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Two key ideas

Law of large numbers (LLN), central limit theorem (CLT), and ergodicity

B Law of large numbers (LLN): Let { X, },-°y be a sequence of independent and identically
distributed (i.i.d.) Coples of a random varlable X with values in R. If [ |X|dP < 400, then the

sequence | S, = 1 Xg converges almost surely tox = | XdP, that s,
e 1

B Central limit theorem (CLT): Let {Xg}jzo‘f be a sequence of i.i.d. copies of a random variable X

with values in R. If [ |X|?dP < 400, then {\/v(S, —T) = v (= Ze Xy —7) }ji
converges in distribution to a Gaussian r.v. with mean 0 and variance %, that is,

. 1 - — d 2
] — E Xy — = N (0 :
1/—1>I—|{loo \/; (V —1 ¢ iL') ( ’O-X)
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Two key ideas

Law of large numbers (LLN), central limit theorem (CLT), and ergodicity (continued)

B Example “rolling a die:”

1 2 3 4 3) 6 / 8 9 10 | 11 12 | 13 | 14

4 3 1 1 5 4 4 1 4 6 4 5 3 1

%Zzzl.rg 40 35|26 |22 |28 30|31 |28|30|33|]33 |35 |34 32

0 25 50 75 100
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Two key ideas

Law of large numbers (LLN), central limit theorem (CLT), and ergodicity (continued)

B A stationary, second-order stochastic process {Z(t), ¢t € R} indexed by R with values in R is
mean-ergodic if the mean z = f Z(t)dP can be computed from the average of a sample path:

1 (77 m
lim — / Z(t)dt = Z.

T—+o0 2T J__

To establish the mean-ergodicity of a given stationary, second-order s.p. {Z(¢), t € R}, one has
to prove the mean-square convergence of 5 fj: Z(t)dttoz as T — —+o0.

B The law of large numbers for independent random variables is related to the property of ergodicity
for stochastic processes. The central limit theorem for independent random variables can also be
extended to stochastic processes.

B [n summary, under certain conditions, the behavior of the arithmetic mean of a sufficiently large
number of random variables and the behavior of the sample-path average of a stationary
second-order stochastic process can be described in terms of simple probabilistic laws.
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Two key ideas

Linear and nonlinear elimination

B Example linear elimination:

— 6 4 —zxz+2|-—=x]=3
42 + 5y = 6 y=r— v 5 9

B Example nonlinear elimination:

B [n summary, linear and nonlinear elimination allow the dimensionality of a problem to be reduced.
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Bifurcation analysis
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Bifurcation analysis

Problem setting

B Let us consider again the boundary-value problem

( d?(0 — 00,
( 2 ) © asin(0) =0 with A= 2
< ds YJ
do db.
\ #(0) = 06.(0) and E(f) =0 (£).
B Introducing the auxiliary function w = 68 — o6, we obtain the boundary-value problem
( d2
_120 + Asin(w +06.) =0 with A= ﬁ,,
< ds YJ
dw
0)=—()=0.
| w(0) = S5 (0)

B The finite-difference approximation of this boundary-value problem leads to
Klw+ Af(w+ 06,.) = 0.
where f(w + 06.) is the vector with components sin(w; + 06.(s;)), j=1,..., 0 — L.

B If 00, = 0, then the first bifurcation occurs at (A = Ao, w = 0), where )\ is the smallest real
value for which the Jacobian matrix has a vanishing eigenvalue, that is, for which there exists

¢o # 0 for which [K]¢y + Ao[De f(0)]py = [K]|pg + Aoy = 0.
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Bifurcation analysis

Lyapunov-Schmidt reduction

B The Lyapunov-Schmidt reduction involves deducing from the “full” problem a “reduced” problem by
nonlinear elimination of the component of the solution orthogonal to the eigenvector
corresponding to the vanishing eigenvalue of the Jacobian at the bifurcation.

B We begin with writing the solution as follows:

p—2
w = (¢ w)py + Y _(¢; W),
j=1

and with writing the algebraic problem as follows:
¢ - ([K]w + Af(w+06.)) =0,
¢k'([K]w+>\f(w+09€)) =0, k=1,...,u—2.

B Then, introducing this representation of the solution into this representation of the algebraic problem
and introducing the variables ¢ and £ such that { = ¢, - w and A = \g(1 + &), we obtain

2

Po ([K] (co + :i(qu ‘w); ) +Mo(1+E)F(Cho + §(¢j w)$; + aee)) =0,

0, k=1,...,u—2.

by - <[K] (Cqbo + §(¢3 ‘w)¢j) + Ao (1 + E)f(cho + §(¢J -’w)qu + 09€)>

\
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Bifurcation analysis

Lyapunov-Schmidt reduction (continued)

B Subsequently, by the implicit function theorem, for sufficiently small ((, &, o), the latter equations
uniquely determine the component of the solution orthogonal to the eigenvector corresponding to
the vanishing eigenvalue of the Jacobian at the bifurcation, which we denote by ¥((, £, o), hence,

qx(C,&,0) = @y, - <[K]¢(C>§,0)—|—>\0(1—|—€)f(C¢0+'¢(C,§,0)—|—096)> =0, k=1,...,u—2.

B Finally, inserting 1 ((, £, o) into the former equation, we obtain the “reduced” problem

P((,€0) = —C+ (L + &g - F(Cbo+W(C. € 0) +06.) = 0.

B In summary, the Lyapunov-Schmidt reduction involves the reduction of the algebraic problem
through nonlinear elimination to a “reduced” problem with only a few active independent variables:

€ (: component of solution along critical eigenvector for perfect beam,
& £: excess of axial force over buckling load for perfect beam,
€ 0: magnitude of imperfection.
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Bifurcation analysis

Power-series expansion

B |tis a fundamental strategy of bifurcation theory to extract information about bifurcation behavior by
examining a power-series expansion of the bifurcation equation:
By gathtp

P(G,¢,0) Z alBly! 9C*0EP Do

(0, 0, O).
o, B8,y

B Many coefficients vanish. In fact, among the leading terms, the only nonvanishing ones are
Poo1 = Op/00(0), p11o = 82}9/3535(0), Po11 = 32]9/@550(0), P300 — 33]?/(953(0),
D201 = 83p/8c280(0), P1o2 = 83p/8C5’0'2 (O), and Poo3 — 83]?/80'3 (0), hence,

p((, &, 0) = poo1o + p110CE + po11éo
1 1 1 1
+ =p300C° + =p201C20 + =p102(0® + =poo3c”
6 2 2 6
+ higher-order terms.
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Bifurcation analysis

Proof: Power-series expansion:

B Differentiating the eqns. with respect to (, &, and o and then applying the chain rule, we can obtain
a system of egns. from which the coefficients in the power-series expansion can be determined.

B Power-series expansion of the solution component orthogonal to the critical eigenvector:

(P07 ATy
Y68 0) = %: !By 9 DEP Do
&, 0,7

(0,0,0).

9
- e 9,0,0)=0, k=1,...,u—2,
¢

b =
— ¢y, - ([K]a—C(C,S,U) + Ao(1 +§)( > cos (Cho,j +15(¢,€,0) + 0be(s5))

j=1

o
(¢0,j+aig<<7&0))ej))‘ =0, k=1,...,u—2,
(C,&,U):(0,0,0)

— ¢, - ([K]g—qf(o,o,o%w\oaa—‘f(o,o,())) =0, k=1,...,u—2,

AP B
— a—c(o,o,O) — 0.

H ...
B Among the leading terms, the only nonvanishing coefficients are 9v/9c(0), 0% /0D (0),
0%1p /0C3(0), 034 /0¢? 00 (0), B34 /ICO?(0), D31 /0200 (0), and %) /00200 (0).
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Bifurcation analysis

Proof: Power-series expansion (continued):

5 nw—1 O
= p(o 0,0) = (1 + &), - (Zcos (Cho,; + ¥;(¢, &, 0) +096(8j))(%(c,£,0) +9e(8j))ej) ~
= o (¢:£,0)=(0,0,0)
— @(o 0,0) = ¢y - Be.
B 920,0,0)=—1+(1+€)by- (ij cos (Co,5-+105(C, €, 0)+0be(5,)) (B0.5+ 2L (¢, £,0))e) ,
¢ Pt RIS (¢+€,0)=(0,0,0)
op B
= 5:(0,0,0)=0.
. O» = ¢y (i cos (090, + 5(C,6,0) + 00e(5)) (90,5 + 22 (C,€))e; )
DCoE < J J J a¢
w—1
+(1+ 6y (3_1 sin (G -+ 5(6,6,) + 00:(5)) TLEC ) (00, + B2 (.6 e )
+(1+8)¢ (M_1 cos (oo, +15(C.€,0) + 0Be(s)) 0 (¢ ¢ 7)e;)
Y R ST e or=0.0.0)]
2
— 8C8§(OOO)_1

o
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Perfect beam
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Perfect beam

B If o = 0, then the bifurcation equation reduces to

1
P110CE + =p300C> + higher-order terms = 0.

6
B The solution reads as
(=0 trivial path,
1
&= ——@@ + higher-order terms  bifurcated path.
6 p110
(4
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Imperfect beam
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Imperfect beam

Law of large nhumbers, central limit theorem, and ergodicity

B Letusrecall that if o # 0, then the bifurcation equation reads as

P0010 + P110CE + po11éo
T , 1
+ 629300( =+ 5]?201C o+ 529102(0 + 6100030

+ higher-order terms = 0.
Here, the coefficients poo1, Po11, P201, P1o2, and poo3 are random because they depend on 6..

B We wish to use the property that under certain conditions, the behavior of the arithmetic mean of a
sufficiently large number of random variables and the behavior of the sample-path average of a
stationary second-order stochastic process can be described in terms of simple probabilistic laws,
that is, we wish to use the law of large humbers, the central limit theorem, and ergodicity.

B To place ourselves in a context wherein a “sufficiently large number of random variables” contribute,
we will consider the asymptotic behavior of the bifurcation equation when ¢ — 0.

Let us recall that € determines the spatial correlation of the random imperfection.
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Imperfect beam

Law of large numbers, central limit theorem, and ergodicity (continued)

B We found that pgo1 = @ - 0. Here, let us recall that ¢, and 6. are vectors that collect the values
taken by the critical eigenvector and the normalized imperfection, respectively, at the grid points of
the finite-difference method with grid spacing h = ¢/ .

B As e tends to 0, we must let the grid spacing h tend to 0 as well:
0., 0., 0. .

l I |‘\ il

Ilmll
ry,l, AL N S

$

/—_\ R
- S S

Il

B As the grid spacing h tends to 0, the inner product ¢, - 8. tends to an integral:
pu—1

¢
}ILIL% hpoo1 = }ng%hzjl 0,50e(s5) = /0 Po(s)0e(s)ds.

j:
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Imperfect beam

Law of large numbers, central limit theorem, and ergodicity (continued)

B As e tends to zero, the integral f(f ®0(5)0(s)ds tends in distribution to a zero-mean Gaussian r.v.:

25
g 1.25
=
Sy 0
=
N\%@_].ZE
=
2.

025 05 0.75 1

+00
21_%7/ bo(s ds—n—N<O,/_OO T@l(u)du).

ULg, Liége, Belgium MATHO0488 — Lecture 3 19/26



Imperfect beam

Proof: limit of 1, = fo ®o(s)0(s)ds:

B The linear transformation of a Gaussian stochastic process is Gaussian.

B Because we assumed the random imperfection to be zero mean, we obtain

/nedP—\[// s)dPgo(s)ds = 0.

B The variance of 7). reads as

/U?dP = E/E /f bo(s)do(t)re (s — t)dsdt

(£— 75)/6
/ / ot + €u) o (t)ro, (w)dud,
t/e

in which we carried out the change of variables u = (s — t)/e. As € — 0, we thus obtain

14 + 00 400
lim n?dP:/ qb%(t)dt/ rgl(u)du:/ ro, (u)du.
0

e—0 00 — 0

B In conclusion, provided that the autocorrelation function is integrable, the random varlable Ne
converges as € — ( to a Gaussian random variable with mean 0 and variance f 7“91( )du.
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Imperfect beam

Law of large numbers, central limit theorem, and ergodicity (continued)

B Extending this analysis to the other coefficients ultimately leads to

.1 d
lim lim 7hp001 —25%7/ 0c(s)¢o(s)ds =1,
ll_rf(l)%l_%hpllo = 11m/ (bo =1,
| d
lim lim —=h pouy _25%\7 0 96(8)¢o(8)d8 =1,
¢
T 4 _ =
!%}ll%hp:soo = 21_{% . 0(8)ds a,
, 1 ¢ 3 oY d
hn% %g% 7]2]9201 = —21_136 N qbo(s)(a—a(s) + 9€<S))d8 = —1,
(L, o 2 _
g fim vz = —lim | 080 (G, () +09) o = b=,
[ Oy 3 _
g oy s ==l | 00(9) (57 (0) +0) s = =0
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Imperfect beam

Scaling

B Welet(, &, and o depend on € by scaling (, &, and ¢ as follows:
C — 6p57 f — EZPE, oc=¢"0.

B Inserting these scaling relations into the bifurcation equation, we obtain

Poo1€ T + p110€pzﬁ2pg + p011€2pg€"”5

1 — 1 — 1 — 1
+ 6P300€3pC3 + 5]?20162’)(26&5 + 5191026%62&52 + 6]900363”’53
+ higher-order terms = 0.
B Multiplying with e ~3”, we obtain
1 — — 1
" 3TY2G — poor + C& + Gm_pH/QfE —Po11
Ve Ve
N—_—— N—_——’
—n —n
1— 1 1 1 5. 5,— 1 5. 5,
+ —¢°(—a) + =¢” pH/QCQU —Doo1 + =€ 2P pro2 += €2 3PT poos
6 2 VE 2 ~~ O ~—
N—— ——1 —0
——

+ higher-order terms = 0.
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Imperfect beam

Case of large-magnitude random imperfection

B f0<k< i (large-magnitude) and p = K, the bifurcation equation leads as ¢ — 0 to

1 -, —

(§&—-ag’—(a" =0.
: : . 6
B The solution to this equation reads as

TaN
|

trivial path,

Iy
I

0
1 _
65{ 24+ 3% bifurcated path.

Iy

B For large-magnitude random imperfection, as € — 0, the bifurcation equation becomes deter-

ministic, and it determines a critical buckling load that is always strictly greater than the critical

buckling load for the perfect beam.
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Imperfect beam

Case of small-magnitude random imperfection
m Ifrk> i (small-magnitude) and p = %ﬁ; + %, the bifurcation equation leads as ¢ — 0 to

__ 1 -
B The solution to this equation reads as

£=-al —7/C

B For small-magnitude random imperfection, as e — 0, the bifurcation equation remains random. The
random bifurcation diagram is randomly perturbed about the classical pitchfork. The random critical
buckling load is always greater than the critical buckling load for the perfect beam.
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Imperfect beam

Case of small-magnitude random imperfection
m Ifrk> i (small-magnitude) and p = %ﬁ; + %, the bifurcation equation leads as ¢ — 0 to

__ 1 -
B The solution to this equation reads as

£=-al —7/C

B For small-magnitude random imperfection, as e — 0, the bifurcation equation remains random. The
random bifurcation diagram is randomly perturbed about the classical pitchfork. The random critical
buckling load is always greater than the critical buckling load for the perfect beam.
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Assignment

B Please establish connections between your numerical study for the assignment in the previous
lecture and the present theoretical study. Can you find back in your numerical results behavior
suggested by the present theoretical study?

B General recommendations for the report for the combination of the three assignments:

€ The report must be neat, well organized, and professionally written. You may write in either
French or English. Indicate the first name and the last name of each group member and the
total number of pages on the first page of your report. Pay attention to spelling and grammar:
use a spell checker! Pay attention to the clarity of your figures: all figures must be computer
plots with adequate ranges, ticks, and scales; axes must be labeled; and proper units must be
included in labels and legends where appropriate. Include a list of references.

€ The report must be sent in PDF format by email to M. Arnst before/on Wednesday May 6, 2015.
Late reports will not be accepted unless the lateness is appropriately justifed or prior
arrangements were made. Please attach to your email a file with your Matlab code.

B General recommendations for the presentation for the combination of the three assignments:

€ The presentation should emphasize the understanding that you gained.

€ The presentation must be neat and well organized. You may present in either French or English.
Pay attention to the clarity of your figures: for the sake of readability, axis and tick labels may
have to be larger in your presentation than in your report.

€ Length of 10 slides. The first slide, that is, the slide after the title slide, must provide a general

overview. Please include one slide that summarizes the theoretical analysis of Lecture 3.
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