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Summary. Using the escape probability method intro-
duced by Sobolev we derive the mean intensity of the
radiation field at any point of an envelope which expands
spherically with a positive or negative radial velocity
gradient. When considering outward-decelerating enve-

lopes, a new contribution to the mean intensity of the

radiation field must be taken into account when com-
pared with the results obtained separately by Castor
and the author in the case of outward-accelerating
envelopes.

A general discussion of the net radiative rates which
populate the levels of an atom relates the problem of
spectral line formation in a moving medium to the one
in a transparent atmosphere at rest. Namely, it is shown
that dilution effects are expected to play an important
role in the envelopes where very large velocity gradients
occur.

Key words: moving stellar envelopes — emission-line
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1. Introduction

This work is based on the hypothesis of Sobolev (1947,
1957, 1958) who introduced the escape probability con-
cept for treating the transfer of line radiation in a stellar
envelope which is in rapid radial expansion. The ap-
proximation Sobolev adopted is the following: a line
photon emitted at some point in the envelope is either
absorbed in the immediate vicinity of that point or es-
capes entirely due to Doppler shifts across the envelope,
assuming that the rate of motion of the envelope is much
greater than the mean chaotic (thermal and turbulent)
velocities of the atoms.

In the second section we re-derive directly the escape
probability B}; of a photon emitted in the line transition
Jj—1(jand i designating respectively the upper and lower
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level of an atom). In order to calculate the level popu-
lations of an atom, the statistical equilibrium equations
must be solved. Therefore, in the third section we deter-
mine, in a different formalism from previous works, the
expression of the radiation field J; at any point of an
outward-accelerating envelope. Our results are shown
to be in good agreement with those of Sobolev (1947,
1958) and Castor (1970) concerning the so-called ““local
contribution” Jj to the mean intensity expression J;;,
and with those of Castor (1970) according to the “stellar
core” contribution J?. The expression of the radiation
field J;; in the case of an outward-decelerating envelope
is derived in Section 4. Section 5 deals with discussions
about the net radiative rate by which an atomic level is
populated in an expanding envelope. Adopting different
approximations, we compare the behaviour of the atomic
level populations in the case of a moving envelope and
atransparent medium at rest. Discussion and conclusions
form the sixth section.

The general hypotheses assumed through all this
work are expressed in the second section. The method of
determining the different physical quantities is described
there once in detail; indeed, the reasoning followed in
establishing the escape probability fj; is very similar to
that followed in deriving the different mean intensity

expressions J;, J3, J} and J; in Sections 3 and 4.

2. Determination of the Escape Probability f;

We consider spherically expanding envelopes in which
the level populations of different atoms have reached a
steady state. We assume a complete redistribution in
direction and frequency for an emitted photon in the
frame of a moving atom.

Let &(v—v;;) be an arbitrary function describing the
line profile (see Fig. 1), normalized to unity when
integrated over frequency and equal to zero outside the
interval [v;;—(4v/2), v;;+(4v/2)]. v;; denotes the central
frequency of the line and Av the maximum width of the
line profile due to chaotic motions of the atoms. We
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Fig. 1. Line profile function in the frame of an atom, normalized to
unity (see text)

L N ——

have the following relation:

AV Uy

v ¢

where u,,,, is the maximum chaotic velocity of the atoms
and c the velocity of light.

Because of the large velocity gradients in the envelope,
the distance 4.5, across which the Doppler displacement
at the line frequency v;; changes by an amount equal to
Av, is very small compared with the dimensions of the
envelope. Therefore, over that range of distance we can
assume that the volume absorption coefficient o;;, the
volume emission coefficient ¢;; and the velocity gradient
are constant and that the line profile function remains
the same. Without any restrictions these quantities may
vary appreciably over larger distances. If dv,/ds denotes
the velocity gradient along the direction and at the point
we evaluate 4.5, we have:

2u

— max 2.2
190,/s] @2

1.2)

The volume absorption and emission coefficients for an
observer moving with the atoms are:

aij:l’l_lﬂ <1 _g_l’ﬁ), (3.2)
4 g
Ahv..
g, =i 42
4
n; and n; being respectively the volume populations of
the levels i and j, and g; and g; their statistical weights.
B;; and A4;; are Einstein-Milne transition probabilities
and A Planck’s constant.

In the absence of scattering and with the assumption
of a complete redistribution of the radiation with fre-
quency and direction, the source function S;; of a line
transition j—i in the frame of the atom is given by

8i 5
S;j=—. 5.2)

O(ij
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Fig. 2. Arbitrary direction in the envelope along which radiative
transfer is studied (see text). No scale is respected

Replacing ¢;; and «;; by their values from (4.2) and (3.2),
we obtain

Syy=——, 62)
84
gin;
with
3
o=, (1.2

In the following, we directly determine the expression
for the escape probability f;, defined as the probability
that a photon, created in the line transition j—i, will
escape the region around its point of emission along any
direction. Let F, be a fixed point in the expanding
envelope with its abscissa s equal to zero (see Fig. 2). The
abscissae axis s is positively directed from P, to Q. Let us
suppose that a line photon at local frequency' v (see
Fig. 1) is emitted at £, along that direction. Because of
the large velocity gradient Ov,/0s, the photon has a
certain probability PR(P,Q) to be absorbed between
the points P, and P, with respective abscissae s=0 and
s=s(v). Beyond the point P, the medium becomes
totally transparent to the photons of frequency v, locally
defined at B, because of the Doppler shifts across the
envelope.

The expression of the probability PR,(P,Q) is easily
found to be

s(v) s V.. Ov
PR(P,Q)= [ exp (—j o ;P <v—vij——‘1 —ss’)ds'>
0 0 ¢ 0s
8.2)

- oy P (v—vij—&i ?[%s)ds.

c Os
The exponential factor in the main integral represents
the probability that a photon, at local frequency v

! The local frequency of a photon emitted or passing at a given

point is the frequency seen by an observer moving with the medium at
that point
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emitted at P,, will reach (unabsorbed) the point P with
abscissa s (see Fig. 2). The exponent, with opposite sign,
is the opacity of the medium between F, and P for the
photonconsidered. Theadditional term (— v;;/c) (0v/0s)s’
in the argument of the profile function expresses the
Doppler shift of the local frequency v at B, due to the
velocity difference along P,Q between the points P and
P,. The remaining factor o;;@(v— v;;— (v;/c) (Ov,/0s)s)ds
represents the absorption probability of the photon be-
tween the points of abscissae s and s + ds. We can simplify
Equation (8.2) with the following variable transforma-
tions

X=v—v; Yy % s, dx=— Yy 00 ds’ 9.2)
as c 0s s
and
vy Ovg v;; O, ‘
y=v—v;——= =5, dy=—-=L s (10.2)
c 0Os ¢ Os
Equation (8.2) becomes
V=i y o .
PR(BQ)="| exp | [ -2 a(x)dx (11.2)
y(s(v)) v—vij Vij OUs
os
32 p(y)dy.
ij Qlis_
0Os

Because of the basic hypotheses, «;; and 0v,/0s can be
regarded as constants in the integrals and if we define

| o

=% 12.2
Tij v, oo, ) (12.2)
as
we obtain
V= Vij y
PRABQ)= | (exp (5 | o)) d,  (32)
y(s(v) AY v—vij
which is equivalent to
y(s(v)

V=i
The absorption probability PR(P,Q) of a photon

emitted at any frequency in the line profile of the atom
at Py, in the direction PyQ is given by

Av
vi ‘,+T
PR(P,Q)= [ ®(v—v;)PR(P,Q)dv. (15.2)
Vij sz
Using the variable transformation
I=v—v;, dl=dv (16.2)

and recalling Equation (14.2), we obtain
Adv

2 W
PREQ)= | 0D (1-exp (5,

2

sj("v»@(x)dx)) dl. (17.2)

1

305

Because of the normalization condition of the function
@(v—v;;), we have
Av

PR(P,Q)=1+ j gl (exp (‘c,-jy(sg'v»di(x)dx» %—.dl.

(18.2)

If along P,Q, the velocity gradient is positive, the local
line frequency v at B, will be red-shifted to the local line
frequency v;;—(4v/2) at P,. In the same way, if the
velocity gradient is negative the former frequency v at F,
will be blue-shifted to the local line frequency v;;+(4v/2)
at P,. With the transformation (10 2), we find

if % >0 y(s()=v—vy; —# s(v ) (19.2)
and since the Doppler shift between P, and Po is ex-
pressed by (see Fig. 1)

Yy v, ( .._£> 20.2
cass(v)v veoa) (202)
Equation (19.2) becomes
A4

Hso)=-5. @1.2)

.. .0V
Similarly if —<0

0s

W) =22 222)

We can simplify Equation (18.2) using the results ob-
tained in (21.2) and (22.2):

ifa—v’l>0

Os v (232
2
PR(P,Q)=1+|exp |—7; [ ®(x)dx|—1 Ti
4 ij

2

and
if %<0
Os " (24.2)
2
PR(P,Q)=1+ |1—exp |1; | P(x)dx Ti
Av Lij

2

or, independently of the sign of dv,/ds

ul
The probability f; for a photon created in the line
transition j—i to escape the medium locally along any
direction is obviously given by

= | (- PR(POQ))

=4z

(26.2)
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Fig. 3. Arbitrary direction (U, V) in the envelope along which the
projected radial velocity (¥ (r) cos (0)) is studied as a function of the
distance r (see text). No scale is respected

where the integration is extended over all directions
(solid angle Q=4r).
Replacing Equation (25.2) in (26.2) we obtain

1
1—ex T;
i=_J A—exp (=fu) o 4
This last expression is similar to the ones obtained in-
directly by Sobolev (1947, 1958) in the case of a rect-
angular line profile, Sobolev (1957) for an arbitrary
coefficient contour in a three dimensional medium
composed of plane parallel layers and Castor (1970)
under the same hypotheses as ours. However, Castor’s
restrictive assumption that the function @(v—v;;) must
be the same throughout the envelope is in fact not
necessary.
The probability that a photon emitted in the line
transition j—i at P, will escape the envelope without
striking the stellar core is given by

2 _ j 1 da)
Y ezan-w | l,| 4n

where the integration is now performed over every
direction except those joining the point 7, to the stellar
core. The solid angle we integrate over is now
Q=4rn(1— W), where W is the dilution factor

=36

with r being the distance from F, to the center of the star
and R* the radius of the stellar core.

27.2)

(1—exp (— ]rul)) (28.2)

(29.2)

3. Radiation Field in an Expanding Envelope with a
Positive Radial Velocity Gradient

Let V(r) be the radial velocity field in the envelope as a
function of r and similarly dV (r)/dr the radial velocity
gradient. If dV (r)/dr is positive, along any direction in
the moving medium (see Fig. 3, direction UV) atoms at
two points such as R and R’, separated by more than a

J. Surdej: Moving Stellar Envelopes

distance in which the Doppler displacement at the line
frequency changes by an amount equal to the line width,
will not be able to interact with each other through the
radiation they emit in the line?. Indeed, designating the
angles between the direction UV and the directions OR
and OR' by 6 and 0’ respectively, we have:

Vr)>V(r),
cos (0")>cos ()
and so V' (r) cos (6") > V(r) cos (6).

The last inequality means that the projected radial
velocity along the direction UV is a monotonic function
of the distance r so that the preceding statement is
demonstrated.

If we consider now the case of a negative radial
velocity gradient we find:

V)< V),
cos (8")>cos (6)

and we do not reach the same conclusion as before. Since
the functions V() and cos (6) are separately monotonic
functions, we can find pairs of distant points such as
R andR’ for which

V(r) cos (B)=V(r") cos (0"). (1.3)

In such a case it is possible for atoms at distant points
in the envelope to interact with each other through the
radiation they emit in the line (see next section).

Let us come back to the case of an expanding envelope
with a positive radial velocity gradient. The mean inten-
sity of the radiation field J; at a point in the medium
(for instance P, in Fig. 2) is defined as being the intensity
of the radiation which can interact with an atom at F,
along every direction and over frequency in the line
transition j—i. In addition to a “local contribution” J;
due to the radiation emitted by the neighbouring atoms
at P, the mean intensity of the radiation field J; will
include another contribution J3, due to radiation from
the stellar core.

We first derive the expression of the local contribution
J,-} .Let us consider in Figure 2 the point £, and the direc-
tion QF,. The positive sense of the abscissae is now
directed from Q to P,. The intensity of the radiation
L(QF,), at the local frequency v defined at F,, which can
interact with an atom at P, is given by

L(QP)= f8,145<v—v vc 615')

s'(v) 6»3'
0 dug ,
~exp(j;—oc,-j<15< —V; —?l % )ds)ds.

In the integral, the factor &;;@(v — v;;— (v;;/c) (0v,/0s)s)ds
represents the amount of spectral energy emitted to-

ifr'>r

ifr'>r

2.3)

2 Two points such as R and R’ will be called ‘‘distant points”,
otherwise “‘neighbouring points”
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wards P, at the point P with abscissa s by the volume ds.
The exponential factor expresses the attenuation under-
gone by that energy on its way between the points P and
F,. s'(v) is the abscissa of the point P, beyond which the
frequency of the emitted line radiation is too shifted to
contribute energy at the local frequency v at F,.

The intensity of the radiation I}(QF,) integrated
over the line frequency in the frame of an atom at F, is
merely ’

Ay
vty

I{(QF)= I , O(v—v;)E(QF,)dv.

Vij 2

(3.3)

Following the same reasoning as in the preceding section
we can simplify the last expression. We substitute the
Equation (2.3) in (3.3) and using the transformation
relations defined in the Section 2, with the exception of
Equations (21.2) and (22.2) which become respectively

if %—Zs >0  y(s(v)= % 4.3)
and

if%<0 y(s(v)= —421 (5.3)
we obtain ‘

L{QP) =S 1 —(1 —exp (—|z;;))/|z;;)), (6.3)

S;; being the source function defined by (5.2).

Finally, the local contribution J; to the mean
intensity of the radiation field at F, is obtained by inte-
grating Equation (6.3) over all directions. Recalling
formula (27.2), we have successively

= | Her, 7.3)
Q=4n T
i =S,1-BY). 8.3)

The last expression for J} is the same as the zero-order
term appearing in the power series expansion of the
mean intensity expression derived by Castor (1970).

If we assume the stellar core to radiate continuously,
without limb darkening and with an intensity  constant
over the line frequency, the intensity of the radiation
I{(SP,) emitted from a point S of the stellar core (see
Fig. 4) and appearing with a frequency v for an atom at
Py is given by

0
ISPy =1 exp (— { ;0 (v—vij—ﬁi o, s') ds"). 9.3)
s(v) c 6s
The exponential factor expresses the extinction of the
continuum radiation between the points S; and Py, the
abscissae s being positively oriented from S to F,. Atoms
at points with abscissae s <s(v) are too distant from P,
(important Doppler shifts) to absorb at the line frequency
v locally defined at P,. If we integrate Equation (9.3)

307

Fig. 4. Arbitrary direction joining the point P, and the stellar core
(see text). No scale is respected

over the line frequency in the frame of an atom at P,
using the preceding transformation relations (Section 3)
we obtain successively:

Av

Vij +T

I(SP)= | ®(v—v,)I(SP)dv, (10.3)
v,-j—%

I(SPy) =L(1 —exp (— |7}/, (11.3)

The stellar rays emerging from the core and reaching P,
are confined within a certain solid angle Q=4nW, W
being the dilution factor given by (29.2). The contribution
of the stellar core continuum to the mean intensity of
the radiation field at P, is given by

do>
Fi=k | (—exp (= |mh)|e] o~ (12.3)
N=4nW T
or
Ji=1B; (13.3)
with
| do>
=1 A—exp (= o)/ [ey| o (14.3)
N=4rW 7T

Castor (1970) obtained the same expression for JZ.

2. denotes the probability that a line photon will escape
the region around its point of emission and will strike
the stellar core.

4. Radiation Field in an Expanding
Envelope with a Negative Radial Velocity Gradient

We have seen at the beginning of the last section that in
the case of an outward-decelerating envelope it was
possible to find pairs of distant points for which the
relative velocity was zero. Considering decelerating
velocity distributions of the type that Kuan and Kuhi
(1975) adopted in their work on P Cygni stars, namely

V()= Ve(R*/r), (1.4)
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Star

—— —_———

Envelope

Fig. 5. Geometrical locus of the points R’ relative to the points
R,(r=2R*) and R,(r=4R*) for different values of the decelerating
parameter [(/=1, [=2), see text

Fig. 6. Pair of distant points C, and C; between which is studied the
transfer of line radiation (see text). No scale is respected

V, being a constant and / a positive parameter, we
illustrate in Figure 5 the geometrical locus of the points
R’ which satisfy Equation (1.3) for different values of
the decelerating parameter / and at different points R in
the envelope. It easily appears that the mean intensity of
the radiation field at a point such as C, (see Fig. 6) in
the envelope will include a contribution due to distant
points C; situated on the geometrical locus defined above.

The intensity of the radiation [j(C, () emitted by the
atoms in the neighbourhood of the point C; towards C,,
at the local line frequency v defined at C,, is given by

s2(9) v, Ov
LNC/G)= P (__li s ) 2.4
(CiG)= T eyt (-2 T 4
52(v) vi avs ; ;
-exp | — {aijdi oS ds’) ds,

J. Surdej: Moving Stellar Envelopes

where the point with abscissa s=0 corresponds to the
point C, (see Fig. 6) distant from (; by a value
as=""Yse [P (3.4)
Vij 0Os
The positive sense of the s and ¢ abscissac axes is
directed from G to G,. The limits of integration s,(v)
and s,(v) are the abscissae of the points C,; and C,,
limiting the region in which atoms can emit line radiation

which contributes to Equation (2.4). Using the following
relations

L L L (4.4)
¢ 0Os c Os
and
I L S Y (5.4)
¢ 0Os ¢ 0Os
we obtain
s y(s1(v)) 6200 p(x)e
Iij(Cv Q)= I sij(p()’) €Xp j ij —(5—) dx
s2() ¥ 9
Y 0s
c 6.4
dy.
i
Y os
Recalling the relation (12.2) and stating
.. OV Av Av
f—>0 =—-— = — 7.4
if = y(5:,(v)) 7 YE0) > (7.4)
and
. Ovg Av Av
1fg<0 Y= —  yEM)=- 84

we can simplify Equation (6.4) following similar
reasoning as in section 3. Thus,

LG/ Q) =S(C)) (1 —exp (— |Tij(cvl)l))a

where §;; and t;; are taken at the point C,.

Because of the proximity of the points C; and C,, see
(3.4), S;;and 7;; in Equation (9.4) can be evaluated at the
point (. We then have

(GG =S(G) (1 —exp (= [t (G)|)- (10.4)

The intensity of the line radiation L}(C, (,) which reaches
an atom at G, will be attenuated by its neighbouring

atoms as follows:
v v ’ 9 vij aUt 7 ’
HG)=F(C/G) exp |~ [ ;@ (V VT, t')dt’),

t(v)

0.4

(11.4)

t=t(v) and t=0 being respectively the abscissae of the
points C(v) and (. These enclose the region of the ab-
sorbing atoms in the neighbourhood of G, .
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The mean value of the radiation intensity ;(C,) when

integrated over the line profile in the frame of an atom -

at G is
vij+$

4J(C0l Q)= j o(v—v; J)L}’(Q))dv

ity

(12.4)

Simplifying this type of expression as before, we obtain
G Q) =Si(G) (1 —exp (— |t{(G))
- (1—exp (— IT;J(CO)D)/lTU(Co)l

When deriving this results we have to assume that the
physical and kinematical properties of the medium
(&> o5, Ovy/0s) do not change over a distance where the
velocity range equals four times the maximum chaotic
velocity of the atoms. This condition is not restrictive
in the context of the Sobolev’s approximation which we
assume throughout this work. The contribution to the
mean intensity of the field radiation at G, due to distant
points such as G, is given by

Bi= | S{G)A—exp (=t (G

£2(Co,Co)

(1—exp (= [ Gk ] 2,

(13.4)

144

where the integration is performed over directions for
which Equation (1.3) has a solution. The expression J;}
evaluated at ( depends simultaneously on the physical
properties of the medium at the point ¢ and at distant
points G

It is clear that the local contribution J; to the mean

intensity of the radiation field at G, remains the same as

in the case of an envelope expanding with a positive
radial velocity gradient. Concerning the rays emerging
from the stellar core towards distant points in the enve-
lope (r > R*), we can retain with a good approximation
the previous expression for J,f Indeed, except for the
photons emerging from a negligible exterior ring of the
stellar disc (see Fig. 5), all of the photons, will reach the
neighbourhood of a point such as R in the envelope,
unhindered. However, at points situated in the neigh-
bourhood of the star (up to a few stellar radii) we must
substitute to J3 the following expression

= j (1—exp (— |‘L'U|))6Xp( Itul)/ltul

Q=4zW

2,(54)

in which the factor exp (— |z};|) expresses the probability
for a stellar photon not to be absorbed in the neigh-
bourhood ofadistant point (), solution of Equation (1.3).

5. Statistical Equilibrium Equations

In order to calculate the level populations »; of an atom,
the statistical equilibrium equations must be solved.
In a steady state

309

dn, '
=R.+C=0 X
lt 1 12 2 . (1 5)

where R; and C; are the net volume radiative and colli-
sional rates respectively by which level i is populated.

When considering only the radiative exchanges
occuring between two levels i and j of an atom, the net
volume radiative rate R;; by which the level i is populated
can be written

R;=n;A;+(n;B;—n;B;;)J;,

recalling that n;, n; are the volume populations of the
levels i, j; A;, B and B,; the Einstein-Milne transition
probabilities and ; the mean intensity of the radiation
field at the point where R;; is calculated.

The expressions for R;; are evaluated in the next two
paragraphs for both cases of an outward-accelerating

and decelerating envelopes.

2.5)

A) Case of an Outward-accelerating Envelope

The mean intensity of the radiation field J; was derived
in Section 3:

Ji=8,;(1— B+ 1B} (3.5)

As a first approximation, considering that the factors
appearing in the integral of the escape probability £3;
given by Equation (14.3) are independent of direction,
we find that

— W, 4.5)

Taking into account the Formulae (6.2) for S;; and (4.5)
for f3;, we can substitute the expression for Jj; in (2.5)
by the one given in (3.5). We obtain for the rate R;;

Rij=n;4;
+(njB]l nBu) —J_(l ﬁ )+WLﬁ
& 4
n;g;
Recalling the well known relations existing between the
Einstein-Milne transition probabilities

(5.5

Au/By=0;; and  g;B;=g;B;, (6.5)
where

0;;=2hv}/c?,

Formula (5.5) is simplified to

Ri;=Bij(n;d;i+ (B —nB ) WI). (7.5)

The factor n;4; jit (1,:B;;—n;B;) W in (7.5) represents the
rate R;; given in (2.5) for which J;= WI,. Calling it R?,
it represents the volume radiatlve rate by which the
level i is populated when the atom is plunged into a
transparent medium at rest, the levels i and j interacting
with each other through the dilute stellar radiation field

WI. Our first conclusion is that in the presence of very
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large velocity gradients, such as ﬁl ~1, the radiative
rate R;; is simplified to R”.

Supposmg now that ﬂ is not close to unity, the rate
R;; given by (7.5) can be rewrltten

R - nJAj,l + (n] Ji nlBi/j) WIc (85)
with
Aj’l=ﬁx!jAjia B/_ ,,B], and B BU

Our second conclusion is that for pairs of levels i, j
where the escape probability B is not close to unity, the
radiative rate R;;is the same as in the case of a transparent
medium at rest 1n the presence of a dilute stellar radiation
field WI,. However, the radiative affinity (4;;, B;;, B;)
of the atoms for the transition (i, j) is decreased by the
ratio 8} /1.

If we neglect in the expression for J;; the contribution
from the stellar core continuum, i.e. assuming

Jy=J (9.5)

we obtain for the radiative rate R;;

n; Jl'B ij*

This last expression of R;; is the same as the one entering
the statistical equilibrium equations that Sobolev (1947,
1958) derived using an on-the-spot approximation.

The remaining parts of the net radiative and collisional
rates, R; and C; entering Equations (1.5), are directly
independent of the hypothesis of a moving medium. If
those Equations (1.5) are solved for various parts of the
expanding envelope, we can determine the total amount
of energy E; emitted by the envelope in any spectral line

E;=hv;[n;A;p;dV. (11.5)

(10.5)

Pk}

The integration in (11.5) is extended over the whole
volume of the envelope. The escape probability ﬁ was
defined in Section 2 [see Formula (28.2)].

B) Case of an Outward-decelerating Envelope

In Section 4, we derived the expression for the mean
intensity of the radiation field J; :

I=S 0= B)+ 1B+ [ Sift—exp (~[xi))
(12.5)
(1—exp (- |r,,|>)|1|jj

The solid angle over which the integration is performed
in the last term is approximately 2z —4n W (see Fig. 5).

Assuming, for simplicity, that the physical properties
of the medium are approximately isotropic and homo-
geneous we obtain for J;;

Jy=Sy(1— B+ LWL

+8,1 —exp (— [z,)) (1/2 = W)B}. (13.5)

J. Surdej: Moving Stellar Envelopes

Following the same reasoning as in the previous
paragraph, the expression for R;; in (2.5) can be simpli-
fied to
""" (nj ]z(l (1 exp ( lTlJ,)) (1/2 W))
+(n_1 ji T n; IJ)ICW)
In the presence of very large velocity gradients such as
i~1 (|rl ]| < 1) the radiative rate R;; evaluated can be
51mp11ﬁed to R} defined in the precedlng paragraph.

Supposmg now that B is not close to unity the rate
R;; given by (14.5) can be rewritten as follows

(14.5)

Rj=n;A;;+n;Bji —n,B)WI, (15.5)
with
Af=A;PH12+ W),
Bi=B;p}; and B/ =B;p.

We conclude that for pairs of levels i, j where the
escape probability /)’ is not close to unity, the volume
radiative rate R;;is the same as in the case of a transparent
medium at rest 1n the presence of a dilute stellar radiation
ﬁeld WI.. However the effective transition probabilities

; and B are decreased by the ratio fj,/1 and the
effectlve spontaneous emission probablllty A; by

L2+ W)/t

If we solve Equation (1.5) for various parts of the
envelope, we are able to calculate the total amount of
energy E; emitted by the envelope in any spectral line

E} = hvij_"nj ‘nﬁ:‘:}dV (1 65)

The integration in (16.5) is performed over the whole
volume of the envelope. The escape probability ff; is
easily found to be

ij = I

(1—exp (= [z;)) —exp (- lr,,l)
Q=4r(1-W) l ljl

(17.5)

where the integration is extended over all directions
except those joining the stellar core to the point C,,
where f7; is evaluated.

The escape probability ff; is the probability that a
photon emitted in the line transition j—i will escape the
outward-decelerating envelope without striking the
stellar core. Indeed, if we fix one direction, the factor
(1—exp (—|1;]))/|r;;| in the integral of Equation (17.5)
represents the escape probability along that direction
of a photon around its point of emission (C,) and the
second factor exp (—|7/;|) expresses the probability for
the photon not to be absorbed in the neighbourhood of
the distant point C, which satisfies Equation (1.3).

6. Discussion

Castor (1970) has given an approximate method for
treating the transfer of spectral line radiation in a rapidly
expanding spherical envelope with increasing outward
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velocity. In a different formalism, we obtained in Section
3 similar expressions for the “local” J; and “stellar core”
J3 mean intensities of the radiation field in one point of
such an envelope. Furthermore, it is shown in § A
[case (dV (r)/dr) > 0] of the fifth section that the on-the-
spot approximation Sobolev (1947, 1958) used for
deriving the statistical equilibrium equations in a
moving medium consists in taking into account just the
“local” contribution J} in the expression of the mean
intensity J;;.

In Section 4 we treated the case of an expanding
envelope with outward-decreasing velocity and showed
that it was necessary to add a new contribution J; to
the expression for the mean intensity J;; previously
found. The quite different conclusions reached by de
Groot (1969) and Kuan and Kuhi (1975) in their studies
of P Cygni, as pointed out by Oegerle and Van Blerkom
(1976b), could be partly due to the inadequate model
(dV(r)/dr) <0) which Kuan and Kuhi applied. Indeed,
they neglected the contribution of line radiation emitted
from distant points in the mean intensity expression J;;.

In Section 5 we simplified the exact form of the sta-
tistical equilibrium equations to give an intuitive idea
about the general behaviour of atoms in a moving
medium.

We showed that in the presence of very large velocity
gradients, such as fij;~ 1, the rate R;;, by which radiative
transitions i2j populate level i, is very similar within
a good approximation to the rate R obtained in the
case of a transparent medium at rest, the radiation field
being due only to the dilute stellar continuum. If the
assumption fj;~1 is valid for the principal series
transitions of an atom and a fortiori for every other
transition, the system of statistical equilibrium equations
is simplified to the one describing the behaviour of
every atomic level in a transparent medium at rest
including the dilute stellar radiation field. Struve and
Wurm (1938), Wellmann (1952), Ghobros (1962), etc.
solved approximately similar sets of equations in the case
of a helium atom and accounted for the overpopulation
of the metastable levels 2 - 1S, 2 - 35 and others (2 - 2P,
etc.) as due to dilution effects in extended atmo-
spheres at rest. Similarly the abnormal strengths of some
displaced absorption lines arising from metastable levels
(Swings and Struve, 1941; Hutchings, 1968; Sobolev,
1958; etc.) and others (Hutchings, 1968; Walborn, 1975;
etc.) in the spectra of W-R, Of, etc. type stars can be
simply interpreted as due to dilution effects in those
regions of the expanding envelope where the condition

1;~1 is satisfied for every transition between atomic
levels. Of course this is just one among the possible
explanations to the observed features, but it appears very
simple.

For both cases of outward-decelerating and acce-
lerating envelopes, we have concluded in Section 5 that
the rate of radiative transitions occuring between two
levels i, j, where the escape probability Bf; is small
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(B;<1), is decreased approximately by the ratio B/l
in comparison with the rate at which levels i and j
interact with each other through the dilute stellar
radiation field when the atom is plunged into a trans-
parent medium at rest. For instance, if at one point of
such a medium the main factor depopulating a level i is
due to spontaneous emissions toward the ground level
(i=1), then in an expanding medium where B}, <1,
those spontaneous transitions will be decreased by the
ratio f},/1, and consequently level i will appear more
populated than in the former case.

When stating in Section 5, § B, the expression of the
mean intensity J§ at one point of the envelope, we had to
suppose that the physical conditions existing at some
distant points were known in order to calculate the
amount of energy emitted from them. Similarly for
solving rigorously the statistical equilibrium equations
at one point we need to know the physical properties
(degree of excitation, etc.) of the medium at some others
[see Equations (14.4), (2.5) and (12.5)]. An iterative
method which neglects the contribution of J; in the
radiation field expression Jj; as the first step and later
takes it into account in the n™ step on the basis of the
results from the n™—1 step should easily allow the
determination of the level populations of an atom at
every point of an outward-decelerating envelope.

We will not discuss here the case of outward-
accelerating envelopes for which several authors have
already applied the model in a simplified form (Castor
and Van Blerkom, 1970; Oegerle and Van Blerkom,
1975a, b; etc.).
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