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Introduction

* Discrete-time stochastic optimal control problems arise in many
fields (finance, medecine, engineering,...)

 Many techniques for solving such problems use an oracle that
evaluates the performance of any given policy in order to
determine a (near-)optimal control policy

 When the system is accessible to experimentation, such an oracle
can be based on a Monte Carlo (MC) approach

e In this paper, the only information is contained in a sample of one-
step transitions of the system

« In this context, we propose a Model-Free Monte Carlo (MFMC)

estimator of the performance of a given policy that mimics in some
way the Monte Carlo estimator.



Problem statement

 We consider a discrete-time system whose dynamics over T stages
1s given by
Lt41 — f(:r'ta Ut “U»’t)

o Allx lie in a normed state space X, all u lie in a normed action

space U, w, are 1.1.d. according to a probability distribution p(.)

 An instantaneous reward 7; = p(:r:t, Uy, ’wt) 1s associated with the
action u, while being in state x,

e A policy A: {0,...,7-1} X X — U is given, and we want to evaluate
its performance.



Problem statement

 The expected return of the policy 2~ when starting from an initial

state x,1s given by
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Problem statement

« Problem: the functions f, p and p,(.) are unknown

 They are replaced by a sample of system transitions
[ 1L 1 I\1n
Fn = [(T y U, T, Y )h:l

where the pairs (:1:5, u') are arbitrary chosen and the pairs (’rl, y'!)
are determined by (f(z',u', w"), p(2', v, w")), where w' is drawn

according to p,(.)

How to evaluate Jh(xo) in this context?



The Monte Carlo estimator

* We define the Monte Carlo estimator of the expected return of /2
when starting from the initial state x,;:

p
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The Monte Carlo estimator

MC Estimator
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The Monte Carlo estimator

e We assume that the random variable Rh(xo) admits a finite
variance

0'}2%;!, (@) = Var [Rh (330)}

mﬂ:"'amT—lmpW(')

e The bias and variance of the Monte Carlo estimator are

| E [Mg(mo) ~ Jh(::r:g)] — 0
wi~pw(.),t=1...p,t=0...T'—1
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The Model-free Monte Carlo estimator

 Here, the MC approach is not feasible, since the system is
unknown

e We introduce the Model-Free Monte Carlo estimator

 From the sample of transitions, we build p sequences of different
transitions of length T called ““broken trajectories'

 These broken trajectories are built so as to minimize the
discrepancy (using a distance metric A) with a classical MC
sample that could be obtained by simulating the system with the
policy h

« We average the cumulated returns over the p broken trajectories
to compute an estimate of the expected return of 2

e The algorithm has complexity O(npT) .
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The Model-free Monte Carlo estimator

MFMC sampling (arguments : F,, h(.,.), o, A(.,.),T,p)
Let G denote the current set of not yet used one-step transitions in F,, ;
Initially, set G = F,, ;
For 7 = 1 to p, extract a broken trajectory by doing :
Sett =0and ! = zp;
While ¢ < 7" do
Set u! = h(t,zt);
Compute the set H = argmin (A((z,u), (2%, ul)));
(x,u,r,y)EG
Let I! be the lowest index in F,, of the transitions that belong to H ;
Sett =t+1, zt =yl ;
Set G = G\ {(a!t, ult, rli, ylh)}
end While
end For
Return the set of indices {I{}:=01— "



The Model-free Monte Carlo estimator

Example with 7=3, p=2, n=8

Fn = (', u',rt g )i,




The Model-free Monte Carlo estimator

(7o, 1 (0, zq))
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator

(.yfﬁ, h(L,y"))

[
—
!,l fl [l ’,l L . -—
(:I:- 0 ’ ?j 0 . I?. 0 bl 3" U) _,"”_-: ______________ &
- \\\\\ / . -~ —e
\\\A ~~~~~~~~
/ R
(0, h(0,z0)) >
- “5 / \
1 \\\ N -~ "
L “““““ \\:‘?‘\\? — o
+ “\‘ \‘k —
\“ ‘ .
o
— — —




The Model-free Monte Carlo estimator

(v, n(1,4"))
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator

1 1 1
(T"{l u'f() ][{] U

20



The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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The Model-free Monte Carlo estimator
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MFMUC estimator: analysis

. Assumption: the functions £, p and A are Lipschitz continuous
ALs, L, Ly € RT :V (2,2, u, v/, w) € X2 x U xW,

If (@, u, w) = f@', v’ w)lx < Ly(lle — 2|2 + [lu— w[u),
p(@, u,w) — p(a', v’ w)| < Lp([lz — 2|2 + [lu — w'llu),

vt € [0, T — 1], ||h(t,z) — h(t,2")||u < Lp|lz — 2'||»
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MFMC estimator: analysis

* The only information available on the system is gathered in a
sample of n one-step transitions

Fn — [($39?L£:T£ay£)}?:1

—

e We define the random variable JF. n as follows:

The set of pairs P,, = [(:}33’} u )Hl:l 1s arbitrary chosen,

whereas the pairs (r!, y')are determined by (f(z', u', w"), p(z'
where w' is drawn according to p,(.)

o ]:n 1s a realization of the random set Fn .

33



MFMC estimator: analysis

« Distance metric A
V(z,z',u,u') € X% x U?,
A((z,u), (z',u") = (Jlz — 2| x + |lu — uw'|lu)

o k-sparsity
i(P)=  swp  {AP(z,u))

(x,u)EX XU

Az:'”‘ (:}3, ’LL) denotes the distance of (x,u) to its k-th nearest
neighbor (using the distance A) in the sample P,, = [(:}35, ! )}

n
=1
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MFMUC estimator: analysis

The k-sparsity can be
seen as the smallest
radius y such that all
A-balls in XX U of radius

y contain at least & X

elements from

Pn = [(z',u")],
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MFMUC estimator: analysis

 Expected value of the MFMC estimator

Eﬁ,m (z0) = D | [Sjtg(fﬂ,mg)}

e Theorem

J"(x0) — By} p, (w0)| < Copr(Pr)
T—-1T1T-—-t—-1

withC =L, » Y [Ly(1+ L))
t=0 =0

36



MFMUC estimator: analysis

e Variance of the MFMC estimator

VP}?PH (o) = e Kazpw( )[mg(fm TO)}
- 2
= . E [(mg(fnaTO) EhP ( 0)) }
W g A iy ()
Theorem
o (20) 2
n (T
Vip (z9) < ( R\/}_j | QC%T(Pn))
T—1T—t—1
with C = L, Lg(1+ Lp)l

t=0 i=0 37



Illustration

] T
J System th—{—l = S1I1 (E(fﬂt _I_ Ut _l_ wt))
1 — 1 (22 4u?)
P(fﬂtgﬂt?’wt) — %e 2K & o~ Ty

h(t,z) = —g,\v’ﬁ: e X,Vte[0,T —1]

X=[-11U=[-%2],W=[-%, 5] withe = 0.1

e py(.)1s uniform over W, T'=15, x, = -0.5 .
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Illustration

e Simulations for p = 10, n = 100 ... 10 000, uniform grid
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Illustration

e Simulations forp =1 ... 100, n = 10 000, uniform grid
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Conclusions and Future work

Conclusions

 We have proposed in this paper an estimator of the expected
return of a policy in a model-free setting, the MFMC estimator

 We have provided bounds on the bias and variance of the MFMC
estimator

* The bias and variance of the MFMC estimator converge to the bias
and variance of the MC estimator

Future work

« MFMC estimator in a direct policy search framework

 One could extend this approach to evaluate return distributions
(and not only expected values). This could allow to develop "safe"
policy search techniques based on Value at Risk (VaR) criteria.
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