Lie Antialgebras Elements of theory

Lie antialgebras J

Kreusch Marie

Université de Liege

28 june 2011

Kreusch Marie (ULg) Lie antialgebras 28 june 2011 1/16



Superspaces Lie Antialgebras Elements of theory

(-
(Gado

Lie algebra

Ao
commutative
associative algebra

reusch Marie (ULg) Lie antialgebras 28 june 2011 2/16



Superspaces

0 Superspaces

Kreusch Marie (ULg) Lie antialgebras 28 june 2011 3/16



Superspaces Lie Antialgebras Elements of theory

An algebra is a vector space E
with a multiplicative operation E X E — E.
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Superspaces

An algebra is a vector space E
with a multiplicative operation E x E — E.

associative algebra : x(y.z)=(xy).z
commutative algebra : X.y=y.x
Lie algebra : [x,¥]=—1ly,x] (skew-symmetric)

X[y, 2]l + v, [z, x]] + [z, [x,y]] =0  (Jacobi identity)
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A superalgebra is a Zo-graded algebra.

g = “% &) 4
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A superalgebra is a Zo-graded algebra.

g = “% @ 4
even odd
degree 0 degree 1
o,B,7,... a,b,c,...

suchthat %.9 C%.  modas Vij=0,1,

commutative superalgebra : x.y=(—1)Yyx

Lie superalgebra : X, y] = —(=1)"[y,x] (skew-symmetric)
§(=1)%[x,[y,2]] =0  (Jacobi identity)
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Three interesting examples of Lie superalgebras.

@ Symplectic orthogonal osp(1]2) :

0 uvu v 0 0 O 0 uvu v
v p q =1 0 p g 2] v 0 0
—u r —p 0O r —p —u 0 0
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@ Symplectic orthogonal osp(1]2) :

0 uvu v 0 0 O 0 uvu v
v p q =1 0 p g 2] v 0 0
—u r —p 0O r —p —u 0 0

@ Conformal Neveu-Schwarz ¢ (1) : basis {0tn; b; | n € Z,i € Z+ 1} with relations

[On, Otm] = (M—N)Cnym,  [On,bi] = (I = 5)bivn,  [bi,bj] = —tiy;.
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Superspaces

Three interesting examples of Lie superalgebras.

@ Symplectic orthogonal osp(1]2) :

0 uvu v 0 0 O 0 u v
v p q =] 0 p q S v 0 0
—u r —p 0O r —p —u 0 0

@ Conformal Neveu-Schwarz ¢ (1) : basis {0tn; b; | n € Z,i € Z+ 1} with relations

[On, Otm] = (M—N)Cnym,  [On,bi] = (I = 5)bivn,  [bi,bj] = —tiy;.

@ Space of derivations of ¢ (a Z,-graded algebra) Der(¥)

D:9—9, D(xy)=D(x).y+(—1)Px.D(y).

/
[D,0]=DoD —(-1)PPD'oD
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Introduction of a class of Zo-graded commutative but not
associative algebras. (2007 - V. Ovsienko)
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Introduction of a class of Zo-graded commutative but not
associative algebras. (2007 - V. Ovsienko)

A Lie antialgebra .7 is a commutative superalgebra, so we have
o =y ® o, ., C ;. mod 2 xy=(=1)7y.x

and satisfies
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A Lie antialgebra .7 is a commutative superalgebra, so we have
o =y ® o, ., C ;. mod 2 xy=(=1)7y.x

and satisfies
(AL1) associativity of 27 : o.(B.y)=(a.B).7,
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Lie Antialgebras

Introduction of a class of Zo-graded commutative but not
associative algebras. (2007 - V. Ovsienko)

A Lie antialgebra .7 is a commutative superalgebra, so we have
o =y ® o, ., C ;. mod 2 xy=(=1)7y.x

and satisfies

(AL1) associativity of <7 : o.(B.y)=(c.B).y,
(AL2) half-action : a.(B.a) = 3(a.B).a,
(AL3) Leibniz identity : a.(a.b) = (a.a).b+a.(a.b),
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Lie Antialgebras

Introduction of a class of Zo-graded commutative but not
associative algebras. (2007 - V. Ovsienko)

A Lie antialgebra .7 is a commutative superalgebra, so we have
o =y ® o, ., C ;. mod 2 xy=(=1)7y.x

and satisfies

(AL1) associativity of 27 : o.(B.y)=(a.B).7,
(AL2) half-action : a.(B.a) = 3(a.B).a,
(AL3) Leibniz identity : a.(a.b) = (a.a).b+a.(o.b),
(AL4) Jacobi (odd) identity : a.(b.c)+b.(c.a)+c.(a.b) =0.
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Three interresting examples of Lie Antialgebras.

@ Tiny Kaplansky Ks : basis {€; a, b} with relations

1 1
ee=¢, €a=za &b=3b ab=j3e

=
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Lie Antialgebras

Three interresting examples of Lie Antialgebras.

@ Tiny Kaplansky Ks : basis {€; a, b} with relations

1 1
ee=¢, €a=za &b=3b ab=j3e

=

@ Full derivation-Conformal Algebra o7 % (1) : basis {€n; a; | n € Z,i € Z+ 1} with

relations

En.Em = Emyrn, &€p.aj = 58j+n, a;.a8j = *(j — I)E,'_H'.
2 2
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Lie Antialgebras

Three interresting examples of Lie Antialgebras.

@ Tiny Kaplansky Ks : basis {€; a, b} with relations

4

=

1 1
£e=¢, €a=za &b=3b ab=

@ Full derivation-Conformal Algebra o7 % (1) : basis {€n; a; | n € Z,i € Z+ 1} with

relations

En.Em = Emyrn, Ep.a@j = Ea,-+,,, a;.a8j = E(j — I)E,'_H'.

© ’Krichever-Novikov’ algebra _Zxn (2010 - S. Leidwanger & S. Morier-Genoud ) :
basis {€n, Yn; @i, bi | n € Z,i € Z+ }} with relations...
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Lie Antialgebras

Three interresting examples of Lie Antialgebras.

@ Tiny Kaplansky Ks : basis {€; a, b} with relations

1 1
ee=¢, €a=za &b=3b ab=j3e

=

@ Full derivation-Conformal Algebra o7 % (1) : basis {€n; a; | n € Z,i € Z+ 1} with

relations

1 N
En.Em = Emyrn, Ep.a@j = Ea,-+,,, a;.a8j = E(j — I)E,'_H'.

© ’Krichever-Novikov’ algebra _Zxn (2010 - S. Leidwanger & S. Morier-Genoud ) :
basis {€n, Yn; @i, bi | n € Z,i € Z+ }} with relations...

Remark : Lie Antialgebras are a particular cases of Jordan superalgebras.
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Construction of the Lie superalgebra
related to a Lie antialgebra.

ovs5: — Gy = (Y )o® (Y )1

(Yoy )1 :=
(Yey)o = @94 ,/S,
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Elements of theory

Construction of the Lie superalgebra
related to a Lie antialgebra.

ovs5: — Gy = (Y )o® (Y )1

(g,;zf% =
(Yey)o = @94 ,/S,
aOb=bGa

a® b denotes the image of a® b in (¥,,)o and the relations :
aaoOb=adob.o

[a,b] =a®b
[a®b,c] = a.(b.c)+b.(a.c)
[a®b,c®d] =2a.(b.c) ®d+2b.(a.d)Oc

With this bracket, the space (4., [-,-]) is a Lie superalgebra.
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Elements of theory

Lie Antialgebras

Superspaces

Lie

superalgebra

Lie

antialgebra

commutative
associative algebra

Lie algebra

Lie antialgebras 28 june 2011 12/16




Elements of theory

Existence of a morphism between ¥, and Der(.<7).

@ The space of derivations of a Lie antialgebra, Der(<7), is a Lie superalgebra.
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@ The right action gives a morphism of Lie superalgebras :

R:%., — Der()
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Existence of a morphism between ¥, and Der(.<7).

@ The space of derivations of a Lie antialgebra, Der(<7), is a Lie superalgebra.
@ The right action gives a morphism of Lie superalgebras :
R:%., — Der()

@ Usually the Lie superalgebra associated to a Lie antialgebra is far away from its

superlagebra of derivations,
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Existence of a morphism between ¥, and Der(.<7).

@ The space of derivations of a Lie antialgebra, Der(<7), is a Lie superalgebra.
@ The right action gives a morphism of Lie superalgebras :
R:%., — Der()

@ Usually the Lie superalgebra associated to a Lie antialgebra is far away from its

superlagebra of derivations, but :
Der(Ks) = osp(1|2) = %,
Der(e/ (1)) = (1) 2 Yy x (1)

Der(/KN) ~ %N gngN'
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Classification of non trivial central extension of <.

extend

o o DA

The vector space .« & % has the following (Lie antialgebra) product :

(%, V)-(y,w) = (x.y, (W) + (=1)7py (v) + ¢(x.y))
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Elements of theory

Classification of non trivial central extension of <.

extend

o o DA

The vector space .« & % has the following (Lie antialgebra) product :
(x:v).(v, w) = (x.y,px (W) + (=1)7py(v) + c(x,y))

ec. I XA — B bilinear map preserving parity

@ p: .o/ — End(A) even and linear map

st (x,v).(y,w) = (x.y,px(w) + (=1)7 py(v))
is a Lie antialgebra (written <7 x ).
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Elements of theory

Classification of non trivial central extension of <.

extend

o o DA

The vector space .« & % has the following (Lie antialgebra) product :
(x:v).(v, w) = (x.y,px (W) + (=1)7py(v) + c(x,y))

ec. I XA — B bilinear map preserving parity

@ p: .o/ — End(A) even and linear map

st (x,v).(y,w) = (x.y,px(w) + (=1)7 py(v))
is a Lie antialgebra (written <7 x ).

An extension is central if p = 0.
An extension is trivial if &7 & B = o/ x A (if we have ¢ = 0).
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Further work...

paper : "Alternated Hochschild Cohomology" (submitted by P. Lecomte & V. Ovsienko)

— help to classify extensions of Lie antialgebras.

Caseof Z=K:
Identify a (unique) non trivial central extension on .7 ¢ (1)

< non trivial central extension of .7 (1) : Gelfand-Fuchs cocycle.
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Elements of theory

Further work...

paper : "Alternated Hochschild Cohomology" (submitted by P. Lecomte & V. Ovsienko)

— help to classify extensions of Lie antialgebras.

Caseof Z=K:
Identify a (unique) non trivial central extension on .7 ¢ (1)

< non trivial central extension of .7 (1) : Gelfand-Fuchs cocycle.

Goal :
Identify a (unique) non trivial central extension on_Zxn + -Zkn

(Joint work with - S. Leidwanger & S. Morier-Genoud )
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Thank you for your attention
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