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ABSTRACT of Neimark-Sacker (NS) bifurcations. In that regard, itrase
The harmonic balance (HB) method has been widely used relevant to include stability analysis and bifurcation ritaring

in the past few years, as a numerical tool for the study of non- while performing parametric studies of the structures.

linear models. However, in its classical formulation the HB

method is limited to the approximation of periodic soluioiihe

present paper proposes to extend the method to the detetibn Time-domain methods such as shooting technique [2]

tracking of bifurcations in the codimension-2 system parers and orthogonal collocation (see, e.g., the MATLAB package

space. To validate the methodology, the forced response of aMATCONT [3]), which deal with the resolution of a boundary

real spacecraft is examined. The paper first provides some nu Value problem, usually prove accurate to analyze periodic

merical evidence of the presence of quasiperiodic oSt solutions and bifurcations of low-dimensional structurédthen

and isolated solutions. It then demonstrates how the trapki ~ applied to larger systems however, their computationatidur

of Neimark-Sacker and fold bifurcations can he|p get a deepe becomes substantial. As an efficient alternative, mosms
understanding of these attractors. apply a frequency-domain method, the so-calleaimonic

balance(HB) method [4, 5]. Indeed, through the approximation
of the solutions with truncated Fourier series, the HB métho
1 INTRODUCTION involves algebraic equations with usually less unknowranth
orthogonal collocation. Nevertheless, in spite of its perfance
Because nowadays engineering structures are designed tcand accuracy, the HB method has never been extended to track

be lighter and operate in more severe conditions, nonlipbear bifurcations of mechanical structures. This is why the pnés
nomena such as amplitude jumps, modal interactions, liyolec paper proposes an extension of the methodology to study
oscillations and quasiperiodic (QP) oscillations are efgx to bifurcations in the system parameters space.

occur [1]. For most of these nonlinear systems, bifurcatioh
periodic solutions play a key role in the response dynanfias; ] . .
example, fold bifurcations indicate a stability change fioe The first part of this paper is devoted to the HB theory and

solutions, while QP oscillations are encountered in thénitic its formulation in the framework of a continuation algorittior
bifurcation tracking. In section 3, the methodology is dated

with the analysis of the nonlinear dynamics of a spacecraft.
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2 HARMONIC BALANCE METHOD FOR
BIFURCATION ANALYSIS

2.1 Formulation of the dynamics in the
frequency domain

This section first performs a brief review of the theory of
the HB procedure. The method will be applied to general non-
autonomous nonlinear dynamical systems wittegrees of free-
dom (DOFs) whose equations of motion are

MX 4 CX + KX = fext(w,t) — fri (X, X) = f(X, X, @0, 1)

@)

whereM, C andK are the mass, damping and stiffness matrices
respectivelyx represents the displacements, the dots refer to the
derivatives with respect to time f, represents the nonlinear
forces and¢y stands for the periodic external forces (harmonic
excitation, for example) with frequenay. The termf gathers
both the external and nonlinear forces.

As recalled in the introduction, the periodic solutiot(s)
andf(t) of equation (1) are approximated by Fourier series trun-
cated to thé\y-th harmonic:

X(t) = \Cﬁ hf <$sm( >+c§cos<k(\:ﬁ>) 2
f(t) = \C/g’i +kNZHl <s{ sin(k‘o/ot> +c cos<k‘(:)t)) A3)

wheres, andcy represent tha x 1 vectors of Fourier coefficients
related to the sine and cosine terms, respectively. Herg it i

interesting to note that the Fourier coefficientsf ¢f), cli and

gi, depend on the Fourier coefficients of the displaceme(its
ci ands;. The integer parameter is introduced to account for
some possible subharmonics of the external excitatiouénegy
w.

Substituting expressions (3) in equations (1) and balancin
the harmonic terms with a Galerkin projection yields théciot
ing nonlinear equations in the frequency domain (see [6iuor
ther details)

h(z,w) =A(w)z—b(z) = 4)

whereA is the (2N + 1) n x (2Ny + 1) n matrix describing the
linear dynamics of the system,is the vector containing all the
Fourier coefficients of the displacememig), andb represents

2

the vector of the Fourier coefficients of the external andinear
forcesf(t). They have the following expressions:

K
K1
A= 5)
L .RNH
2= (@ @ @ (%) ()] O
[ (&) () - () ()] @

In the time domain, expression (1) contaimsquations while, in

the frequency domain, expression (4) 28y + 1) n unknowns
gathered inz. Expression (4) can be seen as the equations of
amplitude of (1): ifz* is a root of (4), then the time signat$
constructed fronz* with (3) are solutions of the equations of
motion (1) and are periodic. When embedded in a continuation
procedure, solutions of (4) can be tracked with respect ¢o th
frequencyw, which gives a frequency response of the system.

2.2 Stability analysis and detection of bifurcations

In the frequency domain, the stability of a periodic solatio
is usually assessed with Hill's method, which provides agpr
mation of the Floquet exponents. In [7], it is shown that ¢éhes
exponents, here denotéd can be found as the eigenvalues of a
matrix B. The components of this matrix are by-products of the
HB method, i.e., depend only dvl, C, K andJ;, the jacobian
of (4) with respect ta. If at least one of the Floquet exponents
has a positive real part, then the solution is unstable raike it
is asymptotically stable.

In this work, the detection of fold (F) and NS bifurcations
along the frequency response is sought. This is achievedghr
the evaluation of test functions at each iteration of thenbhna
which have the property to pass through zero at a bifurcation
From the Floguet theory, it is known that a fold bifurcatien i
detected when one of the Floquet exponéntsosses the imag-
inary axis through the real axis. As a consequence, thexfitp
test function has a root at a fold bifurcation:

(9)
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The NS bifurcations are characterized by a pair of Floquet ex
ponents crossing the imaginary axis as complex conjugaes.
dedicated test function is thus

INs= ‘B@| (10)
whereB,, stands for the bialternate matrix producti&fwhich

has the property to be singular whdh has two complex-
conjugate eigenvalues with no real part.

2.3 Tracking of bifurcations

In order to track bifurcations in a codimension-2 parame-
ter space, one has to append one equation to (4), descriteng t
bifurcation of interest:

Instead of considering = @ and @ = @ns, which can lead to
scaling problems for large matrices, in this paper the usbef
so-calledbordering techniqug8] is proposed. The idea behind
this technique is to replace the evaluation of the detemtini

a given matrixG by the evaluation of a scalar function, herein
denotedg, which vanishes as regular zero for the same system
state and parameters as the determinant. It can be showa that
candidate fog is obtained by solving the bordered system

8] [5]-[5]

In this system; denotes a conjugate transpose, and vegtarsd

g are chosen to ensure the nonsingularity of the borderedmatr
From (9-10), one then proposes the following equationsHer t
extended system (11):

h=0

o0 (11)

(12)

Fold bifurcations: ¢ =g with Gg =B (13)

NS bifurcations: @ =gns with Gns=B.  (14)

Besides its numerical efficiency for large systems, the éerd
ing technique has interesting features regarding its implea-
tion in a continuation procedure. Indeed, analytical exgians
can be obtained for the derivatives @fvith respect taz and to
the parameters of the system [8]. This requires the eigeesal
derivatives ofB, that are explicitly evaluated using the method
proposed in [9].

3 VALIDATION OF THE METHOD ON AN INDUSTRIAL
STRUCTURE WITH STRONG NONLINEARITIES

In this section, the HB method is used to address the con-
tinuation of periodic solutions of a large-scale structaed the
detection and tracking of their bifurcations.

3.1 Case study: SmallSat spacecraft

The example studied is referred to as tBenallSat a
structure represented in Figure 1(a) and which was contdiye
EADS-Astrium as a platform for small satellites. The intes
between the spacecraft and launch vehicle is achieved uia fo
aluminum brackets located around cut-outs at the base of the
structure. The total mass of the spacecraft including ttezface
brackets is around 64kg, it is2m in height and 1 m in width.

It supports a dummy telescope mounted on a baseplate through
a tripod, and the telescope plate is connected to the SmallSa
top floor by three shock attenuators, ternsubck attenuation
systems for spacecraft and adap{&ASSAs), whose dynamical
behavior may exhibit nonlinearity.

Besides, as depicted in Figure 1(b), a support bracket
connects to one of the eight walls the so-calidtkel elastomer
mounting systerfWEMS) device which is loaded with an 8-kg
dummy inertia wheel. The WEMS device is a mechanical filter
which mitigates disturbances coming from the inertia wheel
through the presence of a soft elastomeric interface betwee
its mobile part, i.e. the inertia wheel and a supporting ifieta
cross, and its fixed part, i.e. the bracket and by extensien th
spacecraft. Moreover, eight mechanical stops limit thaleamd
lateral motions of the WEMS mobile part during launch, which
gives rise to strongly nonlinear dynamical phenomena. A thi
layer of elastomer placed onto the stops is used to preveial-me
metal impacts. Figure 1(c) presents a simplified thouglvaeie
modeling of the WEMS device where the inertia wheel, owing to
its important rigidity, is seen as a point mass. The four imeir
connections (NCs) between the WEMS mobile and fixed parts
are labeled NC1 — 4. Each NC possesses a trilinear spring in
the axial direction (elastomer in traction/compressiamspivo
stops), a bilinear spring in the radial direction (elastorime
shear plus one stop) and a linear spring in the third directio
(elastomer in shear). In Figure 1(c), linear and nonlinpangs
are denoted by squares and circles, respectively.

A finite element model (FEM) of the SmallSat was devel-
oped and used in the present work to conduct numerical exper-
iments. It comprises about 150,000 DOFs and the comparison
with experimental data revealed its good predictive cdjisi.
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FIGURE 1: SmallSat spacecraft equipped with an inertia wheel supgday the WEMS and a dummy telescope connected to the main
structure by the SASSA isolators. (a) Photograph. (b) Seltierof the nonlinear vibration isolation device. (c) Siifipd modeling of
the WEMS mobile part considering the inertia wheel as a poagsnThe linear and nonlinear connections between the WEMfdeno

and fixed parts are signaled by squares and circles, resgplgc(id) Experimental stiffness curve of NC1 constructsihg the restoring
force surface method (in black) and fitted with a trilineardmio(in red).
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The model consists of shell elements (octagon structuréamd (i=1,...,Ny) for this DOF along the branch is given in Figure
floor, instrument baseplate, bracket and WEMS metallic §ross 2(b), where the harmonic coefficients are constructed as
and point masses (dummy inertia wheel and telescope) and mee

boundary conditions with four clamped nodes. Proportional o

damping is considered and the high dissipation in the afasto Po= 5

components of the WEMS is described using lumped dashpots (15)
with coefficientscay = 63 Ns/m and 5 = 37 Ns/m for axial (ver- o = (gX)Z + (C?)Z (i=1,...,Ny)

tical) and lateral directions, respectively; this resuits highly
non-proportional damping matrix. Then, to achieve traetab

nonlinear calculations, the linear elements of the FEM were and where the following normalization applies:
densed using the Craig-Bampton reduction technique. Tis a
proach consists in expressing the system dynamics in tefms o Oi

o (i=0,...,Ny) (16)

some retained DOFs and internal modes of vibration. Specif-
ically, the full-scale model of the spacecraft was reduae® t
nodes (excluding DOFs in rotation), namely both sides oheac

NC and the vertical DOF of the inertia wheel, with 10 inter- From 20 to 23Hz, only the fundamental frequency is
nal modes. In total, the reduced-order model thus contains 3 Present in the response. When the excitation enters the reso-

DOFs. Bilinear and trilinear springs were finally introddce ~ nance region, the nonlinearities of the SmallSat activétero
within the WEMS module between the NC nodes to model the harmonics in the response such as the second and third ones.
nonlinearities of the connections between the WEMS and ste re  EVen harmonics have a contribution in the dynamics becaluse o

B ZE:() Pi

of the SmallSat. To avoid numerical issues, regularizatitth the asymmetrical modeling of the connections with the WEMS.
third-order polynomials was utilized in the close vicinifthe From the figure, itis also clear that the 6th and higher haiason
clearances to impleme@t continuity. The WEMS nonlineari-  have & negligible participation to the response; for thasoa,

ties are the only nonlinear components introduced in theainod ~ & Number of harmoniclly = 5 retained in the Fourier series is
They were accurately identified in [10] using measured data f considered throughout the rest of the paper. Itis also plas&

swept-sine base excitations at different amplitude leveds in- demonstrate that the number Nf= 1024 points per period is
stance, the stiffness curve characterizing NC1, identifisidg sufficient to capture the dynamics in play.

the restoring force surface method [11], is depicted in Fégu _ ) _

1(d). For confidentiality, clearances and displacementtef _ Circle and triangle markers denote the fold and NS bifurca-
SmallSat are given through adimensionalised quantitiesifh- ~ 11OnS, respectively, that are detected along the branchgoré
out the paper. 2(a), and the stability of the solutions is also given. Onseoies

that a pair of fold bifurcations is present in the bendingsegts
of the resonance peak, which is due to the hardening behaivior
3.2 Nonlinear dynamics and bifurcations of the the system, and which gives rise to a change in stability ef th
SmallSat periodic solutions. One also notices a pair of NS bifureatjo
which means that stable quasiperiodic solutions could bhado

The first part of the study is carried out around the 6th mode N their vicinity.
of the SmallSat, which corresponds to a linear frequency of
28.75Hz. However, it was shown by Rensenal.[12] that this As a verification, the frequency response computed with HB
nonlinear mode undergoes a substantial increase in frequen Method is superimposed to a swept-sine response computted wi
due to the frequency-energy dependence of the structure. Th & Newmark integration scheme, in Figure 3(a), for a forcimg a
HB method highlighted in this paper is applied to compute the Plitude F = 155N. For this swept-sine excitation, the applied
forced response of the structure for vertical excitationsthee sweep rate is 6 Hz/min and the sampling frequency is 3000Hz.

DOF of the inertia wheel, in this frequency range of interest Along with the fact that the frequency response providesiacc
rate estimation of the displacement envelope, as expecte,

also notes that the bifurcations are directly related tantbrain-

ear phenomena observed. On the one hand, a fold bifurcation
accurately points out the location of a jump from high to low
amplitude. On the other hand, unexpected large oscillstara
observed in Figure 3(a), and are created and eliminatedeat th
first and second NS bifurcations, respectively.

Figure 2(a) depicts the system’s frequency response curve
computed witiNy = 9 harmonics retained in the Fourier approx-
imation andN = 1024 points per period. For this result and oth-
ers in the paper, no subharmonic solution is sogght 1). The
amplitude of the periodic solutions computed is represk et
is the maximum displacement of the DOF of interest along the
period. The evolution of the normalized harmonic coeffitsen
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FIGURE 2: SmallSat frequency response at NZ frode for har-
monic excitations of amplitude = 155N applied to the inertia
wheel, obtained with the HB methollf = 9 andN = 1024). (a)
Displacement responses with circle and triangle markegritie

ing fold and NS bifurcations, respectively. The solid andtdal
lines represent stable and unstable solutions, resphctiyie)
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FIGURE 3: Comparison between the HB methddy(= 5 and

N = 1024) and a Newmark time integration scheme, for excita-
tions of amplitudeF = 155N applied to the inertia wheel. (a)
SmallSat displacement response at NCede. Swept-sine re-
sponse obtained from time simulation with a sampling freqye
of 3000 Hz (blue line), and frequency responses obtaindutiwi
HB method (black line). Circle and triangle markers depadd f
and NS bifurcations, respectively. The solid and dashegklin
represent stable and unstable solutions, respectivelyTife
response of the NCZ-node of the SmallSat for a harmonic ex-
citation of frequencyw = 30.5Hz.
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A time response of the system to a single harmonic excita- vergence of the forcing amplitude and axial damping is \edifi

tion of forcing amplitudé= = 155N and frequency = 30.5Hz While the convergence is monotonic for the fold curves, itinas

is provided in Figure 3(b), i.e. in the frequency intervaltioé clear trend for the NS curves. As concluded above in Figusg 2(
unexpected resonance. One observes that quasiperiodla-osc  a number of 5 harmonics retained in the Fourier series gines a
tions occur for this operation regime, which is explainedsy acceptable approximation since the convergence curveimema

presence of the two NS bifurcations. In this case, their impo bounded in a 1%-error interval.
tance has to be carefully assessed since they have ampdisude
large as that of the resonance.

4 CONCLUSIONS

3.3 Influence of the forcing amplitude  F and the axial The purpose of this paper was twofold. First, it intended
damping cax on the fold and NS bifurcations to extend the harmonic balance method from the computation
of periodic solutions to the tracking of their bifurcations
The purpose of this section is to validate the HB methodol- codimension-2 parameter space. To this end, Hill's method
ogy for the tracking of bifurcations. To this end, a trackiofg and bordering techniques were combined and embedded in a
the fold bifurcations in the codimension-2 forcing freqagiw continuation procedure in order to obtain a robust and efiici

and amplitude~ space is first performed using the outlined algorithm able to deal with large engineering structures.
technique. Figure 4(a) represents the fold curve obtained,

together with the frequency responses of the system feereifit In the second part of this paper, the HB method and its ex-
forcing levels. Figure 4(b) also shows the projection of thirve tension were applied to the SmallSat spacecraft, an iridlatd
in the F-amplitude plane. Very interestingly, the fold branch complex model with several localized nonlinearities. Thene
first tracks the bifurcations of the main frequency resppased putation of the frequency response and the detection offits- b
then turns back to revealetached resonance curvesRC), or cation were performed, which indicated the presence of NS an

isolas that are rarely observed for such large systems [13, 14]. fold bifurcations. A swept-sine excitation study on thessture
These DRCs are created around the resonance peak at a forcinghowed that high amplitude quasiperiodic oscillations reate
amplitude F = 158N, then expands both in frequency and from the NS bifurcations. The tracking of fold bifurcatiofren
amplitude, until one reaches a forcing amplituele= 170N at highlighted the presence of detached resonance curveshwhi
which they merge with this resonance peak. It can be shovin tha s rarely discussed in the technical literature. Togethiéhn the
the upper part of the DRCs is stable; as a direct consequtiece,  explanations about the SmallSat dynamics they providesethe
merging of the DRC with the resonance peak leads to a suddenresults demonstrate that crucial information can be misgegh
increase of the latter in frequency and amplitude. one only performs continuation of periodic solutions. Qinsly,
a tracking in codimension-2 space is necessary in orderveate

Focusing now on NS bifurcations, one can also study the detached resonance curves. It also proves useful for thgnoefs
effect of a design parameter of the system suclt,aon the some components of the structure, if a reduction of the geasi
quasiperiodic oscillations. Figure 5(a) depicts the etotu odic oscillations is sought.
of the NS curve in the codimension-2 forcing frequenay-
and axial dampingcax space, to which one superimposes
frequency responses computed fogfx = 63Ns/m, 80Ns/m ACKNOWLEDGEMENTS
and 85Ns/m. Its projection in they-amplitude plane is also

given in Figure 5(b). Itis interesting to note that incregsthe The authors Thibaut Detroux, Luc Masset and Gaetan Ker-
axial damping up to a value of 84 Ns/m eliminates the NS bifur-  schen would like to acknowledge the financial support of the E
cations, while it does not significantly affect the resorespeaks. ropean Union (ERC Starting Grant NoVib 307265). The author
L. Renson is a Marie-Curie COFUND Postdoctoral Fellow of
The convergence properties of the bifurcation trackingis a  the University of Lege, co-funded by the European Union. The
sessed in Figure 6, for which the fold and NS curves presented guthor J.P. Nél is a Postdoctoral Researcher of frmnds de la

in Figures 4 and 5 were recomputed for different number of har  Recherche Scientifique FNR®ich is gratefully acknowledged.
monicsNy, from 1 to 9. As a result, Figure 6(a) shows the in-

fluence ofNy on the forcing amplitudes at which the DRC is
created and merges with the main frequency response, véth th
diamond and square markers, respectively. Similarly, feigb)
represents the influence Nf; on the axial dampingax at which

the NS are eliminated on the NS curve. For both figures, the con
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