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We investigate the correlations between the quark spin and orbital angular momentum inside the 
nucleon. Similarly to the Ji relation, we show that these correlations can be expressed in terms of specific 
moments of measurable parton distributions. This provides a whole new piece of information about the 
partonic structure of the nucleon.
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1. Introduction

One of the key questions in hadronic physics is to unravel the 
spin structure of the nucleon, a very interesting playground for 
understanding many non-pertubative aspects of quantum chromo-
dynamics (QCD). So far, most of the efforts have focused on the 
proper decomposition of the nucleon spin into quark/gluon and 
spin/orbital angular momentum (OAM) contributions (see Ref. [1]
for a detailed recent review) and their experimental extraction. The 
spin structure is however richer than this.

Since the spin and OAM have negative intrinsic parity, the only 
non-vanishing single-parton (a = q, G) longitudinal correlations al-
lowed by parity invariance are 〈Sa

z S N
z 〉, 〈La

z S N
z 〉 and 〈La

z Sa
z〉, where 

〈 〉 denotes the appropriate average, Sq,G
z is the quark/gluon longi-

tudinal spin, Lq,G
z is the quark/gluon longitudinal OAM and S N

z is 
the nucleon longitudinal spin. Since we are interested in the in-
trinsic correlations only, the global orbital motion of the system 
LN

z is not considered. The first two kinds of correlation are usually 
just called spin and OAM contributions of parton a to the nucleon 
spin. The last type is simply the parton spin–orbit correlation.

Even though generalized parton distributions (GPDs) and trans-
verse-momentum dependent parton distributions (TMDs) are natu-
rally sensitive to the parton spin–orbit correlations, no quantitative 
relation between them has been derived so far. The only quantita-
tive relation we are aware of has been obtained in Ref. [2] at the 
level of generalized TMDs (GTMDs) [3,4], also known as uninte-
grated GPDs (uGPDs), which are unfortunately not yet related to 
any experimental process.
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In this Letter we provide the relation between the quark spin–
orbit correlation and measurable parton distributions. Our ap-
proach is similar to the one used in Ref. [5] in the case of quark 
OAM, but this time in the parity-odd sector and with an asym-
metric tensor. The Letter is organized as follows: In Section 2, we 
define the quark spin–orbit correlation operator and express the 
corresponding expectation value in terms of form factors. In Sec-
tion 3 we relate these form factors to moments of measurable 
parton distributions. In Section 4, we provide an estimate of the 
various contributions, and conclude the paper with Section 5.

2. Quark spin–orbit correlation

It is well known that the light-front operator giving the total 
number of quarks can be decomposed into the sum of right- and 
left-handed quark contributions

N̂q =
∫

d3xψγ +ψ (1)

=
∫

d3xψ Rγ +ψR︸ ︷︷ ︸
N̂qR

+
∫

d3xψ Lγ
+ψL︸ ︷︷ ︸

N̂qL

, (2)

where ψR,L = 1
2 (1 ± γ5)ψ , a± = 1√

2
(a0 + a3) for a generic four-

vector a, and d3x = dx−d2x⊥ . The quark longitudinal spin operator 
simply corresponds to half of the difference between right- and 
left-handed quark numbers

Ŝq
z =

∫
d3x

1

2
ψγ +γ5ψ (3)

= 1 (
N̂qR − N̂qL

)
. (4)
2
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Similarly, we decompose the local gauge-invariant light-front 
operator for the quark longitudinal OAM [5] into the sum of right-
and left-handed quark contributions

L̂q
z =

∫
d3x

1

2
ψγ +(x × i

↔
D)zψ (5)

= L̂qR
z + L̂qL

z , (6)

where 
↔
D =→

∂ − 
←
∂ −2ig A is the symmetric covariant derivative, 

and L̂
qR,L
z = ∫

d3x 12 ψ R,Lγ
+(x × i 

↔
D)zψR,L . The difference between 

these right- and left-handed quark contributions will be referred 
to as the quark longitudinal spin–orbit correlation operator which 
reads

Ĉq
z =

∫
d3x

1

2
ψγ +γ5(x × i

↔
D)zψ (7)

= L̂qR
z − L̂qL

z . (8)

The quark spin and OAM operators attracted a lot of attention 
because they enter the Ji decomposition of the total angular mo-
mentum operator in QCD [5]

Ĵ z = Ŝq
z + L̂q

z + Ĵ G
z . (9)

Though, as we have seen, a complete characterization of the nu-
cleon longitudinal spin structure requires us to go beyond this and 
to consider the quark number and spin–orbit correlation operators 
as well. Contrary to the quark number, the quark spin–orbit corre-
lation defined by Eq. (7) has, to the best of our knowledge, never 
been studied so far. The purpose of this Letter is to fill this gap 
and to show that such a quantity is actually related to measurable 
quantities.

We basically follow the same strategy as Ji in Ref. [5], except 
for the fact that we directly consider the more general asymmetric 
gauge-invariant energy–momentum tensor instead of the symmet-
ric gauge-invariant (or Belinfante) one. We postpone the discussion 
of this particular point to Section 4. The quark OAM operator can 
then conveniently be expressed as follows

L̂q
z =

∫
d3x

(
x1 T̂ +2

q − x2 T̂ +1
q

)
, (10)

where T̂ μν is the quark energy–momentum tensor operator [1]

T̂ μν
q = 1

2
ψγ μi

↔
Dνψ (11)

= T̂ μν
qR + T̂ μν

qL (12)

with T̂ μν
qR,L = 1

2 ψ R,Lγ
μi 

↔
DνψR,L . Similarly, we rewrite the quark 

spin–orbit operator as

Ĉq
z =

∫
d3x

(
x1 T̂ +2

q5 − x2 T̂ +1
q5

)
, (13)

where T̂ μν
q5 can be considered as the parity-odd partner of the 

quark energy–momentum tensor operator

T̂ μν
q5 = 1

2
ψγ μγ5i

↔
Dνψ (14)

= T̂ μν
qR − T̂ μν

qL . (15)

Just like in the case of the generic asymmetric energy–
momentum tensor [1,6], we find that the non-forward matrix 
elements of T̂ μν

q5 can be parametrized in terms of five form fac-
tors (FFs)

〈p′, s′|T̂ μν |p, s〉 = u
(

p′, s′)Γ μνu(p, s) (16)
q5 q5
with

Γ
μν

q5 = P {μγ ν}γ5

2
Ãq(t) + P {μ�ν}γ5

4M
B̃q(t)

+ P [μγ ν]γ5

2
C̃q(t) + P [μ�ν]γ5

4M
D̃q(t)

+ Miσμνγ5 F̃q(t), (17)

where M is the nucleon mass, s and s′ are the initial and final 
rest-frame polarization vectors satisfying s2 = s′ 2 = 1, P = p′+p

2
is the average four-momentum, and t = �2 is the square of the 
four-momentum transfer � = p′ − p. For convenience, we used the 
notations a{μbν} = aμbν + aνbμ and a[μbν] = aμbν − aνbμ .

Since we are interested in the matrix element of Eq. (13) which 
involves only one explicit power of x, we need to expand Eq. (16)
only up to linear order in � [1,6]. Considering initial and final nu-
cleon states with the same rest-frame polarization s′ = s = (s⊥, sz)

and using the light-front spinors (see e.g. Appendix A of Ref. [7]), 
we arrive at the following expression

〈p′, s|T̂ μν
q5 |p, s〉 =

[
P {μSν} − P {μiεν}+�P

2P+

]
Ãq

[
P [μSν] − P [μiεν]+�P

2P+

]
(C̃q − 2 F̃q)

+ iεμν�P F̃q +O
(
�2) (18)

with ε0123 = +1 and the covariant spin vector Sμ = [sz P+,

−sz P− + P⊥
P+ · (Ms⊥ + P⊥sz), Ms⊥ + P⊥sz] satisfying P · S = 0

and S2 = −M2 − s2
z (P 2 − M2). For convenience, we removed the 

argument of the FFs when evaluated at t = 0, i.e. X̃q = X̃q(0).
Substituting the expansion (18) into the matrix element of 

Eq. (13) and working in the symmetric light-front frame, i.e. with 
P⊥ = 0⊥ , we find

Cq
z ≡ 〈P , ez|Ĉq

z |P , ez〉
〈P , ez|P , ez〉 = 1

2
( Ãq + C̃q). (19)

Thus, to determine the quark spin–orbit correlation, one has to 
measure the Ãq(t) and C̃q(t) FFs, which are analogous to the axial-
vector FF Gq

A(t). The B̃q(t) and D̃q(t) FFs, which are analogous to 
the induced pseudoscalar FF Gq

P (t), are not needed since they con-
tribute only to higher x-moments of T̂ μν

q5 , as one can see from the 

expansion u(p′, s) Pμ�νγ5
4M u(p, s) =O(�2).

3. Link with parton distributions

Like in the case of the energy–momentum tensor, there is no 
fundamental probe that couples to T̂ μν

q5 in particle physics. How-
ever, it is possible to relate the corresponding various FFs to spe-
cific moments of measurable parton distributions. From the com-
ponent T̂ ++

q5 , we find∫
dx xH̃q(x, ξ, t) = Ãq(t), (20)∫
dx xẼq(x, ξ, t) = B̃q(t), (21)

where H̃q(x, ξ, t) and Ẽq(x, ξ, t) are the GPDs parametrizing the 
non-local twist-2 axial-vector light-front quark correlator [8]

1

2

∫
dz−

2π
eixP+z−〈p′, s′|ψ

(
− z−

2

)
γ +γ5Wψ

(
z−

2

)
|p, s〉

= 1
+ u

(
p′, s′)Γ +

q Au(p, s) (22)

2P
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with W = P exp[ig ∫ −z−/2
z−/2 dy− A+(y−)] a straight light-front Wil-

son line and

Γ +
q A = γ +γ5 H̃q(x, ξ, t) + �+γ5

2M
Ẽq(x, ξ, t), (23)

the skewness variable being given by ξ = −�+/2P+ .
The relations for the other FFs can be obtained using the fol-

lowing QCD identity

ψγ [μγ5i
↔
Dν]ψ = 2mψ iσμνγ5ψ − εμναβ∂α(ψγβψ), (24)

where m is the quark mass. Taking the matrix elements of both 
sides and using some Gordon and ε-identities, we find

C̃q(t) = m

2M
Hq

1(t) − F q
1(t), (25)

D̃q(t) = m

2M
Hq

2(t) − F q
2(t), (26)

F̃q(t) = m

2M
Hq

3(t) − 1

2
Gq

E(t), (27)

where the electric Sachs FF is given by Gq
E (t) = F q

1(t) + t
4M2 F q

2(t). 
The FFs on the right-hand side parametrize the vector and tensor 
local correlators as follows

〈p′, s′|ψγ μψ |p, s〉 = u
(

p′, s′)Γ μ
qV u(p, s), (28)

〈p′, s′|ψ iσμνγ5ψ |p, s〉 = u
(

p′, s′)Γ μν
qT u(p, s) (29)

with

Γ
μ

qV = γ μF q
1(t) + iσμν�ν

2M
F q

2(t), (30)

Γ
μν

qT = P [μγ ν]γ5

2M
Hq

1(t) + P [μ�ν]γ5

4M2
Hq

2(t)

+ iσμνγ5 Hq
3(t). (31)

Our tensor FFs are related to the ones used in Refs. [9,10] in the 
following way

Aq
T 10(t) = −1

2

[
Hq

1(t) + t

4M2
Hq

2(t)

]
+ Hq

3(t), (32)

Bq
T 10(t) = 1

2

[
Hq

1(t) + Hq
2(t)

]
, (33)

Ãq
T 10(t) = −1

4
Hq

2(t), (34)

and can also be expressed in terms of moments of twist-2 chiral-
odd GPDs.

The quark spin–orbit correlation is therefore given by the sim-
ple expression

Cq
z = 1

2

∫
dx xH̃q(x,0,0) − 1

2

[
F q

1(0) − m

2M
Hq

1(0)

]
(35)

which is the analogue in the parity-odd sector of the Ji relation [5]
for the quark OAM

Lq
z = 1

2

∫
dx x

[
Hq(x,0,0) + Eq(x,0,0)

] − 1

2
Gq

A(0). (36)

It may seem counter-intuitive that the spin–orbit correlation Cq
z

is related to the spin–spin correlation H̃q . But, just like in the Ji 
relation, the “orbital” information is actually provided by the extra 
x-factor representing the fraction of longitudinal momentum, as 
discussed by Burkardt in Ref. [11].

From the components T̂ j+
q5 with j = 1, 2 we also find the fol-

lowing relations
∫
dx xG̃q

1(x, ξ, t) = −1

2

[
B̃q(t) + D̃q(t)

]
, (37)∫

dx xG̃q
2(x, ξ, t) = −1

2

[
Ãq(t) + C̃q(t)

] + (
1 − ξ2) F̃q(t), (38)∫

dx xG̃q
3(x, ξ, t) = −ξ

2
F̃q(t), (39)∫

dx xG̃q
4(x, ξ, t) = −1

2
F̃q(t), (40)

where G̃q
i (x, ξ, t) are the GPDs parametrizing the non-local twist-3 

axial-vector light-front quark correlator [12]. As a check, we in-
serted in Eqs. (37)–(40) the expressions for 

∫
dx xG̃q

i (x, ξ, t) derived 
in Ref. [12] within the Wandzura–Wilczek approximation (which 
is exact for the lowest two x-moments in the chiral limit [12]) 
and consistently recovered Eqs. (25)–(27) in the massless quark 
limit. The analogue of the Penttinen–Polyakov–Shuvaev–Strikman 
relation [12,13]

Lq
z = −

∫
dx xG2(x,0,0) (41)

in the parity-odd sector is therefore

Cq
z = −

∫
dx x

[
G̃q

2(x,0,0) + 2G̃q
4(x,0,0)

]
. (42)

For completeness, we note that the quark spin–orbit correlation 
can also be expressed in terms of GTMDs

Cq
z =

∫
dx d2k⊥

k2⊥
M2

Gq
11

(
x,0,k2⊥,0,0

)
. (43)

As discussed in Refs. [14–17], the shape of the Wilson line en-
tering the definition of the GTMDs determines the type of OAM. 
Since in this Letter we are interested in the Ji OAM, the GTMD 
Gq

11(x, ξ, k2⊥, k⊥ · �⊥, �2⊥) in Eq. (43) has to be defined with a 
direct straight Wilson line. On the contrary, the spin–orbit corre-
lation introduced in Ref. [2] dealt with the Jaffe–Manohar OAM 
which is obtained by defining the GTMDs with a staple-like light-
front Wilson line.

4. Discussion

In the previous section, we have obtained three different ex-
pressions for the quark spin–orbit correlation in terms of par-
ton distributions. From an experimental point of view, Eq. (35) is 
clearly the most useful one. By equating the right-hand side of 
Eq. (35) with the right-hand sides of Eqs. (42) and (43), we obtain 
two new sum rules among parton distributions.

In order to determine the quark spin–orbit correlation, we need 
to know three quantities. The first quantity is the Dirac FF evalu-
ated at t = 0 which simply corresponds to the valence number, 
namely F u

1 (0) = 2 and F d
1(0) = 1 in a proton, and therefore does 

not require any experimental input. The second quantity is the ten-
sor FF Hq

1(0) which is not known so far. However, since it appears 
multiplied by the mass ratio m/4M ∼ 10−3 for u and d quarks in 
Eq. (35), we do not expect it to contribute significantly to Cq

z . The 
last quantity is the second moment of the quark helicity distribu-
tion

1∫
−1

dx xH̃q(x,0,0) =
1∫

0

dx x
[
�q(x) − �q(x)

]
. (44)

Contrary to the lowest moment 
∫ 1
−1 dxH̃q(x, 0, 0) = ∫ 1

0 dx[�q(x) +
�q(x)], this second moment cannot be extracted from deep-
inelastic scattering (DIS) polarized data without additional as-
sumptions about the polarized sea quark densities. The separate 
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Table 1
Comparison between the lowest two axial moments �(n)q ≡ ∫ 1

−1 dx xn H̃q(x, 0, 0) for 
q = u, d as predicted by the naive quark model (NQM), the light-front constituent 
quark model (LFCQM) and the light-front chiral quark-soliton model (LFχQSM) at 
the scale μ2 ∼ 0.26 GeV2 [24], with the corresponding values obtained from the LSS 
fit to experimental data [18] at the scale μ2 = 1 GeV2 and Lattice calculations [23]
at the scale μ2 = 4 GeV2 and pion mass mπ = 293 MeV.

Model �(0)u �(0)d �(1)u �(1)d

NQM 4/3 −1/3 4/9 −1/9

LFCQM 0.995 −0.249 0.345 −0.086

LFχQSM 1.148 −0.287 0.392 −0.098

Exp. 0.82 −0.45 ≈ 0.19 ≈ −0.06

Latt. 0.82(7) −0.41(7) ≈ 0.20 ≈ −0.05

quark and antiquark contributions can however be obtained e.g.
in a combined fit to inclusive and semi-inclusive DIS. From the 
Leader–Sidorov–Stamenov (LSS) analysis of Ref. [18], we obtain

1∫
−1

dx xH̃u(x,0,0) ≈ 0.19, (45)

1∫
−1

dx xH̃d(x,0,0) ≈ −0.06, (46)

at the scale μ2 = 1 GeV2, leading to C u
z ≈ −0.9 and Cd

z ≈ −0.53. 
Note that these estimates are however not particularly reliable 
since it follows from the new HERMES [19] and COMPASS [20]
data on multiplicities that the fragmentation functions given in 
Ref. [21] and used in the LSS analysis are presumably not cor-
rect [22]. Further experimental data and dedicated analyses are 
therefore required. Nevertheless, these values seem consistent with 
recent Lattice calculations by the LHPC Collaboration [23], see Ta-
ble 1.

The second moment of the quark helicity distribution being a 
valence-like quantity with suppressed low-x region, we may ex-
pect phenomenological quark model predictions to be more reli-
able for this second moment than for the lowest one. In Table 1
we provide the first two moments of the u and d-quark helicity 
distributions obtained within the naive quark model (NQM), the 
light-front constituent quark model (LFCQM) and the light-front 
chiral quark-soliton model (LFχQSM) at the scale μ2 ∼ 0.26 GeV2, 
see Ref. [24] for more details. From these estimates, we expect a 
negative quark spin–orbit Cq

z for both u and d quarks (C u
z ≈ −0.8

and Cd
z ≈ −0.55), meaning that the quark spin and Ji OAM are ex-

pected to be, in average, anti-correlated. This has to be contrasted 
with the model results obtained in Ref. [2] where the quark spin 
and Jaffe–Manohar OAM are, in average, correlated.

Finally, we would like to comment about the difference be-
tween symmetric and asymmetric tensors. The canonical energy–
momentum tensor obtained from Noether theorem is conserved, 
but is usually neither gauge-invariant nor symmetric. One has 
however the freedom to define alternative energy–momentum 
tensors by adding so-called superpotential terms [1,5,25] to the 
canonical energy–momentum tensor. These terms are of the form 
∂λGλμν with Gμλν = −Gλμν , so that the new tensors remain con-
served and the total four-momentum (i.e. integrated over all space) 
remains unchanged. Physically, adding superpotential terms cor-
responds to relocalizing/redefining what we mean by density of 
energy and momentum [26].

The Belinfante procedure simply makes use of this freedom 
to define a symmetric and gauge-invariant tensor. It is however 
important to realize that the symmetry property of the energy–
momentum tensor is not mandatory in particle physics, but is ba-
sically motivated by General Relativity where gravitation is coupled 
to a symmetric energy–momentum tensor. From the conservation 
of total angular momentum ∂μ(xν T μρ − xρ T μν + Sμνρ) = 0, one 
sees that the antisymmetric part of the energy–momentum tensor 
is intimately related to the spin density

T νρ − T ρν = −∂μSμνρ. (47)

General Relativity is a purely classical theory where the notion of 
intrinsic spin does not exist, and so it is hardly surprising that only 
a symmetric energy–momentum tensor is needed in that context.

So, as soon as one deals with a spin density, the natural gauge-
invariant energy–momentum tensor will be asymmetric. The fact 
that one can still define a consistent symmetric (or Belinfante) ten-
sor is a consequence of the following QCD identity

ψγ [μi
↔
Dν]ψ = −εμναβ∂α(ψγβγ5ψ), (48)

which is the parity-even analogue of Eq. (24). It tells us that 
the difference between the symmetric and asymmetric tensors 
(namely the antisymmetric part) is nothing but a superpotential 
term. This means that one can effectively absorb the contribu-
tion of the spin density in a relocalization/redefinition of energy–
momentum density.

In Ref. [5], Ji considered the symmetric (Belinfante) energy–
momentum tensor, discarding from the very beginning the notion 
of intrinsic spin density. Accordingly, Ji was able to relate only the 
total angular momentum to moments of GPDs

J q,G
z = 1

2

∫
dx x

[
Hq,G(x,0,0) + Eq,G(x,0,0)

]
. (49)

In order to get the quark OAM, one has to subtract as a second step 
the quark spin contribution Sq

z = 1
2 Gq

A(0) from the total quark an-
gular momentum contribution J q

z . So Eq. (36) can be understood 
as Lq

z = J q
z − Sq

z , or more precisely as 〈Lq
z S N

z 〉 = 〈 J q
z S N

z 〉 − 〈Sq
z S N

z 〉. 
Starting with the more general asymmetric energy–momentum 
tensor, one can directly define the OAM operator as in Eq. (10)
and get the final result (36) without invoking any additional step 
[1,6,27].

Similarly, one can define another quark correlation using only 
the symmetric part of T̂ μν

q5 in close analogy with Eq. (13)

Ĉ
q
z =

∫
d3x

(
x1 1

2
T̂ {+2}

q5 − x2 1

2
T̂ {+1}

q5

)

= 1

2
Ĉq

z +
∫

d3x
1

4
ψ i

↔
D+(x × γ )zγ5ψ. (50)

Contrary to Ĉq
z , the operator Ĉq

z is time-independent since the 
corresponding current M̂μνρ

q5 = xν 1
2 T̂ {μρ}

q5 − xρ 1
2 T̂ {μν}

q5 is conserved 
∂μM̂μνρ

q5 = 0, as a consequence of the symmetry of T̂ {μν}
q5 . Note 

however that even if the operator Ĉq
z is in general time-dependent, 

its expectation value is time-independent because the initial and 
final nucleon states have the same energy [1].

It is pretty simple now to get the expressions for the matrix el-
ement of Ĉq

z . We need to keep only the symmetric part of Eq. (16), 
i.e. set the FFs C̃q , D̃q and F̃q to zero in the derivation of Section 2. 
We then find

C
q
z ≡ 〈P , ez|Ĉq

z |P , ez〉
〈P , ez|P , ez〉 = 1

2
Ãq(0), (51)

= 1

2

1∫
dx xH̃q(x,0,0). (52)
−1
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Contrary to Cq
z , the physical interpretation of Cq

z is not particu-
larly clear owing to the mass term in Eq. (24). Indeed, this mass 
term does not have the form of a superpotential, which in turn im-
plies that 

∫
d3x T̂ +ν

q5 �= ∫
d3x 12 T̂ {+ν}

q5 . We argued in Section 2 that 
Cq

z can naturally be interpreted as (twice) the quark spin–orbit 
correlation 〈Lq

z Sq
z〉. By analogy with the parity-even sector, it is 

tempting to interpret Cq
z as (twice) the correlation between quark 

spin and quark total angular momentum 〈 J q
z Sq

z〉. This is actually 
true if one gets rid of the mass term, i.e. work in the chiral limit 
m = 0. In this case, just like in the parity-even sector with the Ji 
relation, we can understand Eq. (35) as 〈Lq

z Sq
z〉 = 〈 J q

z Sq
z〉 − 〈Sq

z Sq
z〉. 

The quark spin–spin correlation 〈Sq
z Sq

z〉 is of course quite trivial 
and does not depend on the spin orientation. That is the reason 
why the unpolarized quark FF F q

1(0) appears in the expression 
for Cq

z .

5. Conclusions

We provided a local gauge-invariant definition of the quark 
spin–orbit correlation, which is a new independent piece of in-
formation about the nucleon longitudinal spin structure. We de-
rived several expressions for the expectation value of this cor-
relation in terms of measurable parton distributions, leading to 
new sum rules. Using estimates from fits to available experimen-
tal data, Lattice calculations and phenomenological quark mod-
els, we concluded that the quark spin–orbit correlation is very 
likely negative, meaning that the quark spin and Ji orbital angu-
lar momentum are, in average, anti-correlated. However, a more 
precise determination of this quark spin–orbit correlation requires 
further experimental data and dedicated analyses in order to dis-
entangle quark and antiquark contributions to the helicity dis-
tribution. Tensor form factors are also in principle needed, but 
the corresponding contribution can safely be neglected for light 
quarks.
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