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Goal

How to control a system so as to avoid
the worst, given the knowledge of:

- A batch of (random) trajectories

- Maximal variations of the system, in
the form of upper bounds on Lipschitz
constants
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Formalization

Deterministic dynamics: Li41 — f (:’Et,, ut) = 0,, v W ,T — 1

Deterministic reward function: re = p (il?h ut) e R

Fixed initial state: T € X

Continuous sate space, finite action space: U= {u(l)? Npp— ’Ub(m) }
X C R¢

Return of a sequence of actions:
T—1
A
J(u(]: siE 8y uT—l) — E p($t: ut)
t=0
Optimal return:

SVAY
Jp = max T s 2 5 5077 )
(H(],---,UT_l)EZ/{T



The "batch" mode setting

Learning from trajectories

« System dynamics and reward function are unnkown

« Forevery action u € U{, a set of transitions is known:

e
u) { (m(wj Pk y(u)ﬁk) }
= |

gk — f (m(“)’k?u) and r(¥)F = P (x(“)’k,,u)

« Each set of transition is non-empty:

Vuel, n(®) > (

 Define:

F=FDy.. .uFim



Lipschitz continuity

Assumption about maximal variations

 We assume that the system dynamics and reward function are Lipschitz continuous:

V(z,z') € X2, Vu € U,

If (z,u) = f (@' u)|| < Lyllz—2af
p(z,u) = p(a',u)| < Lyllz—a’
where |- denotes the Euclidean norm over the state space

* We also assume that two constants L, and L, satisfying the above
equations are known



Min max generalization

* One can define the sets of Lipschitz continuous functions compatible with the data:
Vo', 2" € X, Vu e U,

LE = xxuU— x| |f (@ u— " )| < Lijla’ —2"|
ij ff(:}_’:(u)’k}u) _ f(ZE(u)’k}U) _ y(u),k

Vo', 2" € X,Yu el ,
Ly =37 X xU— RIS (@ u) = p(a,u)| < Ly’ — "] ,
ijﬁ!(w(u)’k?u) = p(fy(u):kju) . T(u),k

and the return associated with a couple of fonctions taken in those two ensembles :

T—1
Z ,0!(33;, ut)
=0

517:3+1 — f’(iﬂiaﬂt)

J(ff?pf)(ﬂ,()} —_ }uT_l)



Min max generalization
* One can then define:

Bbk(.F?uoj...j’U;T_l) = min {J(ff’pf)(’u,()},_,}ufr_l)}
(f':0")ELE X LY

* And the solution of the min max generalization problem can be defined as follows:

(ug,...,ur_1) € argmax B*(F,ug,...,ur_1)



Reformulation

According to previous research [1], we know that computing the optimal bound for a
given sequence of actions can be reformalized as follows:

(P(fu Lfa LP;:CO: ug, - - -,'U:T—l)) i

=1
min T,
o rr_1 eR +=0
R0 ... Rp_1€X
subject to
(3.1)
(ug),k - 2 || a (uy),k 2 (ut)
£, — b < L2 % — a0 V(i k) € {0,..., T — 1} x {1,...,n'"},
(3.2)
2 2
Kepq — yke | < L?{' %, — x(ue)ke V(t, k) €{0,..., T —1} x {1, .. .,n(“t)},

(3.3) | —y|® < L2|% — %o V&t €{0,..., T — 1|us = up},

(3.4)
%41 — Zerpal|” < L2 % — oo ||” V¢ € {0,..., T — 2Jue = up'},
(3.5) f(o = X0.

[1] "Towards Min Max Generalization in Reinforcement Learning". R. Fonteneau, S.A. Murphy, L. Wehenkel and D. Ernst. Agents and Artificial
Intelligence: International Conference, ICAART 2010, Valencia, Spain, January 2010, Revised Selected Papers. Series: Communications in
Computed and Information Science (CCIS), Volume 129, pp. 61-77. Editors: J. Filipe, A. Fred, and B.Sharp. Springer, Heidelberg, 2011.



Reformulation

« According to previous research [1], we know that computing the optimal bound for a
given sequence of actions can be reformalized as follows:

(P(F, Ly, Lp, To, uo, - - uT-1)) * [1] proposes a lower|bound on
T—1 the optimal bound (cpmputed
min #:, Independently from this
By s BpiiEE t=0 reformulation)
Xog ... X1 €X
. Here, we directly target this
subject to :
problem in order to find a bound
(3.1) tighter than [1]
2 2
g, — rluedkel < L3 ||% — gkl (k) e {0,..., T — 1} x {1,.. .,n(“t)},
(3.2)
2 2
Kepq — yke | < L?{' % — xR (k) e {0,..., T —1} x {1, .,n(“t)},

(3.3) | —y|® < L2|% — %o V&t €{0,..., T — 1|us = up},

(3.4)
%41 — Zerpal|” < L2 % — oo ||” V¢ € {0,..., T — 2Jue = up'},
(3.5) f(() = X0.

[1] "Towards Min Max Generalization in Reinforcement Learning". R. Fonteneau, S.A. Murphy, L. Wehenkel and D. Ernst. Agents and Artificial
Intelligence: International Conference, ICAART 2010, Valencia, Spain, January 2010, Revised Selected Papers. Series: Communications in
Computed and Information Science (CCIS), Volume 129, pp. 61-77. Editors: J. Filipe, A. Fred, and B.Sharp. Springer, Heidelberg, 2011.



Small simplification

* One can show that type (3.3) constraints are redundant:

LEMMA 4.1. Consider (#*,%*) € RT x X1 an optimal solution to P(F,uo,...,
ur—1). Then, for all t,t" such that uy = uy,

) — & < L2 (1% — %517
* We can deduce the solution for time t=0 :

LEMMA 4.2. The solution of the problem (P'(F,uq)) is

To — x(uo)ako

f'[’; — max pr(u0)ko _ L, |
kge{l,...,n(uo)}



New problem

[Rer1 — o1 ||” < L} % — %o ||® V8,8 €40,..., T

X0 = X0 -

(5.4)

(PH(F, Uy« v oy UT—I)) :
T-1
min ry,
f"l f"T—l ER t—=1
X0 9 Xr_1 € X
subject to
(5.1)
2 2
f‘t—’f'(ut)’kt <L3 f{t —.’l?(ut)’kt V(t,kt) S {1,,T— 1} X {19_”’“(11»1;)}?
(5.2)
2 2
f(t_|_1 —y(ut)’kt £ L?c .ﬁt —ﬂj(ut):kt V(t,kt) < {0,,T— ].} X {1,...,n(ut)},
(5.3)
== Q‘Ut = utr} ,




Complexity

One can show that such a problem is NP-hard
We propose relaxation schemes of polynomial complexity

We want those relaxation schemes to preserve the philosophy of the original
problem, i.e., to provide lower bounds

We propose two types of relaxations:

- The Intertwined Trust-Region (ITR) relaxation scheme
- The Lagrangian relaxation scheme
We show that those relaxations are more efficient than previous solution given in [1]



Relaxation schemes



(1) Intertwined trust-region

* First approach: remove constraints until the problem becomes polynomial

(IPH(J_", Up, - - - ,uT_l)) .

subject to
Only one constraint
(5.1)
2 2
£y — puehke| < L2 ||%e — gkl (k) € {1,...,T — 1} x {l,xn(“’t)} ;
(5.2)
2 2
it+1 — y( t)ke < L? Xt — x(”t)’kt V(t, kt) € {0} .o .,T — 1} X {1?xﬂ(ut)} )
(5.3)
T 5 02 72 10s o 12 vy 4t - [ o o T | PO
TATFI ATTFL(] = LJf 1B AT Vis T T\ U, y L zTag ar




(1) Intertwined trust-region

« We get the ITR problem:

(Pira(F,uo, .., ur—1, ko, ..., kr—1))
P
min Ty

3 5 1 3 fr_1 €R =1

Xo X1 € X
subject to

2 . i
(5.5) £, — pluh kel < L2 1%, — gluedbe | te{l,..., T —1},
_ 12 _ 2

(5.6) ||&e —yle-Fer]l < LR ||Rpoq — (e R e {1, T — 1},
(57) )A{() = Xy.

* A closed-form solution of this problem can be obtained




(1) Intertwined trust-region

THEOREM 5.4. The solution to (P}pp(F,uo,...,ur—1,ko,...,kr_1)) is given by
T-1
ITR('F UO,...”UJT_h]fo,...,k'T_l) — f’f,
t=1
where

f.;‘ - T(Ut)ﬁt

%5 (Ko, . . ., ky) — g(e)-ke

it (]_f()g “uey ]};t) — y(ut—1),kt_1
ii_l(EO’ = sy ]_Ct—l) o Q?(ut—l)rkt—l

Hy(ut—l);i}t—l _ x(ut),lzzt

+ Ly

(y(ut—l)afﬁt—l _ I(Uz)a"z‘t)

if y(ut—l)gkt—l 75 I(ut)akt

and, if y('““t 1)oke—1 = gplue), Et, “(ko, ..., kt) can be any point of the sphere centered
m y(ut 1),kt—1 — :L'(ut) k+ with ?"G,dZQLS Lf”Xt 1(’{;0’ . kt 1) o :U('Uzt 1),k 1||



(I) Intertwined trust-region

« The ITR problem can be solved for any selection of constraints

* One can thus define a maximal ITR bound :

DEFINITION 5.5 (ITR bound Brrgr(F,uo,...,ur—1)).

A d\
Brrr(F,uo, ..., ur-1) =
+ ) max ITR(F Wi 5 5 0.5 Kigw = 5 5 ;kT—l)
kr_1 € {1,...,n(uT_1)}

}:30 = {1, — ,ﬂ(u[)}}



(1) Lagrangian relaxation

(P o CF ot & ey Wi ) ) &

max 1min

Vs 7 ER r{,...,rp_1 €R
)‘tkteR X1,...,X7-1 € X
pe ke €R

ry = v rr_q
2
+ Z It K, ( P, — T(ut)akt . Lﬁ %, — :E(Ut),kt )
(t,ke)e{1,..., T—1}x{1,...,n(ut) }
2 2
+ 3 Aok, ( Reer — ok |* 12|z, = gl )

(t,ke)€{1,...,T—1}x{1,...,n(u) }

! !

Y v (e — Rl - L IR — %))
t,t’€{0,...., T—2|ur=u, }

7 7

« Polynomial complexity




Tightness of the bounds

« Comparison with the relaxation proposed in [1] :

DEFINITION 5.8 (CGRL bound BCGRL(Fa Ulizas ,’U,T_l)).

BCGRL(Fa WUy »s ,’LLT_l)
=3 max polfo (14 Lp+ L3+ 4+ LT72) |$(U0)j€0 _ x”H
kr—1 € {1,..., n(*T-1)}
ko € {1,....,71(”0)}

_I_T(UT—Q),E‘T—Q _ Lp (1 - Lf) Hy(uT—s)aET—s _ :E(UT—Z):ET—Z

_|_7,.(UT—1),ET—1 . Lp Hy(u’r—z),l’_ﬂ’r—z L m(uT—l):kT—l




Tightness of the bounds

« ITRversus[1]:
THEOREM 5.9.

BCGRL(Fau():" 'auT—l) S BITR(F??J’O)' . '7UT—1)

Sketch of proof :
- Compute the ITR relaxation with the constraints used by the CGRL bound



Tightness of the bounds

« Lagrangian relaxation versus ITR :

THEOREM H.17.

BITR(Fa Ug, - - - auT—l) S BLD(‘Fa U, - "7UT—1)

Sketch of proof:

- Strong duality holds for the Lagrangian relaxation of the ITR problem



Tightness of the bounds

* Synthesis:
BeenilFswp; smyUrid) & BrralFsWys s Wi_i)
g BLD(-Fau[]a"'auT—l)
S B*(}—,,ugﬂ...,,uT_l)
S J(’U’,{]j...juT_l).

« All these bounds converge to the actual return of sequences of actions when the
dispersion decreases towards zero



- 11 1 11 17 11 1
et {([55] o (25]) (2]

lllustration

Dynamics: V(rx,u) € X x U, flz,u) =x+3.1416 x u x 1,4
o

Reward function: Y(z,u) € X X U, Bl = Z x (i)
i=1

Initial state: xo = 0.5772 x 14

Decision space: U ={0,0.1}

Grid :

100 samples of transitions drawn uniformly at random

(’.i‘:l,'.?:g) € {1,



Yalues of the bounds

1.6
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lllustration

Maximal bounds

o]

=l
=

2 Maximal bound - CGRL
U Maximal bound - Trust-region
Maximal bound - Lagrangian relaxation | 7
' Maximal return
] 100 150 200 250 300 340 400

Cardinality of the zamples of tranzitions

450

1.5h

VYalues of the bounds

Empirical average over random samples

Ki -1
L=}

2 Average maximal bound - CGRL
O Average maximal bound - Trust-region
Average maximal bound - Lagrangian relaxation
T Maximal return
50 100 150 200 200 300 250 400
Cardinality of the zamples of tranzitions

450



Yalues of the returns

Grid

lllustration

Returns of sequences
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H
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'_‘I.
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=
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+
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Return - CGEL

Feturn - Trust-region
Eeturn - Lagrangian relaxation

Maximal return

1.1
0
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Cardinality of the samples of tranzitions

450

Yalues of the returns

Empirical average over random samples

1 +* 55 T T T T T T T T
1.5¢ i
—_—————iF £ B £
1,451 .
l.4r1 .
1,351 i
1.2p i
Average return - CGRL
12 O Average return - Trust-region
1.25 i Average return - Lagrangian relaxation .
T Maximal return
1

0 a0 100 150 200 200 200 350

Cardinality of the samples of tranzitions

400

4510



Future work

Stochastic case

Exact solution .

’ Infinite horizon

Min Max Generalization for Deterministic Batch Mode Reinforcement Learning: Relaxation Schemes. R. Fonteneau, D.
Ernst, B. Boigelot, Q. Louveaux. SIAM Journal on Control and Optimization, Volume 51, Issue 5, pp 3355-3385, 2013.



T

The French Workshop on Planning, Decisic

Making and Learning 2014 o
will be in Liege, May 12-13, 2014
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