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Abstract—A finite element perturbation method is developed for compuing electrostatic field distortions and
the ensuing charges and forces on moving conductive regiorsaibjected to fixed potentials. It is based on the
subsequent solution of an unperturbed problem in a completedomain, where conductive regions have been
extracted, and of perturbation problems in sub-domains retricted to the surroundings of the added conductive
regions. The solution of the unperturbed problem serves asosirce (with a very reduced support) for the
perturbation sub-problems. For every new position of the caductors, the solution of the unperturbed problem
does not vary and is thus re-used, only the perturbation sulproblems have to be solved. Further, this approach
allows for the use of independent and well-adapted meshesnAterative procedure is required if the conductive
regions are close to the sources.

Index Terms—Electrostatic field distortions and forces, finite element rethod, perturbation method.

1. Introduction

HE finite element (FE) modeling of an electrostatically drivmoving conductor needs successive computations
T for each new position. This may be computationally expensipecially when dealing with 3D models. It is
worth then benefiting from previous computations insteadtafting a completely new FE solution for every new
position.

The perturbation method has been shown to be of interestdimpating field distortions and induced effects in
magnetodynamid [1]]2] and electrostatic probleis [3]. Aperturbed problem is first solved in a large domain taking
advantage of any symmetry and excluding additional regansthus avoiding their mesh. Its solution is applied as a
source to the further computations of the perturbed problesmen some regions are added. The method benefits from
the use of different subproblem-adapted meshes, whatsdgsesethe computational efficiency when the size of each sub-
problem diminishe< |2]. For some positions where the cogplietween regions is significant, an iterative procedure is
required to obtain an accurate solution.[Ih [3], the pedtidn method is applied to consider the introduction in &giv
domain of conductors subjected to a floating potential. Abgldgo-local method for static electric field calculations
is presented in[]4]. The mesh of the local domain is thereutted in that of the global domain. In the proposed
perturbation method, however, the meshes of the pertuntgigigns are independent of the meshes of the unperturbed
domain.

In this paper, the considered conductors are supposed te witly small speed in the absence of any magnetic field
in order to satisfy the static field assumption.

The perturbation method is developed herein for solvingtedstatic problems with an electric scalar potential FE

formulation and computing the ensuing quantities, i.e. eérextric field, electric charges and forces. The method is


http://ieeexplore.ieee.org/xpls/abs_all.jsp?arnumber=4526810

Published in: EEE TRANSACTIONS ON MARGNETICS, VOL. 44, NO. 4, APRIL 2008.
Status: Postprint (Author’s version)
Digital Object Identifier 10.1109/TMAG.2007.9162.46

extended to account for the addition of conductors subjetddixed potentials.

By way of validation, a capacitor with an added conductomieen its plates is considered.

2. Strong Formulations
A. Unperturbed and Perturbed Electrostatic Problems

We consider an electrostatic problem in a donm@jrwith boundaryl’ = I'. UT"4, of the 2-D or 3-D Euclidean space.
The conductive parts of2 are denoted?,., with boundaryI'.. The governing differential equations and constitutive
law in Q) are

curle =0, divd = ¢, d=ce (1a-b-c)
with associated boundary conditions (BCs)

nxelpr,=0, n-dip,=0, (2a-b)

wheree is the electric fieldd is the electric flux densityg is the electric charge density,is the electric permittivity
andn is the unit normal exterior t6). According to [[1a), the electric field can be derived from an electric scalar
potentialv, i.e. e = —grad v.

Hereafter, the subscripts and p refer to the unperturbed and perturbed quantities and a$sdadomains, respec-
tively. A so-called unperturbed electrostatic problem istfdefined inQ2 without considering the conductive region
Q. p. Using the solution of the unperturbed problem as a souneepérturbed problem is solved in a dom&p, with
boundaryl', =TI'. , UT's,, including the so-called perturbing regiét. , and its neighborhood. Indeed, electrostatic
field distortions appear when the perturbing regian, is added to the initial configuration.

At the discrete level, two independent meshes are used. A mkshe whole domain in the absence of some
additional conductive regions and a mesh of the perturbéggon. The electrostatic problem defined in each domain

asks for mesh refinement of different regiohs [3].

B. Perturbation Problem

Particularizing[(ILa-b-c) andl(2a-b) for both the unpertailand perturbed quantities, and subtracting the unpedurb
equations from the perturbed ones, a perturbation protdetafined ir2, (initially in €2) [1]-[3]. The obtained equations

are expressed in terms of the field distortiens e, — e, andd = d, — d, as follows

curle=0, divd=0, d=¢g e+ (e, —ey)ey, (3a-b-c)

nxelp, ,=nxe, n-dfp, =n-ds (4a-b)

In @b), we assume that no volume charge density exist3,inBCs [4a-b) on the outer boundary ©f, are first
defined as homogeneous, i.e. with the given sourcese; = 0 andn - ds = 0, to neglect the field distorsion at a
certain distance fron. ,,.

Note that in regions where, # ¢,, an additional source term given by the unperturbed solutig — ¢,,) e, is
considered in[{3c). Because the added regiop is a perfect conductog,, ande,, are equal and denoted Actually,

this region is extracted frorf2,, and treated via a BC of typ€l(4a) on its bound&ry, (thus added td". ,), with

nxeslr,,=-Nxelr,, (5)
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or .
vlr,,=—vs with vs =v,|r,, . (6)

3. Weak Formulations

A. Unperturbed electric scalar potential formulation

The unperturbed field distribution is first calculated(lnas the solution of an electric scalar potential formulation

obtained from the weak form of the Laplace equation,die(—c gradv,) = 0, as
(—egrad v, gradv')q — (N - dy,v")p, = 0,Vo' € F(Q), @

where (-, -)o and (-, -)r denote a volume integral i and a surface integral ofi of the product of its arguments;
F() is the function space defined dh containing the basis functions far as well as for the test function’ [5].

At the discrete level, Ef) is approximated with nodal FEs. The surface integral temnfd) can be associated with
a global quantity or used for fixing a natural BC (usually hgmoeous for a tangent electric field constraint) on a
portionI"; of the boundary of".

B. Perturbation electric scalar potential formulation

The source of the perturbation problem (€) is determined in the new added regifn , through a projection
method [6]. Given the conductive nature of the perturbingjae, the projection of, from its original mesh to that

of €., is limited toT'; ,,. It reads
(grad v, gradv')r, , — (grad vy, gradv')r, , = 0,Vv" € F(I' ), (8)

where the function spacB(T'.,) containsv, and its associated test functioh At the discrete levely, is discretized
with nodal FEs and is associated to a gauge condition fixingcalnvalue inl’. .

Further, the projection is to be extended to the whole dorthip in case of a dielectric perturbing region. We
choose to directly projegtrad v, in order to assure a better numerical behaviour in the egseguations where the
involved quantities are also gradients.

The perturbation electrostatic weak formulation(lp is still of the form of [T) and reads
(—egradwv,gradv’)g, — (n-d,v')p, , = 0,Vv' € F(Q,), 9)

with non-homogeneous Dirichlet BC1(6) and BC$ (4a-b) in hgermeous forms.

When the unperturbed electric fiedd = —grad v, is needed in the layer of FEs touchiig,, in £,\(2.,, denoted
., the projection[(B) oy, has to be extended only to this transition layer. This wag,dbmputational effort of the
projection is also reduced. Having accesgf@nde in this layer allows to compute there the perturbed eledieic

€. Both charges and electric forces can thus be calculateld.gn

C. lterative sequence of perturbation problems

For close relative positions where the coupling betweersthece and perturbing regions is significant, an accurate
solution can be obtained via an iterative procedure thatutales successive perturbations not only from the initial
source region to the added conductor but also from the laitére former. Each region gives a suitable correction as
a perturbation with an accuracy dependent of the fineness ofiésh.

For each iteration (: = 0, 1,...), we determine the electric scalar potentig) in €2, with vy = v,,. The projection

of this solution from its original mesh to that of the addechauwctor (. , gives a source »,11 for a perturbation
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problem. This way, we obtain a potential;.; and an electric charge dn. , that counterbalance the potential and the
electric charge oit’,. For iterationi + 1, a new source; 2,12 for the initial configuration has to be then calculated.
This is done by projecting-; 1 from its support mesh to that éf. This projection can be limited to the layer of FEs
touchingT. in Q\(., denoted?, i.e.

(grad vs 2i42, grad v')q, — (grad va; 41, grad v’ ), = 0,Vv' € F(§). (20)

A perturbation electric scalar potential problem is defiired as
(—egrad vaiy 2, grad v')g — (N - dairz, v')r, = 0,Y0' € F(Q), (11)

with non-homogeneous Dirichlet BGy; 12 = —vs 2;+2 |r, and Neumann BQ@ - thisz |r,= —n - dzis1 |,. The latter
is not known in a strong sense. The associated surface amtesgm in [11) can be evaluated rather via the weak

formulation of problem2: 4+ 1 now applied tof2;, as

(N - daisz, v ), = —(N - daiz1,v)r,

= —(—egrad vy 2i4+2, grad v')o, Vo' € F(), (12)

benefiting from the projectiom; »; 2 of v2; 41 already done by[(30).

This iterative process is repeated until convergence fawengolerance.

D. Electrostatic charges

A suitable treatment of the surface integral term[ih (9) éstesin naturally defining a global electric charge in the
weak sense [5]. A test functiorf is chosen as equal to one dn,, and as continuously varying towar€sn the layer
;, of FEs touchindl'.,, in £2,\Q. ,. The electric charge can be naturally calculated at the-postessing stage as

the volume integral in[{9) limited t6; , as
Qp = Qu + Q7 (13)
with Qu = —(—egradvg, gradv)q, ,

and Q = —(—egradv,gradv’)q, .
The calculation of@,, needs to use the unperturbed potentialexpressed in the mesh 6K ,, which is actually

the projected potential;. This justifies the interest of projecting, in € ,,.
In case of iterative sequence of perturbation problems,tdtel charge onl’., is given by the summation of

elementary charges obtained at each iteration

E. Electrostatic forces

As previously mentioned, the perturbed electric figldcan be computed in the layét; ,, of FEs touchingl’. ,
in £2,\Q,. The electric force distribution is calculated thus by lpcapplying the virtual work principle[]7] in this
transition layer. At the discrete level, the force at eactenofI'. , is obtained by deriving the electric energy in the
considered layer of FEs with respect to a virtual displag#mEhe contribution of a reference elemektto the force
in a given direction is

_ [ ae 1Y olJ|
FT_/A2( 267 S e+ ge ) dA, (14)

for a virtual displacement in this direction..J is the geometrical Jacobian matrix with determingfit
Given the non-linearity of the force, a direct summation loé forces at each iteration is not possible. The total

electric fielde, has to be updated at each iteration before computing theftote by (14).

4
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4. Application

In order to illustrate and validate the iterative pertuidbiatmethod for electrostatic field distortions, we consider
parallel-plate capacitor (plate length and plate separai00m). The conductive part§. of the capacitor are two
electrodes between which the electric potential diffeeercAV = 1 V (upper electrode fixed té V). A square
conductor §ide = 20 um, at fixed potentiaD.7 V) is considered as a perturbing regiQg , inside the capacitor. The
geometry of this conductor accounts for fringing field effedts distance from the upper electrode is deneted

Fig.[d shows examples of meshes for the unperturbed andripatinn problems. An adapted mesh, specially fine
in the vicinity of the corners of the perturbing conducter,uised. Note that any intersection of perturbation problem
boundaries with the unperturbed problem material regisrelowed.

Fig.2 illustrates the sequence of associated solution® teohsidered with the developed perturbation method, i.e.
the unperturbed fields, ande,, the perturbation fields ande, and the perturbed fields, ande,.

For the positiond = 20 um, a sequence of perturbation problems has been carried betrelative error ofy, and
the y-component ofg, computed near the conductor at some iterations is depint&igi[3.

The relative error fow, ande, is below1% at iteration15 and23, respectively. Note that, converges faster than
e, (Fig.[d). Applying the Aitken acceleration to the iteratipeocedure speeds up the convergence. In that case, only
5 iterations are required for bott), ande, (Fig.[4).

At odd iterations, the electric chargg, and the electric forces on the outer surface of the condartcomputed.

In order to compare with the FE solution, we consider the satiun F), of the values of theg/-component of the
electric forces at each node of half the sides of the conddmm one corner facing electrode atV. Fig.[3 shows
the convergence af), and F}, as a function of iteration.

The relative error forQ), and F, is below 1% at iteration25 and 27, respectively. Note thaf), and F, have
converged nearly at the same timeegsWhen the Aitken acceleration is used, the number of itematis reduced to
5 and7, respectively.

Several relative positiong of the conductor are listed in Table I. For each of them, theupeation problem is
solved and an iterative process is carried out till convetge(i.e. the relative error af,, €,, @, and F, below 1%).
The number of iterations to achieve convergence withoutvaitidl Aitken acceleration is shown as well.

As expected, more iterations are needed when the conduitiose to an electrode. It can be seen #atQ),
and F,, need nearly the same number of iterations to achieve coeneegat each considered positiénFurthermore,
Aitken acceleration has proven to be very efficient.

TABLE |
NUMBER OF ITERATIONS TO ACHIEVE CONVERGENCE WITHOUT AND WITHAITKEN ACCELERATION (BETWEEN PARENTHESE$ FOR SEVERAL

DISTANCES (CONDUCTOR AT0.7 V' AND ELECTRODE AT1 V).

d(um) | vp(V) [ &(V/m) | B(N) [ @(0)
5 39(7) 61(7) 69(9) 61(9)
10 25(5) 37(7) 43(9) | 39(9)
20 15(3) 23(5) 27(7) | 25(7)
50 1(-) 5(5) 7(7) 19(7)
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5. Conclusion

An iterative finite element perturbation method has beereld@ed for efficiently computing electrostatic field
distortions and forces on moving conductors. First, an ttnpgeed problem (in the absence of some perturbing regions)
is solved with the conventional FE method in the complete @lomSecond, a perturbation problem is solved in a
reduced region with an additional conductor using the smiubf the unperturbed problem as a source. Benefits of the
projections in reduced supports around some boundariegoaméed out. This way, charges and forces are computed.
This approach uses independent meshes which are adaptedctorassociated problem. A projection from one mesh
to another is used to feed a given problem with its sourcesclese relative positions where the coupling between
the source and perturbing regions is significant, an acewsalution can be obtained via an iterative procedure. The

application of Aitken acceleration to the iterative pracéss been proven to be very efficient.
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