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Introduction

First definitions

Definitions

Let f : R — R be a locally bounded function.

The function f belongs to the Holder space A*(x) (s > 0 and
x € R) if there exist a constant C > 0 and a polynomial P of
degree strictly less than s such that

[f(x+1) = P(N < CJI]P

for all / in a neighborhood of 0.
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First definitions

Definitions

Let f : R — R be a locally bounded function.

The function f belongs to the Holder space A*(x) (s > 0 and
x € R) if there exist a constant C > 0 and a polynomial P of
degree strictly less than s such that

[f(x+1) = P(N < CJI]P

for all / in a neighborhood of 0.
The Holder exponent of f at x is defined by

he(x) =sup{s > 0: f € A°(x)}.
The spectrum of singularities of f is defined by

dr : h >0+ dimy({x : hs(x) = h}) € [0,1] U {—o0}

where dimy is the Hausdorff dimension.
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Introduction

First definitions

Wavelets
There exist functions ¢ et 1) with “suitable” properties such that
{6(-—k):keZyu{p(2? - —k):jEN, keZ}

is an orthogonal basis of L2(R), i.e. if f € L?(R) then
=Y Golx— k) + D> cui(@x — k
keZ JEN keZ

where
Ck—/f (x — k dxetcjk—2f/f 2Jx—k).
One can deduct a basis of L2([0,1]) with the periodiziation operator

per[f]=>Y_f(x+1).

I1€Z
The associated wavelets are

{per[)(2 - —K)] :j €N, ke{0,...,2 —1}}.
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Introduction

First definitions

Definition
A function f belongs to the Holder-Zygmund space A€ (e > 0) if
there exists C > 0 such that

| < C279

for all j, k. A function f is said uniformly Hélder if there exists
€ > 0 such that f € A°.
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Introduction

First definitions

Definition
A function f belongs to the Holder-Zygmund space A€ (e > 0) if
there exists C > 0 such that

Cik| < c29
|kl

for all j, k. A function f is said uniformly Hélder if there exists
€ > 0 such that f € A°.

Theorem

If £ is uniformly Hélder and if v is “smooth enough”, the Holder
exponent of f at x is

T log [ cji|
he(x) = lim inf inf o 2T+ k2T —x])’
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Introduction

The S” spaces
Definition
The wavelet profil of a function f € L2(]0,1]) is defined by

| Ei(1 f
ve:a € R— lim limsup og #E( ,a.—i—e)( )

where E;(C,a)(f) = {k : |cj| > C27}.
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The S” spaces
Definition
The wavelet profil of a function f € L?([0,1]) is defined by

| E(1 f
ve:a € R~ lim limsup og # ,oz.—i-e)( )
e—0F j—>+OO |Og 2-/

where E;(C,a)(f) = {k : |cj| > C27}.

@ vy is increasing and right-continuous;

@ there exist amin > 0 such that v¢(a) = —oo for all @ < @min and
ve(a) € [0,1] for all & > cvmin;
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@ there exist amin > 0 such that v¢(a) = —oo for all @ < @min and
ve(a) € [0,1] for all & > cvmin;

@ vr is independent of the chosen wavelet basis (Jaffard, 2004 [6]);
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Introduction

The S” spaces
Definition
The wavelet profil of a function f € L?([0,1]) is defined by

| E(1 f
ve:a € R~ lim limsup og #E;( ,oz.—i-e)( )
e—0F j—>+00 |Og 2-/

where E;(C,a)(f) = {k : |cj| > C27}.

@ vy is increasing and right-continuous;

@ there exist amin > 0 such that v¢(a) = —oo for all @ < @min and
ve(a) € [0,1] for all & > cvmin;

@ vr is independent of the chosen wavelet basis (Jaffard, 2004 [6]);

@ The strictly positive constant 1 apparearing in the definition of vf is
arbitrarily (this fact is important for the implementation of this
function - Kleyntssens, Esser, Nicolay, 2014 [7]).
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Introduction

The S” spaces
Given a right-continuous increasing function v and ami, > 0 such

that v(a) = —oo for all o < avmin and v(a) € [0, 1] for all
QO 2 Qmin-

Definition

The space S” is defined by

S” ={f € L?([0,1]) : v¢() < v(a) for all & € R}.
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Introduction

The S” spaces
Given a right-continuous increasing function v and ami, > 0 such
that v(a) = —oo for all o < avmin and v(a) € [0, 1] for all
QO 2 Qmin-

Definition
The space S” is defined by

S” ={f € L?([0,1]) : v¢() < v(a) for all & € R}.

Theorem (Aubry, Bastin, Dispa, 2007 [3])
The set

i ve(e) :
{f e Sv- df(a) _ { min {a SUPw/€]0,0] ~ o ,1} if & < amax
X else

are prevalent in S”.

}
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Introduction

The S” spaces
Given a right-continuous increasing function v and ami, > 0 such
that v(a) = —oo for all o < avmin and v(a) € [0, 1] for all
QO 2 Qmin-

Definition
The space S” is defined by

S” ={f € L?([0,1]) : v¢() < v(a) for all & € R}.

Theorem (Aubry, Bastin, 2010 [2])

The S” spaces are Schwartz but not nuclear spaces. Moreover,
Ligaud's example [9] of a Schwartz pseudoconvex non p-convex
space is a particular case of S”.
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log #Ej(1, 0 + €')(f)

lim limsup

- <v(a
€—0% j 100 log 2/ = v{o}
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Introduction

The S” spaces

If f € SY then, for all @ € R,

| Ei(1 N(f
lim limsup og #Ei( ,a.+e)( ) <
=0t i 5400 log 2/

i.e. for all € > 0, if € is small enough,

| Ei(1 N(F
s B (L 0+ (1)
j—+oo log 2/
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If f € SY then, for all @ € R,
log #E;(1, o + €')(f)

EIIL”S+ lj'ff;op log 2/ =vla)
i.e. for all € > 0, if € is small enough,
I Ei(1 NF
lim sup og #£( ,a.+e)( ) < V(oz)+E
j—+oo log 2/ 2

i.e. for all C > 0, there exists J > 0 such that, for all j > J,

log #Ej(1, e+ €')(f)
log 2/

<v(a)+e
and
BE(La+)(F) = #lk : |gul = 27}
> #{k o |cp| > C27Y}
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Introduction

The S” spaces

If f € SY then, for all @ € R,

| Ei(1 N(f
lim limsup og # E( ,a.+e)( )
=0t i 5400 log 2/

<v(a)

i.e. for all € > 0, if € is small enough,
| E;(1 N
imup 9B EE L+ )(F)

j—+oo log 2/
i.e. for all C > 0, there exists J > 0 such that, for all j > J,
log #Ej(1, e+ €')(f)

v(a) + %

log 2/ s via)+e
and
BE(L a+¢)(F) = #{k : |gu| > 270V}
> #{k : |cul > C27}
ie

H#E(C,a)(f) < o(r(a)+e)i
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Introduction

The S” spaces

Proposition (Aubry, Bastin, Dispa, Jaffard, 2006 [4])
One has

S ={f e %(0,1]) : Yaa >0 Ve >0VYC >0
3J>0V) > J, #Ei(C,a)(f) < ()l

where E;(C,a)(f) = {k : |cix| > C27%}.

<

Seeing that amin, > 0, the S” space is included in Holder-Zygmund
space A, for all € €]0, amin|.
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Introduction

The S” spaces

Proposition (Aubry, Bastin, Dispa, Jaffard, 2006 [4] -
Jaffard, 2004 [6])

One has

SV ={¢:Va>0Ve>0VC >0
3J >0V > J, #E/(C,a)(c) < Q(V(a)+6)j}_

where E;(C,a)(C) = {k : |ci| > 2%},

4

Seeing that ami, > 0, the S§Y space is included in the Hélder-
Zygmund space A€, for all € €]0, amin|.
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(A generalization of the SV spaces)
Definition

Recall : The function v is a right-continuous increasing function
and there exists amin > 0 such that v(a) = —oo for all @ < amin
and v(«) € [0,1] for all & > amin.

Proposition (Aubry, Bastin, Dispa, Jaffard, 2006 [4] -
Jaffard, 2004 [6])

One has

SV ={¢:Va>0Ve>0VC >0
3J >0V > J, #E(C,a)(&) < 2W(@+ai},

where £;(C, a)(€) = {k : x| > C27¥}.

<

Seeing that amin, > 0, the S” space is included in Holder-Zygmund
space A€, for all € €]0, amin].
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(A generalization of the S spaces)
Definition

Recall : The function v is a right-continuous increasing function
and there exists amin > 0 such that v(a) = —oo for all @ < amin
and v(«) € [0,1] for all & > amin.

Definition
(@)

For all @ € R, we note ¢(®) a sequence such that ;" >0 and we
define

s — (2. Va €R Ve >0VC >0
3J > 0V) > J, #E/(C,a)(@) < 2@+,

where £(C,0(")(@) = {k : |eul = Co'*)}.
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(A generalization of the S spaces)
Definition

Given a right-continuous increasing function v and amin € R such
that v(a) = —oo for all o < amin and v(a) € [0, 1] for all
o = Omin.

Definition
(@)

For all @ € R, we note ¢(®) a sequence such that ;>0 and we
define

597" = {€:Va € R Ve > 0 VC > 0 #E(C, a)(e)=2¥(@)+)},

where £/(C,0()(@) = {k : |eul = Co'®)}.

Notation: x; Xy y; =Vj>Jxi<yjandx; 2 y; =3/ >0x <,y
two preorders in the reals sequences spaces.
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(A generalization of the SV spaces)
Definition

Definition

Suppose that for all o < o/, we have o) < o{ The

J J
generalized profil of ¢ is defined by

log #E;(1, o) (¢
() i€ R lim limsup og #Ei(1,0 )(©)

Va .
e>0T jtoo log 2/

¢,o

This function is a right-continuous increasing function and there
exists amin € RU{—oc} such that vz ,()(a) = —oo for all
a < amin and v(a) € [0,1] for all & > amin.
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(A generalization of the S spaces)
Definition

Definition

Suppose that for all o < o/, we have o) < o{ The

J J
generalized profil of ¢ is defined by

log #E;(1, 0(@t9)) (e
Vz o)t @ € R lim limsup g #Ei 7 )(©)
g e>0T jtoo log 2/

This function is a right-continuous increasing function and there
exists amin € RU{—00} such that vz ()(a) = —oo for all
a < amin and v(a) € [0,1] for all & > amin.

Proposition

If for all @ < o, we have a}al)/a}a) — 0 if j — 400 then the
strictly positive constant 1 apparearing in the definition of vz () is
arbitrarily and

srot) — {€:vz,0(a) < v(a) for all a € R}.
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(A generalization of the SV spaces)
Topology

Definition

Let « € R and g € [0, +o00[U{—00}. A sequence ¢ belongs to
E(o(®), B) if there exist C, C’ > 0 such that

#E;(C,0l*))(e) < C'2%
for all j € N. We define a metric on this space by

dy) 5(€,d) = inf{C+ C": C,C’' >0,

#E;(C,o\™) (2= d) < C'2% for all j € N}.
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(A generalization of the S spaces)
Topology

Definition
Let « € R and g € [0, +o00[U{—00}. A sequence ¢ belongs to
E(o(®), B) if there exist C, C’ > 0 such that

#E(C,olV)(@) < C2¥
for all j € N. We define a metric on this space by

dy) 5(€,d) = inf{C+ C": C,C’' >0,
#E/(C,0@)(E — d) < C'2% for all j € N}.

Proposition

@ The E(c(®), 3) space is a vector space.

@ The E(c(®), B) space is complete. Besides, the sum is a continuous
operation but the product is not necessarily continuous.
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(A generalization of the SV spaces)
Topology

Theorem

If for all @ < o/, we have J(a/)/a(a) — 0 if j = 400 then for all
sequence (ap)nen dense in R and for all sequence (€m)men of
stricly positives reals which converges to 0, we have

Smab (] r] E (an) an)%_em)

meN neN
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SMU( rw rw E (an) an)%‘em)
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So, we can define a metric on S*°" which the topology is the
weakest topology such that the identity

inm = 577 = E(0), v(ay) + €m)

is continuous for all m, n.
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(A generalization of the S spaces)
Topology

Theorem

If for all @ < o/, we have J(a/)/o’(a) — 0 if j — 400 then for all
sequence (ap)nen dense in R and for all sequence (€m)men of
stricly positives reals which converges to 0, we have

Sz/,g( ﬂ ﬂ E (an) Oln)+€m)

meN neN

So, we can define a metric on S*°" which the topology is the
weakest topology such that the identity

inm = 577 = E(0), v(ay) + €m)

is continuous for all m, n.
Besides, the topology is independant of sequences («p)nen and

(€m)men and the srot) space is complete topological vector space,

thus it is a Baire space.
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(A generalization of the SV spaces)
Link with generalized Besov spaces

Aubry, Bastin, Dispa, Jaffard, 2006 [4] BeSOV Spaces bs
n(p)—e \ Pa
P

s c ) 6o
p>0e>0
= iff v is concave

Almeida, 2005 [1]

!
|
|
|
|
|
|
|
|
|
!
!
|
|
|
|
|
|
|
v

eneralized Besov spaces b?
777 & P Pa
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(A generalization of the S” spaces)
Link with generalized Besov spaces

Definition
A sequence o of real positive numbers is called admissible if there
exists a constant C > 0 such that

C_IO'J' <oj41 < CO‘_,'

for all j € N.
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(A generalization of the SV spaces)
Link with generalized Besov spaces

Definition
A sequence o of real positive numbers is called admissible if there
exists a constant C > 0 such that

C_IUJ' <oj41 < CUj

for all j € N.

We set ois

. k
Q. = inf ¥k and O = sup itk
keN Oy keN Ok

and we define the lower and upper Boyd indices as follows,

log ©; log ©;
€37 and 5(0) = lim o8
Jj—+oo |Og21

= lim
§(U) J—>I+oo |Og 2J

In this case, for all € > 0, there exists a constant C > 0 such that

C1ods@)=e) < Titk < CHEO+) forall j, k € N.
Ok

13 /21



A sequence ¢ belongs to the space b; ., if and only if

1/p
sup 2(s=1/p)j Z |cilP < 5o,
g k

Thomas Kleyntssens - A generalization of the S¥ spaces: getting rid of dyadic scales

14 /21




(A generalization of the SV spaces)
Link with generalized Besov spaces

Definition

S
P,

A sequence ¢ belongs to the space b2 if and only if

1/p
sup 5(s=1/p)j (Z ’Cjk’p> < 5o,
J

k

Definition
Let € be an admissible sequence. A sequence ¢ belongs to the
space b? __ if and only if

P,00

1/p
sup 0j2_j/p (Z |Cjk|p> < 00.
J

k
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(A generalization of the S spaces)
Link with generalized Besov spaces

Theorem

Suppose that for all o € R, the sequence (@) is an admissible
sequence and for all a < o/, we have UJ(O/)/JJ(Q) —0if j —» 400
and 5(0(®) = —c0 if @ — +00. For all p > 0, we note §(P) an
admissible sequence. The following propositions are equivalent:

@ For all p,e > 0 and for all & > ayin, there exists C > 0 such that

9P o—ic/p < C21/p27j1/(a)/p(0(@))71.

J J

@ We have that —
©®) 9\P)o—ie/Py.
S¥o C n m bfa,loo )J.

p>0e>0

Remark : if §; < 6 then bg:oo C bg,oo.
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p((ate/2)=e)j < oj (UJ(aJre) QJ(P))—p
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0;727P < CIPHIViaTeR)IP(g )~
p((ate/2)=e)j < QJ(UJ(aJre)eJ(P))—p

Iog(a}aJre)OJ(p N

(ate/2) =g <t—p—ri

Y
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(A generalization of the SV spaces)
Link with generalized Besov spaces

9(P)2—j€/P < CQJ'/P2—J'V(0H‘€/2)/P(O-(a+6/2))_1
J - J

ie.
v(a+e/2)—e)j i (ate) n(p)y—
o(v(ate/2) )JjQJ(Uj 9j )P
ie. (0t a(p)
log(a;* " 0:"")
<1 T
(ot /)= S1-p L I,
ie.
Iog(a(a+6)0(p))
< i . . _ J ‘ J B
R LA
for all @ > amin. We set U(a) = —oo for all & < amijp.
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(A generalization of the S spaces)
Link with generalized Besov spaces

G(P)Q*jﬁ/P < CQJ'/P2*J'V(04+5/2)/P(O-(a+6/2))*1
J - J

i.e.
p(v(ate/2)=e)j < QJ(UJ(_%LG)@J(P))—IJ
i.e. @r0) 1 (5)
log(a;* " 63")
_ < _ J _ J
(ate/2) -9 <1-p ot 22,
i.e.
Iog(aj(a+e)0}p))

) = #(a)

for all @ > amin. We set U(a) = —oo for all & < amijp.
The function ¥ is increasing, right-continuous and positive on
[@min, +00[. This function is also smaller than 1 if, for example, for
all & > amin and for all p > 0, we have

lim ian}a)HJ(P) > 0.

Jj—+oo

v(a) < lim inf limsup(l —p

e—0t p>0 ;1o log 2J

16 / 21



(A generalization of the SV spaces}
Link with generalized Besov spaces

Proposition
Under the previous hypotheses, we have that

grot) ¢« grat)
and if for all @ < amin, there exist p,e > 0 such that

i 2 J/PO.( )Q(P)Q—JE/P = 400

Jj—+oo

then

ﬂ m b —J€/P Sﬁyg(.)

p>0€e>0
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(A generalization of the SV spaces)
Link with generalized Besov spaces

Proposition

Under the previous hypotheses, we have that
51/,0(‘) C 517,0'(')
and if for all @ < amin, there exist p, e > 0 such that

i 2 J/PO.( )Q(P)z—JE/P = 400

Jj—+oo

then

ﬂ m b —Je/P Sﬁ’g(.)

p>0€e>0

4

If we have the previous inclusion, then, for all o < amin, there exist
p, € > 0 such that

limsup?2 J/pa(a)Q(p)2_JE/” = +4o00.

Jj—=+oo
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(A generalization of the SV spaces)
Link with generalized Besov spaces

Suppose that there exists & < amin such that for all p,e > 0, we
have

limsup?2 J/pa(a)Q(p)2_JE/p < +o00.
Jj—+oo

We set, for all j € N, ¢y = aj(a)

for the other values of k.

for one and only one k and cj =0

e c¢ svo c 579 because
log #{k : |c| > o™}
Ve o0 () = lim limsup , =04 v(a)=—-00
’ =0 jtoo log 2/
9(P)2 _,E/p
ﬂ ﬂ )i because, for all p,e > 0,
p>0e>0

1/p
sup gj(p)z—je/pQ—j/p (Z |Cjk|p> _ qu9§P)2—je/p2—j/po_J(.a) < .
J k J
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Under the previous hypotheses, if v = 7 then we have that

p,00

grol) _ ﬂ b(G}")Z‘fe/ P)i

p>0¢€e>0

Thomas Kleyntssens - A generalization of the S¥ spaces: getting rid of dyadic scales
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(A generalization of the SV spaces)
Link with generalized Besov spaces

Theorem

Under the previous hypotheses, if v = © then we have that

—JE/P
s = (M ) by :

p>0¢€e>0

If we suppose that for all p,e > 0 and for all & > amin, there exists
C > 0 such that

(P)y—je/ i/pa—jt(a)/p( (@) —1
9j21 P < C2/Pp™ p(gj )

then the previous theorem becomes an equivalence.
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(A generalization of the SV spaces)
Link with generalized Besov spaces

The case of the S” spaces

We have O'J(-a) =2-%. We must find a sequence 91(-p) such that for
all p,e > 0 and for all @ > amin, there exists C > 0 such that
(P)o—je/ i/pr—jv(a)/p( (@)y—1
9j21 P < C2I/Pp p(gj )

Q}P)Q—je/p < Cc(A—v(a)+ap)/p.
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(A generalization of the SV spaces)
Link with generalized Besov spaces

The case of the S” spaces

We have O'J(-a) =2-%. We must find a sequence 91(.p) such that for
all p,e > 0 and for all @ > amin, there exists C > 0 such that

(P)y—je/ i/pa—jv(a)/p( (@) —1
9j21 P < C2/Pp— p(gj )

Q}P)Q—je/p < Cc(A—v(a)+ap)/p.

So, we can take Hj(p)2_€/p = 2i(n(P)=€)/P \yhere

So, we have that 7(«) = infpso{1+ ap —n(p)} for all & > amin

and the previous hypothesis on 9}')) is always verified for .
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Link with generalized Besov spaces

The case of the S” spaces

We have O'J(-a) =2-%. We must find a sequence 91(.p) such that for
all p,e > 0 and for all @ > amin, there exists C > 0 such that

(P)y—je/ i/pa—jv(a)/p( (@) —1
9j21 P < C2/Pp— p(gj )

Q}P)Q—je/p < Cc(A—v(a)+ap)/p.

So, we can take Hj(p)2_€/p = 2i(n(P)=€)/P \yhere

So, we have that 7(«) = infpso{1+ ap —n(p)} for all & > amin

and the previous hypothesis on 9}')) is always verified for .

_ (0\P)2—ie/p); _
So, we obtain that 5" = (1 5= bp,2 if and only if
v =1, i.e. VIS concave.

20/ 21



0 Introduction
@ First definitions
@ The S” spaces

Q A generalization of the 5" spaces
@ Definition
@ Topology
@ Link with generalized Besov spaces

e Conclusion
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Conclusion

Conclusion

With suitable hypotheses on o(®), the new spaces 57" have
similar topology properties as the S¥ spaces;

These spaces are related to the generalized Besov spaces;

| also study a link with the generalized Hélder-Zygmund spaces
(Kreit, Nicolay, 2013 [8]);

Several examples are being studied, such as

a}a) = (27| log | log 27/||)* often used with Brownian motions;

This new theory is being implemented and the first results are
conclusive. We have a better characterization of the fractal nature
of real-life signals.
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Thank you for your attention |
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