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Summary 

The work aims to characterize the quasi-static mechanical behavior of the Ti6Al4V titanium 

alloy at room temperature and to describe it by a phenomenological model. 

The thesis is divided in four parts. The first one presents a literature review of the basic prop-

erties of titanium and its alloys (crystal structure, classification, deformation mechanisms), 

then it focuses on the specific mechanical features of Ti6Al4V. It also proposes a state of art 

in the field of the phenomenological constitutive laws used to model the mechanical behav-

iors of metals. 

The second part deals with the experimental campaign conducted on a 0.6 mm thick Ti6Al4V 

sheet. The devices and the tests are first described before giving the test results. The campaign 

includes experiments with monotonic and complex strain paths (tension, compression, simple 

shear, plane strain, Bauschinger tests, deep-drawing processes, layer compression tests). The 

experimental results show that the material displays anisotropy in yield stress, r-ratios and 

hardening, as well as a strength differential effect between tension and compression. 

The third part describes the implementation of the yield criteria CPB06exn in the non-linear 

finite element code LAGAMINE developed in MSM team. These criteria are selected to 

model the yield locus of Ti6Al4V since they are able to take into account both the anisotropy 

and the tension-compression asymmetry exhibited by the alloy. Several parameter identifica-

tions are performed using the classical simulated annealing algorithm. They determine that 

CPB06ex2 is required to represent the yield surface. The criterion is next associated to differ-

ent hardening formulations: (1) Voce isotropic law; (2) mixed Voce isotropic ï Armstrong-

Frederick kinematic law; (3) model taking into account the evolution of the yield locus shape 

with the deformation. The identification of the hardening parameters is achieved from the 

monotonic and Bauschinger tests either by inverse method, or by the simulated annealing 

method. 

The last part of the thesis proposed a validation of the different modelings in the case of the 

layer compression tests and the deep-drawing processes. 
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Chapter 1 Introduction  

1.1. General context of the thesis 

Nowadays, Ti6Al4V titanium alloy is widely used in various industrial sectors (Figure 1-1) 

for its high strength-to-weight ratio, its good corrosion resistance and its biocompatibility. 

Many applications can be found in aerospace (turbine engine, airframe applications), medical 

(surgical implants), luxury automotive (valves, valve springs, connecting rods, rocker arms) 

and petrochemical industries (heat exchangers, reactors), see Boyer et al. (1994), Lütjering 

and Williams (2007). For example, recent investigations have been conducted to replace steel 

in aircraft engine parts by Ti6Al4V and to reduce by 10% the mass of the structure (Wallon 

Region project Winnomat 2 Fabulous, see Tuninetti (2014)).  

a 

 
 

b 

 
 

c 

 
 

d 

 
 

Figure 1-1 Examples of applications using Ti6Al4V titanium alloy in (a) aerospace, (b) defense, 

(c) petrochemical industry, (d) medical industry. 
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The alloy consists of an a-phase which is hexagonal closed-packed (hcp) and a b-phase 

which is body centered cubic (bcc). The volume fractions may be different, depending on heat 

treatment and interstitial content. The microstructure is also affected by the mechanical treat-

ment and can show different geometrical arrangements of both phases (see Chapter 2). The 

material exhibits a pronounced anisotropy and a strength asymmetry between tension and 

compression.  

Several studies have been performed to understand the mechanical behavior of Ti6Al4V and 

to model it, in moderate as well as in high strain rates and temperatures (see for instance Khan 

et al. (2004), Khan et al. (2007), Peirs (2012), Picu and Majorell (2002), Salem and Semiatin 

(2009)). However the development of phenomenological yield criteria for hcp metals is not 

very significant. Indeed anisotropic formulations developed for materials with cubic structure 

(Hill (1948), Karafillis and Boyce (1993), Ferron et al. (1994), Cazacu and Barlat (2003), 

Rabahallah et al. (2009)) are still used in FEM simulations involving hcp metals. However 

studies such as Kuwabara et al. (2001) show that classic plasticity models (J2-flow theory, 

Hill (1948)) are not able to capture the observed response. In order to overcome this lack of 

phenomenological formulations adapted to hcp metals, new criteria which are able to take into 

account both plastic anisotropy and tension-compression asymmetry have recently been de-

veloped (Cazacu et al. (2006), Plunkett et al. (2008), Nixon et al. (2010)). 

Based on this context, the present thesis which has been performed at the MS
2
F division from 

the ArGEnCo department of the University of Liège proposes a comprehensive experimental 

and theoretical investigation of the quasi-static mechanical behavior of Ti6Al4V at room tem-

perature. In order to complete this work successfully, several collaborations were led with 

different scientific teams: 

¶ Prof. O. Cazacu (University of Florida ï REEF, USA) who helped in the development 

and the implementation of the phenomenological constitutive law used into the finite 

element code LAGAMINE to model hcp materials; 

¶ Prof. T. Kuwabara (Tokyo University of Agriculture and Technology, Japan), Prof. S. 

Thuillier (Université de Bretagne-Sud ï LIMATB, France), Prof. G. Ferron 

(Université Paul Verlaine-Metz ï LPMM, France) and Prof. T. Balan (Arts et Métiers 

ParisTech ï LEM3, France) who helped in the achievement of some experimental 

tests. 

The thesis was also incorporated within the framework of the IAP project P6/24 (Physics 

based multilevel mechanics of metals) which lasted from 2007 to 2011. Further interactions 

held in the on-going IAP project P7/21 (INTEMATE ï Multiscale mechanics of interface 

dominated materials, 2012-2017). 

1.2. Objectives of the thesis 

The main objectives of the thesis are the following ones: 

1. The achievement of a large experimental campaign in order to characterize the me-

chanical behavior of Ti6Al4V under monotonic and complex strain paths; 
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2. The implementation of a phenomenological model adapted to describe the mechanical 

behavior of Ti6Al4V into the finite element code LAGAMINE; 

 

3. The identification of the parameters included in the proposed phenomenological mod-

eling based on the experimental tests conducted on the material; 

 

4. The validation of the phenomenological model by comparing the finite element results 

with the experimental data obtained from the tests under complex strain paths. 

1.3. Contributions of the thesis 

Three main original contributions provided by this thesis can be highlighted: 

1. Generation of a large data base on the mechanical behavior of a 0.6 mm thick 

Ti6Al4V sheet. This set of experimental data allowed a better understanding and a 

quantification of the plastic anisotropy and the tension-compression asymmetry dis-

played by the material. In addition the results from layer compression tests (developed 

from the works of Tuninetti (2014)) and deep-drawing processes were used to study 

the ability of the modeling to predict the response of Ti6Al4V. It has to be noted that, 

in order to acquire skills in the practice of laboratory work, I conducted the tensile, 

plane strain, simple shear, Bauschinger and layer compression tests at the Materials 

and Structures Mechanics Laboratory, and I participated in the achievement of the 

deep-drawing tests by Prof. T. Balan at LEM3. 

 

2. Implementation of the CPB06exn yield criteria family associated to a hardening for-

mulation taking into account the evolution of the yield locus shape into LAGAMINE 

code. Since the experimental tests conducted on Ti6Al4V revealed anisotropy in hard-

ening, a model considering a dependence of the parameters with the plastic defor-

mation was developed with the help of Prof. O. Cazacu. 

 

3. Development of a procedure to identify the material parameters based on the simulat-

ed annealing method. The formulation of the yield criteria CPB06exn does not enable 

to easily determine the parameters from the experimental data (yield stresses and ten-

sile r-ratios). For this reason, the classical simulated annealing algorithm was selected 

and adapted to fit the theoretical yield locus using the experimental one. 

1.4. Content of the thesis 

The thesis is divided into eight chapters. The first one is the present introduction which de-

scribes the context, the objectives and the contributions of the thesis. 

Chapter 2 reviews some physical and metallurgical properties of titanium alloys, then focuses 

on the specific features of Ti6Al4V. 
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Chapter 3 presents a state of the art in the field of the phenomenological yield criteria and the 

hardening laws used to model the mechanical behavior of materials. A particular attention is 

given to the yield criteria adapted to metals with a hcp crystal structure and to hardening for-

mulations taking into account the evolution of the yield locus shape with the plastic defor-

mation. 

Chapter 4 lists the different devices which enabled the achievement of the experiments con-

ducted on Ti6Al4V sheet. The methodology used to analyse the results is then described for 

the different tests (tension, compression, plane strain, simple shear, compression of a layer 

stack, deep-drawing). 

Chapter 5 deals with the results of the experimental campaign. The material characterization 

reveals the anisotropy in yield stresses, r-ratios and hardening exhibited by the studied 

Ti6Al4V sheet, as well as the strength differential effect between tension and compression. 

Chapter 6 describes the implementation of the CPB06 yield criterion and its extensions 

(CPB06exn family) into the finite element code LAGAMINE. These criteria are associated to 

two hardening formulations. The first one considers Voce isotropic hardening law combined 

to Armstrong-Fredericks kinematic law, while the second model takes into account the evolu-

tion of the parameters included in the yield criteria with the plastic work. 

Chapter 7 presents the parameter identification. The principle of different optimization meth-

ods is first explained. The identification of the initial and subsequent yield loci is then per-

formed using the classical simulated annealing algorithm, while the hardening parameters 

involved in Voce and Armstrong-Frederick laws are determined by inverse method. 

In Chapter 8, the validation of the different models proposed in this work is investigated in 

the case of the layer compression tests and the deep-drawing processes by comparing the fi-

nite element predictions with the experimental results.  

Finally, Chapter 9 proposes conclusions about the thesis and suggests further studies. 

Five appendices can be found after Chapter 9. Three of these appendices concern the CPB06 

yield criterion and particularly its convexity (appendix A), its insensitivity to hydrostatic pres-

sure (appendix B) and the computation of the associated stress potential gradient (appendix 

E). The appendices C and D detail the determination of the stress-strain curves relative to the 

plane strain tests and the computation of the yield stresses for different strain paths, respec-

tively. 

The references are listed at the end of the manuscript. 
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Chapter 2 Titanium and titanium 

based alloys 

___________________________________________________________________________ 

A large part of this study concerns the experimental characterization of the quasi-static me-

chanical response displayed by Ti6Al4V titanium alloy under different loading conditions. 

For any material, the observed behavior is intimately related to the physical properties and the 

deformation mechanisms which can be activated. Thereby it seemed interesting to review 

some basic characteristics of titanium and its alloys firstly, then to describe the specific fea-

tures of Ti6Al4V. This chapter provides physical and metallurgical data from literature which 

enable to understand the macroscopic mechanical behavior of titanium alloys, especially the 

investigated material. 

___________________________________________________________________________ 

2.1. Crystal structur e 

In Table 2-1 are shown some basic properties of titanium (Lütjering and Williams (2007)). 

Pure titanium displays a hexagonal close-packed structure (a-phase) below 882°C (see Figure 

2-1 and Figure 2-2). At temperatures higher than this limit called the b-transus, an allotropic 

phase transformation occurs, changing the hexagonal structure to a body-centered cubic struc-

ture (b-phase). Titanium enters the liquid phase when reaching the melting temperature at 

1670°C. 

 

Melting temperature [°C] 1670 

Allotropic transformation b a­  [°C] 882 

Young modulus at room temperature [GPa] 115 

Yield stress level [MPa] 1000 

Density [kg/m³] 4500 

Table 2-1 Important properties of titanium 
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a-phase: hcp 

 
 0.295 nm
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 0.468 nm
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b-phase: bcc 

 
 0.332 nma=  

Figure 2-1 Unit cell and lattice parameters of the a-phase at room temperature and the b-phase at 900°C 

 

Figure 2-2 Allotropic transformation of titanium 

Alloying elements can influence the b-transus of pure titanium and are usually classified into 

three different types: 

- The a-stabilizing elements increase the b-transus with increasing solute content (see 

Figure 2-3). Aluminum is the most widely used alloying element in titanium alloys 

owing to its large solubility in both the a- and b-phases. Oxygen (used to modify the 

strength level), carbon and nitrogen are other examples of a-stabilizers. 

- The b-stabilizing elements decreases the b-transus with increasing solute content (see 

Figure 2-3). They are divided into two categories: 

o b-isomorphous elements (V, Mo, Nb, é) which make possible the stabiliza-

tion of the b-phase to room temperature when used in sufficient concentra-

tions. 

o b-eutectoid elements (Cr, Fe, Si, é) which can lead to the formation of inter-

metallic compounds TixAy. 

- The neutral elements (Zr, Sn) which have no or a weak influence on the b-transus. 

 

Figure 2-3 Schematic phase diagrams showing the effect of alloying elements (Lütjering and Williams 

(2007)) 

T T T T 

%a %b %b % neutral 
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Several binary phase diagrams, as illustrated in Figure 2-4, can be found in Boyer et al. 

(1994) and Lütjering and Williams (2007). Generally, it is to be noted that most commercial 

titanium alloys include more than two elements. In principle, ternary or quaternary phase dia-

grams (see Figure 2-5) should be used. In practice, only binary diagrams are used as a qualita-

tive guideline. 

 

Figure 2-4 Ti-Al phase diagram (Lütjering and Williams (2007)) 

  

  

Figure 2-5 Isothermal sections of the ternary Ti-Al-V phase diagram at different temperatures (Boyer et al. 

(1994)); the black dot corresponds to Ti6Al4V titanium alloy 
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2.2. Alloy classification 

According to their position in a pseudo-binary section through a b-isomorphous phase dia-

gram (Figure 2-6), commercial titanium alloys are generally classified as follows: 

- a-alloys are characterized by satisfactory strength, toughness, creep resistance and 

weldability. They are suitable for cryogenic applications owing to the absence of a 

ductile-brittle transformation. The b-phase volume fraction is low (2-5%). 

- a+b-alloys are widely used. They generally display high strength at room and moder-

ate temperatures. Their properties can be controlled by heat treatments. The group of 

a+b-alloys has a range from the a/a+b phase boundary up to the intersection of the 

MS-line with room temperature happens. The MS-line represents the boundary from 

which a martensitic transformation occurs when fast cooling from the b-phase domain 

to room temperature. The b-phase volume fraction may vary from 10 to 50% at room 

temperature. 

- b-alloys are actually metastable b-alloys owing to their location in the equilibrium 

a+b phase region
1
.  They are interesting for their extreme formability, but are unsuita-

ble for low temperature applications. A characteristic feature of these alloys is that 

they do not transform martensitically upon fast cooling from the b-phase domain. 

 

 

Figure 2-6 Schematic pseudo-binary section through a b-isomorphous phase diagram (Lütjering and 

Williams (2007)) 

                                                 
1
 Actually the stable b-alloys do not exist as commercial materials. This is the reason why the expression ñb-

alloysò is commonly used to refer to metastable b-alloys. 

T
i6

A
l4
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2.3. Deformation mechanisms 

The plastic deformation of crystalline materials is related to the slip of some crystallographic 

planes which is due to the motion of dislocations. Usually, the slip planes and the slip direc-

tions are those with the highest packing density. In the case of single crystals, slip systems are 

activated when the applied stress s reaches a critical value depending on the critical resolved 

shear stress (CRSS) Ct , the angle f between the loading direction and the normal to the slip 

plane n , and the angle l between the loading direction and the slip direction m  (see Figure 

2-7). This condition is given by Schmidôs law for each slip system characterized by m  and n : 

 
cos .cos

cts
f l

=  (2.1) 

where cos .cosf l is called the Schmid factor and ranges from 0 to 0.5. 

 

Figure 2-7 Determination of the CRSS 

In the case of polycrystals, the conventional dislocation glide on slip systems remains the 

main source of plastic deformation, but the behavior significantly differs from the one of sin-

gle crystals. Indeed, polycrystalline materials include numerous crystals with different orien-

tations and having common boundaries. In order to satisfy the stress and strain continuity 

across the grain boundaries, several slip systems are activated and the geometrically necessary 

dislocations appear due to strain gradient. 

In the following sections, the main slip systems which can be activated in titanium and its 

alloys are introduced. In addition, some details are given about twinning which may play an 

important role in the response of these materials. 
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2.3.1. Slip systems 

Before detailing the different slip systems in titanium, it is advisable to give a brief summary 

of the Miller index notation. 

In crystallography, the lattice planes are defined by their Miller indices, i.e. three integers 

related to the intersections between the plane and the coordinate axes (Figure 2-8). If 1a , 2a , 

3a  denote these intersections, the Miller indices h , k , l  are respectively given by:  

 
1 2 3

, ,
d d d

h k l
a a a
= = = (2.2) 

where d  is the smallest common denominator of 1a , 2a , 3a . A lattice plane is designated by 

( )h k l  while the notation { }h k l  denotes the set of the equivalent planes.  

 

 

Figure 2-8 Miller indices 

 

In a similar way, the lattice directions are expressed by three integers u , v , w  proportional to 

the components of the directional unit vector. A lattice direction is expressed by [ ]u v w  

while the set of the equivalent directions is denoted by u v w . 

In the case of a hexagonal system, it is convenient to use four coordinate axes, as shown in 

Figure 2-9. Thereby it is possible to use a four-digit set of Miller-Bravais indices ( ), , ,h k i l  

where i  is a redundant index defined by: 

 i h k=- - (2.3) 

The advantage of this notation for labeling planes and directions in a hexagonal lattice is to 

make the permutation symmetries apparent. 
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The main slip directions observed in the hexagonal a-phase of titanium and titanium alloys 

are those of the type 1120
2
, also named a -direction. Three different categories of slip 

planes are associated to this direction: 

- The basal planes ( )0002  

- The prismatic planes { }1010  

- The pyramidal  planes { }1011  

It is also observed the presence of c a+  dislocations (1123  direction) which is explained 

by the fact that, when the c-axis of a grain is oriented along the direction of the applied stress, 

a  dislocations cannot be activated owing to the null value of their Schmid factor. From the 

possible slip planes, { }1011 1123 and { }1122 1123 slip systems are feasible. The second 

one is more likely to be activated because of its high Schmid factor when the loading direc-

tion coincides with the c-axis. A schematic view of the different slip planes and slip directions 

is given in Figure 2-9. Table 2-2 lists the main slip systems and their number. 

Concerning the bcc b-phase, the main slip systems are { }110 111 and { }112 111 (see Table 

2-2). Some studies (e.g. Gil Sevillano et al. (1980), Turkmen et al. (2002)) include other slip 

systems such as { }123 111 . 

 

 

Figure 2-9 Representation of the different slip planes and slip directions in the hexagonal a-phase (Lütjering 

and Williams (2007)) 

 

 

 

 

                                                 
2
 In Miller notation, a negative index is written with a bar above the corresponding integer. 

<c + a> = = pyramidal plane 

= prismatic plane 

basal plane = 
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Slip direction Slip plane 

Number of slip systems 

Total Independent 

hcp a-phase 1120  ( )0002  3 2 

1120  { }1010  3 2 

1120  { }1011  6 4 

1123  { }1122  6 5 

bcc b-phase 111  { }110  12 

111  { }112  12 

Table 2-2 Main slip systems in the hcp a-phase and bcc b-phase 

 

2.3.2. Twinning 

Twinning is a deformation mechanism characterized by a re-orientation of the crystal lattice 

(Figure 2-10). The atoms move in such a way that the initial lattice and the twinned part are 

symmetric with respect to a plane called twin plane. This mechanism has the effect of chang-

ing the orientation of the crystal lattice and consequently the possible slip planes with respect 

to the external loading. Therefore, owing to this re-orientation, some dislocations can be acti-

vated in the twinned part. 

 

Figure 2-10 Re-orientation of the crystal lattice owing to twinning (Marketz et al. (2003)): 1K  and 1h are the 

twinning plane and shear direction, respectively 

Twinning is a significant deformation mechanism in commercially pure (CP) titanium and 

some a titanium alloys, but is almost inhibited in a+b alloys due to the small phase dimen-

sions (see Section 2.4.2), high solute content and presence of Ti3Al precipitates. 

The main twinning systems observed in pure a titanium are { }1012 1011, { }1121 1126  

and { }1122 1123. Under tension loading parallel to the c-axis, the first two modes are acti-

vated, the most frequent being { }1012 1011 twin mode. In the case of a compression along 

the c-axis, { }1122 1123
 
twins are activated. As said previously, twinning plays a major role 

in pure titanium or CP titanium with low oxygen concentrations. Indeed, the occurrence of 

twins decreases when increasing the solute atom concentrations in a titanium, such as oxygen 

or aluminum. 
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2.4. Features of Ti6Al4V titanium alloy 

Ti6Al4V, also named TA6V or Ti64, is the most widely used titanium alloy. One of its usages 

is found in the aerospace industry. The following list gives several applications in this field 

(Boyer et al. (1994)): 

- engine components (blades, discs, wheels) ; 

- complex housings ; 

- airframe components (cargo-handling equipment, flow diverters, torque tubes for 

brakes, helicopter rotor hubs); 

- missile and space components (wings, missile bodies, optical sensor housings, ord-

nance). 

This work focusing on the mechanical characterization of Ti6Al4V, specific features of the 

alloy are given in the next sections. 

2.4.1. Chemical composition 

As suggested by the designation of the alloy, Ti6Al4V contains about 6% of aluminum and 

4% of vanadium. The other important alloying elements are oxygen, nitrogen and iron. These 

elements, in particular oxygen and nitrogen, increase the strength when increasing their con-

tent. Conversely, it is possible to improve the ductility thanks to lower additions of oxygen, 

nitrogen and aluminum. Table 2-3 lists the chemical composition of this alloy in different 

studies. 

 

Elements Ti [%] Al [%]  V [%] O [%] N [ppm] C [ppm] H [ppm] Fe [%] 

Follansbee and Gray 

(1989) 
Bal. 6.4 4.0 0.18 10 650 - 0.13 

Philippe et al. (1995) Bal. 6.08 3.87 0.1474 71 231 - 0.15 

Medina Perilla and 

Gil Sevillano (1995) 
Bal. 

6.03-

6.11 

3.83-

3.90 

0.10-

0.11 
40-50 30-80 <5 

0.13-

0.16 

Fundenberger et al. 

(1997) 
Bal. 6.08 3.87 0.147 71 230 11 0.15 

Nemat-Nasser et al. 

(2001) 
Bal. 

6.21-

6.33 

3.61-

4.13 
0.19-0.2 80-100 100-200 6-20 

0.19-

0.21 

Majorell et al. (2002) Bal. 6.31 4.06 0.18 80 160 9-14 1.16 

Khan et al. (2004) Bal. 5.97 4.09 0.174 80 430 41 0.15 

Gilles et al. (2011) Bal. 
6.22-

6.27 

3.93-

4.00 

0.19-

0.20 
60.0 

80.0-

90.0 

86.0-

100.0 
0.16 

Table 2-3 Chemical composition of Ti6Al4V found in the literature 
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2.4.2. Microstructure  

As shown in Figure 2-5 and Figure 2-11, Ti6Al4V is an a+b alloy at room and higher tem-

peratures (the b-transus is ~995°C or 1268 K). The volume fractions of both a and b-phases 

and their geometrical arrangements may be different, depending on the thermomechanical 

treatment (Figure 2-11) and the interstitial content (mainly oxygen). Usually, the b-phase vol-

ume fraction does not exceed 10% (see Philippe et al. (1995), Medina Perilla and Gil 

Sevillano (1995), Fundenberger et al. (1997), Bridier et al. (2005)). 

In general, three different microstructures can be distinguished (Boyer et al. (1994)): 

- Lamellar structures are readily obtained by slow cooling into the two-phase domain 

from above the b-transus. The nucleation and the growth of the a-phase in plate form 

starting from b-grain boundaries mainly depend on the cooling rate. 

- Equiaxed microstructures can be produced by extensive mechanical working in the 

a+b domain. This process causes the breakup of lamellar a-grains into equiaxed a-

grains. The so-called mill-annealed microstructure is obtained by subsequent anneal-

ing at about 700°C. Another technique to produce equiaxed microstructures involves a 

recrystallization annealing of 4h at 925°C followed by slow cooling, which results in 

coarse a-grains. 

- Bimodal type microstructures consist of isolated primary a-grains in a transformed 

b-matrix. They can be produced by a 1h annealing at 955°C followed by water 

quenching or air cooling, and aging at 600°C. 

 

 

Figure 2-11 Influence of thermal treatment and cooling rate on the microstructure of Ti6Al4V (Boyer et al. 

(1994)) 
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2.4.3. Mechanical properties 

2.4.3.1. Elastic properties 

According to the literature, Young modulus of Ti6Al4V varies from 100 to 130 GPa while 

Poisson ratio ranges from 0.26 to 0.36 at room temperature (Boyer et al. (1994); Fukuhara 

and Sanpei (1993); Bruno and Dunn (1997)). The elastic coefficients are influenced by: 

- the volume fraction of the phases and thus the thermomechanical treatment 

- the specimen orientation in textured rolled sheet 

- the interstitial and substitutional elements 

- ageing 

2.4.3.2. Slip systems and twinning 

Owing to the reduced number of available slip systems compared to bcc and fcc crystal lattic-

es, hcp metals generally display a pronounced anisotropic behavior. This anisotropy is also 

influenced by the initial texture of the material, as observed in Lowden and Hutchinson 

(1975) in the case of Ti6Al4V (Figure 2-12). In general, the experimental analysis of active 

slip systems by EBSD or TEM reveals the following decreasing order of contribution 

(Philippe et al. (1995); Fundenberger et al. (1997); Bridier et al. (2005)): 

- Prismatic slip { }1010 1120 

- Basal slip ( )0002 1120  

- Pyramidal slip { }1011 1123 

Another specific feature exhibited by hcp materials is the strength asymmetry between tension 

and compression as shown in Figure 2-13 (Graff et al. (2007); Lee et al. (2008); Kim et al. 

(2008); Medina Perilla and Gil Sevillano (1995); Fundenberger et al. (1997)). For most of 

them, this strength differential (SD) effect is due to the directionality of twinning. However, 

because of its high aluminum content, Ti6Al4V displays few twins (Lowden and Hutchinson 

(1975); Philippe et al. (1995); Medina Perilla and Gil Sevillano (1995); Fundenberger et al. 

(1997)). Recently, Tirry et al. (2010) have shown that only the { }1012 twin mode seems to be 

activated for monotonic deformations, moderate strains and strain rates, but a very low vol-

ume fraction is measured (less than 1%). Later Coghe et al. (2012) have investigated the im-

portance of twinning in a Ti6Al4V titanium alloy subjected to static and dynamic compres-

sion tests. Depending on the orientation of the loading direction with respect to the initial tex-

ture, the twin fraction can reach a value of 4.8% in the static case and 8.9% in the dynamic 

case. Lowden and Hutchinson (1975) suggested that the c a+  dislocations play a significant 

role in plasticity of Ti6Al4V at room temperature and can explain the SD effect. It was ob-

served that their motion is asymmetric, i.e. the CRSS is different in the forward and backward 

directions, and unusually sensitive to hydrostatic pressure. Later, Jones and Hutchinson 

(1981) showed the occurrence of cross-slip when the c a+  dislocations move on { }1011  

planes in uniaxial compression along the c-axis, while cross-slip is not active in uniaxial ten-

sion. This results in asymmetry in the CRSS of c a+  slip systems and thus also contributes 

to the occurrence of SD effects. 
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a 

 

 

 
b 

 

 

 
Figure 2-12 Initial texture ((0002) pole figure) and yield loci at different equivalent strains of two batches of 

Ti6Al4V in sheet form: (a) material with high density of basal poles along ND; (b) material with strong max-

imum along TD (Lowden and Hutchinson (1975)). The theoretical yiel loci are determined using the method 

in Lee and Backofen (1966). 

 

Figure 2-13 Anisotropy in tensile and compressive yield stresses for Ti6Al4V after Fundenberger et al. 

(1997): a significant tension-compression asymmetry in yielding is observed along TD 
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2.4.3.3. Effect of temperature and strain rate 

Although this subject is not developed in this work, it has to be noted that Ti6Al4V is very 

sensitive to temperature and strain rate (see Figure 2-14). Several studies have been devoted 

to understand and model its mechanical behavior at high strain rates and high temperatures 

(Khan et al. (2004); Khan et al. (2007); Macdougall and Harding (1999); Majorell et al. 

(2002); Picu and Majorell (2002); etc.). In Figure 2-14, it can be noticed that: 

- the yield stress and the work-hardening  respectively increases and decreases when in-

creasing the strain rate; 

- the flow stress decreases when increasing the temperature. 

a 

  

b 

 
Figure 2-14 Influence of the temperature and the strain rate on the mechanical behavior of Ti6Al4V and 

correlations with Khan-Huang-Liang (KHL) and Johnson-Cook (JC) models: (a) compression tests at differ-

ent temperatures and 10
-3
 s

-1
; (b) compression tests at room temperature and different strain rates (Khan et al. 

(2004)) 

In addition, Majorell et al. (2002) showed that the decrease in flow stress with temperature is 

significant up to 1255 K. Above this value, the flow stress becomes almost insensitive to tem-

perature. This marked difference in the mechanical behavior is due to the change in micro-

structure. Indeed, the b-phase volume fraction increases above 950 K until the b-transus. At 

1230 K, the amount of b-phase is larger than 50% and begins to play a sizeable role on the 

material response.  

2.5. Conclusion 

This chapter defines the main physical and metallurgical properties of titanium alloys and 

especially Ti6Al4V. The microstructure and its evolution during the deformation of the mate-

rial allow understanding and predicting the mechanical behavior at the macroscale. For in-

stance, they can explain the dependence of the hardening with the strain path. However, in 

this work, it is proposed to use a phenomenological analysis which has to be able to model the 

macroscopic behavior of the material without modeling the microstructure evolution. 
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Chapter 3 Constitutive modeling of 

sheet metal mechanical behavior 

__________________________________________________________________________ 

The plastic behavior at macroscopic level exhibited by materials can be described by different 

approaches. In the industrial simulations, elastic-plastic models developed in the framework 

of the mathematical theory of plasticity (e.g. Hill  (1948), Barlat et al. (1991), Karafillis and 

Boyce (1993)) are often used owing to their simplicity to be implemented in a finite element 

code, their reasonable accuracy and moderate CPU time. On the other hand, crystal plasticity 

based models (e.g. Sachs (1928), Taylor (1938), Delannay et al. (2002), Van Houtte et al. 

(2005)) include phenomenological elastic/plastic models at the single-crystal level and differ-

ent homogenization techniques to obtain the response of the polycrystal. This explains their 

enhanced predictability of the mechanical behavior. Nevertheless, as the microscopic models 

are not the subject of this work, they will not be discussed since they are not the subject of the 

thesis. 

All models are based on experimental observations concerning the onset of plastic defor-

mation and its subsequent evolution under applied load. The onset of plasticity is described by 

an analytical yield function while the hardening is characterized by a flow rule. Both the yield 

function and the hardening law allow the subsequent plastic deformations to be computed for 

any loading and geometry. Depending on the specific mechanical properties which can be 

displayed by materials, phenomenological yield criterions can be sorted in different ways: 

isotropic or anisotropic formulations; symmetric or asymmetric functions; pressure sensitive 

or insensitive criteria; é 

This chapter is divided into 3 sections. The first one introduces the notion of stress and strain 

rate potentials, while the second section deals with formulations for the description of the 

hardening. The last section gives some conclusions concerning the constitutive models. 

__________________________________________________________________________ 
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3.1. Stress and strain rate potentials 

The onset of plastic flow is generally described by a continuous yield function ( )ijj s , also 

called stress potential and depending on the components ijs  of the Cauchy stress tensor. The 

yield locus is defined by the following relationship: 

 ( ) 0ijj s s=  (3.1) 

where 0s  is a reference stress (for instance the uniaxial yield stress in tension along a specific 

direction). Based on the postulate stated by Drucker (1950) which gives a general definition 

of the stable work-hardening materials, it can be shown that this function must be convex in 

the space of the stress components. Another consequence is the normality of the strain rate 

vector to the yield surface, which induces that the flow rule is associated: 

 
p

ij

ij

j
e l

s

µ
=
µ

 (3.2) 

l is a positive scalar factor called plastic multiplier while 
p

ije  are the components of the plas-

tic strain rate tensor. In most materials, the associated flow rule is a valid assumption. How-

ever, it can be violated, especially in soil mechanics. In this case, a plastic potential function 

F, different from the yield surface, must be defined. The non-associated flow rule is then 

expressed as: 

 
p

ij

ij

e l
s

µF
=
µ

 (3.3) 

Another feature of most yield criterions, mainly for metals with low porosity, is the hydrostat-

ic pressure insensitivity.  Mathematically, it means that the yield function j is independent of 

the first invariant of the stress tensor ()1 tr iiI s= =ů . 

Based on the plastic work equivalence principle, Ziegler (1983) and Hill (1987) proved that it 

is possible to associate a strain rate potential ( )p

ijy e  with any convex stress potential ( )ijj s . 

This strain rate potential is defined by: 

 ( )p

ijy e l¡=  (3.4) 

with the following associated flow rule: 

 0ij p

ij

y
s s

e

µ
¡=
µ

 (3.5) 

It has to be noted that 0 0s s¡=  and l l¡=  when the stress potential j and the dual strain rate 

potential y are homogeneous of degree 1. In this section, some isotropic formulations are 

first presented. Next, a review of few anisotropic formulations, defined in the material 
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orthotropy axes, is proposed by choosing the following convention: direction 1 = rolling di-

rection (RD), direction 2 = transverse direction (TD), direction 3 = normal direction (ND). It 

is worth noting that a particular attention is given to criterions adapted to describe the yield 

locus of hexagonal closed-packed materials (e.g. Cazacu et al. (2006); Plunkett et al. (2008); 

é). 

3.1.1. Isotropic formulations 

The two best-known isotropic yield criterions were developed by Von Mises and Tresca. The 

first one assumes that the yield limit is independent of the third invariant of the stress deviator 

()33

1
tr

3
J = s . The Von Mises criterion is of the form: 

 ( ) ( ) ( ) ( )
2 2 2 2 2 2

11 22 22 33 33 11 12 13 23

1
6

2

Tj s s s s s s s s s sè ø= - + - + - + + + =
ê ú

 (3.6) 

Ts  being the yield stress under uniaxial tension. It can be formulated in the following way: 

 23 TJj s= =  (3.7) 

where ()22

1
tr

2
J = s  is the second invariant of the stress deviator ()

1
tr

3
= -s ů ů I, I  denoting 

the second-order identity tensor. It can be defined a dual potential which is written as: 

 ( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

11 22 33 12 13 23

2 2
2 2 2

3 3

p p p p p p p p

ij ijy e e e e e e e eè ø= + + + + + =
é ùê ú

 (3.8) 

which is the definition of the Von Mises equivalent plastic strain rate. 

In the Tresca yield criterion, the yield limit is linked to the maximal shear stress: 

 ( )sup 2i j Y
i j

j s s t
¸

= - =  (3.9) 

where is  is the i-th eigenvalue of the stress tensor (1,2,3i= ) and Yt is the yield stress in 

pure shear . It can also be written as: 

 
3 2 2 2 4 6

2 3 2 24 27 36 96 64Y Y YJ J J Jj t t t= - - + = (3.10) 

where ()33

1
tr

3
J = s  is the third invariant of the stress deviator. 

The shape of the Von Mises yield locus in the section 3 0s=  is an ellipse centered in the 

origin whose major axis is inclined at 45° to the 1s  axis. The Tresca yield locus is a hexagon 

inscribed in this ellipse (Figure 3-1). 
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Drucker (1949) proposed the following yield criterion: 

 3 2 2

2 3J cJ kj= - = (3.11) 

where c  is a constant and 

6

2 27
3

T

k
så õ

= æ ö
ç ÷

. The convexity of the yield surface is ensured when 

27
2.25

8
c- ¢ ¢ . 

Later, Hosford (1972) suggested the following formulation: 

 ( )2 3 3 1 1 2 2
aa a a Tj s s s s s s s= - + - + - = (3.12) 

where a  is an integer ² 1 and 1s , 2s , 3s  are the principal stresses. This criterion is reduced 

to the Von Mises criterion for 2a=  and to the Tresca criterion for a­¤. The yield locus 

for any intermediate value of a  is located between the first two surfaces introduced previously 

(see some examples in Figure 3-1). 

 

 

Figure 3-1 Comparison between Von Mises, Tresca and Hosford (1972) yield loci in the biaxial plane 3 0s=
 

 

The yield loci described by the Von Mises, Tresca and Hosford (1972) criteria are symmetric, 

i.e. the uniaxial yield stresses in tension and compression along a same direction are identical. 

Nevertheless some materials such as hcp metals display an asymmetry between tension and 

compression due to deformation mechanisms such as twinning or directional slip (Hosford 

(1993)). In order to take into account this strength differential effect, Cazacu and Barlat 

(2004) proposed the following criterion: 

 ( )
3 2 3

2 3 YJ cJj t= - = (3.13) 
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where c  is a material parameter which depends on the uniaxial yield stresses in tension (Ts ) 

and compression (Cs ): 

 
( ) ( )

( ) ( )

3 3

3 3

3 3

2

T C

T C

c
s s

s s

è ø-
é ùê ú=
è ø+
é ùê ú

 (3.14) 

It is worth noting that the Von Mises yield criterion is recovered when 0c= , i.e. T Cs s= . In 

order to ensure the convexity of the function, the range of c  must be 3 3 / 2,3 3 / 4è ø-
ê ú

. 

Cazacu et al. (2006) introduced another criterion of the form: 

 ( ) ( ) ( )1 1 2 2 3 3

a a a

s ks s ks s ksj= - + - + - (3.15) 

where 1s , 2s , 3s  are the eigenvalues of the stress deviator while a  is the degree of homogene-

ity and k  is the strength differential parameter. Similarly to the constant c  defined previous-

ly, k  can be expressed in terms of the uniaxial yield stresses in tension and compression: 

 

1

1

T

C

T

C

h

k

h

s

s

s

s

å õ
- æ ö
ç ÷=
å õ

+ æ ö
ç ÷

 (3.16) 

with 

 

1

2 2

2 2

a aT
a

CT

aC T

C

h

s

ss

s s

s

è øå õ
-é ùæ ö

å õé ùç ÷=æ öé ù
å õç ÷é ù-æ ö
é ùç ÷ê ú

 (3.17) 

It can be shown that the convexity is ensured when 1a²  and [ ]1.0,1.0kÍ -  (see Appendix A 

for the proof). The Von Mises yield criterion is recovered when 0k=  ( T Cs s= , i.e. no ten-

sion-compression asymmetry) and 2a= . Figure 3-2 shows the shape of the yield locus in the 

biaxial plane ( 3 0s= ) for different values of the parameter k  ( a  is fixed to 2). It can actually 

be noticed that, higher k  is in absolute value, higher the strength asymmetry is. Moreover, it 

can be observed that, for the upper and lower bound values of k , the yield function (3.15) 

corresponds to a triangle with rounded vertices. 
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Figure 3-2 Influence of the parameter k  on the yield locus shape (section 3 0s=  in the biaxial plane) 

3.1.2. Anisotropic formulations 

Generally, sheet metals display anisotropy owing to the texture developed in the rolling pro-

cesses. Two ways can be used to take into account the plastic anisotropy: 

¶ the generalized invariants approach which consists in constructing generalizations of 

the invariants to anisotropic conditions; 

¶ the linear transformation approach which consists in applying a fourth-order symmet-

ric and orthotropic tensor on the stress tensor (or its deviator) or on the plastic strain 

rate tensor. 

The most famous anisotropic yield criterion was developed by Hill (1948). It is used in many 

finite element codes due to its simplicity to implement. This criterion is an extension of the 

Von Mises criterion to anisotropy. The yield function is of the form: 

 ( ) ( ) ( )
2 2 2 2 2 2

22 33 33 11 11 22 23 13 12

1
2 2 2

2
FF G H L M Nj s s s s s s s s s sè ø= - + - + - + + + =

ê ú
 (3.18) 

where F , G , H , L , M , N  are material parameters while Fs  is the yield stress under uni-

axial tension in a reference direction (in general the rolling direction). In the case of a sheet, 

the identification of the parameters can readily be achieved with three experimental tensile 

tests along RD, TD and 45° from RD. It can be shown that the exact dual potential is given 

by: 

 ( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

11 22 33 23 13 12

2 2 2 4 4 4p p p p p pF G H

L M N
y e e e e e e= + + + + +

D D D
 (3.19) 

where FH FG HGD= + +. 

Barlat et al. (1991) proposed an anisotropic extension of the Hosford (1972) isotropic yield 

criterion to a general stress state. The anisotropy is introduced by applying a fourth-order 

symmetric and orthotropic tensor L  on the stress tensor: 
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 :=s L ů (3.20) 

where ñ:ò denotes the double contracted product between a fourth-order tensor and a second-

order tensor: 

 ( ): ijkl klij
L s=L ů  (3.21) 

In (3.12), the principal stresses are substituted by the eigenvalues 1s , 2s , 3s  of the transformed 

tensor s: 

 ( )2 3 3 1 1 2 2
aa a a Ts s s s s sj s= - + - + - = (3.22) 

Relative to the orthotropy axes (RD,TD,ND), the tensor L  is represented by: 

 

2 3 3 2

3 3 1 1

2 1 1 2

4

5

6

0 0 0
3 3 3

0 0 0
3 3 3

0 0 0
3 3 3

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

c c c c

c c c c

c c c c

c

c

c

+è ø
- -é ù

é ù
+é ù- -

é ù
é ù

+=é ù- -
é ù
é ù
é ù
é ù
é ù
ê ú

L  (3.23) 

where ic  ( 1,2, ,6i= ) are material parameters. 

Karafillis and Boyce (1993) used the same principle as Barlat et al. (1991) to suggest the fol-

lowing yield function: 

 ( ) ( )1 21 2
b

Tc cj f f s= - + =  (3.24) 

where b  is the degree of homogeneity while 1f and 2f are given by: 

 1 1 2 2 3 3 1

b b b
s s s s s sf= - + - + - (3.25) 

 ( )2 1 2 31

3

2 1

b
b b b

b
s s sf

-
= + +

+
 (3.26) 

 

Cazacu and Barlat (2001) extended Drucker (1949) yield criterion to orthotropy by replacing 

the invariants 2J  and 3J  by the generalized invariants 0

2J  and 0

3J , respectively: 

 ( ) ( )
6

3 2
0 0

2 3 27
3

T

J c J
s

j
å õ

= - =æ ö
ç ÷

 (3.27) 
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where: 

 
( ) ( ) ( )

2 2 20 31 2
2 11 22 22 33 11 33

2 2 2

4 12 5 13 6 23

6 6 6

aa a
J

a a a

s s s s s s

s s s

= - + - + -

+ + +

 (3.28) 
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- + - -è ø è øê ú ê ú

+

 (3.29) 

This criterion involves 18 material parameters in 3D analysis (6 for 
0

2J  and 11 for 
0

3J ). It has 

to be noted that the generalized invariants are developed based on rigorous mathematical the-

orems (see Cazacu and Barlat (2003)). 

As explained in Chapter 2 and the previous section, hcp materials exhibit both anisotropy and 

asymmetry in yielding. In order to take into account these features, Cazacu and Barlat (2004) 

proposed to extend the yield function (3.13) as follows: 

 ( )
3 2

0 0 3

2 3 YJ cJj t= - = (3.30) 

with 0

2J  and 0

3J  defined hereabove by Equations (3.28) and (3.29), respectively. 

In Cazacu et al. (2006), the isotropic yield criterion (3.15) is extended to orthotropy by apply-

ing a fourth-order symmetric and orthotropic tensor C  on the stress deviator, i.e. 1s , 2s , 3s  

are substituted by the principal values 1S, 2S , 3S of a transformed tensor Ɇ defined as: 

 :=Ɇ C s (3.31) 

In the orthotropy axes, C  is represented in Voigt notation by: 

 

11 12 13

12 22 23

13 23 33
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66

0 0 0

0 0 0

0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

C C C
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é ù
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C  (3.32) 
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The resulting anisotropic yield criterion, called CPB06, is of the form: 

 ( ) ( ) ( )1 1 2 2 3 3

a a a

k k kj= S - S + S - S + S - S (3.33) 

As the isotropic formulation (Equation (3.15)), CPB06 yield function is convex when 

1 1k- ¢ ¢ and 1a²  (see Appendix A). 

Cazacu et al. (2010) developed an anisotropic strain rate potential for hcp metals which is the 

exact dual of CPB06 yield criterion with 2a= . This potential is called SRP09 and is written 

as ( m  denotes a scaling factor defined by the uniaxial tensile curve in RD chosen as refer-

ence): 
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 (3.34) 

where 
1B , 

2B , 
3B  are the principal values of the transformed strain rate tensor : p=B H Ů. H  

is a fourth-order orthotropic tensor associated with plastic anisotropy tensor C  involved in 

Equation (3.32). Denoting K  the fourth-order symmetric deviatoric unit tensor defined by: 

 
2 3

ik jl il jk ij kl

ijklK
d d d d d d+
= -  (3.35) 

it can be proved that H  is the inverse of the tensor =L CK . 

Plunkett et al. (2008) have shown that by incorporating into the isotropic criterion given by 

(3.15) additional linear transformations, an improved representation of the anisotropy can be 

obtained. If n  linear transformations operating on the stress deviator are considered, the gen-

eral form of the anisotropic criterion, called CPB06exn, is: 

 
() () () ()( )1 2 3

1

, , , ,
n

i i i i

i

f k aj
=

= S S Sä  (3.36) 

where 
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() () () ()( ) () () ()( ) () () ()( ) () () ()( )1 2 3 1 1 2 2 3 3, , , ,

a a a
i i i i i i i i i i i i i

f k a k k kS S S = S - S + S - S + S - S (3.37) 

In (3.36) and (3.37), 
()i

k  ( 1,2, ,i n= ) are material parameters that allow for the description 

of strength differential effects, a  is the degree of homogeneity, while () () ()( )1 2 3, ,
i i i
S S S are the 

principal values of the i-th transformed tensor: 

 
() ()

:
i i
=Ɇ C s (3.38) 

It is worth noting that, although the transformed stress tensors defined in (3.31) or (3.38) are 

not deviatoric, the yield function is pressure insensitive (see Appendix B for the proof). 

Recently, Lou et al. (2013) suggested a simple approach to take into account the strength dif-

ferential effect into symmetric yield functions by adding a weighted pressure term for incom-

pressible sheet metals in plane stress state. The yield criterion is of the form: 

 ( )1 sB bIj s= +  (3.39) 

where ss  is the equivalent yield stress associated to a symmetric yield function while b  and 

B  are two material constants: the former modulates the strength differential effect and the 

latter is a scaling factor determined by the reference stress-strain curve. The convexity of 

Equation (3.39) is satisfied if the symmetric yield function ss  is convex since the Hessian 

matrix of j is identical to the one of ss . It can be shown that the range of b is [ ]1,1- , corre-

sponding to a wide range of the ratio 
T Cs s (0 T Cs s< <¤). 

Equation (3.39) can be extended to take into account an anisotropic sensitivity to pressure. 

The parameter b  is replaced by two constants xh  and yh  as follows: 

 ( )11 22x y sB h hj s s s= + +  (3.40) 

The effect of these two parameters is to modulate the ratios of the tensile flow stress to the 

compressive flow stress in RD and TD, respectively. 

3.2. Hardening models 

Hardening is related to the evolution of the yield surface in the stress space with the plastic 

deformation. From a phenomenological point of view, the two classical ways of dealing with 

hardening are isotropic and kinematic hardening models. Isotropic hardening models assume 

a uniform size evolution of the yield locus without displacement of its center in the stress 

space (Figure 3-3 (a)). Conversely, kinematic hardening models describe the translation of the 

yield locus without taking into account its expansion (Figure 3-3 (b)). They are adapted to 

depict the Bauschinger effect, i.e. the decreasing of the flow stress after a strain reversal. In 

both cases, the shape of the yield surface remains unchanged. Mixed hardening models, con-

sisting in a combination of both isotropic and kinematic formulations, also exist and are very 

often used in practice. 
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In this work, it is assumed that yielding is described as follows: 

 ( ) ( ) ( ), , , , ,p p p p p pYj e e s e e e e- = - -ů X ů X  (3.41) 

where: 

¶ s is the effective stress according to the given yield criterion (see Section 3.1); 

¶ pe  and pe  are respectively the effective strain and strain rate associated to s using 

the work-equivalence principle (Hill (1987)): 

 
p p

p ij ijdW d ds e s e= =  (3.42) 

The kinematic hardening is introduced through the back-stress tensor X  and Y  denotes a 

threshold function whose evolution describes the size of the yield surface during the plastic 

deformation (isotropic hardening). The next sections introduce some examples of hardening 

plasticity and viscoplasticity models, respectively. 

 

a 

 

b 

 

Figure 3-3 Schematic of the yield locus evolution and the associated stress-strain curve under a tension-

compression loading sequence when considering (a) an isotropic hardening and (b) a kinematic hardening, 

respectively. 
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3.2.1. Hardening plasticity laws 

3.2.1.1. Isotropic hardening formulations 

Swift 

Swift (Swift (1952)) proposed a power law which is suitable for describing the mechanical 

response of materials whose behavior does not display saturation: 

 ( ) ( )0

n
p pY Ke e e= +  (3.43) 

K , 0e and n  are material parameters which must be determined for each material. 

Voce 

Voce law (Voce (1948)) is expressed as: 

 ( ) 0

pY R Re = + (3.44) 

where: 

 ( ) p

R RdR c s R de= -  (3.45) 

0R  is the initial yield stress while Rc  and Rs  are respectively the isotropic hardening satura-

tion rate and value. 

Other isotropic hardening formulations exist and can be found in the literature (see for in-

stance Lemaitre et al. (2009)). Depending on the scope of application, one or another of these 

laws is more suitable to describe the hardening behavior.  

3.2.1.2. Kinematic hardening formulations 

Prager 

Prager (Prager (1955)) proposed a formulation assuming that the yield surface moves in the 

direction of the plastic strain rates: 

 
pd c d=X Ů (3.46) 

where c  is a material constant. 

Prager hardening law is very simple to implement into a finite element code and make the 

computational algorithms more stable and less time-consuming. However, although the 

Bauschinger effect is qualitatively represented, the model is unable to fit the experimental 

behavior, especially the ratcheting effects. 

Ziegler 

According to Ziegler (Ziegler (1959)), one shortcoming of Prager linear kinematic law is that 

it provides results which are not consistent for 2D and 3D cases. Indeed, if the yield locus in a 

3D space moves in the direction of its normal at the loading point, it can be shown that the 
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movement of the yield surface in a 2D space takes place in another direction. In addition, in 

the case of a uniaxial tension, Prager law predicts that the yield locus moves towards the posi-

tive direction of loading causing kinematic hardening of the material, but also towards the 

other directions causing a transverse softening, which is not observed in the experiments. 

Ziegler suggested to modify Prager model as follows: 

 ( )d dm= -X ů X  (3.47) 

This formulation implies that the yield locus is translated along the ( )-ů X direction. m is a 

proportional scalar determined by the consistency condition.  

Armstrong-Frederick 

Armstrong-Frederick law (Armstrong and Frederick (1966)) is a non-linear formulation de-

fined as follows: 

 ( )p p

X Xd c s d de= -X Ů X  (3.48) 

where Xc  and Xs  are the kinematic hardening saturation rate and value, respectively. The 

first term in Equation (3.48) expresses a linear evolution of the back-stress with the plastic 

strain rates, as in Prager model, while the second one is a recall term called dynamic recovery. 

Depending on the applications, kinematic hardening can be described by other formulations, 

such as the approach proposed by Chaboche (Lemaitre et al. (2009)) which consists in intro-

ducing different back-stress terms with different saturation values and rates. Nevertheless the 

three laws presented hereabove are sufficient in this study. 

3.2.1.3. Mixed and distortional hardening formulations 

In order to take into account both the expansion of the yield surface in the stress space and the 

Bauschinger effect, isotropic and kinematic hardening laws are very often coupled (e.g. Swift 

and Ziegler, Voce and Armstrong-Frederick, é). This coupling is denoted as "mixed harden-

ing model". Nevertheless, these formulations may be inappropriate to describe other macro-

scopic effects such as the work-hardening stagnation and the work-softening exhibited by 

some polycrystalline metals under strain-path change. This section introduces some examples 

of distortional hardening laws. 

Based on transmission electron microscopy observations, Teodosiu and Hu (1995) proposed a 

model in the framework of continuum mechanics able to capture the strain-path dependent 

hardening. This model was first developed for bcc monocrystals (Hu (1992)). Later it was 

successfully applied to IF steel sheets (Hoferlin (2001), Li  et al. (2003)), dual phase steels and 

aluminum (Bouvier et al. (2002)).  

The model is based on a set of four internal variables: 

¶ R : isotropic contribution to hardening, described by Swift or Voce laws (see Section 

3.2.1.1); 

¶ X : kinematic contribution to hardening (back-stress tensor); 

¶ S: fourth-order tensor which accounts for the directional strength of planar persistent 

dislocation structures 
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¶ P : second-order tensor which takes into account the polarity. 

Denoting by s the equivalent effective stress associated to a stress potential, the yield criteri-

on is written as: 

 0 0R R fj s= - - - =S  (3.49) 

where f  is a material parameter such that 0 1f¢ ¢.  

The term f S  represents the contribution of the persistent dislocation structures to the iso-

tropic hardening while 0R  is the initial yield stress. The evolution law for the polarity tensor 

P  is written as: 

 ( ) p

Pd c de= -P N P  (3.50) 

Pc  characterizes the polarization rate of the persistent dislocation structures while N  is the 

current direction of the plastic strain rate tensor: 

 
p

p
=

D
N

D
 (3.51) 

The back-stress tensor evolves as follows: 

 sat

p

Xd c X de
s

¡-è ø
¡ ¡= -é ù

ê ú

s X
X X  (3.52) 

where Xc  represents the saturation rate of the back-stress deviator ¡X  and satX  is a material 

parameter characterizing the saturation value of ¡X . This latter parameter is given by: 

 ( ) ( )
2 2

sat 0 1 1 DX X f r r S= + - + -S  (3.53) 

where 0X  is the initial value of satX  while r  is a material parameter. : :DS =N NS  repre-

sents the strength of the dislocation structures associated with the currently active slip sys-

tems. When a strong path-change occurs, dislocation structures associated with the subse-

quent strain-rate direction can significantly evolve from the rest of the persistent structures. In 

order to describe such processes, S is split as follows: 

 :D LS= +N NS S  (3.54) 

with LS  being the part of S associated with the latent part of the persistent dislocation struc-

tures. DS  and LS  are ruled by the following equations: 
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where SDc  and SLc  represent the saturation rate of DS  and LS , respectively, while satS  de-

notes the saturation value of DS . h  describes the slight loss of DS  at the beginning of a re-

versed deformation. Its value is significant only during a microplastic stage and is determined 

by: 

 
( )sat

1 :
1

2 :
h

X
s

å õ¡
= -æ öæ ö¡-ç ÷

X N

s X N
 (3.56) 

The function g  describes the work-hardening stagnation and the resumption of work-

hardening after a reversed deformation. Using the projection :DP =P N  of the polarity tensor 

on N , it is defined by: 
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 (3.57) 

where Pn  is a positive material parameter.  

From Equation (3.49) to Equation (3.57), it can be noticed that Teodosiu-Hu hardening model 

involves 13 material parameters, i.e. 0R , ( ),R Rc s  or ( )0,ne , f , Xc , 0X , Pc , SDc , satS , Pn , 

SLc , r  and Ln . The model has already proved its ability to describe the behavior of a large 

diversity of polycrystalline materials, e.g. aluminum alloys, ferritic steels, DP steels, TRIP 

steels, HSLA steels, etc. (see for instance Florès (2005), Haddadi et al. (2006), Florès et al. 

(2007)) 

Based on Teodosiu-Hu model, Wang et al. (2008) proposed an alternative formulation for 

cross-hardening. It is assumed that the dislocation structures developing during loading can 

also result in latent hardening during continuous strain-path changes. The evolution of the 

fourth-order tensor S is described as follows: 

 ( ){ }sat

sat

:

Ln

Lp p

SD D D SL Ld c g S S hS d c d
S

e e
å õ

= - - -æ ö
ç ÷

N N
S

S S  (3.58) 

Using Equations (3.55) and (3.58), it can be shown that: 

 ( ): :T W

Dd d S d d- = +N N N NS S  (3.59) 

where T
S  and W

S  are the tensor S associated to Teodosiu-Hu and Wang models, respective-

ly. The result of Equation (3.59) means that both models agree only for loading histories in 

which the current direction N  is constant. 

Noman et al. (2010) introduced another approach based on an evolution relation able to cap-

ture the effects of an evolving dislocation microstructure on the hardening behavior and the 

shape of the yield surface. The yield function is of the form: 
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 ( ) ( ) 0 0R R R Rj s= - - - - = - -M X M XH  (3.60) 

where M  denotes the Mandel stress tensor. The effective stress s depends on a fourth-order 

tensor H  evolving as follows: 

 { } ( ){ }sat sat: :p p

d d d l l ld c h d c h de e= - + - -N N K N NH H H  (3.61) 

with: 

 ( ) : :d dh= =N N N N N NH H  (3.62) 

and  

 :l dh= - N NH H  (3.63) 

where K  is the deviatoric part of the fourth-order identity tensor (see Equation (3.35)). dH  

and lH  represent the "dynamic" and "latent" parts of the tensor H , respectively. The parame-

ters sat

dh  and dc  (resp. sat

lh  and lc ) are respectively the saturation value and the saturation rate 

associated to dH  (resp. lH ). It can be noticed that Equation (3.61) is analogous to Equation 

(3.58). This model, unlike those of Teodosiu-Hu and Wang, allows the shape of the yield sur-

face to change with cross-hardening. However the additional effects such as the hardening 

stagnation after a reversed strain-path are not taken into account. 

The yield locus of most hcp materials does not uniformly evolve. Indeed the hardening re-

sponse is very dependent on the strain path, as it will be shown in the case of Ti6Al4V in 

Chapter 5. Nevertheless the distortional hardening formulations introduced above are not 

convenient for physically describing the mechanical behavior of hcp materials since these 

models were developed on the basis of the intragranular deformation mechanisms involved in 

bcc and fcc metals. In addition the latter are less prone to twinning than hcp metals. A first 

approach to take into account the distortion of the yield surface shape with plastic defor-

mation consists in assuming that the parameters ip  ( 1i N= , N  being the total number of 

parameters) associated to the yield criterion are functions of the accumulated equivalent strain 
pe , for instance as follows: 

 ( )1
p

i

i i ip e
g ea b -

= + -  (3.64) 

where ia, ib and ig are constants. This approach was applied by Nebebe et al. (2009) using 

the yield criterion (3.30), then by Yoon et al. (2013) and later by Ghaffari Tari et al. (2014) 

(see Figure 3-4) using the CPB06 yield criterion and its extensions (Equations (3.33) and 

(3.36)).  
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Figure 3-4 Yield surface evolution of AZ31B magnesium alloy with accumulated plastic strain up to 8% 

(Ghaffari Tari et al. (2014)) 

Another modeling is proposed by Plunkett et al. (2006) in order to describe the anisotropic 

hardening behavior exhibited by hcp metals. The parameters are considered to evolve as a 

function of the equivalent plastic strain pe . They are determined for several levels of pe , 

namely 
() () (), 1 , ,p p k p m

e e e< < < < , 1k m= , where 
(), 1p

e  corresponds to initial yielding 

and 
(),p m

e  corresponds to the highest level of equivalent plastic strain attainable in all me-

chanical tests. Next, for each of the individual level 
(),p k

e , the equivalent stress s associated 

to the yield criterion used for the modeling is computed. To determine the yield surface corre-

sponding to an intermediate level () ( )( ), , 1p k p kpe e e
+

¢ ¢ , a linear interpolation is used: 

 ( )() ( )( )( )1
1

k kp ps h e s h e s
+

= + -  (3.65) 

where h is a weighting factor defined as: 

 ( )
( )

( ) ()

, 1

, 1 ,

p k p
p

p k p k

e e
h e

e e

+

+

-
=

-
 (3.66) 

such that ()( ),
1

p k
h e =  and ( )( ), 1

0
p k

h e
+
= . 

Based on the studies of Hill and Hutchinson (1992) and Hill  et al. (1994), the plastic work per 

unit volume pW  can be used to define the different levels instead of the equivalent plastic 

strain (see e.g. Gilles et al. (2011)). The equivalent stress is then determined by: 

 ( )() ( )( )( )1
1

k k

p pW Ws h s h s
+

= + -  (3.67) 

with 

 ( )
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1
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p p
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W W
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=

-
 (3.68) 
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Yoon et al. (2011) proposed to apply the linear interpolation to calculate the anisotropy coef-

ficients involved in the CPB06 yield criterion or its extensions: 

 ( )() ( )( )( )1
1

k k

ij p ij p ijC W C W Ch h
+

= + -  (3.69) 

If only one mechanism exists to account for the evolution of the yield locus shape, Equation 

(3.64) is likely enough to describe the distortional hardening. If several mechanisms take 

place simultaneously, Equations (3.65)-(3.66) or (3.67)-(3.68) are more adapted. Nevertheless 

the identification of these models is based on monotonic tests. Actually, the evolution of the 

texture depends on the strain path, which means that the experimental results obtained from 

different mechanical tests correspond to different states of the material. It could be interesting 

to use a reliable microscopic model able to perform texture updates and to rebuild the yield 

locus during finite element simulations (see for instance Van Houtte et al. (2011)). However 

such a model is difficult to develop in the case of hcp metals. VPSC could maybe serve this 

purpose if twinning is well modeled. 

3.2.2. Rate-dependent hardening laws 

3.2.2.1. Johnson-Cook 

Johnson-Cook (JC) model (Johnson and Cook (1983)) is an empirical law which is written as 

follows:  

 ( ) ( ) room

0 melt room

, 1 ln 1

m
p

n
p p p T T

Y A B C
T T

e
e e e

e

è øå õ å õ-è ø é ù= + + -æ ö æ öé ùê ú -é ùç ÷ ç ÷ê ú

 (3.70) 

where A , B , C , m and n  are material parameters. T , 
roomT  and 

meltT  are respectively the 

current, room and melting temperatures, while 
0e is an arbitrary reference plastic strain rate. 

In Equation (3.70), the flow stress is described as the product of three factors: 

¶ ( )
n

pA B e+  represents the link with the plastic strain (hardening); 

¶ 
0

1 ln
p

C
e

e
+  is linked to the strain rate sensitivity; 

¶ room

melt room

1

m

T T

T T

å õ-
-æ ö

-ç ÷
 takes into account the thermal effects. 

It has to be noted that the law as expressed in Equation (3.70) presents two drawbacks: 

1. if 0

pe e< , the viscosity term induces a reduction of the yield stress ; 

2. if roomT T< , a numerical error will occur when the exponent m  is lower than 1. 

In order to avoid these problems, it is required to rewrite JC model as: 

 ( ) ( )( )* *, 1 ln 1
n

p p p p mY A B C Te e e eè ø è ø= + + -ê úé ùê ú
 (3.71) 
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with the following conditions: 
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Since it is numerically robust and easy to incorporate into finite element codes, JC model was 

used in many studies to describe the plastic behavior of hcp materials such as magnesium 

(Altenhof et al. (2004); Duc-Toan et al. (2010); Ulacia et al. (2011)) or titanium 

(Jeunechamps (2008); Khan et al. (2004); Lee and Lin (1998b); Meyer Jr and Kleponis 

(2001); Milani et al. (2009); Peirs (2012); Seo et al. (2005)).  

3.2.2.2. Zerilli -Armstrong 

Zerilli -Armstrong (ZA) model (Zerilli and Armstrong (1987)) is expressed in two forms: 

1. the first one is addressed to fcc materials: 

 ( ) ( ) ( )3 4 ln

0 1,
pn C T C Tp p pY C C e
e

e e e
- +

= +  (3.74) 

2. the second one is addressed to bcc materials: 

 ( ) ( ) ( )3 4 ln

0 1 5,
p nC T C Tp p pY C C e C
e

e e e
- +

= + +  (3.75) 

where 0C , 1C , 3C , 4C , 5C  and n  are constant parameters. Unlike JC model, this law has a 

physical sense because it is based on dislocation mechanics.  

According to Meyer Jr and Kleponis (2001), ZA model used as empirical model since it does 

not explicitly include hcp crystal structures can be better to describe the strain rate hardening 

behavior of Ti6Al4V than JC model. However, it is not recommended for temperatures above 

about one-half of the absolute melting temperature. 

3.3. Conclusions 

In this chapter, some phenomenological yield functions as well as hardening laws used to de-

scribe the mechanical behavior of materials were introduced. In the framework of this thesis, 

CPB06 yield function and its extensions will be used to model the yield locus of Ti6Al4V 

owing to their ability to take into account both the anisotropy and the tension-compression 

asymmetry displayed by the alloy. Concerning the hardening behavior, it will be shown in the 

experimental characterization of Ti6Al4V (Chapter 5) that the material response is sensitive 

to the strain path and then the yield surface shape evolves with the plastic deformation. The 

degree of anisotropy in hardening will be studied by comparing the experimental curves with 
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FE results obtained when an isotropic hardening is used. Next the evolution of the yield locus 

shape will be modeled with the approach previously described by Equations (3.67) and (3.68). 

The models proposed in this work to describe the mechanical behavior of Ti6Al4V have been 

implemented into the non-linear finite element code LAGAMINE  developed by the depart-

ment ArGEnCo of ULg. 

It has to be noted that, as Ti6Al4V is very sensitive to temperature and strain rate, it is also 

essential to consider its viscous behavior in the modeling. However it was decided to focus 

this thesis on the anisotropy and the tension-compression asymmetry exhibited by the material 

since viscoplastic investigations would increase a lot the number of tests in the experimental 

campaign. In addition, research conducted by Tuninetti and Habraken (2014) confirmed that, 

at low strain rates (10
-3

 s
-1

 to 10
-1

 s
-1

) and medium temperatures (room temperature, 150°C 

and 400°C), the anisotropy effects are dominant. 

 



  

41 

 

Part II  Experimental investigation 
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Chapter 4 Description of the experi-

mental devices and the mechanical 

tests 

___________________________________________________________________________ 

The characterization of a material needs to carry out some experimental tests depending on 

the number and the nature of the parameters involved in the model used to describe its me-

chanical behavior. This chapter introduces all the devices which enabled the achievement of 

the experiments on the studied Ti6Al4V titanium alloy. The methodology followed for the 

different tests as well as the geometry of the specimens are described in the next sections. The 

experimental results and their analysis will be given in Chapter 5. 

___________________________________________________________________________ 

4.1. Equipment 

4.1.1. Testing machines 

4.1.1.1. Zwick 100 kN 

A very simple way to characterize the mechanical behavior of a material is to carry out uniax-

ial tensile or compressive tests. In the case of compression, care must be taken in the choice 

and the design of the specimens as well as in the experimental procedure. Indeed, flat speci-

mens have to be avoided unless solid plates are used in order to prevent buckling (see for in-

stance Section 4.1.1.2). A cylinder shape is usually preferred but it requires lubrication be-

tween the tools and the samples to reduce barreling.  

A Zwick 100 kN machine (see Figure 4-1 (a)), available at the Materials and Structures Me-

chanics Laboratory, was used to perform uniaxial tensile tests on Ti6Al4V. The main features 

of the machine are listed in Table 4-1. The device is provided with a mechanical extensometer 

(Zwick Multisens Light model ï see Figure 4-1 (b)) which measures the current length of the 
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specimen. In addition, the acquisition system is able to record the applied force, the crosshead 

displacement and the standard stroke. 

 

a 

 

b 

 
Figure 4-1 Experimental device used for tensile tests: (a) Zwick 100kN machine, (b) detailed view of the grips 

and the extensometer 

 

Nominal load capacity +/- 100 kN 

Nominal stroke 
Compression (between supports) 0 to 1500 mm 

Tension 0 to 1700 mm 

Crosshead velocity 0.1 to 400 mm/min 

100 kN hydraulic grips 

Table 4-1 Features of the Zwick 100kN machine 

 

4.1.1.2. Comb-shaped dies apparatus 

As specified in Section 2.4.3.2, hcp metals display a strength asymmetry between tension and 

compression. In order to quantify this asymmetry in the case of Ti6Al4V, compression tests 

were required. Since the Materials and Structures Mechanics Laboratory has no device 

adapted to perform in-plane compression on sheet specimens, the tests were conducted at 

TUAT (Japan) using the method and the comb-shaped dies apparatus developed by Pr. T. 

Kuwabara (Kuwabara et al. (2009)). Additional tensile tests were also performed and com-

pared with the results obtained in compression. 

A schematic of the recently developed tension/compression testing device is depicted in Fig-

ure 4-2. The lower die 1 is fixed and the lower die 2 is on a slide rail that enables it to move 

smoothly in a horizontal direction. The sheet specimen is set on the lower dies and attached 

by chucking plates. The upper dies are placed on the specimen in such a way that the four 

holes are aligned with the pins fixed to the lower dies, which enables a synchronized move-

ment. The lower die 2 is actuated in the horizontal direction by a servo-controlled hydraulic 

cylinder A. The hydraulic cylinder B applies a constant blank-holding force on the specimen 

Extensometer 

Sensor 

arms 

Specimen 

Grips 
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in order to prevent buckling. The blank-holding pressure is about 12 MPa. The specimen is 

lubricated on both sides with Vaseline and Teflon sheets (0.05 mm thickness), thus reducing 

the friction coefficient to 0.02. The longitudinal strain was recorded using a strain gauge (To-

kyo Sokki Co., FCA-1-11-1L) glued on the specimen. The compression force applied to the 

specimen is measured using a load cell connected to the right part of the lower die 2. The out-

puts of the measured force and strain are monitored every second using A/D data acquisition 

and a personal computer.  

 

 

Figure 4-2 Schematic diagram of the comb-shaped apparatus: (a) configuration of the dies, (b) overview of 

the apparatus (after Kuwabara et al. (2009)) 

4.1.1.3. Biaxial machine 

The mechanical behavior of a material can be better characterized by testing it under multi-

axial and non-proportional loads. A series of experiments were carried out with a biaxial ma-

chine designed by P. Florès (Florès (2003); Florès (2005)) at the Materials and Structures 

Mechanics Laboratory (Figure 4-3). This machine uses a vertical (A1) and a horizontal (A2) 

actuators which enable the displacement of the grips (G). These actuators are controlled by a 

computer either in force or in displacement. 

 Different tests can be performed with the biaxial machine: 

- plane strain tests; 

- simple shear tests; 

- Bauschinger tests (simple shear in one direction, followed by simple shear in the re-

versed direction); 

- orthogonal test (plane strain in the vertical direction, followed by simple shear in the 

horizontal direction); 

- simultaneous plane strain and simple shear tests. 

The current mechanical features of the system control are listed in Table 4-2. These character-

istics are essential in the design of the samples, in particular in the choice of the specimen 

thickness.  
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Figure 4-3 Overview of the biaxial machine 

 

 
Max/min 

force [kN] 

Max/min displacement 

(sensor 1) [mm] 

Max/min displacement 

(sensor 2) [mm] 

Max/min speed 

[mm/s] 

Vertical motion +/- 100 +/- 10 +/- 25 5×10
-3
/5×10

-2
 

Horizontal motion +/- 100 +/- 25 --- 5×10
-3
/5×10

-2
 

Table 4-2 Main features of the system control 

 

4.1.1.4. SCHENK Hydropuls 400 kN press 

The study of the mechanical behavior under a biaxial state can be carried out using other test-

ing techniques and specimen geometries (Kuwabara (2007)): 

1. Hydraulic bulge test: a circular blank is bulged by applying a pressurized fluid with 

an electric pump (see Figure 4-4). This technique is used in several investigations, e.g. 

LŁzŁrescu et al. (2011), Lemoine et al. (2011), Li  et al. (2003), Thuillier (2008). 

 

 

Figure 4-4 Schematic view of a bulge test (example from Li et al. (2003)) 

 

A2 

A1 

G 
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2. Biaxial tension test using cruciform specimens: different geometries are proposed in 

the literature. A review of them can be found in Kuwabara (2007). 

3. Uniaxial/biaxial compression test using a stack of sheets. 

This last technique enables to study the behavior of the material under different stress states 

(see Figure 4-5). Biaxial compression tests require an experimental device which is not very 

common, while uniaxial compression can be performed with any press. However two difficul-

ties can be encountered when compressing along RD and TD: (1) failure can occur by delam-

ination of the stack; (2) owing to the low thickness of the layers, delamination can also arise 

by buckling. For these reasons, uniaxial compression is usually carried out along ND. It has to 

be noted that, if the friction between the specimen and the dies of the machine is low and if  it 

is assumed that the material response is insensitive to the hydrostatic pressure, the layer com-

pression test is similar to a balanced biaxial tensile test (Coppieters (2012)). 

In order to determine the behavior of Ti6Al4V alloy under a biaxial stress state, a SCHENCK 

Hydropuls 400 kN press (Figure 4-6) was used to compress stacks composed of several 

Ti6Al4V sheet layers. The machine can be controlled in force, in displacement or in constant 

strain rate. Its mechanical features are given in Table 4-3. 

 

 

Figure 4-5 Stress directions on the p-plane in the (RD,TD,ND) reference frame 
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Figure 4-6 Overview of the uniaxial SCHENK Hydropuls 400 kN machine 

 

Maximum capacity of the dynamometer +/- 400 kN 

Maximum displacement of the punch +/- 125 mm 

Machine deflection 1.4 mm to 350 kN 

Speed 0.001 mm/s é 2 m/s 

Strain rate range 0.0001/s to 0.1/s 
Table 4-3 Characteristics of the SCHENCK Hydropuls 400 kN press 

 

4.1.1.5. Zwick-Roell 1200 kN  

When trying to validate a constitutive modeling, it is interesting to simulate a forming process 

in which different stress states are encountered and to compare the numerical predictions with 

the experiment. In this context, cup deep-drawing tests were conducted on Ti6Al4V at LEM3 

(Arts et Métiers ParisTech, Metz, France). The deep-drawing process was carried out using a 

Zwick-Roell 1200 kN machine (Figure 4-7 (a)) and the experimental setup shown in Figure 

4-7 (b). The characteristics of the device are listed in Table 4-4. 

 

Maximum crosshead speed 400 mm/min 

Crosshead position resolution  1 µm 

Displacement sensor resolution 0.5 µm 
Table 4-4 Characteristics of the experimental device used in the deep-drawing process 
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a 

 
 

b 

 
 

Figure 4-7 Experimental device used for deep-drawing tests: (a) Zwick-Roell 1200kN machine, (b) test setup 

 

4.1.2. Optical measurement systems 

For some experimental tests, an optical measurement system was used in addition to sensors 

in order to determine the displacement and strain fields by DIC. This technique is a full-field 

image analysis method which offers several benefits: 

¶ It affords to visualize the strain gradients and hot spots which can occur when testing 

non-homogeneous and anisotropic materials. 

¶ Some measurements, unrealizable with other techniques (strain gauges, extensometer, 

etc.) are made possible. 

¶ As it is a non-contact system, some measurement errors (e.g. deflection of the testing 

machine, slip of the specimen under the grips, é) are prevented. 

Owing to the increasing development of high resolution digital cameras, compact mechanical 

design and computer technology, DIC has widely expanded in industry applications (devel-

opment and design tools, production inspection) and proved its efficiency in numerous inves-

tigations on material characterization (Knockaert (2001), Florès (2005), Duflou et al. (2008), 

Thuillier (2008), Hogström et al. (2009), Merklein and Kuppert (2009), Florès et al. (2010), 

Libertiaux et al. (2011), Tuninetti et al. (2012)).  

4.1.2.1. Principles of DIC 

DIC requires two digital cameras to locate a point in 3D space by triangulation (Figure 4-8). 

One camera can be enough in the case of a 2D analysis, but it is then required to maintain the 

tracked surface planar and at a constant distance from the camera. In 3D analysis, the deter-

mination of the object point position needs to know the orientations of the cameras with re-

spect to each other (distance and angle) and some additional parameters relative to systematic 

image errors (translation of the principal point, lens distortions).  
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Figure 4-8 Principle of a 3D measuring arrangement: the rectangular planes represent the cameras' chips, 

O1 and O2 are the perspectives centers while x1 and y1 (respectively x2 and y2) are the coordinates of the point 

P relative to the first (respectively second) camera (GOM (2001)). 

In order to track the displacement of points, a stochastic pattern with good contrast, as shown 

in Figure 4-9, is painted on the surface of the test object. Different methods exist to apply the 

stochastic pattern: colored spray paint, airbrush, printing, etc. It is worth noting that the speck-

le size distribution is very important since it affects the accuracy on the displacement field 

measurements (Lecompte et al. (2006)). 

 

Figure 4-9 Examples of stochastic patterns 

 

Before carrying out an experimental test, a picture (or more) of the undeformed state is taken 

in order to define a reference and to divide the specimen's surface into facets characterized by 

their grey level distribution. Then the optical system tries to track these facets on the images 

corresponding to every deformed configuration. The correlation is performed by applying a 

transformation consisting in a combination of a translation, a rotation and a distortion. The 

dimensions of the facets in the deformed configuration can be determined by several methods, 

e.g. Gaussian least squares adjustment, tangential model, spline-model, etc. Once the de-

formed configuration is known, the deformation gradient tensor F  and therefore the strain 

field can be computed. Depending on the post-processing software, different definitions of the 

strain tensor for large deformations are proposed. All these definitions are based on the de-

composition of the deformation gradient tensor into an orthogonal rotation tensor R  and a 

symmetric stretch tensor U  (polar decomposition): 

 =F RU  (4.1) 

If I  denotes the second-order identity tensor, the main strain tensors are defined as follows: 
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- Biot or engineering strain tensor: B= -Ů U I 

- Green(-Lagrange) strain tensor: ( ) ( )21 1

2 2

G T= - = -Ů U I F F I 

- Hencky or logarithmic or natural or true strain tensor: lnN =Ů U 

 

4.1.2.2. Systems used for the experimental tests 

The biaxial machine (see Section 4.1.1.3) was equipped with the Aramis® optical measure-

ment system developed by GOM (Figure 4-10). One camera was used to determine the dis-

placement and strain fields evolving on the surface of the samples since the latter are flat. 

Aramis® has already proved its efficiency as measurement system in previous works (see 

Knockaert (2001), Florès (2003) and  Florès (2005)) and especially in experiments carried out 

on the biaxial machine. 

a 

 

b 

 
Figure 4-10 Aramis® system: (a) camera, (b) computer hardware for the post-processing 

During the layer compression tests performed on the SCHENK press (see Section 4.1.1.4), the 

displacements and the strains of the specimens were determined with the LIMESS optical 

system (Figure 4-11) and the VIC-3D software. The setting up, pointing, focusing and calibra-

tion of the cameras were previously achieved by Víctor Tuninetti in the framework of the 

FABULOUS project (the details can be found in Tuninetti and Habraken (2011)). 

 

Figure 4-11 Cameras of the system LIMESS 
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4.2. Mechanical experiments 

4.2.1. Definition of the reference systems 

As the studied material is in sheet form (see Chapter 5), two reference frames are generally 

considered: 

- orthotropy or material axes ( )1 2 3, ,X X X  which coincide with RD, TD and ND re-

spectively; 

- local axes ( )1 2 3, ,x x x . 

1x  and 2x  are chosen in the plane of the sheet depending on the specimen and the loading 

conditions (see next sections) while 3x  coincides with ND. The angle a defines the orienta-

tion of 1x  with respect to RD (see Figure 4-12). 

 

Figure 4-12 Definition of the global and material axes 

 

If T  is a 2
nd

 order tensor, its components in the orthotropic and local frames are linked in the 

following way: 

 
( ) ( )1 2 3 1 2 3, , , ,

T

X X X x x x
=T RT R  (4.2) 

where R  is a rotation matrix defined as: 

 

cos sin 0

sin cos 0

0 0 1

a a

a a

-è ø
é ù
=
é ù
é ùê ú

R  (4.3) 
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4.2.2. Uniaxial tests  

4.2.2.1. Tension 

Introduction  

Tensile tests are the most simple to perform and widely used to study the material mechanical 

behavior (anisotropy, hardening, é). If the loading direction is chosen along the 1x -axis, the 

general stress state in the local frame is expressed by: 

 
( )1 2 3, ,

0 0

0 0 0

0 0 0
x x x

sè ø
é ù
=
é ù
é ùê ú

ů  (4.4) 

with 0
F

A
s= >. F  is the force applied to the specimen while A  is the current area of the 

cross section. The latter can be deduced from the strain state: 

 
( )1 2 3

1

2, ,

3

0 0

0 0

0 0
x x x

e

e

e

è ø
é ù
=
é ù
é ùê ú

Ů  (4.5) 

1e, 2e, 3e are respectively the axial, width and thickness logarithmic or true strains, i.e.: 

 
1

0

ln
l

l
e=  (4.6) 

 
2

0

ln
w

w
e=  (4.7) 

 
3

0

ln
t

t
e=  (4.8) 

where l , w  and t  are respectively the gage length, the width and the thickness of the sample 

(the subscript ñ0ò refers to the initial values). As long as there is no necking, the current area 

of the cross section (Figure 4-13) is given by: 

 ( )0 0 2 3expA wt w t e e= = +  (4.9) 

Assuming an elasto-plastic regime, isotropic elasticity and volume conservation during plastic 

deformation, it leads to: 

 0 0 2 3 2 3 0 0 1 1exp( )exp( ) exp( 2 )e e p p e pA w t w te e e e ne e= + + = - - (4.10) 

where n is the Poisson ratio. 
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It can be noticed that this relationship requires the knowledge of the elastic constants. An ap-

proximation can be made by considering volume conservation during all the deformation, i.e. 

1 2 3 0e e e+ + =. The current area is then assessed as follows: 

 ( )*

0 0 1expA w t e= -  (4.11) 

The ratio between the exact and estimated areas is: 

 ( )( )
*

1*
exp 1 2 eA

A

s
r n e

s
= = = -  (4.12) 

with *

*

F

A
s = . For 

1 1%ee=  (the elastic strain hardly exceeds this value in Ti6Al4V titanium 

alloy) and 0.28 0.35n¢ ¢ , r ranges from 1.003 to 1.0044, i.e. a relative error lower than 

1%, which proves the validity of the approximation. 

 

Figure 4-13 Cross section of the specimen: w is the width while t is the thickness 

In the material frame, the stress and strain tensors are expressed as follows: 
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In order to characterize the anisotropy of Ti6Al4V in tension, tests are performed on the 

Zwick 100kN machine (see Section 4.1.1.1) at room temperature and at a constant strain rate 

of 3×10
-4

 s
-1

 along eleven directions in the plane of the sheet (a ranging from 0° to 90° by 

steps of 10° and 45a= )̄. The specimens are cut by milling and have an overall length of 

299.6 mm, a gage length of 105 mm and a gage width of 15 mm (Figure 4-14). 
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Figure 4-14 Geometry and dimensions of tensile specimens 

For each loading direction, the tests are duplicated four times as follows: 

- two tests up to failure; 

- one test up to a strain of 5%; 

- one test up to a strain of 10% (when failure occurs beyond this value). 

The specimens deformed at 5% and 10% of strain level are used to achieve texture measure-

ments. 

The applied force is recorded by a load cell and the longitudinal strain le is measured with 

the mechanical extensometer. The stress is then computed using: 

 
*

F

A
sº  (4.15) 

*A  is computed from Equation (4.11) with 1e being le. 

In addition to the measurements performed by the extensometer, the strain field in the gage 

zone is determined by the Aramis® system in order to assess the tensile Lankford coefficient 

or r-ratio. The latter is defined as the plastic width strain rate divided by the plastic thickness 

strain rate. Because the thickness change involves large relative measurement uncertainty, the 

axial strain ( le) and the width strain ( we) are used with assumed volume constancy to infer 

the thickness strain (te). Thus, the Lankford coefficient is given by: 

 

p p

w w

p p p

t l w

r
e e

e e e
¹ =-

+
  (4.16) 

where the superscript p  refers to plastic strain, and the subscripts l , w  and t  refer to length, 

width and thickness, respectively. 

The effect of the strain rate on the mechanical behavior in tension is also investigated. Exper-

iments are carried out along RD at 10
-4

 s
-1

, 10
-3

 s
-1

, 10
-2

 s
-1

 and 10
-1

 s
-1

. In order to check the 

reproducibility, each test is reproduced at least two times. 

Equipment validation 

Before performing the tensile tests, it must be checked that: 

- the strain rate is actually maintained constant; 
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- the data provided by Aramis® are in good agreement with the measurements of the 

extensometer. 

Strain rate constancy 

The (logarithmic) strain rate along the length direction is given by: 

 
0

lnl

dl
d l dt

dt l l
e

å õ
= =æ ö
ç ÷

 (4.17) 

 

This relationship can be written as follows: 

 ( )ln
dl

d l dt
l

e= =  (4.18) 

Since the machine is controlled in displacement, solving Equation (4.18) shows that a con-

stant strain rate is obtained when the length evolves with time in an exponential way, namely: 

 () ( )0 expl t l Ct=  (4.19) 

where C  is the value of the desired strain rate. In order to achieve this requirement, the cur-

rent length of the specimen is regulated by a PID controller. 

 

Figure 4-15 Evolution of the axial strain with time for a test at 3×10
-4
 s

-1
 

Figure 4-15 shows the axial strain as a function of time for a test at 3×10
-4

 s
-1

. It can be ob-

served that the evolution is linear and the slope of the line is in agreement with the prescribed 

strain rate. 

Comparison of data recorded by the optical and mechanical 

measurement systems 

As explained previously, images of the specimen are snapped by the camera and compared in 

order to compute the displacement and strain fields. Aramis® is able to export data along a 

section defined by the user. An example is given in Figure 4-16 which shows the axial and 
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transversal strain fields along the gage length of the sample and at different stages of the de-

formation. The strain peak is due to necking. 

  

Figure 4-16 Axial and transversal strain fields along the gage length of the specimen (x1-direction, x2 = 0) at 

different stages 

 

As the extensometer measures the length between the sensor arms (see Figure 4-17), the axial 

strain determined by Eq. (4.6) corresponds to an average value. 

 

Figure 4-17 Comparison of the axial strains computed from the data of both measurement systems 

Based on the axial strain field ()1xe  computed by Aramis® along the 1x -axis (loading direc-

tion), it is possible to assess the average strain avee  by: 

 
()1 1

ave
l

x dx

l

e
e =
ñ

 (4.20) 

and to compare the results obtained with the two measurement systems (Figure 4-17). 
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Figure 4-18 shows the evolution of the average strain with time according to the extensometer 

and Aramis®. It can be observed that both systems are in very good agreement. 

 

 

Figure 4-18 Evolution of the average axial strain according to the extensometer and the Aramis® optical 

system (test at 3³10
-4
 s

-1
) 

4.2.2.2. Compression 

In order to investigate the effect of the loading orientation on the mechanical response and 

quantify the tension-compression asymmetry of Ti6Al4V, compression tests are required. 

Using the same local frame as for tensile tests, the general stress state is: 
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with 0s> . In the material frame, the stress tensor is given by: 
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The axial, width and thickness strains are computed as previously (Equations (4.6), (4.7) and 

(4.8)). 

The material uniaxial response in tension and compression in three in-plane orientations, 

namely in RD, 45° and TD, respectively, was measured by Pr T. Kuwabara and his team from 

TUAT. The tests were carried out on the comb-shaped dies apparatus described in Section 

4.1.1.2 and repeated three times to check the experimental reproducibility. The sample dimen-

sions are shown in Figure 4-19. 
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Figure 4-19 Geometry and dimensions of the specimens used at TUAT 

 

It has to be specified that the experimental device used at TUAT does not allow the control of 

the strain rate. Nevertheless, it is possible to keep the mean strain rate nearly constant. The 

latter was fixed to 3×10
-4

 s
-1

. 

4.2.3. Biaxial tests 

4.2.3.1. Tests carried out on the biaxial machine 

Plane strain 

Considering the configuration in Figure 4-13, the plane strain state assumes that: 

 
2 0e=  (4.23) 

and the strain tensor in the local frame is then of the form: 
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Consequently, the general stress state displays two non-zero components: 
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In the material frame, the stress and strain tensors are respectively given by: 
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In practice, plane strain tests are performed by applying tension to a piece of sheet metal with 

a high width to length ratio. The drawback of this simple technique is that the stress in the 

transverse direction 2s  cannot be determined experimentally. 

The tensile plane strain tests were carried out with the biaxial machine designed by P. Florès 

(see Section 4.1.1.3). Two computers are used during these tests. The first one (Figure 4-10 

(b) at the left) enables the control of the actuators. The computation of the displacement and 

the strain fields is achieved thanks to the Aramis® measurement system which is installed on 

the second computer (Figure 4-10 (b) at the right). The latter is connected to the camera 

(Figure 4-10 (a)) used to snap pictures of the deformed sample. 

The first plane strain tensile tests were performed with the specimen geometry used in Florès 

(2005) (Figure 4-20 (a)). The velocity of the vertical actuator was 5×10
-3

 mm/s while the hor-

izontal actuator is maintained fixed. The samples are placed in the grips as shown in Figure 

4-20 (b). In order to determine the strain field by image correlation, a stochastic pattern is 

beforehand painted on the gage zone located at mid-length (30 mm ×  3 mm).  

 

a 

 
 

b 

 
 

Figure 4-20 (a) Geometry and dimensions (in mm) of the specimens used for the first plane strain tests, (b) 

configuration of a specimen inside the grips 
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Figure 4-21 Axial and transversal strain distributions along the width of the gage zone at different stages of 

the deformation (rectangular shape specimen) 

Before proceeding the stress computation, it is required to check the homogeneity of the strain 

distribution. Figure 4-21 depicts an example of the axial (1x -direction) and transversal (2x -

direction) strain fields along the width of the gage zone. It is noticed that a significant strain 

concentration is present at the center of the specimen, making complex the analysis of the 

results. An observation of the frames at different stages of the deformation (Figure 4-22) 

shows that the specimen glides inside the grips, which explains the heterogeneity of the strain 

distribution. This gliding is due to the fact that the clamping force is not uniformly applied, its 

magnitude being slightly lower near to the gage zone than at the center of the clamping zone. 

Thereby, given this defect in the machine and the mechanical properties of titanium (high 

yield limit), it is very difficult to prevent the specimen from gliding. 

 

 
 

 

 
 

 

 
 

 

 
 

Figure 4-22 Images of the gage zone at different stages of a plane strain test with a rectangular shape speci-

men 

Stage 000 Stage 040 

Stage 080 Stage 120 
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Based on the work of Pijlman (2002) and Florès et al. (2010), a new geometry (Figure 4-23) 

was designed and experimented while controlling the occurrence of gliding. The specimens 

have a rectangular shape as previously, but with notches at mid-length. The gage zone is 25 

mm wide and 3 mm high. 

 

Figure 4-23 Geometry and dimensions (in mm) of the specimens used for the second plane strain tests 

Tests were performed at a velocity of the actuators of 5×10
-3

 mm/s. The axial and transversal 

strain fields along the width of the gage zone were provided by Aramis®. Figure 4-24 shows 

a typical distribution where two different areas can be distinguished: 

¶ a homogeneous central zone in plane strain state (the transversal strain is low com-

pared to the axial strain) whose size decreases as long as the specimen is being de-

formed; 

¶ a heterogeneous zone at the edges of the specimen where strains evolve faster than 

strains at the central zone. 

 

Figure 4-24 Axial and transversal strain distributions along the width of the gage zone at different stages of 

the deformation (specimen with notches) 
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Since the strain field is not uniform, the edge effects must be taken into account in the stress 

computation. A methodology similar to the one proposed by Florès et al. (2010) was used. It 

consists firstly in identifying the homogeneous strain field zone at the different stages of the 

deformation process. Theoretically the strain distribution is uniform when: 

 11

2

0
x

eµ
=

µ
 (4.28) 

where 11e  denotes the axial strain. In practice, a range [ ];x x-  inside which the strain field is 

considered homogeneous is defined at each stage of the deformation. The condition (4.28) is 

then expressed as: 
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The boundary x is chosen as the average deviation of the strain gradient 11

2x

eµ

µ
 from zero at a 

5 mmd=  wide central zone of the specimen, i.e.: 
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Figure 4-25 Determination of the homogeneous zone width WH: the red symbols represent the experimental 

strain gradient which is fitted by a 7
th
 order polynomial (blue curve), while d and 2x are respectively the cen-

tral zone of the specimen and the domain inside which the strain field is assumed uniform 

 

The strain gradient is then fitted by using a 7
th
 order polynomial (Figure 4-25) and the homo-

geneous strain field width HW  is computed as follows: 

 max min

2 2HW x x= -  (4.31) 
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with 

 min max11 11
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  ,  x x x x
x x
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 (4.32) 

If TW  denotes the total width of the gage zone, the evolution of the ratio /H TW W  can be 

drawn as a function of the average strain at the center of the specimen 
11

ce  defined as follows: 

 
11 11 2

1c

d
dx

d
e e= ñ  (4.33) 

Figure 4-26 displays an example for a plane strain test along RD. 

 

Figure 4-26 Evolution of the homogeneous zone width to total width ratio with the average strain at the center 

of the gage zone (plane strain test along RD) 

With the previous results, the cross section HA  of the homogeneous zone can be determined 

as follows: 

 H H HA W t=  (4.34) 

where Ht  is the actual thickness of the homogeneous zone. The latter is computed by: 

 ( )0 11exp c

Ht t e= -  (4.35) 

In Equation (4.35), 0t  is the initial thickness of the specimen. In addition, the plane strain 

condition ( 22 0e = ) and the volume conservation (33 11 22 11

ce e e e=- - =-) are assumed. 

The computation of the normal stress 11s  under a plane strain state requires the determination 

of the actual force acting on the homogeneous zone HF : 
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Based on the study of An et al. (2004), Florès et al. (2010) suggests to express HF  in terms of 

the total force TF  applied to the specimen (measured experimentally by the biaxial machine) 

and the width of the homogeneous zone, i.e.: 

 ( ),H H T HF F F W=  (4.37) 

A numerical analysis, based on experimental data obtained for the studied Ti6Al4V alloy, was 

performed in order to study the evolution of HF  and define a relationship with the experi-

mental data. It is shown in Appendix C that the force applied to the homogeneous zone can be 

expressed as follows: 

 ( )1H H

T T

F W

F W
a a= + - (4.38) 

where a is a coefficient, and thus the stress component 11s  is given by: 

 ( )11 1H T T

H T H H H

F F F

A W t W t
s a a= = + -  (4.39) 

The coefficient a is determined by linear regression. The result of the numerical analysis is 

a=1.0154. 

Equation (4.39) is then used to compute the stress-strain response of Ti6Al4V in plane strain 

in RD, 45°-direction and TD (see Figure 4-27). 

 

Figure 4-27 Schematic of the plane strain tests in RD, 45°-direction and TD 

 

Simple shear and Bauschinger tests 

Compared to uniaxial tension or compression, simple shear tests offer several advantages: 

¶ the specimens do not require complex shapes (a rectangular one as shown in Figure 

4-20 (a) can be suitable for materials less stiff than the studied Ti6Al4V); 

¶ plastic instabilities existing in tension (localization, necking) or in compression (bar-

reling) do not occur in simple shear; 

¶ a large range of homogeneous strains can be achieved. 
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Nevertheless, some problems can be encountered during the experiments. Indeed, as it will be 

shown further, a part of the specimen clamped zones deforms, involving a sliding movement 

under the grips. The extent of this sliding depends on the material and the quality of the grips. 

Moreover, as depicted in Figure 4-28, two opposite corners of the gage zone are subjected to 

transverse tension or compression, causing premature failure and initiation of buckling re-

spectively. More details about the advantages and drawbacks of simple shear tests can be 

found in Bouvier et al. (2006). 

 

 

Figure 4-28 Area of the sample in transverse tension and compression during a simple shear test 

 

Figure 4-29 shows the initial and deformed configurations of a facet in simple shear state. The 

deformation gradient tensor F  is expressed by: 
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where 

 tan
d

b
g q= =  (4.41) 

d  represents the relative displacement of the facet while b  is its height which is maintained 

constant. It has to be noted that det 1=F  (see Equation (4.40)), which means that the volume 

is conserved. 

 

Figure 4-29 Schematic representation of simple shear 
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In the local frame, the general forms of the stress and strain tensors in simple shear are given 

by: 
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with 11 22e e=  (volume conservation). 

In the material frame, Equation (4.2) yields to: 
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In the case of small strains (elastic domain), the stress state can be considered as pure shear: 
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The simple shear tests on Ti6Al4V were first carried out on specimens with a rectangular 

shape (Figure 4-20 (a)). The velocity of the horizontal actuator was 5×10
-3

 mm/s while the 

vertical actuator was fixed. 

The homogeneity of the strain field along the width of the gage zone was studied before de-

termining the stress-strain curves. An example of distribution, provided by Aramis®, is given 

in Figure 4-30. It can be noticed that the edge effect is very significant, making difficult the 

stress computation. As for plane strain tensile tests, the heterogeneity of the strain field is due 

to a significant sliding movement of the specimen inside the grips, as observed in Figure 4-31. 

In order to prevent gliding, a new specimen geometry (Figure 4-32) was designed and tested. 

Compared to the previous ones, the length of the samples is shorter in order that the clamping 

force applies on a smaller surface, increasing in this way the indentation of the grips in the 

material. In addition, notches are machined at mid-length, decreasing the size of the gage 

zone. 
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Figure 4-30 Shear strain g distribution along the width of the gage zone at different stages of the defor-

mation (rectangular shape specimen) 

 

 

Figure 4-31 Gage zone of a specimen subjected to simple shear 

 

 

Figure 4-32 Geometry and dimensions of the specimens used for the second simple shear tests 
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Figure 4-33 shows the strain field at different stages of the deformation process when the new 

specimen geometry is used. It can be observed that a wide zone of homogeneous strain is ob-

tained.  

 

Figure 4-33 Shear strain g distribution along the width of the gage zone at different stages of the defor-

mation (specimen with notches) 

 

In order to check that the specimen is actually in simple shear state, the different components 

of the deformation gradient tensor in the sheet plane were exported with Aramis® at the cen-

ter of the gage zone and compared with the corresponding shear strain g (Figure 4-34 (a)). 

For each stage of the deformation, the following results are obtained: 

¶ the components 11F  and 22F  are equal to 1 while 21 0F = ; 

¶ 12F g=  (see linear fitting in Figure 4-34(a)). 

These observations are in good agreements with the theoretical form of the deformation gra-

dient tensor given in Equation (4.40). 

Figure 4-34 (b) compared the absolute values of the major and minor strains
3
, respectively 

denoted 1e and 2e, at the specimenôs center. As specified previously, volume conservation is 

assumed in simple shear, which involves that: 

 1 2e e=  (4.47) 

The results in Figure 4-34 (b) show a good correlation with Equation (4.47). 

It is worth noting that, although it is possible to reach large strains (Figure 4-33), the tests has 

to be stopped when premature failure occurs at the areas subjected to tension (see Figure 

4-35). The initiation of cracks can be detected by observing the force-strain curve. Indeed, as 

shown in Figure 4-36, the force applied to the specimen progressively decreases when failure 

begins. 

 

                                                 
3
 The major and minor strains are defined as the maximal and minimal eigenvalues of the strain tensor in the 

sheet plane. 
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a 

 
 

b 

 
 

Figure 4-34 (a) Components of the deformation gradient tensor at the specimenôs center compared with the 

corresponding shear strain g; (b) correlation between the major and minor strains (in absolute values) at the 

specimenôs center 

 

 

Figure 4-35 Cracks at the corners subjected to transverse tension 
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Figure 4-36 Evolution of the force applied to the specimen as a function of the strain at its center during a 

simple shear test: the force gradually decreases from 16% of strain, when failure starts at the areas in tension 

Simple shear tests are performed in three in-plane orientations (see Figure 4-37). For each 

loading direction, the tests are repeated four times in order to check the experimental repro-

ducibility. It has to be noted that the experiments in the 45°-orientation are carried out in both 

the forward and backward directions in order to observe a possible asymmetry in the mechan-

ical response. The shear stress t is computed by assuming the homogeneity of the strain field 

over the whole gage zone width and the volume conservation: 

 
0

TF

A
t=  (4.48) 

where TF  is the total force measured by the load cell of the horizontal actuator and 0A  is the 

initial area of the cross section. The shear strain g is determined by calculating the average of 

the strain field distribution at the center of the gage zone. 

 

Figure 4-37 Schematic of the simple shear tests in RD, 45°-direction and TD 

In addition to simple shear, Bauschinger tests were carried out on Ti6Al4V in order to study 

the influence of a strain path change on the material behavior. Bauschinger tests are obtained 

by reversing the loading direction during a simple shear test after the specimen has reached a 

certain amount of shear strain in the forward direction. These tests were performed with a 

horizontal actuator speed of 5×10
-3

 mm/s in RD with 10% pre-strain. The specimens have the 

same geometry and dimensions as those used in simple shear experiments (Figure 4-32).  
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4.2.3.2. Layer compression tests 

In order to assess the mechanical behavior of Ti6Al4V under a biaxial state, layer compres-

sion tests were performed using the SCHENK Hydropuls 400 kN press described in Section 

4.1.1.4. The specimens were composed with 23 elliptic layers which were stacked in order to 

form a cylinder (see Figure 4-38 (a)). The elliptic shape was chosen in order that the material 

axes (i.e. RD and TD) are not randomly oriented when assembling the layers. Indeed the latter 

were cut in such a way that the major and minor axes of the ellipses, respectively denoted 2a 

and 2b (Figure 4-38 (b)), coincide with RD and TD, respectively. The cutting of the layers 

was performed by WEDM which consists in using a thin metal wire constantly fed from a 

spool. During the process, the sheet is being watered by a dielectric fluid which flushes the 

cut debris away. WEDM enables a good surface roughness and does not alter the properties of 

the material, excepted in fatigue. 

 

 
(a) 

 

 

 
(b) 

 
Figure 4-38 (a) shape of the specimens; (b) geometry of the cross-section: 2a and 2b denote the major and 

minor axes of the ellipse, respectively 

During the compression of a stack, the out-of-plane displacement and strain fields were de-

termined using three systems of two cameras placed around the specimen (see Figure 4-39). A 

stochastic pattern was painted on the free surface of the stack (Figure 4-40) in order to track 

the displacement of different points and to compute the strains by DIC. 

 

 
(a) 

 

 

 
(b) 

 
Figure 4-39 Experimental setup: (a) schematic view; (b) actual configuration 
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Figure 4-40 Specimen with a stochastic pattern on the lateral free surface 

In order to maintain a constant strain rate during the deformation of the specimen, a procedure 

developed by Tuninetti et al. (2011) and taking into account the deflection of the machine was 

used. The average true compression strain ce is given by: 

 
0

lnc

h

h
e

å õ
= æ ö
ç ÷

 (4.49) 

where 0h  and h  are respectively the initial and current height of the specimen. The strain rate 

is then written as: 

 c

h

h
e=  (4.50) 

A constant strain rate is obtained when the height evolves with time in an exponential way, 

i.e.: 

 () 0

Cth t h e=  (4.51) 

where C  denotes the value of the constant. Theoretically, if the dies are assumed rigid, the 

reduction in height of the specimen is given by the displacement z  of the punch, which leads 

to: 

 ( )0 1 Ctz h e= -  (4.52) 

In practice, z  includes two terms: 

¶ the reduction in height of the stack ( spz ), as previously mentioned; 

¶ the deflection of the machine since the dies are actually deformable pieces. 

It results that the strain rate applied to the specimen is different in the elastic domain. Indeed, 

during the elastic regime, the load increases at a high rate, producing high deflections of the 

machine. However, at larger strains, the strain rate is close to the targeted one since the in-

crease rate of the force applied to the specimen is lower, inducing less deflections. 

Figure 4-41 shows an example of the average axial strain evolution with time. The computa-

tion of the average axial strain is based on the data determined along the middle cross-section 

of the specimen, i.e. at mid-height of the stack. It can be observed that the strain rate is kept 

quasi-constant (~9.10
-4

 s
-1

 on average) during all the deformation. 
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Figure 4-41 Evolution of the average axial strain with time during a layer compression test 

Table 4-5 lists some features of the different layer compression tests performed on Ti6Al4V, 

namely: 

¶ the identification number of the test and the specimen; 

¶ the main dimensions of the specimen measured before and after the test (major and 

minor axes of the middle cross-section, height of the stack); 

¶ the thickness of the paint layer placed on the lateral surface of the specimen and used 

for DIC. 

In addition, it is specified if the test was performed or not at a constant strain rate. 

The initial and final lengths of the major and minor axes were measured with a microscope (in 

the case of the final dimensions, the central layer of the stack was used since the geometry of 

the middle cross-section is studied) while the initial and final heights of the specimens were 

determined with the help of a micrometer. Regarding the thickness of the paint layer, the lat-

ter was also assessed using the micrometer as follows: 

¶ after painting the stochastic pattern on the lateral surface of the stack, the dimensions 

of the cross-section were again measured three times in RD (major axis) and TD (mi-

nor axis); 

¶ if the indices 0  and p  denote the measurements without and with taking into account 

the paint layer respectively, the average thickness of the latter can be assessed by 

0a pt a a= -  in RD and 0b pt b b= -  in TD; 

¶ the average thickness around the cross-section, given in Table 4-5, is then calculated 

by 
2

a bt t
t

+
= . 

Finally, it has to be noted that the first five experiments only helped to adjust the displace-

ment of the punch in order to obtain a constant strain rate and to check that the optical meas-

urement system was in good working order.  
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Test number 1 2 3 4 5 6 7 8 9 10 

Specimen 

number 
2 3 5 7 8 4 6 9 10 11 

Constant 

strain rate 
no no yes yes no yes yes yes yes yes 

Initial height 

[mm]  
13.85 13.83 13.81 13.81 13.92 14.07 14.10 13.55 14.16 14.16 

Initial length 

of the major 

axis [mm] 

20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0 20.0 

Initial length 

of the minor 

axis [mm] 

10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0 

Final height 

[mm]  
- 12.65 12.80 12.80 - 13.00 12.93 12.43 12.99 12.99 

Final length of 

the major axis 

[mm] 

- - 20.67 20.65 20.67 20.67 20.64 20.65 20.63 20.72 

Final length of 

the minor axis 

[mm]  

- - 10.66 10.65 10.66 10.69 10.75 10.70 10.69 10.77 

Paint layer 

thickness 

[mm]  

0.15 0.125 0.20 0.17 0.17 0.125 0.15 0.14 0.125 0.18 

Table 4-5 Features of the different layer compression tests 

 

 

4.2.4. Deep-drawing tests 

Figure 4-42 shows a schematic view of the device which is used in LEM3 (Arts et Métiers 

ParisTech ï Metz Campus, France) during a deep-drawing process. The latter consists in 

drawing a sheet metal into a forming die with a punch. A blank-holder is used to maintain the 

sheet during the process in order to prevent wrinkling which can occur near the edges of the 

blank if the blank-holder force is non-existent or too low. On the other hand, a too high force 

can cause a failure of the sheet. Finally a lubricant is placed between the specimen and the 

tools in order to reduce friction (m~ 0.04). 

Deep-drawing was performed by Prof. T. Balan and his team on five Ti6Al4V circular blanks 

with a diameter of 180 mm, i.e. a radius 
BR =90 mm. Table 4-6 provides the geometries of 

the tools and the lubricant used for each experimental test. It can be noticed that just the inter-

nal and profile radii of the matrix, as well as the lubricant, were changed from one experiment 

to another. The speed of the punch was fixed to 1 mm/s. During each drawing, the force and 

the displacement of the punch were measured. Then the earing profile of the deformed cup 

was manually determined (see Figure 4-43). Since failure occurs before the complete drawn 

of the sheet for all the tests, the earing profile corresponds to the radius of the cup as a func-

tion of the orientation with respect to RD. 
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Figure 4-42 Schematic view of the experimental device used for deep-drawing 

 

 

 Test 1 Test 2 Test 3 Test 4 Test 5 

Radius of the punch 
PR  

[mm]  
49.25 49.25 49.25 49.25 49.25 

Profile radius of the 

punch 
Pr  [mm]  

10 10 10 10 10 

Internal radius of the 

blank-holder 
BHR  [mm]  

50 50 50 50 50 

Internal radius of the 

matrix 
MR  [mm]  

55 55 50 50 50 

Profile radius of the ma-

trix 
Mr  [mm]  

10 10 8 8 12 

Lubricant  Oil 
Oil +  

Teflon 
Oil 

Oil +  

Teflon 

Oil +  

Teflon 

Blank-holder force [kN] 75 75 75 75 75 
Table 4-6 Features of the different deep-drawing tests: dimensions of the tools and lubricant 

 

 

 

matrix  

blank-holder 

punch 
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Figure 4-43 Determination of the earing profile (test 4) 
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Chapter 5 Experimental campaign 

___________________________________________________________________________ 

In order to understand the mechanical behavior of Ti6Al4V titanium alloy, several studies 

have been conducted as well in moderate than in high strain rates and temperatures. Here is 

given a non exhaustive list of these investigations: Lowden and Hutchinson (1975) performed 

tensile, compression and plane strain compression tests on six batches of material with differ-

ent textures and observed a large strength differential effect for conditions where the c-axis 

deformation is involved; Follansbee and Gray (1989) carried out compression tests at temper-

atures between 76 and 495 K, and strain rates between 0.001 and 3000 s
-1

; Fukuhara and 

Sanpei (1993) studied the evolution of the elastic moduli (Young modulus, shear modulus, 

Poisson ratio, é) with the temperature; Medina Perilla and Gil Sevillano (1995) tested the 

material under different quasi-static stress states (tension, compression, simple shear); Bruno 

and Dunn (1997) measured the elastic constants for Ti6Al4V by means of neutron diffraction; 

Lee and Lin (1998b) and Lee and Lin (1998a) studied the effects of the strain rate (500 s
-1

 

e¢ ¢ 3000 s
-1

) and the temperature ( room  1100 °CT T¢ ¢ ) on the plastic deformation behav-

ior; Macdougall and Harding (1999) carried out torsional tests over a wide range of strain 

rates (between 300 and 1000 s
-1

) on thin-walled tubular specimens; Majorell et al. (2002) in-

vestigated the mechanical response under low and moderate strain rates (0.001 ï 10 s
-1

) as 

well as various temperature conditions (650 ï 1340 K); Khan et al. (2004) and later Khan et 

al. (2007) studied the quasi-static, dynamic, multiaxial and non-proportional loading respons-

es of Ti6Al4V at different strain rates and temperatures; Peirs (2012) characterized the impact 

dynamic behavior of the material (strain rates between 100 and 1000 s
-1

) under tension, shear 

and torsion; é 

In this chapter, a comprehensive experimental investigation of the mechanical response of 

Ti6Al4V is presented. The studied material is first introduced. Next the anisotropy exhibited 

by the alloy at room temperature is examined under different quasi-static strain loading condi-

tions and then for different strain rates in tension. 

___________________________________________________________________________ 
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5.1. Description of the material 

The Ti6Al4V titanium alloy studied in this work is in 0.6 mm thick sheet form designated as 

ñTIMETALÈ 6-4 Titanium T¹le A®ro SQò and produced by TIMET. The chemical composi-

tion is listed in Table 5-1. The sheet was mill annealed one hour at 760°C. 

 

 Ti [%] Al [%]  V [%] O [%] N [ppm] C[ppm] H [ppm] Fe [%] 

TOP Bal. 6.22 3.93 0.19 60 80 100 0.16 

BOTTOM Bal. 6.27 4.00 0.20 60 90 86 0.16 

Table 5-1 Chemical composition of the Ti6Al4V alloy investigated (data provided by TIMET) 

 

The microstructure and the initial texture of the as-received material were determined by 

EBSD and XRD. It is observed that the a-phase and b-phase volume fractions are respective-

ly of ~90% and ~10% (Figure 5-1). The average grain size is of ~7.5 µm for the a-phase (see 

grain size distribution in Figure 5-2) while it is of ~1 µm for the b-phase. The analysis of the 

(0002) pole figure shows that the material is initially anisotropic (see Figure 5-3). Indeed, the 

texture displays two density peaks (between 5 and 6 m.r.d.) at +/- 13° from the plate normal 

direction (ND) as well as a peak along TD (~3 m.r.d.).  

 

 

Figure 5-1 Initial microstructure of Ti6Al4V (EBSD scan): the a-grains and b-grains are respectively colored 

in red and in green 
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Figure 5-2 Grain size distribution of the a-phase 

 

 

Figure 5-3 Initial texture of Ti6Al4V ((0002) pole figure) measured by XRD; the scale is giv-

en in m.r.d. 

5.2. Study of the anisotropy 

5.2.1. Anisotropy in tension 

Figure 5-4 shows the axial force ï longitudinal displacement curves obtained in uniaxial ten-

sion for eleven loading directions with respect to RD, i.e. from 0° to 90° by steps of 10° and 

45°. The force is measured by the load cell while the displacement is given by the mechanical 

extensometer. It can already be noticed that the material displays an anisotropic behavior. 

It has to be noted the small oscillations which are due to the regulation parameter adjustment. 

In order to maintain a constant strain rate, the machine crosshead undergoes a series of accel-

erations and decelerations, causing fluctuations which may be significant when choosing a 

wrong set of regulation parameters. Table 5-2 lists the values used to inhibit as much as pos-

sible the amplitude of these oscillations. 

 

 

TD 

RD 
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Elongation control 0.005 

Force control 0.2 

Position control 0 

Deceleration 10 

Table 5-2 Regulation parameters used in tensile tests 

 

Each curve plotted in Figure 5-4 corresponds to an average of the four tests performed for 

each loading direction. An example showing the experimental and average curves for the 30°-

loading direction is given in Figure 5-5. The standard deviation is also computed in order to 

assess the experimental errors (Figure 5-6). 

 

 

Figure 5-4 Force-displacement curves in uniaxial tension along eleven loading directions in the plane of the 

sheet 

 

Figure 5-5 Experimental and average force-displacement curves in tension along the 30°-direction 
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Figure 5-6 Average force-displacement curves with error bars for each loading direction 
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Based on the measured force and displacement, the true stress and the logarithmic strain are 

determined by using Eq. (4.15) and (4.6) respectively. The average stress-strain curves for 

each loading direction are depicted in Figure 5-7. The same experimental results with error 

bars are given in Figure 5-9. The stress-strain curves exhibit the standard concave-down ap-

pearance (i.e. steadily decreasing hardening rate). In all tests, shear type fracture is observed 

(see Figure 5-8). 

 

 

Figure 5-7 Stress-strain curves in uniaxial tension along eleven loading directions 

 

 

Figure 5-8 Fracture of a tensile specimen 
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Figure 5-9 Average stress-strain curves with error bars for each loading direction 
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Elastic anisotropy 

Young modulus is determined by linear regression on the elastic part of each tensile stress-

strain curve. Figure 5-10 shows the average values as well as the standard deviations comput-

ed for each loading direction. It can be noticed a low anisotropy, the largest and smallest 

moduli (respectively 113 GPa and 105 GPa) being observed in the transverse direction and 

the 50°-direction. Nevertheless, it will be assumed in this study that the material is isotropic 

elastic with a Young modulus E  given by the average over all the tested directions, i.e.: 

 0 10 20 30 40 45 50 60 70 80 902 2 2 2 2 2 2 2 2

20

E E E E E E E E E E E
E

+ + + + + + + + + +
=  (5.1) 

which leads to E=109 GPa. 

 

 

Figure 5-10 Young modulus as a function of the specimen orientation: the bold symbols are the average val-

ues while the bars represent the standard deviation 

Plastic anisotropy 

The observation of the tensile stress ï strain curves shows the plastic anisotropy displayed by 

Ti6Al4V. In order to characterize this anisotropy, the uniaxial tensile yield stress T

as  in each 

direction a with respect to RD is assessed. The rolling direction yield stress is defined by the 

offset method (see Figure 5-11). The choice of the offset is fixed to a plastic strain value 0

pe , 

usually 0.2%, corresponding to a plastic work 0
pW  given by: 

 
0 0

0
0 0

p p

p p p

ij ijW d d
e e

s e s e= =ñ ñ  (5.2) 

where s and pe  are the axial stress and plastic strain, respectively. 



Experimental campaign 

87 

 

 

Figure 5-11 Determination of the tensile yield stress along RD (
T

y 0
ů =ů) by the offset method (Florès (2005)) 

 

For the other orientations, the work-equivalence principle (Hill (1987)) is used to determine 

the yield stress (see Appendix D). It has to be noted that this technique will next be applied to 

define the initial yield limit for other stress states (see Figure 5-12). 

 

 

Figure 5-12 Determination of the yield stress for different stress states using the work-equivalence principle 

(Florès (2005)) 

 

The material anisotropy can also be characterized by the r-ratios. The average axial and trans-

versal plastic strains along the gage length are determined by using the data provided by 

Aramis®. In all the tests, it is observed that the evolution of the plastic strains with time is 

almost linear as long as necking does not occur (see example on Figure 5-13). The r-ratio can 

thereby be considered as being constant. For each test, the following procedure is performed: 

- a trend line is fitted on the linear part of each plastic strain-time curve; 

- the axial and transversal plastic strain rates are given by the slope of the trend lines; 

- the r-ratio is computed by using Eq. (4.16). 



88 

 

 

Figure 5-13 Evolution of the axial and transversal plastic strains with time (test along 20°-direction) 

 

Figure 5-14 and Figure 5-15 respectively show the anisotropy of the tensile yield stresses and 

r-ratios as a function of the loading direction. It can be noticed that the in-plane anisotropy in 

initial yield stresses is moderate. An anisotropy ratio for the tensile yield stresses defined by 

the ratio of the yield stress in the transverse direction (the largest one measured) to that in the 

50°-direction (the smallest one measured) is 1.094. However, the anisotropy in r-values is 

very strong, the r-ratio in the 60°-direction (the largest one) being more than double the r-

ratio in the 10°-direction (the lowest one).  

 

 

Figure 5-14 Anisotropy in tensile yield stresses: the bold symbols are the average values while the bars repre-

sent the standard deviation 



Experimental campaign 

89 

 

 

Figure 5-15 Anisotropy in r-ratios: the bold symbols are the average values while the bars represent the 

standard deviation 

 

The results of Figure 5-15 are compared with the data from Fundenberger et al. (1997) and 

Medina Perilla and Gil Sevillano (1995) on Ti6Al4V, see Figure 5-16. The r-values deter-

mined in this work are higher than those of both studies, likely due to a different 

thermomechanical treatment in the production of the sheets. However, it has to be noted a 

very similar trend between the three sets of data. 

 

 

Figure 5-16 Comparison of the measured r-ratios with the data from Fundenberger et al. (1997) and Medina 

Perilla and Gil Sevillano (1995) 

 

From Figure 5-7, it can be observed that the hardening rate s eQ=µ µ is different from one 

loading direction to another. However the oscillations exhibited in the stress-strain curves 

make its computation rather difficult. Although different smoothing techniques were used 

with the software IGOR Pro, it was not possible to determine with sufficient accuracy the 
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evolution of Q during the deformation and then the different hardening stages. Nevertheless, 

in order to assess the influence of the loading direction on the hardening rate, a simple proce-

dure was performed and consisted in fitting a trend line on each stress-strain curve in a delim-

ited strain range, namely between 1% and 6% in the present case (see Figure 5-17). The aver-

age hardening rate Q is then provided by the slope of the line. The results (see Figure 5-18) 

show that, when uniaxial tension is applied, Q is maximal along RD and TD while it is min-

imal along the 45°-direction, pointing out again the anisotropic behavior of Ti6Al4V. 

 

 

Figure 5-17 Example of linear fitting on a stress-strain curve in the strain range between 1% and 6% (test 

along TD) 

 

 

Figure 5-18 Influence of the loading direction on the hardening rate when Ti6Al4V is subjected to uniaxial 

tension 
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5.2.2. Anisotropy in compression 

The average experimental curves in compression obtained by TUAT along RD, 45°-direction 

and TD are shown in Figure 5-19 and Figure 5-20 while the yield stresses in each direction, 

determined by the work-equivalence principle, are given in Figure 5-21 (a). As previously, the 

average hardening rate was also computed by fitting a straight line on each experimental 

curve in the strain range from 1% to 6% for tensile tests and from 1% to 9% for compression 

tests. The results are given in Figure 5-21 (b). Regardless of the loading orientation, the mate-

rial is strongest in TD (see Figure 5-19), the material anisotropy in tension being more pro-

nounced than in compression. Comparison between the tensile and compressive responses 

along each of these loading directions show that the material displays tension-compression 

asymmetry in yielding and hardening (Figure 5-20 and Figure 5-21). 

 

a 

 

 

 
b 

 

 

 
Figure 5-19 Uniaxial test results (left panel: average curves; right panel: average curves with error bars) in 

three in-plane orientations showing the materialôs anisotropy in (a) tension and (b) compression, respectively 

(tests performed at TUAT) 
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a 

 
 

b 

 
 

c 

 
 

Figure 5-20 Comparison between the tension and compression response in (a) RD, (b) 45°-direction, (c) TD, 

respectively 

 

 


































































































































































































































































































