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Abstract

The objective of the present paper is to develop a rigorous identificatitmoai@ogy of nonlinear normal
modes (NNMs) of engineering structures. This is achieved by progesgjperimental measurements col-
lected under broadband forcing. The use of such a type of forcimgis@dlows to excite multiple NNMs
simultaneously and, in turn, to save testing time. A two-step methodology integraiifijpear system
identification and numerical continuation of periodic solutions is proposeth& extraction of the indi-
vidual NNMs from broadband input and output data. It is demonstragedjia numerical cantilever beam
possessing a cubic nonlinearity at its free end. The proposed methgdioge viewed as a nonlinear
generalization of the phase separation techniques routinely utilized ferimgntal modal analysis of linear
structures.

1 Introduction

Experimental modal analysis of linear engineering structures is now walleshed and mature [1]. It is
routinely practiced in industry, in particular during on-ground certificatibaircraft and spacecraft struc-
tures [2, 3, 4], using two specific approaches, namely phase resoaad phase separation methods. Phase
resonance testing, also known as force appropriation, consists in gxtiimormal modes of interest one
at a time using a multipoint sine forcing at the corresponding natural fregu®]. Conversely, in phase
separation testing, several normal modes are excited simultaneously iteargbeoadband or swept-sine
forcing, and are subsequently identified using appropriate linear sydeégnification techniques [6, 7].

The existence of nonlinear behavior in dynamic testing, at least in certamee of motion, is today a chal-
lenge the structural engineer is more and more frequently confrontedlwithis context, the development
of a nonlinear counterpart to experimental modal analysis would be exyrdraereficial. In the present
study, we adopt the framework offered by the theory of nonlinear nommdes (NNMs) to perform exper-
imental nonlinear modal analysis. The concept of normal modes wasadjeadrto nonlinear systems by
Rosenberg in the 1960s [8, 9] and by Shaw and Pierre in the 1990sNNNIs possess a clear conceptual
relation with the classical linear normal modes (LNMs) of vibration, while theyide a solid mathematical
tool for interpreting a wide class of nonlinear dynamic phenomena.esgeRefs. [11, 12, 13, 14]. There
now exist effective algorithms for their computation from mathematical modéls1&, 17, 18]. For in-
stance, the NNMs of full-scale aircraft and spacecraft structur@eta turbine bladed disk were computed
in Refs. [19, 20, 21], respectively.

The objective of the present paper is to develop a rigorous identificatitmooi@ogy of NNMs by process-
ing experimental measurements collected under broadband forcing s@€tod such a type of forcing signal
allows to excite multiple NNMs simultaneously and, in turn, to save testing time. A tvporsé¢hodology in-

tegrating nonlinear system identification and numerical continuation of pesgotutions is proposed for the



extraction of the individual NNMs from broadband input and output .dslttare specifically, the frequency-
domain nonlinear subspace identification (FNSI) method, introduced inZ24fis first applied to measured
data to derive an undamped experimental model of the nonlinear strutiaterest, assuming an accurate
characterization of the nonlinearities. Secondly, a numerical algorithm imptémggpseudo-arclength con-
tinuation [16] is exploited to compute the NNMs of the structure based on treiengntally-derived model.

The paper is organized as follows. The fundamental properties of Nélsed as periodic solutions of
the underlying undamped system are briefly reviewed in Section 2. A piyioleveloped NNM identi-
fication approach based on phase resonance is also describedtiom Se the two building blocks of the
proposed NNM identification methodology, namely the FNSI method and thelpssealength continuation
algorithm, are presented in detail. The methodology is demonstrated in Sectiarmgdumerical experi-
ments on a cantilever beam possessing a cubic nonlinearity at its freelmdoficlusions of the study are
finally summarized in Section 5.

2 Brief review of nonlinear normal modes (NNMs) and identification
using phase resonance

In this work, an extension of Rosenberg’s definition of a NNM is consid¢t4]. Specifically, a NNM is
defined as a nonnecessarily synchronous, periodic motion of the uedamyforced system

M 4(t) + K q(t) +f(q(t)) =0 1)

whereM andK € R™»*"» are the mass and linear stiffness matrices, respectigetyR "» is the general-
ized displacement vectof(q(t)) € R " is the nonlinear restoring force vector encompassing elastic terms
only; n), is the number of degrees of freedom (DOFs) of the system. This definitiarNofM may appear

to be restrictive in the case of nonconservative systems. Howevédrpas $n Ref. [14], the topology of the
underlying conservative NNMs of a system yields considerable insighitsxdamped dynamics.

Because a salient feature of nonlinear systems is the frequencyyetegrgndence of their oscillations, the
depiction of NNMs is conveniently realized in a frequency-energy pl&RF A NNM motion in a FEP
is represented by a point associated with the fundamental frequencg pettodic motion, and with the
total conserved energy accompanying the motion. A branch in a FEP detadsrtiplete frequency-energy
dependence of the considered mode. By way of illustration, the FEP of thi®@@F system described by
the equations

G+ 2a—q@)+05q¢ = 0

G+2¢-—q) = 0

is plotted in Fig. 1. The plot consists of two branches corresponding to tpbdse and out-of-phase syn-
chronous NNMs of the system. These fundamental NNMs are the diratihear extension of the corre-
sponding LNMs. The nonlinear modal parametees,the frequencies of oscillation and the modal curves,
are found to depend markedly on the energy. In particular, the fregusfithe two fundamental NNMs
increases with the energy level, revealing the hardening characterigtie ofibic stiffness nonlinearity in
the system.

(2)

The absence of superposition principle in nonlinear dynamics renders tmeans straightforward the iden-
tification of NNMs from broadband measurements (see Section 3). Howe® essential properties of
linear systems are preserved in the presence of nonlinearity. Firstdfoesonances of nonlinear systems
occur in the neighborhood of NNMs [11]. Second, NNMs obey the iavae principle, which states that
if the motion is initiated on one specific NNM, the remaining NNMs are quiescerglftime [10]. These
two properties were exploited in Ref. [23] to develop a rigorous nonlipbase resonance method based
on sine data. The procedure comprises two steps. During the first steyedt&NM force appropriation,
the system is excited to induce a single-NNM motion at a prescribed eneugy [Enis step is facilitated
by a generalized phase lag quadrature criterion applicable to nonlireensy[23]. This criterion asserts
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Figure 1: FEP of the two-DOF system described by Eqgs. (2). NNM motiepgted in displacement space
are inset. The horizontal and vertical axes in these plots are the displatsenfh¢he first and second DOF
of the system, respectively.

that a structure vibrates according to an underlying conservative NNMe ifneasured responses possess,
for all harmonics, a phase difference of ninety degrees with respéut excitation. The second step of the
procedure, termed NNM free-decay identification, turns off the excitatidrack the energy dependence of
the appropriated NNM. The associated modal parameters are extragtettidiom the free damped system
response through time-frequency analysis. This nonlinear phassaresomethod was found to be highly
accurate but, as linear phase resonance testing, very time-consunmaaglition, to reach the neighborhood
of the resonance where a specific NNM lives may require a cumbersorhartdigerror approach to deal
with the shrinking basins of attraction along forced resonance peaksn&thodology described in the next
section precisely addresses these two issues.

3 Identification methodology of nonlinear normal modes (NNMs) un-
der broadband forcing

The methodology proposed in this paper for the identification of NNMs usingdiband measurements
is presented in Fig. 2. It comprises two major steps. The first step consigtedassing acquired input
and output data to construct an experimental undamped model of the mordingcture of interest. In the
present study, this model takes the form of a set of first-order eqgaitiothe state space. In a second
step, the energy-dependent frequencies and modal curves ofditededNMs are computed individually
by applying a numerical continuation algorithm to the undamped model equatBewtion 3.1 describes
how the experimental state-space model can be derived in the freqden®in by employing the FNSI
method. Section 3.2 next outlines one existing algorithm, based on psetidoedin continuation, for the



computation of NNMs defined as periodic solutions.
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Figure 2: Proposed methodology for the identification of NNMs based oadimand measurements. It
comprises two major steps, namely nonlinear system identification and nunoertizuation.

3.1 Experimental identification of an undamped nonlinear sta te-space model

In the present section, the experimental extraction of a nonlinear undiamnebel of the structure under test
is achieved by means of a subspace identification technique, termed FNS®Uf22h The FNSI method is
capable of deriving models of nonlinear vibrating systems directly from umedslata, and without resorting
to a preexisting numerical moded,g. a finite element model. It is applicable to multi-input, multi-output
structures with high damping and high modal density, and makes no assumgptioritee importance of
nonlinearity in the measured dynamics [24, 25]. It will also be shown in thiSaethat the application



of the FNSI method requires the measurement of the applied forces togéthehe dynamic responses
throughout the structure, including at the driving points and acrossathi@ear components.

3.1.1 Nonlinear model equations in the physical space

The vibrations of damped nonlinear systems obey Newton’s second laynafrdcs
M g(t) + Cy q(t) + K q(t) + f(q(t),4(t)) = p(t) 3

whereC, € R™*™ is the linear viscous damping matripjt) € R " is the generalized external force
vector; f(q(t),q(t)) € R™ is the nonlinear restoring force vector encompassing elastic and dissipativ
terms. Note that Eq. (3) represents the damped and forced generalifagiqn(1). The nonlinear restoring
force termin Eq. (3) is expressed by means of a linear combination ofrkbasgis function®, (q(t), q(t))

as

f(a(t),a(t) = > _ ca hala(t), a()). (4)
a=1
In this sum, the coefficients, associated with the nonlinear basis functibpéq(¢), q(t)) play a role similar
to the linear stiffness and viscous damping coefficients contained in the nsdii@nd C,, in Eq. (3),
respectively. Note that the total number of basis functiomgroduced in the model may be larger than the
number of physical nonlinearity sources in the system, as multiple model teengenerally required to
capture the behavior of a single nonlinear component.

Given measurements pf¢) andq(t) or its derivatives, and an appropriate selection of the functidngls,
the application of the FNSI method in the present study aims at constructingaptece model describing
the undamped dynamics associated with Eq. (3). Models in the state spaggpasting because of their
intrinsic capability to represent systems with multiple inputs and outputs. Thewlsarbe effectively
utilized to predict the response of the system under a given forcingidunioy direct time integration (see
Section 3.2).

3.1.2 Feedback interpretation and state-space model equations

The FNSI approach builds on a block-oriented interpretation of nonlisteactural dynamics, which sees
nonlinearities as a feedback into the linear system in the forward loop §26]lustrated in Fig. 3. This

interpretation boils down to moving the nonlinear internal forces in Eq. (3tadint-hand side, and viewing
them as additional external forces applied to the underlying linear steythat is,

M () +C, q(t) + K a(t) = p(t) = Y ca hala(t). a(t)). ()
a=1

Without loss of generality, it is assumed in this section that the structuradmesps measured in terms of

generalized displacements. Defining the state vecter (q” qT)T € R™, wheren, = 2 n, is the
dimension of the state space dfidhe matrix transpose, Eq. (5) is recast into the set of first-order egsation

{ x(t) = Ax(t)+Be(t)

qlt) = Cx(t)+De(t) (©)

where the vectoe € R 6+ 7 termedextended input vectpconcatenates the external forqeg) and
the nonlinear basis functioris,(t). The matricesA € R"s*", B € R™*(+t)m C ¢ R™*™s and
D e R™*(s+1) s gre the state, extended input, output and direct feedthrough matrispsctieely. State-
space and physical-space matrices correspond through the relations

Q " XNp T e Xnp 0 ™ XNp Q " XNp Q o XNp Q o Xnp
A= -1 -1 ; B= -1 -1 1 -1
-M—"K -M"'C, M —c1 M —co M ... —csM
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Figure 3: Feedback interpretation of nonlinear structural dynamics [26]

C = ( I Xnp  (Qne XNy ) : D= 0 X (s+1) np (7)

where0 andI are the zero and identity matrices, respectively. It should be remarkedahadentifiability
condition constraints the number of measured displacements, provided eéhabrilinear basis functions
h,(q(t),q(t)) can be formed from the recorded channels [22]. This implies that the manlcomponents
in the structure must be instrumented on both sides in order to measure the dilgilacement and velocity
required in the formulation of the nonlinear basis functibpéq(t), 4(t)), as illustrated in Fig. 2.

The FNSI estimation of the four system matricks B, C andD is achieved in the frequency domain
using a classical subspace resolution scheme. This resolution essentialihgsngeometrical manipulations
of input and output data. The interested reader is referred to Rdffd22a complete introduction to the
theoretical and practical aspects of the FNSI method.

3.1.3 Conversion from state space to physical and modal space

The identified state-space modé\, B, C, D) can be converted into estimates of (i) the nonlinear coeffi-
cientse, and (ii) the underlying linear modal properties of the system. Linear arltheain system properties
will prove useful in the construction of undamped state-space modetiegsian Section 3.1.4. They will
also prove convenient to assess the quality of the identification in Sectio8satd 4.1.4. The complex-
ity of the conversion addressed in this subsection stems from an unknmwargy transformation of the
state-space basis within which the FNSI model is derived [22]. Becaeseadthlinear coefficients, are
elements of the matriB, they vary according to the choice of the basis in wH&Is calculated. Therefore,
the estimates of, cannot be obtained from a direct inspectiorBof

To achieve the conversion to physical and modal space, the transfgioiu matrixG(w) associated with
the state-space model is formed as

Gy(w) = C(jwI™ ™ — A) 'B+D (8)

wherew is the pulsation angl the imaginary unit. MatriXG(w) is an invariant system property with respect
to any similarity transformation of the state-space basis [27]. It can bessgdl in terms of the physical and
modal properties of the system by substituting Eq. (4) into Eq. (3) in theiémcy domain, which leads to

G (W) QW) + Y ca Ho(w) = P(w) 9)
a=1

whereG(w) = (—w?*M+ jw C, + K)_1 is the frequency response function (FRF) matrix of the under-
lying linear system, and whe@®(w), H,(w) andP(w) are the continuous Fourier transformsydt), h,(¢)



andp(t), respectively. The concatenation®Bfw) andH, (w) into the extended input spectrui{w) finally
gives

Qw) = G(w) [ I7rX"p gy I™X" | —c, T X7 ] E(w) = Gs(w) E(w). (20)
Matrix G(w) is simply extracted using Egs. (8) and (10) as the figstolumns of matrixG(w). Subse-
quently, the nonlinear coefficientg are computed from the other columns@®f (w) given the knowledge
of G(w).
Moreover, the system damped and undamped natural frequenciesedienandw; (o, respectively, can be

estimated together with the unscaled mode shape vegférse R ™ by solving the eigenvalue problem
associated with the state matel that is,

Ay =)D =1, . n,. (11)

The imaginary parfZ()\;) and the absolute valug;| of the complex eigenvaluek; provide the damped
and undamped natural frequencies, respectively. Moreover, tteesgtace mode shape vectap§) are
converted into the corresponding physical-space m@desitilizing the output matrixC as

¢l =Cypl). (12)

Each mode shape vect&(i) can be scaled using the residR%,z of the driving point FRFGx(w) of the
underlying linear system formulated as

np

Ry, R
Gralw) = D =B (13)
2 :

wherek is the location of the excited DOF within thg, DOFs of the structure, and where a star denotes the
complex conjugate operation. Eq. (13) is an overdetermined algebrééosgequations with,, unknowns

and as many equatlons as the number of processed frequency linesthidwled mode shape vector at the
driving p0|nt¢k is finally obtained by enforcing a unit modal mass,

¢¢>k

(@) _
Ry = 2 j wio’ (14)

while the other components of the mode shape vaﬁﬁ%rare scaled accordingly.

It should be noted that the mode scaling adopted in this section is rigorouglyifvidne linear damping
mechanisms in the tested structure are proportional to the mass and stifftelkatibns [28]. This assump-
tion is compatible with the presence of weak damping. This implies that the modevswpeat the driving
point qb,(j) is real-valued in Eq. (14). In general, experimental mode shapes am@vbocomplex-valued.
They can be enforced to be real by rotating each mode in the complex plamredangle equal to the mean
of the phase angles of the mode components, and subsequently negleximggmary parts of the rotated
components.

3.1.4 Removal of damping terms in the identified state-space model

The removal of damping terms in the identified state-space model is necéssdigw the calculation of
undamped NNMs as defined in Section 2. This is achieved in this subsectiendsting Egs. (6) into modal
space. For that purpose, the vector of modal coordirgtesc R " is introduced as

q(t) = ®q(t) (15)

where® € R ™™ s the matrix of the scaled mode shape vecip$, and where a bar signals a vector or
a matrix expressed in modal space. It is known that the projection of Eoptemodal space yields

1< G(t) + Cu G(t) + K () an &7 hu(alt),a(t) (16)



where®” M & :ﬁ = I"*" since the linear mode shapes were unit-mass-scaled in the previous-subsec
tion, ®” C, ® = C, and®” K & = K. The projected stiffness matrk is a diagonal matrix populated

with the squared values of the undamped frequencjgsi.e. diag( K ) = (W%O wig .. w%po).

.\T
Therefore, defining the modal state veckoe= (GT qT) € R™s, EqQ. (16) can be reformulated in the
form of the two first-order relations

{fc(t) = AX(t)+Belt)

qlt) = Cx(t)+De(t) (37

where the state, extended input, output and direct feedthrough matriceslad space are given by

x_ Q" Xnp  TMeXNp B Q™ Xnp QM XNp (e XNp (N XTp
o -K -C, ’ o &7 e ®T BT ... —c, BT
C=(® 0™ ™ ); D=0mxCEthmn, (18)

Undamped state-space model equations in modal space can finally beictaushry imposing zero damping
in Egs. (18), that i<C, = 0™ *™». The nonlinear coefficients,, the undamped frequencies, and the
scaled mode shape matdxin Egs. (18) are obtained via Egs. (10), (11) and (14), respectively

Note that, in a real measurement setup, the structure of interest is testedl louéed frequency interval,
typically encompassing a few tens of modes depending on the input bandwidithe sampling frequency.
Assuming thain < n, linear modes are excited and identified given input and output data, thisrego
the truncation of the diagonal & such that diad K ) = (wi, w3, ... w2,o). The dimension of the
scaled mode shape matidxis similarly truncated ten columns.

3.2 Computation of the individual NNMs in the state space usi ng numerical con-
tinuation

According to their definition given in Section 2 in the conservative caséviBlban be sought numerically as
periodic solutions of the governing nonlinear equations of motienigs. (17) in the proposed identification
methodology. To this end, a two-step algorithm is exploited in the present sardiining shooting and

pseudo-arclength continuation. This section provides a succinctigtéserof the two techniques. The
interested reader is referred to Ref. [16] for more in-depth comments.

Shooting is a popular numerical technique for solving the two-point baynddue problem associated with
the periodicity condition
S(T,Xp0) = Xp(T,Xpo) —Xpo =0 (19)

whereS(T, X,) is called the shooting function. It expresses the difference betweemtietate at time T
of the systenx,, (T, X,0) and the initial state of the systexy,. A solutionx, (¢, X,0) is periodic if

Xp(t, Xp0) = Xp(t + T,Xp0) (20)

where T is the minimal period. In a shooting algorithm, the period T and the initiitonsx, realizing a
periodic motion are found iteratively. More specifically, direct numericigration is carried out to obtain
an initial guess of the periodic solution, which is corrected by means of adwelRaphson procedure to
converge to the actual solution. In this work, time integration is performedyasfifth-order Runge-Kutta
scheme with an automatic selection of the time step. One notes that the truncakcandf® in Egs. (18)
according to then identified linear modes discards high-frequency modes in the experimerdal.nTinis
allows a reasonably large time step to be considered during time integratiot, nvaicsubstantially reduce
the computational burden.

Another important remark in the resolution of the boundary-value probtemulated in Eq. (19) is that
the phase of the periodic solutions is not uniquex){t) is a solution of Egs. (17), theg,(t + At) is



geometrically the same solution in state space for Amy Hence, an additional conditios(X,p) = 0,
termed phase condition, is specified to remove the arbitrariness of the initiditioms. Following the
approach in Ref. [16], the modal veIocitié§ are set equal to zero. In summary, an isolated NNM motion is
computed by solving the augmented two-point boundary-value problemeddiiy the two relations

ST %0) = 0 (21)
s(Xp) = 0.

To obtain the family of periodic solutions that describe the considered NXbbting is combined with a

pseudo-arclength continuation technique. Starting from a known pesotlition, continuation proceeds
in two steps, namely a prediction and a correction. In the prediction stepess gui the next periodic
solution along the NNM branch is generated in the direction of the tangetutrtedhe branch at the current
solution. Next, the prediction is corrected using a shooting procedwandpthe variations of the period
and the initial conditions to be orthogonal to the prediction direction. Note tieskimoting-continuation

algorithm was used to construct Fig. 1.

4 Numerical demonstration using a cantilever beam possessing a
cubic nonlinearity

In this section, the developed methodology for the identification of NNMs is dstreted based on numer-
ical experiments carried out on the nonlinear beam structure propesetdenchmark during the European
COST Action F3 [29]. This structure consists of a main cantilever beameviies end is connected to a
thin beam clamped on the other side. The thin beam can exhibit geometricalijeaorbehavior for suffi-
ciently large displacements. It should be noted that the same case studyesigated to demonstrate the
nonlinear phase resonance method developed in Refs. [23, 30].

The finite element model of the structure considered in this work is regesbanFig. 4 and is identical to
the experimentally-updated model in Ref. [30]. It comprises 14 two-dimeakieam elements for the main
beam and 3 elements for the thin beam. As shown in Refs. [22, 31], the eantignamics induced by the
thin beam can be modeled through a grounded cubic spring associatedosiffiaientc;, and positioned
at the connection between the two beams. The geometrical and mechaojwattigs of the structure are
listed in Tables 1 and 2, respectively.

1(2|3[4|5|6|7|8]9|10[11|12|13|14

z

Figure 4: Finite element model of the nonlinear beam.

Length (n) Width (mm) Thickness im)
Main beam 0.7 14 14
Thin beam 0.04 14 0.5

Table 1. Geometrical properties of the nonlinear beam.



Young’s modulus §/m?) Density (g/m?) Nonlinear coefficient; (N/m?)
2.05 101! 7800 8 10°

Table 2: Mechanical properties of the nonlinear beam.

Numerical experiments were conducted by direct time integration using a eaanlMewmark scheme. To
this end, a linear damping mat,, was introduced in the model via a proportionality relation with the mass
and stiffness matricese.

C, = oK+ M, (22)

with o = 310~ and8 = 5. The resulting linear natural frequencies and damping ratios of the fiest th
bending modes of the beam structure are given in Table 3. The sampliqugfrey during time simulation
was set to 600001 z to ensure the accuracy of the integration. Synthetic time series were thiematkst
down to 3000H = for practical use, considering low-pass filtering to avoid aliasing.

Mode Natural frequencyy (H z) Damping ratice (%)
1 31.28 1.28
2 143.64 0.29
3 397.87 0.14

Table 3: Linear natural frequencieg and damping ratios of the first three bending modes of the nonlinear
beam.

4.1 Identification using the FNSI method under a multisine exc itation

According to the scheme in Fig. 2, the proposed testing procedure startheviipplication of a broadband
excitation signal to the nonlinear beam structure. Note that the FNSI methaabidaess classical random
excitations, including Gaussian noise, periodic random, burst randdmpsaudo random signals. Stepped-
sine and swept-sine excitations are not applicable because of the inabilitg #NSI method to handle
nonstationary signals,e. signals with time-varying frequency content [22]. One opts herein feugs
random signals, also known as random phase multisine signals. A rarfgasa pultisine is a periodic ran-
dom signal with a user-controlled amplitude spectrum, and a random pbectewsn drawn from a uniform
distribution. If an integer number of periods is measured, the amplitude gpeistperfectly realized, unlike
Gaussian noise. One of the other main advantages of a multisine is that itd@rétde can be utilized to
separate the transient and the steady-state responses of the systerin tlihis eliminates the systematic
errors due to leakage in the identification.

A multisine excitation with a flat amplitude spectrum and a root-mean-square8)BMplitude of 15V was
applied vertically to node 4 of the structure. The excited band spans the®H Linterval to encompass the
three linear modes of interest. The response of the nonlinear beam waatsomwver 10 periods of 32768
samples each, 9 periods of which were discarded to achieve steadgestditons. Fig. 5 (a — b) shows the
amplitude spectrum and the phase spectrum of one period of the consindgiisine input, respectively. The
complete signal containing 10 periods is depicted in Fig. 5 (c), where awfispperiod is highlighted in
gray. Finally, the decay of the transient response measured at the raairtipgs illustrated in logarithmic
scaling in Fig. 5 (d). The latter plot was obtained by subtracting from theeesigynal the last period of
measurement, assumed to be in steady state.
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Figure 5: Random phase multisine excitation signal. (a — b) Amplitude and gpastrum of a single
period; (c) complete signal containing 10 periods with one specific pergidighted in gray; (d) decay of
the transient response at the main beam tip in logarithmic scaling.

4.1.1 Selection of the nonlinear basis functions

The application of the FNSI method to measured data requires the selectippropgate basis functions
h,(q(t),q(t)) to describe the nonlinearity in the system. This task, referred to as thectdrazation of
nonlinearity, is in general challenging because of the various sourcembnear behavior that may exist in
engineering structures, and the plethora of dynamic phenomena they us®{82]. One possible approach
to discriminate between different candidate nonlinearity models is the useubkpace identification error
criterion, as detailed in Ref. [24]. Characterization may also be partlyssgabby resorting to mathematical
functionals capable of representing a vast class of nonlinearitiesasuigh-order polynomials [33], neural
networks [34] or splines [25]. In this study, we assume the knowledgerdfnear functional form associated
with the thin beam, namely a cubic restoring force in displacement.

4.1.2 Selection of the model order

The order of the state-space model derived using the FNSI method istequéce the number of linear
modes activated in the measured data [22]. This order is conveniently estinsaig a stabilization diagram,
similarly to the current practice in linear system identification. Fig. 6 chartst#isligation of the natural

frequencies, damping ratios and mode shapes of the structure compled &MS for model orders up to



20. In this diagram, the modal assurance criterion (MAC) is utilized to quahkfgorrespondence between
mode shapes at different orders. Fig. 6 shows full stabilization of thetfiree modes of the structure at
order 6. Note that full stabilization symbols only appear at order 8. Heweince this is tested between
successive model orders taking as reference the lowest ordet,stghilization is also achieved at order 6,
which is therefore selected to avoid spurious poles.

T T T T
20 A A A _
A A A
A A A
15 .
A A A
o]
© A A A
o
o]
B0 & A 4 iy
s
A A A
5_ -
X X
X
0 1 1 1 1
0 100 200 300 400 500

Frequency (Hz)

Figure 6: Stabilization diagram. Cross: stabilization in natural frequerm@jecextra stabilization in MAC;
triangle: full stabilization. Stabilization thresholds in natural frequenaypmlag ratio and MAC are %, 5
% and 0.98, respectively. The blue line indicates the selected order.

4.1.3 Estimation of the underlying linear properties

Table 4 lists the relative errors on the estimated natural frequencies armgndaratios together with the
diagonal MAC values. The results in this table demonstrate the ability of the Fi¥8iod to recover

accurately the modal properties of the underlying linear structure frorinear data. The overall quality of
the linear parameter estimates is confirmed in Fig. 7, where the exact FRFadithbeam tip is compared
with the corresponding FRF synthesized using the FNSI method & BMS for the first mode of the

structure. The FRF calculated at high level using a linear estimator is also visible plot, and highlights

the importance of the nonlinear distortions affecting the beam dynamics. Natesthce the considered
nonlinearity is a function of the displacement at the main beam tip, the secdrttliedhbending modes are
only marginally impacted by nonlinear distortions at¥9RMS, and are hence not depicted.

4.1.4 Estimation of the nonlinear coefficient

The nonlinear coefficient; is estimated using Eg. (10) and is consequently a spectral quardityt is
complex-valued and frequency-dependent. This is an attractive nydgrause the significance of its fre-



Mode Error onwg (%) Error one (%) MAC

1 0.0004 -0.0175 1.00
2 -0.0020 0.0180 1.00
3 -0.0144 -0.0461 1.00

Table 4: Relative errors on the estimated natural frequencies and dampogy(in%) and diagonal MAC
values of the first three modes of the beam computed at order 6.

guency variations and imaginary part turns out to be particularly corvetoeassess the quality of the
identification. Fig. 8 (a— b) depicts the real and imaginary parts of the ciegifj respectively. The real part
shows almost no dependence upon frequency, and the imaginary pamaghan three orders of magnitude
smaller (see Table 5). Table 5 gives the averaged value of the nonlimefficient, the relative error and the
ratio between its real and imaginary parts in logarithmic scaling. This tablelseresexcellent agreement
between the identified and exact coefficients.

Exact value ¢ N/m?) Real part GN/m?) Error (%) Log,, (real/imag.)

8 8.0005 0.0062 3.72

Table 5: Estimate of the nonlinear coefficient Real part averaged over 5 — 580, relative error (in%)
and ratio between the real and imaginary parts (in logarithmic scaling).

4.1.5 Removal of damping terms

Damping terms are finally removed from the identified nonlinear state-spaced (dod8, C, D) following
the constructive procedure of Section 3.1.4. The resulting undamped swpddions form the basis of the
subsequent computation of NNMs using numerical techniques.

4.2 Computation of the first NNM using continuation

In this section, the algorithm of Section 3.2 is applied to the undamped moddlauigentified in Sec-

tion 4.1 to compute the first NNM of the beam structure. Note that the secahthad modes are not
analyzed herein as they involve marginal nonlinear distortions. Fig. 9stiewevolution of the frequency
of the first bending mode of the structure as a function of the amplitude of themrevaluated at the main
beam tip. The use of a displacement amplitude as horizontal axis in this plotifeefu®y the absence
of direct access to the total conserved energy associated with the e@usidode in experimental condi-
tions [30]. The identified frequency-amplitude curve depicted in orandgegn9 is seen to closely match
with the exact NNM presented in black, proving the accuracy of the gegpalentification methodology.
This is confirmed through the comparison between the exact and identified shages inserted in Fig. 9
at four specific amplitude levels, namely 0.2, 0.4, 0.6 anch®:8.

It should be underlined that the results in Fig. 9 demonstrate the validity ofk\é Mentification method-
ology for strongly nonlinear regimes of motion. Specifically, a hardeninglmiost 8 H z of the natural
frequency is found to be accurately captured in this plot. This substarggidncy shift corresponds to an
amplitude of motion of Imm at the main beam tip, which is twice the thickness of the thin beam. The
importance of nonlinearity in the beam dynamics is well evidenced in Fig. 1®fawhere the first NNM

of the structure is represented in the configuration space for amplitu@ez afid 0.8nm, respectively. The
configuration space is spanned in this figure by the displacements measuredes 4 and 14.e. at the
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Figure 7. Comparison around the first mode between the exact linear tRR€ main beam tip (in black)
and the corresponding curve synthesized using the FNSI method at Wagkiteorange)j.e. at 15N RMS.
The FRF calculated using a linear estimator at high level is also superpodsdd)

driving point and the main beam tip, respectively. One observes thaty anhplitude level in Fig. 10 (a), the
NNM is a straight line, whereas it corresponds to a curved line for higHiardes in Fig. 10 (b), revealing
the appearance of harmonics in the time series.

One finally points out that the amplitude axis in Fig. 9 was arbitrarily limited tesk. This choice re-
lates to the validity range of the amplitude-dependent periodic solutions daldlased on an experimental
model derived using broadband data. In this study, the amplitude intersairnich the continuation was
performed was merely selected by observing that the maximum amplitude ofcdisyat recorded in Sec-
tion 4.1 at the main beam tip under multisine forcing was of the ordermafhl Moreover, the frequency
shift noticed in Fig. 7 through the blue curve is seen to be consistent withixtéetef the frequency axis in
Fig. 9. However, a rigorous evaluation of the validity ranges of identifiegufency-amplitude plots remains
an open question and should deserve more investigation.

5 Conclusion

The present paper introduced a methodology capable of extractingiraepéally the nonlinear normal
modes (NNMs) of vibrating systems from measurements collected undetidanod forcing. This is the
first methodology suffering from no restriction regarding the strengtthefnonlinearities and the modal
coupling. It relies on the joint utilization of nonlinear system identification ameherical continuation of
periodic solutions. The methodology can be viewed as the ideal complementréviausly-developed
approach for the identification of NNMs from sine data. Together, theyige rigorous generalizations of
the testing procedures routinely exploited for experimental modal anal/gi®ar engineering structures.

Further work will focus on the experimental demonstration of the methodgbogyosed herein. In this
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Figure 8: Complex and frequency-dependent estimate of the nonlinefficmnt ¢;. (a) Real part; (b)
imaginary part.

context, the use of splines will be investigated in order to bypass the a asgwmption of a mathematical
model for the nonlinearities. Another research direction is the extensidimeamnethodology to systems
with damping nonlinearities through the direct computation of damped NNMsllmasthe experimentally-
derived state-space model.
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