, , D: ¥
= —wxk; —>[u:w(a,A,U)—|—J1gp ks]

- Constitutive relations (circular cross section)
F:ﬁ1k1+ﬁ2k2—|-14(04—1)k3

M = B (w1 k1 +wa ko) +C (w3 + J1 ¢') k3
—_——— ) e———

Bending Twisting
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Governing Equations

« Mixed order nonlinear BVP

~

LW F +Aa—1D)Ws—w3Fy+ f1 =0

I F +wsFy—A(a—1)@ + fo =0

Jio/ A+ By — g Fy + f3 =0

J W, B — Wy W3 B+ C o (Ws+ J1¢') —aFy+mq =0

Jy Wy B+ W w3 B—Cwn (W3 + J1¢) +aFy + s =0
(J12¢//+J2¢/+J1@é)0—-m320

with 11 boundary conditions

{90 (Sa) 7A7L (Sa) ,A; (Sa)} 1 = 1, 2
{a(S6), 9" (Sb), Ai (Sb) , Ay (S)}



Governing Equations

« Mixed order nonlinear BVP

JiF{ +Gila, A, F U] + f; =
JLFL 4+ Gola, A, F, U]+ fo =0

Jla/A__g3 :OZ,A,F,U: __f;) —
JT3A" B+ H o, A, U] —aF, +my =0
T3AY B+ Moo, AU+ a Fy + g =0
J2 0" C + Hs o, A, U] + s = 0

with 11 boundary conditions
{90 (Sa) 7Az' (Sa> 7A;J (Sa)} 1 = 1, 2

{a(Sp) " (S), A (Sb), A (Sb)}
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Application

- Collocation method (Ascher et al, 1979
A* € PrizrNC?[Sq, S
0* € PryorNC[Sq, Sy
F* € Pri1-NC°[S4, S

where k£ > 3 is the number of collocation points per subinterval and P,, »
IS the set of all piecewise polynomial functions (B-splines) of order n

e
> <]
o S T
L==2 Q“‘\‘\“/%
4 NS AT
-
f1:f2:f3=0 ‘ |

F3 (L) =0
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Application

- Collocation method (Ascher et al, 1979
A* € PrizrNC?[Sq, S
0* € PryorNC[Sq, Sy
F* € Pri1-NC°[S4, S

where k£ > 3 is the number of collocation points per subinterval and P,, »
IS the set of all piecewise polynomial functions (B-splines) of order n

ooo Lagrangian

— Eulerian < P
Kg =< g
|
- - P
Fl=fo=fa=0 T

F3 (L) =0
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Self-feeding

N
L
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Continuous Contact (frictionless - stiff)

- Unknown reaction pressure p(s)

« Restriction of the solution to the surface

+1 unknown

+1 equation

-

Surface geometry = «

[ Contact geometry

.

Reaction pressure

~

J
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Surface Bound Rods

- Surface parameterization 8 (u,v)

- Rod axis re-parameterization
r(s) =8 (u(s),v(s))

- Stretch  a (s) = ||S,u” + S|

» Skew coordinate system {S,,S,}



Surface Bound Rods

- Surface parameterization 8 (u,v)

- Rod axis re-parameterization
r(s) =8 (u(s),v(s))

+ Stretch | (s) = VEuW? +2Fu v +Gv'?|  (frst fundamental form)”

E(u,v) =8, -8y F(u,v)=8,-8, G(u,v)=8,-8,



Kinematics

- Orientation of the rod directors {d, (s)}
dy (s) =cosy N X d3+siny N S. xS,
ds (s) = —siny N X d3 + cosyp N
d;(s) =a t(S,u +8,v)

Nng

- Kinematics of the Darboux frame

dd
a ' == =k, N xds+r, N
ds
d
a—ld—(N x d3) = —kyd3 + 74y N
S
dN
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Geometric Invariants

dd
Ck_ld—g :/{gNXd3+I{nN
S

- Normal curvature (extrinsic)

B 6u/2_|_2fu/,vl_l_g,0/2
C Bu24+2Fu v + G2

Kn

e(u,v) =8yuy - IN f(u,v) =8y, - N g(u,v) =84, - N

-« (Geodesic curvature (intrinsic)
o = EG — F~ [FQuIS—FlfU/S
? (Ew?+2Fu v + Go'?)’ H -
+ (277, —Tqp) u?0' — (2T, = T'55) w/v* + v/ 0" — " V']
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Geometric Invariants

d
a_ld—(Nxdg) = —kyd3z+ 7y N
S
AN
@7 1E:—lind3—TgNXd3

+ (Geodesic torsion (extrinsic)

(fE—eP)u?+ (gF — fG)v* + (gE —eG)u'

Tg =

(Euw?2+2Fuv +Gv?)VEG — F?

- Constitutive relations (circular cross section)

F=F,Nxds+F,N+A(a—1)ds

M=aB(kyN —k, N xd3)+C (a1, +v")ds
—_——

Bending Twisting



Governing Equations
- Nonlinear differential-algebraic equations

F)+a(kgF3—14F,)+f, =0

F) +a(kn Fs+1,F)+ f, =0

Ad —a(kgFy+kn Fy)+ [35=0
B(aky) +ak,(Bat,—Cuz)+aF, =0
B(aky) +ak, (Cuz—BaTt,)+aF, =0
"+ (O‘Tg)/ =0

with

- Normal reaction pressure f,, N

- Tangential force
J¢ N X d3 + f3d3

&
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Weightless Elastica on a Sphere (a = 1)
- Sphere of radius R

S (u,v) = R(cosu cosvey + cosu sinv ey + sinu eg)

- Constant normal curvature and geodesic torsion

1
K (U, V) = = Ty (u,v) =0
. B
° Scahﬂg: g*:R, ™ = ﬁ
22 52
/ 0 g
.Fg — —./\/lg —%g .Fn — %g./\/lg Jrg — 9

- Governing equation for s, = K, R

2%;’—|— (%g—%g) sy =0
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Two Families of Solutions (Love, 1927; Langer et al., 1984)

- Inflexional (or wavelike) s > 2

X — Xm
g (X) = #mcn ( 2k Am; kQ)

with k% = m

- Non-inflexional (or orbitlike) s < 2 ¢

X — Xm 1
< (X) = ¥, dn ( 9 m s ﬁ)

2 2
”y, —

- Reaction pressure  p(x) =

30



Closed Solutions

g < % (%,,Qn>2%8)
\A_;? (%3,132%8)
£ {qzﬁé@
m

The elastica closes after
* m periods of s,

* going n times around
the poles

31



a) o =~ 0.957, 3¢, =4,q=—1/8 (b) 29~ 2.418,5, =4,g=0  (c) 39 ~2.633, 5, =4,q=1/8 (d) s =8, 5, =~ 11.477,q =1/8

sy =0, 2, ~5.839,q=—1/8 o= 1,2, ~1.933,g=0

(g) 200 = 2,5y, ~2.729,q=1/4 (h) s = 8, 5, ~ 11.305,q = 3/20

| - -
| y (&
|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

K)ot =1, ~0.164,¢g=2 (1) 500 =8,5, ~1.2x 1077, g =

(j) »0 =0, 5, ~0.606,q =3



Issues

- Lagrangian formulation 7 (s) =8 (u(s),v (s))

- [soperimetric constraints (boundary conditions)

b dr
z; (sp) = x4 (Sq) —I—/ P ds

Sa

x; (b)

— |ntegral constraints on the unknown length ¢ = s, — s, of the rod

33
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—ulerian Formulation for Surface Bound

Rods

» Normal ringed surface (R’ - D; = R’ - Dy = 0)

S (u,v) =R (u) +Q (u) (cosv Dy (u) + sinv Dy (u))

- Lagrangian formulation 7 (s)

S (u(s),v(s))
- Eulerian formulation 7 (s (5)) =8 (S,8(S5))

(parametric)

(explicit)

35



Governing Equations

- Mixed order nonlinear BVP (differential-algebraic equations)

J1F9’+oz(/£gF3—Tan)—|—fg:O

S FE, +a(knF35+1,F)+ fn+p=0
Jioa'A—a(kgFy+ kn Fp)+ f3=0

Ji (akyg)' B+ak, (Cus—Bat)+aF,+mg, =0
Ji (k) B+aky (Baty —Cuz) +aF, +m, =0
(JTY"+ ' 79+ a1))C+mg =0

with 7 boundary conditions

{8(Sa),B"(Sa) 9 (Sa)}
{a(S),B(Ss),B8 (Sp),1" (Sp)}

36



Governing Equations

- Mixed order nonlinear BVP (differential-algebraic equations)

J1F +Gyla,3,F, U]+ f; =0

JLF 4+ G la, 8, F,U + fo+p=0
Jiod A+Gslo, B, F, U] + f3 =0

J? BB+ Hyla, 3, Ul +aFy;+my, =0
J2 "B+ H, [a, 8,U] +a F, +m, =0
JiY" C +Hsla, B, U] +ms =0

with 7 boundary conditions

{8(Sa),B"(Sa) 9 (Sa)}
{a(S),B(Ss),B8 (Sp),1" (Sp)}
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Weightless Elastica on the Torus (a = 1)

- Constant major R and minor () radii

(R > Q)

S(S,0)=(R+Q COSB)COS%elJr(RnLQCosﬁ)sin§62+QsinBeg

R

37



Closed Solutions on the Torus

Villarceau circles

Parallels (£ = cst.

4 families of circles
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—lastic Torus Knots

» Closed solutions topologically equivalent to (p, g)-torus knots

- p times through the hole of the torus for ¢ revolutions

- Collocation method (Ascher et al, 1979
5* - Pk_|_3,1‘[ N C? :O, 27 q:

w* - Pk_|_271‘[ M Cl :O, 27 q:
F;,Fék - Pk_|_1’1'[ ayos :0,27T q:

* Periodic boundary conditions
v (0) =4 (2mq) = F3(2mq) =0
B8(2mq)—B(0) =27p B (0)=p"(2rq) =c

with ¢ such that F, (0) = F, (27 q)



—lastic Torus Knots (trivial)

18

2T
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“lastic Torus Knots (nontrivial)

41



—lastic Torus Knots

F3 = —20 B/R?

42
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Constrained Helical

Suckling
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Constrained Helical
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Constrained Helical

Suckling
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Constrained Helical

Suckling
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Conclusion

 Eulerian formulation of elastic rods
deforming in space {p (S),A1(S),As(S)}

» Suppression of the isoperimetric
constraints

- Simplification of the contact detection

» Discard parasitic solutions (curling)

- Lagrangian formulation of surface bound
elasticrods {v (s),u(s),v(s)}

- Particularization of the rod governing
equations (geometric invariants)

- _ad3=8,u + 8,

 Surface geometry = pressure
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Conclusion

- Eulerian formulation of elastic rods
deforming on a normal ringed

surface {¥ (S),5(S5)}

 Explicit representation of the rod
centerline

» Suppression of the isoperimetric
constraints

- Computational model = Proof of concept

- Segmentation strategy

+ Propagation of the solution ®/

- Contact pattern switcher




Perspectives

- Extension of the Eulerian formulation to account for
» Rod dynamic (inertial terms)
- Effects of friction (history dependent)
- Constraint deformability — Q (8, p)

* Verification, validation and calibration of the computation model
- Benchmarks, experiments, commercial codes, etc.
* Improve the contact pattern switcher

- Enhancement of the numerical implementation
- Adaptative meshing, Jacobian update, etc.

» Alternative numerical implementation
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