Higher Octonions
11 June 2015

Marie Kreusch




Algebras generalizing the Octonions

Clifford
algebras

©P7q

algebras

Clpq

Cayley-Dickson
algebras



Algebra Cl, ,

The algebra Cl, 4 (p + ¢ = n > 0) is the unital associative algebra over the

real numbers R generated by n elements v1, ..., v, subject to the relations

+1 if 1<i<p
-1 if p+1<i<n



Algebra Cl, ,

The algebra Cl, 4 (p + ¢ = n > 0) is the unital associative algebra over the

real numbers R generated by n elements v1, ..., v, subject to the relations

+1 if 1<i<p

(vi)* = _ ,
-1 if p+1<i<n
Vi V5 = —Uj V4 275.]

The basis elements of Cl,, , are givenby v, ---v;,

where 1 <14 < --- < 4, < nand can be coded by an n-uplet of 0 or 1.



Algebra Cl, ,

The algebra Cl, 4 (p + ¢ = n > 0) is the unital associative algebra over the

real numbers R generated by n elements v1, ..., v, subject to the relations

+1 if 1<i<p
-1 if p+1<i<n

(vi)? =

Vi V5 = —Uj V4 275.]

The basis elements of Cl,, , are givenby v, ---v;,

where 1 <14 < --- < 4, < nand can be coded by an n-uplet of 0 or 1.
Examples 1 «— (0,...,0)
v; +— (0,...,0,1,0,...,0) =:¢;

vy, (1,...,1)



Algebra O, ,

The algebra O, 4 (n = p+ ¢ > 3) is the 2"-dimensional vector space on the

real numbers R with the basis {u,,x € Z4}, equipped with the product

Ug * Uy = (—l)fﬂpvq(l’y)’uery

forallz = (x1,...,2,) and y = (y1,...,Yn) in Z5, where
fo,, @my)= Y (mwjytmyimebyiao)+ Y iy Y Ty
1<i<j<k<n 1<i<j<n 1<i<p

[Ovsienko, Morier-Genoud, 2011]



Algebra O, ,

Example

@0)3 ~ Q0

-~ (Oa 170) ~ (17170) ~ (17070) -~
-t ? =

[Albuquerque, Majid, 1999]
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Algebra O, ,

Remarks
> Twisted group algebra (R[Z3], f)
> Unit 1 := wuo,...,0)

» Generators wu., wheree;:=(0,...,0,1,0,...,0) € Z%

v

For any homogeneous element u,, =z is the degree of u,

|| is the Hamming weight of = € Z

» Maximal associative subalgebra Cl,, .1 C O, 4 (Where ¢ > 0)
(select u, where x € Z such that || = 0 mod 2)
Applications

» Hurwitz square identities & combinatorics and number theory
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Question 1 Can we classify these algebras ?

Qpg ~0p o where p+g=n=p +¢

Isomorphisms that preserve the structure of Z3 -graded algebra send

homogeneous elements into homogeneous.

Theorem 1 [K., Morier-Genoud]

i) Opq=0qgp }

. Cvlp.qf'l = (’V]p"q/fl
it)  Opyag ™~ Opgra

iti) Form > 5, the algebras Qg ,, and O,, ¢ are different



Question 1 Can we classify these algebras ?

Qpg ~0p o where p+g=n=p +¢

/@3.0 021 01,2 Oo3
O4,0 O3 022 O13 00,4
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Summary table of classification of algebras O, 4
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Question 2 Is there any periodicity between these algebras ?
Theorem 2 [K]

i) Qo,n+4 ~ POy, @ Osp)
" " Clo,g+2 = Clgo @ Cly 2
>~ P((O)n,o (29 @0,5)
i) Opyap ~ PO, @ Os)
" " Clpy20>=Cly, ®Clag
~ 'P(@(),n ® @075)
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Question 2 Is there any periodicity between these algebras ?
Theorem 2 [K]

L) 00,144 o~ P((O)O,n (29 @5,0)
Clo,gr2 = Clg,o @ Cly o
~ P(Ono @ Opgs)
X O ~ PO, ® O
) o ( o 5’0) Clpy20>=Cly, ®Clag
~ PO ® Qo)
777) @p+2,q+2 ~ 'P(@%q & @273) C'][). 1,g+1 = (,le‘q ® Clq 1

where, for example, P(0,, , ® O3 3) denotes the subalgebra of dimension

2"*+4 made of linear combination of elements of the form

U(zy,22,e02n) @ U(z1,y2,....y5)

where (21,2, ..., 2,) € Z% and (x1,Ya, - - .,Ys) € Z5.
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Let (R[Z5], f) be a twisted group algebra, then we have

» Square of elements ()% = (—1)/(®2)1

> Commutativity uy - uy = (—1)?@Vu, - u,

> Associativity - (uy - u,) = (=1)?@Y2) (u, - uy) - u,
where

B(x,y) == f(z,y) + f(y, )

o(@,y,2) = fly,2) + fe+y,2) + fle,y +2) + fle,y) o=df

The algebra is associative iff ¢ = 0 or equivalently, iff f is a 2-cocyle.



Cubic form

Let (R[Z5], f) be a twisted group algebra, then we have
» Square of elements ()% = (—1)/(®2)1
> Commutativity uy - uy = (—1)?@Vu, - u,

> Associativity - (uy - u,) = (=1)?@Y2) (u, - uy) - u,

Given a twisted group algebra (R[Z%], f), a function o : Z — Zs

is called a generating function if for all z, y, z € Z%, we have

@) flz) = o)
(1) Blz,y) = alz+y)+alz)+aly) 5 = da
(i) ¢(x,y,2) = alzty+2)+al@+y)+alz+z)+aly+2)

+a(z) + ay) + a(2)



Cubic form

Theorem [Ovsienko, Morier-Genoud, 2011]

(7) A twisted group algebra (R [Z%], f) has a generating function

if and only if the function ¢ is symmetric.
(1) The generating function « is a polynomial on Z% of degree < 3.

(7i7) Given any polynomial o on Z% of degree < 3, there exists a unique

twisted group algebra (R [Z3], f) having « as a generating function.
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Cubic form

Theorem [Ovsienko, Morier-Genoud, 2011]
(7) A twisted group algebra (R [Z%], f) has a generating function
if and only if the function ¢ is symmetric.
(1) The generating function « is a polynomial on Z% of degree < 3.
(#i7) Given any polynomial « on Z% of degree < 3, there exists a unique

twisted group algebra (R [Z3], f) having « as a generating function.

Two functions a, o : Z% — 75 are equivalent if

3G € GL,(Z2) :  a(z) =o' (Grx), Vz e Zj.
Corollary
Two twisted group algebras, (R [Z3], f) and (R [Z%], f') with equivalent

generating functions o and o’ are isomorphic.



Cubic (resp. quadratic) form of O, , (resp. Cl,, ;)

apq(z) = fo,,(z,7) = Z Tix;x) + Z % + Z x;

1<i<j<k<n 1<i<j<n 1<i<p
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O‘pvq(x) = f@,),q (l‘,CC) = Z TiT ;T —+ Z T + Z i

lsi<j<ksn 1<i<j<n 1<i<p
ay (x)
where 0 if |z = 0mod4
a,(x) .
1 otherwise
agfq(x) = fClp,q(x’x) = Z xixj + Z £
1<i<j<n 1<i<p
——
adl(x)
where . 0 if |z = 0mod?2
aiy (x) =

1 otherwise
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Question 2 bis s there any cubic form &, , equivalent to o, 4

with the required periodicity ?

Given a cubic form

a(z) = Z AijkTiTjTE + Z Bijxix; + Z Cix;

1<i<j<k<n 1<i<j<n 1<i<p

the corresponding triangulated graph is as follows.

1. If z; appearsin a (C; = 1) — °
If x; does not appear in a (C; = 0) — o
2. Ifx;x; appearsin o (B;; = 1) —

3. If m;xjzy, appearsin o (A, = 1) —> i



Question 2 bis s there any cubic form &, , equivalent to o, 4

with the required periodicity ?

Examples
o2
_ — 10
a(zy,x2,23) =0
oxs3
“— A S—-, D)
ao2(®1,2) = 122 + T1 + X2

T2

ap3(T1,T2,23) = X1T2T3 + T1T2 + 123 1
T3

+Tox3 + 1 + T2 + X3

2

OLLQ(J}l,I’Q,ZL'g) = Z1T2%3+ T1T2 + X123 — x1
X3

+xox3 + X2 + X3



Periodicity

]
o4 <

Go,7

ao,8

Q0,10

U SIS G ¢

Q0,11

Qo,12

0,13

Qo,14

o DD
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Open questions

» Arf invariant also called "democratic invariant”

v

Use properties of triangulated graphs to deduce the ones on cubic forms

v

Sperner’'s Lemma

v

Find the algebra of derivation. It is already done for
1. n = 4 (of dimension 28)
2. n = 5 (of dimension 20)
3. n = 6 (of dimension 31)
4

. m = 7 run out of memory

v

Find the automorphism group for each algebra Oy ,,



