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Graphs of Hubbert curves can be found later in the chapter. We assume that this 
energy is “net”, i.e. we assume that the energy required to get that energy is al-
ready subtracted for it. Recent papers have shown that the ERoEI related to pro-
cesses producing energy from non-renewable resources tend to decline over time 
[Murphy et al. (2010)]. The intuition behind this is the fact that spots for which re-
sources are easily extracted are exploited first. The Hubbert curve, which models 
the extraction of non-renewable resources, reflects to a certain extend that energy 
is increasingly more expensive to get (in terms of energy investment, but also 
cost). 

3.3 Energy from renewable origin 

We assume that a set of N different technologies for producing energy from re-
newable sources is available. To each technology is associated a production capac-
ity yearly producing a quantity of energy Rn,t: 
 

 
 
Among these technologies, let us (non-comprehensively) mention biomass, hydro-
electricity, wind turbines or photovoltaic panels. Two main parameters, the ex-
pected lifetime and ERoEI characterize each of these technologies: 
 

 
 
Description of ERoEI is provided in section 2. The expected lifetime parameter 
describes the average lifetime of equipment allowing energy production. Note that 
in this model, we do not consider fluctuation and storage issues associated with 
each of these technologies. In practice, providing storage capacities or technolo-
gies that allow modulating the consumption so that it matches the production 
(such as energy demand side management in the context of electricity grids) in-
duces a decrease of the ERoEI parameters (e.g., building batteries to assist photo-
voltaic panels is an additional expanse of energy). 
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3.7 Constraints on the quantity of energy invested for energy production 

We assume that the energy investment for developing, maintaining and replacing 
the production means from renewable sources cannot exceeds a given fraction of 
the total energy. In other words, this assumption means that the ratio net energy to 
society over total energy has to remain above a given threshold. Formally, we as-
sume that: 

 

 
 
In the following, we denote by “energy threshold” such a parameter. This con-
straint is motivated by research investigation showing that, if a society invests a 
too high proportion of its energy for producing energy, then less energy is dedicat-
ed to other society needs, which may result into a decrease of the global society 
welfare [Lambert et al. (2012)]. 

3.8 Assumptions on growth and replacement energy costs 

In order to relate the energy costs associated with the deployment and the long-
term replacement of the renewable energy production capacities, we make the 
three following assumptions: 
 

1. The energy cost associated with the installation of new production means 
of technologies is proportional to the corresponding growth: 
 

 
 

2. The energy costs allowing a given production capacity producing energy 
during its lifetime is done initially. This results into the following equa-
tion: 

 
 

3. The energy cost associated with the long-term replacement of production 
capacities is (i) annualized and (ii) proportional to the quantity of energy 
yearly produced: 
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pared to other renewable energy such as hydroelectricity (more than 100) or wind 
turbines (around 18). Observe however that the photovoltaic panels technology is 
progressing, and that it may not be impossible that its ERoEI increases significant-
ly in the coming years. Finally, even if nuclear energy is reported to have an 
ERoEI of about 16, it is important to notice that this technology is among those for 
which the ERoEI computation is the most uncertain [Lambert et al. (2010)]. 

3. MODERN: a discrete-time model of the deployment of 
renewable energy production capacities 

This section introduces MODERN, the first version of our discrete-time model of 
the deployment of energy production capacities from renewable sources and the 
multiple assumptions upon which it is built. For clarity, we assume that all varia-
bles considered in this paper are deterministic (i.e., we consider only expected 
values). 

3.1 Time 

We consider a discrete-time system, where each time-step corresponds to one 
year: 

 
 
The time horizon is in the order of hundreds of years: 
 

 

3.2 Assumption regarding the energy produced from non-renewable sources 

We assume that each year, a quantity of non-renewable energy is available: 

 
 

 
For simplicity, we assume that such a quantity of energy is net (this assumption is 
discussed later in the chapter). By renewable energy, we mean fossil energy (coal, 
oil and gas), but also nuclear energy (Uranium fission). For clarity here, we 
choose not to separate the different types of energy production technologies from 
non-renewable sources. The evolution of the quantity of available non-renewable 
energy is modeled using Hubbert curves [Hubbert (1956)]: 
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The dynamics of the deployment of energy production means is modeled using a 
growth parameter: 
 

 
 

Note that the growth parameter may be negative: 
 

 

3.5 Energy costs for growth and long-term replacement 

We introduce the energy cost associated with the growth of the production capaci-
ties of renewable technologies: 
 

 
 

We assume that this cost also incorporates the energy required for maintenance 
during the lifetime of the equipment. We also introduce the energy cost associated 
to the long-term replacement of the production means: 
 

 
 
The role of this quantity of energy is to formalize the energy cost that has to be 
paid when equipment becomes obsolete and has to be replaced (see later in the 
chapter a few assumptions regarding this energy cost). 

3.6 Total energy and net energy to society 

Using the previous notations, we define the total energy produced at year t: 
 

 
 
We also define the net energy available to society:  
 

 
 
This corresponds to the amount of energy that can by used after energy investment 
for increasing the production capacities from renewable resources and their long-
term replacement. 
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Graphs of Hubbert curves can be found later in the chapter. We assume that this 
energy is “net”, i.e. we assume that the energy required to get that energy is al-
ready subtracted for it. Recent papers have shown that the ERoEI related to pro-
cesses producing energy from non-renewable resources tend to decline over time 
[Murphy et al. (2010)]. The intuition behind this is the fact that spots for which re-
sources are easily extracted are exploited first. The Hubbert curve, which models 
the extraction of non-renewable resources, reflects to a certain extend that energy 
is increasingly more expensive to get (in terms of energy investment, but also 
cost). 

3.3 Energy from renewable origin 

We assume that a set of N different technologies for producing energy from re-
newable sources is available. To each technology is associated a production capac-
ity yearly producing a quantity of energy Rn,t: 
 

 
 
Among these technologies, let us (non-comprehensively) mention biomass, hydro-
electricity, wind turbines or photovoltaic panels. Two main parameters, the ex-
pected lifetime and ERoEI characterize each of these technologies: 
 

 
 
Description of ERoEI is provided in section 2. The expected lifetime parameter 
describes the average lifetime of equipment allowing energy production. Note that 
in this model, we do not consider fluctuation and storage issues associated with 
each of these technologies. In practice, providing storage capacities or technolo-
gies that allow modulating the consumption so that it matches the production 
(such as energy demand side management in the context of electricity grids) in-
duces a decrease of the ERoEI parameters (e.g., building batteries to assist photo-
voltaic panels is an additional expanse of energy). 

3.4 Dynamics of deployment of energy production means 
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The dynamics of the deployment of energy production means is modeled using a 
growth parameter: 
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during the lifetime of the equipment. We also introduce the energy cost associated 
to the long-term replacement of the production means: 
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3.7 Constraints on the quantity of energy invested for energy production 

We assume that the energy investment for developing, maintaining and replacing 
the production means from renewable sources cannot exceeds a given fraction of 
the total energy. In other words, this assumption means that the ratio net energy to 
society over total energy has to remain above a given threshold. Formally, we as-
sume that: 

 

 
 
In the following, we denote by “energy threshold” such a parameter. This con-
straint is motivated by research investigation showing that, if a society invests a 
too high proportion of its energy for producing energy, then less energy is dedicat-
ed to other society needs, which may result into a decrease of the global society 
welfare [Lambert et al. (2012)]. 

3.8 Assumptions on growth and replacement energy costs 

In order to relate the energy costs associated with the deployment and the long-
term replacement of the renewable energy production capacities, we make the 
three following assumptions: 
 

1. The energy cost associated with the installation of new production means 
of technologies is proportional to the corresponding growth: 
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Using the ERoEI parameter, we get the following equations: 
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3.7 Constraints on the quantity of energy invested for energy production 

We assume that the energy investment for developing, maintaining and replacing 
the production means from renewable sources cannot exceeds a given fraction of 
the total energy. In other words, this assumption means that the ratio net energy to 
society over total energy has to remain above a given threshold. Formally, we as-
sume that: 

 

 
 
In the following, we denote by “energy threshold” such a parameter. This con-
straint is motivated by research investigation showing that, if a society invests a 
too high proportion of its energy for producing energy, then less energy is dedicat-
ed to other society needs, which may result into a decrease of the global society 
welfare [Lambert et al. (2012)]. 

3.8 Assumptions on growth and replacement energy costs 

In order to relate the energy costs associated with the deployment and the long-
term replacement of the renewable energy production capacities, we make the 
three following assumptions: 
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of technologies is proportional to the corresponding growth: 
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during its lifetime is done initially. This results into the following equa-
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pared to other renewable energy such as hydroelectricity (more than 100) or wind 
turbines (around 18). Observe however that the photovoltaic panels technology is 
progressing, and that it may not be impossible that its ERoEI increases significant-
ly in the coming years. Finally, even if nuclear energy is reported to have an 
ERoEI of about 16, it is important to notice that this technology is among those for 
which the ERoEI computation is the most uncertain [Lambert et al. (2010)]. 

3. MODERN: a discrete-time model of the deployment of 
renewable energy production capacities 

This section introduces MODERN, the first version of our discrete-time model of 
the deployment of energy production capacities from renewable sources and the 
multiple assumptions upon which it is built. For clarity, we assume that all varia-
bles considered in this paper are deterministic (i.e., we consider only expected 
values). 

3.1 Time 

We consider a discrete-time system, where each time-step corresponds to one 
year: 

 
 
The time horizon is in the order of hundreds of years: 
 

 

3.2 Assumption regarding the energy produced from non-renewable sources 

We assume that each year, a quantity of non-renewable energy is available: 

 
 

 
For simplicity, we assume that such a quantity of energy is net (this assumption is 
discussed later in the chapter). By renewable energy, we mean fossil energy (coal, 
oil and gas), but also nuclear energy (Uranium fission). For clarity here, we 
choose not to separate the different types of energy production technologies from 
non-renewable sources. The evolution of the quantity of available non-renewable 
energy is modeled using Hubbert curves [Hubbert (1956)]: 
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The dynamics of the deployment of energy production means is modeled using a 
growth parameter: 
 

 
 

Note that the growth parameter may be negative: 
 

 

3.5 Energy costs for growth and long-term replacement 

We introduce the energy cost associated with the growth of the production capaci-
ties of renewable technologies: 
 

 
 

We assume that this cost also incorporates the energy required for maintenance 
during the lifetime of the equipment. We also introduce the energy cost associated 
to the long-term replacement of the production means: 
 

 
 
The role of this quantity of energy is to formalize the energy cost that has to be 
paid when equipment becomes obsolete and has to be replaced (see later in the 
chapter a few assumptions regarding this energy cost). 

3.6 Total energy and net energy to society 

Using the previous notations, we define the total energy produced at year t: 
 

 
 
We also define the net energy available to society:  
 

 
 
This corresponds to the amount of energy that can by used after energy investment 
for increasing the production capacities from renewable resources and their long-
term replacement. 
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Graphs of Hubbert curves can be found later in the chapter. We assume that this 
energy is “net”, i.e. we assume that the energy required to get that energy is al-
ready subtracted for it. Recent papers have shown that the ERoEI related to pro-
cesses producing energy from non-renewable resources tend to decline over time 
[Murphy et al. (2010)]. The intuition behind this is the fact that spots for which re-
sources are easily extracted are exploited first. The Hubbert curve, which models 
the extraction of non-renewable resources, reflects to a certain extend that energy 
is increasingly more expensive to get (in terms of energy investment, but also 
cost). 

3.3 Energy from renewable origin 

We assume that a set of N different technologies for producing energy from re-
newable sources is available. To each technology is associated a production capac-
ity yearly producing a quantity of energy Rn,t: 
 

 
 
Among these technologies, let us (non-comprehensively) mention biomass, hydro-
electricity, wind turbines or photovoltaic panels. Two main parameters, the ex-
pected lifetime and ERoEI characterize each of these technologies: 
 

 
 
Description of ERoEI is provided in section 2. The expected lifetime parameter 
describes the average lifetime of equipment allowing energy production. Note that 
in this model, we do not consider fluctuation and storage issues associated with 
each of these technologies. In practice, providing storage capacities or technolo-
gies that allow modulating the consumption so that it matches the production 
(such as energy demand side management in the context of electricity grids) in-
duces a decrease of the ERoEI parameters (e.g., building batteries to assist photo-
voltaic panels is an additional expanse of energy). 

3.4 Dynamics of deployment of energy production means 
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The dynamics of the deployment of energy production means is modeled using a 
growth parameter: 
 

 
 

Note that the growth parameter may be negative: 
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3.7 Constraints on the quantity of energy invested for energy production 

We assume that the energy investment for developing, maintaining and replacing 
the production means from renewable sources cannot exceeds a given fraction of 
the total energy. In other words, this assumption means that the ratio net energy to 
society over total energy has to remain above a given threshold. Formally, we as-
sume that: 
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ties of renewable technologies: 
 

 
 

We assume that this cost also incorporates the energy required for maintenance 
during the lifetime of the equipment. We also introduce the energy cost associated 
to the long-term replacement of the production means: 
 

 
 
The role of this quantity of energy is to formalize the energy cost that has to be 
paid when equipment becomes obsolete and has to be replaced (see later in the 
chapter a few assumptions regarding this energy cost). 

3.6 Total energy and net energy to society 

Using the previous notations, we define the total energy produced at year t: 
 

 
 
We also define the net energy available to society:  
 

 
 
This corresponds to the amount of energy that can by used after energy investment 
for increasing the production capacities from renewable resources and their long-
term replacement. 

8n 2 {1, . . . , N}, 8t 2 {0, . . . , T � 1}, Rn,t+1 = (1 + ↵n,t)Rn,t
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3.7 Constraints on the quantity of energy invested for energy production 

We assume that the energy investment for developing, maintaining and replacing 
the production means from renewable sources cannot exceeds a given fraction of 
the total energy. In other words, this assumption means that the ratio net energy to 
society over total energy has to remain above a given threshold. Formally, we as-
sume that: 

 

 
 
In the following, we denote by “energy threshold” such a parameter. This con-
straint is motivated by research investigation showing that, if a society invests a 
too high proportion of its energy for producing energy, then less energy is dedicat-
ed to other society needs, which may result into a decrease of the global society 
welfare [Lambert et al. (2012)]. 

3.8 Assumptions on growth and replacement energy costs 

In order to relate the energy costs associated with the deployment and the long-
term replacement of the renewable energy production capacities, we make the 
three following assumptions: 
 

1. The energy cost associated with the installation of new production means 
of technologies is proportional to the corresponding growth: 
 

 
 

2. The energy costs allowing a given production capacity producing energy 
during its lifetime is done initially. This results into the following equa-
tion: 

 
 

3. The energy cost associated with the long-term replacement of production 
capacities is (i) annualized and (ii) proportional to the quantity of energy 
yearly produced: 
 

8t 2 {0, . . . , T � 1}, 9�t : Cn,t(Rn,t,↵n,t) +Mn,t 
1

�t
Et

8n 2 {1, . . . , N}, 8t 2 {0, . . . , T � 1}, 9�n,t > 0

Cn,t(Rn,t,↵n,t) =

⇢
�n,t↵n,tRn,t if ↵n,t � 0

0 else

8n 2 {1, . . . , N}, 8t 2 {0, . . . , T � 1}, �n,t =
�n,t

ERoEIn,t

Cn,t (Rn,t,↵n,t) =
�n,t

ERoEIn,t
↵n,tRn,t if ↵n,t � 0
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Using the ERoEI parameter, we get the following equations: 
 

 

4. Simulation results: case study for photovoltaic panels 

We propose to simulate MODERN in the context of the deployment of photovol-
taic panels. For simplicity, we denote by one the index related to photovoltaic 
technology. Formally, this means that growth parameters associated to other tech-
nologies are kept constant to zero: 

 
 

4.1 Variable initialization 

We choose to consider normalized variables with respect to the total energy at 
time 0: 

 
 

The Hubbert curve modeling the depletion of non-renewable energy is initially 
scaled so that the proportion between renewable and non-renewable energy pro-
duction approximately matches the current situation of 2014 [British Petroleum 
(2014)]: 
 

 
 
The quantity of energy produced by photovoltaic panels is initially assumed to be 
around 1% of the world total energy mix: 

 
 

 
This value (1%) also approximately corresponds to the current proportion of ener-
gy produced from photovoltaic panels plus wind turbines in the world total energy 
mix. All remaining technologies producing energy from renewable sources are 
kept constant at there initial level, i.e.: 
 

8n 2 {1, . . . , N}, 8t 2 {0, . . . , T � 1}, 9µn,t > 0 : Mn,t(Rn,t) = µn,tRn,t

8n 2 {1, . . . , N}, 8t 2 {0, . . . , T � 1}, µn,t =
1

ERoEIn,t

Mn,t (Rn,t) =
1

ERoEIn,t
Rn,t

8n 2 {2, . . . , N}, 8t 2 {0, . . . , T � 1},↵n,t = 0

E0 = 1

B0 = 0.85E0

R1,0 = 0.01E0
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