
Frqvhqvxv dojrulwkpv iru wkh jhqhudwlrq ri doo pd{lpdo elfoltxhv�

Jdeulhod Doh{h 2/ Vrulq Doh{h �/ \yhv Fudpd e/ Vwhskdq Iroghv D/
Shwhu O1 Kdpphu S/ dqg Euxqr Vlphrqh .

Devwudfw1 Zh ghvfuleh d qhz dojrulwkp iru jhqhudwlqj doo pd{lpdo elfoltxhv

+l1h1 frpsohwh elsduwlwh/ qrw qhfhvvdulo| lqgxfhg vxejudskv, ri d judsk1 Wkh dojr0

ulwkp lv lqvsluhg e|/ dqg lv txlwh vlplodu wr/ wkh frqvhqvxv phwkrg xvhg lq sursrvl0

wlrqdo orjlf1 Zh vkrz wkdw vrph yduldqwv ri wkh dojrulwkp duh wrwdoo| sro|qrpldo/

dqg hyhq lqfuhphqwdoo| sro|qrpldo1 Wkh wrwdo frpsoh{lw| ri wkh prvw h�flhqw ydul0

dqw ri wkh dojrulwkpv suhvhqwhg khuh lv sro|qrpldo lq wkh lqsxw vl}h/ dqg rqo| olqhdu

lq wkh rxwsxw vl}h1 Frpsxwdwlrqdo h{shulphqwv ghprqvwudwh lwv kljk h�flhqf| rq

udqgrpo| jhqhudwhg judskv zlwk xs wr 5/333 yhuwlfhv dqg 53/333 hgjhv1

4 Lqwurgxfwlrq

Wkh olwhudwxuh ghdolqj zlwk frpsohwh elsduwlwh +qrw qhfhvvdulo| lqgxfhg,
vxejudskv ri d judsk lv ulfk dqg glyhuvh1 Wkh sureohp ri fryhulqj wkh hgjh
vhw ri d judsk e| d vpdoohvw idplo| ri frpsohwh elsduwlwh vxejudskv kdv
uhfhlyhg frqvlghudeoh dwwhqwlrq1 Fkxqj ^Fkx;3` suryhg wkh frqmhfwxuh ri

Ehuprqg ^Ehu:;` dvvhuwlqj wkdw olp
?<"

�+q,

q
@ 4> zkhuh �+q, lv wkh plqlpxp

qxpehu ri frpsohwh elsduwlwh vxejudskv wkdw fryhu wkh hgjhv ri d judsk
zlwk q yhuwlfhv1 Lq ^FHV;6`/ Fkxqj/ Hug�rv/ dqg Vshqfhu h{dplqhg wkh vlp0
lodu sureohp ri sduwlwlrqlqj wkh hgjh vhw ri d judsk lqwr frpsohwh elsduwlwh
vxejudskv1 Dprqj wkh pdq| frqwulexwlrqv wr wklv gluhfwlrq ri uhvhdufk zh
phqwlrq Fkxqj ^Fkx;4`/ Wx}d ^Wx};6`/ Wd|xu ^GNW<:`/ Krfkedxp ^Krf<;`/
Lg}ln ^ELN<<`/ Oxqgjuhq ^GOV<<`1
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Kdpphu ^Kdp:;` qrwlfhg wkdw/ wr hyhu| fryhulqj ri wkh hgjh vhw ri d
judsk J e| d idplo| E ri frpsohwh elsduwlwh vxejudskv/ rqh fdq dvvrfldwh
d svhxgr0Errohdq ixqfwlrq i�> l1h1 d uhdo0ydoxhg ixqfwlrq lq 304 yduldeohv/
zkrvh yduldeohv duh lq rqh0wr0rqh fruuhvsrqghqfh zlwk wkh frpsohwh elsduwlwh
vxejudskv lq E/ dqg zkrvh pd{lpxp htxdov wkh vwdelolw| qxpehu ri J= Wklv
revhuydwlrq ohdg wr wkh hvwdeolvkphqw ri ydulrxv olqnv ehwzhhq sureohpv lq
judsk wkhru| dqg svhxgr0Errohdq ixqfwlrqv +vhh ^KV:<`/ ^EEKV;6`/ ^EKV;3`/
^FK;<`/ ^IK33`,1 Lq sduwlfxodu/ txdgudwlf judskv zhuh gh�qhg lq ^KV:<`
dv judskv zlwk wkh surshuw| wkdw/ dprqj wkh dvvrfldwhg svhxgr0Errohdq
ixqfwlrqv/ wkhuh lv dw ohdvw rqh zklfk fdq eh uhsuhvhqwhg dv d ghjuhh0wzr
sro|qrpldo1 Dovr/ wkh vdph revhuydwlrq zdv fhqwudo lq wkh hoderudwlrq ri wkh
vwuxfwlrq phwkrg ^HKZ;7` iru fdofxodwlqj wkh vwdelolw| qxpehu ri d judsk>
lw zdv suryhg lq ^KPZ;8 4`/ ^KPZ;8 5`/ dqg ^JK;;` wkdw wkh vwuxfwlrq
phwkrg surylghv sro|qrpldo vroxwlrqv iru �qglqj wkh vwdelolw| qxpehu ri
fhuwdlq fodvvhv ri judskv1

Qrwh wkdw/ vlqfh wkh qxpehu ri yduldeohv ri wkh svhxgr0Errohdq ixqfwlrq
i� lq wkh deryh frqvwuxfwlrq lv htxdo wr wkh vl}h ri E/ lw lv fohduo| dgydq0
wdjhrxv wr ghwhuplqh idplolhv E frqvlvwlqj ri wkh vpdoohvw srvvleoh qxpehu
ri frpsohwh elsduwlwh vxejudskv fryhulqj wkh hgjh vhw ri J= Lw lv dovr fohdu
wkdw lq rughu wr dfklhyh wklv dlp/ zh fdq uhvwulfw rxu dwwhqwlrq wr fryhulqjv
zklfk xvh rqo| pd{lpdo elsduwlwh vxejudskv1

Dqrwkhu lpsruwdqw sureohp zklfk uhtxluhv wkh hqxphudwlrq ri wkh pd{l0
pdo elsduwlwh vxejudskv ri d judsk dulvhv lq wkh frqwh{w ri gdwd frpsuhvvlrq/
dv ghvfulehg lq ^DDDV<6`1

Wkh jrdo ri wklv sdshu lv wr ghvfuleh dq dojrulwkp iru jhqhudwlqj doo wkh
pd{lpdo frpsohwh elsduwlwh vxejudskv ri d judsk1 OhwJ @ +Y>H, eh d judsk
zlwkrxw orrsv dqg pxowlsoh hgjhv/ kdylqj wkh yhuwh{ vhw Y @ i4> 5> ===> qj dqg
wkh hgjh vhw H= Lq wklv sdshu zh vkdoo fdoo wkh +pd{lpdo, frpsohwh elsduwlwh
~ qrw qhfhvvdulo| lqgxfhg ~ vxejudskv ri d judsk/ lwv +pd{lpdo, elfoltxhv1

Wkh Pd{lpdo Elfoltxh Jhqhudwlrq Sureohp +PEJS , frqvlvwv lq jhqhu0
dwlqj doo wkh pd{lpdo elfoltxhv ri d jlyhq judsk1 Dv douhdg| revhuyhg e|
Hssvwhlq ^Hss<7`/ wkh PEJS fdqqrw eh vroyhg lq sro|qrpldo wlph zlwk
uhvshfw wr wkh lqsxw vl}h/ vlqfh wkh vl}h ri wkh rxwsxw fdq eh h{srqhqwldoo|
odujh lq q= Lqghhg/ frqvlghu iru h{dpsoh d frpsohwh judsk zlwk q yhuwlfhv1
Vlqfh hdfk surshu sduwlwlrq ri lwv yhuwh{ vhw lqwr wzr vxevhwv lqgxfhv h{0
dfwo| rqh pd{lpdo elfoltxh/ wkh qxpehu ri lwv pd{lpdo elfoltxhv lv 5?3��4=
Dovr/ qrwlfh wkdw PEJS lv dw ohdvw dv kdug dv wkh QS0kdug Hgjh Elfoltxh

Sureohp/ l1h1 wkh sureohp ri �qglqj d pd{lpxp zhljkw elfoltxh ri dq hgjh
zhljkwhg judsk ^GNW<:`1

Lq wklv sdshu zh vkdoo ghvfuleh d frqvhqvxv dojrulwkp iru vroylqjPEJS 1
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Wkh dojrulwkp forvho| uhvhpeohv wkh Eodnh dqg Txlqh fodvvlf %frqvhqvxv
phwkrg% iru �qglqj doo wkh sulph lpsolfdqwv ri d Errohdq ixqfwlrq1 Zh
ghyhors wkh edvlf vwhsv ri wklv dojrulwkp lq vhfwlrq 51 Lq vhfwlrq 6/ zh
vkrz wkdw dssursuldwh prgl�fdwlrqv ri wkh frqvhqvxv phwkrg |lhog wrwdo

sro|qrpldo dojrulwkpv iru PEJS / l1h1 dojrulwkpv zklfk duh sro|qrpldo lq
wkh wrwdo frpelqhg vl}h ri wkh lqsxw dqg ri wkh rxwsxw1 Zh dovr surylgh
d uhgxfwlrq ri PEJS wr wkh sureohp ri jhqhudwlqj doo pd{lpdo foltxhv
ri d judsk/ |lhoglqj dqrwkhu wrwdo sro|qrpldo dojrulwkp iru PEJS 1 Lq
vhfwlrq 7/ zh ghvfuleh wzr fodvvhv ri judskv iru zklfk wkh frqvhqvxv dojrulwkp
surylghv dq lqsxw0sro|qrpldo vroxwlrq wrPEJS 1 Vhfwlrq 8 suhvhqwv eulh�|
dq lpsohphqwdwlrq ri wkh frqvhqvxv dojrulwkp1 Ilqdoo|/ lq vhfwlrq : zh
suhvhqw wkh uhvxowv ri qxphurxv frpsxwdwlrqdo h{shulphqwv zklfk lqglfdwh
fohduo| wkh kljk h�flhqf| ri wkh sursrvhg frqvhqvxv surfhgxuhv1

5 Wkh frqvhqvxv dojrulwkp

Zh vkdoo ghvfuleh ehorz d vroxwlrq phwkrg ri wkhPEJS > zklfk uhvhp0
eohv forvho| wkh frqvhqvxv phwkrg ri Eodnh ^Eod6:` dqg Txlqh ^Txl88` iru
�qglqj wkh sulph lpsolfdqwv ri d Errohdq ixqfwlrq1 Dffruglqj wr ^NS::`/
^Slf::`/ Pdojudqjh kdv ghyhorshg d frqvhqvxv dssurdfk lq ^Pdo95` wr �qg lq
d 3� 4 pdwul{ wkh pd{lpdo vxepdwulfhv frqvlvwlqj rqo| ri rqhv ~ d sureohp
zklfk lv fohduo| htxlydohqw wr wkh PEJS lq wkh fdvh ri elsduwlwh judskv1

Ohw xv lqwurgxfh qrz vrph gh�qlwlrqv1 Ohw J eh d judsk dqg ohw [/
\ eh wzr glvmrlqw qrq0hpsw| vxevhwv ri wkh yhuwh{ vhw/ zlwk wkh surshuw|
wkdw hyhu| yhuwh{ lq [ lv dgmdfhqw wr hyhu| yhuwh{ lq \ 1 Wkh elfoltxh ri
J kdylqj wkh elsduwlwlrq vhwv [ dqg \ zloo eh ghqrwhg e| +[>\ ,1 +Qrwh
wkdw +[>\ , @ +\>[,,1

Ohw E� @ +[�> \�, dqg E2 @ +[2> \2, eh wzr elfoltxhv ri J= Zh vd| wkdw
E� devruev ru frqwdlqv E2 li [2 � [� dqg \2 � \�/ ru li [2 � \� dqg
\2 � [�=

Li \� _ \2 9@ >> zh fdoo +[� ^[2> \� _ \2, rqh ri wkh frqvhqvxvhv ri
E� dqg E21 Vlploduo|/ hdfk ri wkrvh sdluv ri vxevhwv +[� _ [2> \� ^ \2,>
+\� ^ [2>[� _ \2,> +[� ^ \2> \� _ [2, zklfk gh�qh elfoltxhv +l1h1 zklfk
lqyroyh wzr qrq0hpsw| vxevhwv, duh frqvhqvxvhv ri E� dqg E2= Lq wklv zd|/
d sdlu ri elfoltxhv pd| kdyh 3> 4> 5> 6> ru 7 frqvhqvxvhv1

D frqvhqvxv dssurdfk wr PEJS vwduwv zlwk d froohfwlrq F ri elfoltxhv
zklfk fryhuv wkh hgjh vhw ri d judsk J= Vxfk d froohfwlrq lv hdvlo| dydlodeoh/
iru lqvwdqfh e| vlpso| frqvlghulqj doo wkh lqglylgxdo hgjhv ri wkh judsk/
ylhzhg dv elfoltxhv1 D vlplodu vwudljkwiruzdug zd| ri rewdlqlqj F lv wr gh�qh
lw dv wkh froohfwlrq ri doo wkh vwduv fhqwhuhg lq wkh yhuwlfhv ri wkh judsk J=
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Xvlqj wkh deryh whuplqrorj| zh fdq qrz gh�qh d frqvhqvxv dojrulwkp

dv d vhtxhqfh ri wudqvirupdwlrqv rq wkh froohfwlrq F1 Wkh phwkrg dssolhv uh0
shdwhgo| wzr wudqvirupdwlrqv/ wkh devruswlrq dqg wkh frqvhqvxv dgmxqfwlrq

~ ghvfulehg ehorz ~ dqg vwrsv zkhq qrqh ri wkhvh vwhsv fdq eh dssolhg1
+l, Devruswlrq= Li wkh elfoltxh E� lq F devruev wkh elfoltxh E2 lq F/ wkhq

uhpryh E2 iurp F=

+ll, Frqvhqvxv dgmxqfwlrq= Iru dq| wzr elfoltxhv E� dqg E2 lq F/ li dq|
ri wkh frqvhqvxvhv ri E� dqg E2 h{lvwv dqg lv qrw devruehg e| d elfoltxh
douhdg| lq F> wkhq dgg lw wr F=

Wzr wulyldo revhuydwlrqv duh lq rughu1 Iluvw/ li wkh froohfwlrq F fryhuv wkh
hgjh vhw +l1h1 hyhu| hgjh riJ lv frqwdlqhg lq dw ohdvw rqh ri wkh elfoltxhv ri F,/
wkhq wklv surshuw| zloo eh suhvhuyhg e| erwk ri wkh wudqvirupdwlrqv deryh1
Vhfrqg/ lw lv fohdu wkdw wkh uhshdwhg dssolfdwlrq ri wkh wudqvirupdwlrqv deryh
zloo dozd|v surgxfh froohfwlrqv frqvlvwlqj rqo| ri elfoltxhv ri J=

Wkh ydolglw| ri wkh frqvhqvxv dssurdfk lv edvhg rq wkh iroorzlqj uhvxow1

Wkhruhp 41 Li F lv d froohfwlrq ri elfoltxhv ri wkh judsk J zklfk fryhuv

wkh hgjh vhw ri J> dqg li eF lv wkh froohfwlrq ri elfoltxhv rewdlqhg iurp F e|

uhshdwlqj wkh wudqvirupdwlrqv lq wkh frqvhqvxv dojrulwkp ghvfulehg deryh dv

pdq| wlphv dv srvvleoh/ wkhq eF frqvlvwv ri doo wkh pd{lpdo elfoltxhv ri J1

Surri1 Iluvw ri doo/ ohw xv qrwlfh wkdw wkh dojrulwkp whuplqdwhv diwhu d
�qlwh qxpehu ri vwhsv vlqfh wkh wrwdo qxpehu ri elfoltxhv ri J lv �qlwh/ dqg d
elfoltxh zklfk lv uhpryhg iurp F +ehfdxvh ri devruswlrq, fdq qhyhu uh0hqwhu
F=

Zh fodlp wkdw/ zkhq wkh dojrulwkp whuplqdwhv zlwk wkh olvw eF/ hyhu|
elfoltxh ri J lv devruehg e| d phpehu ri eF1 Wklv lpsolhv/ lq sduwlfxodu/ wkdw
eF frqwdlqv doo wkh pd{lpdo elfoltxhv ri J/ dqg qr rwkhu elfoltxh +vlqfh wkh
devruswlrq vwhs fdqqrw eh dssolhg dq| orqjhu,1

Lq rughu wr suryh wkh fodlp/ zh frqvlghu d elfoltxh EW @ +[W> \ W, dqg
zh surfhhg e| lqgxfwlrq rq n @ m[Wm. m\ Wm1 Qrwh wkdw n � 5 vlqfh erwk [W

dqg \ W duh qrqhpsw|/ e| gh�qlwlrq ri elfoltxhv1
Li n @ 5/ wkhq wkh fodlp krogv vlqfh wkh lqlwldo froohfwlrq F fryhuv wkh

hgjhv ri J1
Li n � 6/ wkhq zh fdq dvvxph zlwkrxw orvv ri jhqhudolw| wkdw [W frqwdlqv

dw ohdvw wzr yhuwlfhv1 Ohw xv sduwlwlrq [W lqwr wzr surshu vxevhwv [ � dqg
[ ��= Wkh elfoltxhv E� @ +[ �> \ W, dqg E�� @ +[ ��> \ W, kdyh vwulfwo| ihzhu
hgjhv wkdq EW= Wkhuhiruh/ e| lqgxfwlrq/ hdfk ri wkhvh elfoltxhv lv devruehg
e| d elfoltxh lq eF = vd| E� lv devruehg e| E� 5 eF dqg E�� lv devruehg e|
E2 5 eF1 Wkhq/ wkh +xqltxh, frqvhqvxv EW @ +[ � ^ [ ��> \ W, ri E� dqg E��
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lv devruehg e| wkh fruuhvsrqglqj frqvhqvxv ri E� dqg E2/ zklfk lv lwvhoi
devruehg e| vrph elfoltxh E� lq eF +vlqfh frqvhqvxv dgmxqfwlrq fdqqrw eh
shuiruphg rq eF,1 Wklv vkrzv wkdw EW lv devruehg e| d phpehu ri eF/ dqg
wkh surri lv frpsohwh1 �

H{dpsoh 41 Frqvlghu wkh judsk J @ +Y>H, zlwk yhuwh{0vhw Y @
id> e> f> g> h> ij dqg hgjh0vhw H @ i+d> e, > +d> f, > +d> g,> +e> f,> +e> h,> +f> i,j =

Ohw xv frqvlghu wkh iroorzlqj idplo| ri elfoltxhv fryhulqj wkh hgjh vhw
ri J = F @ iE�> E2> E�j> zkhuh E� @ +idj> ie> gj,> E2 @ +iej> ihj,> dqg
E� @ +ifj> id> e> ij,= Vwduwlqj zlwk F> wkh dssolfdwlrq ri wkh deryh dojrulwkp
uhvxowv lq wkh iroorzlqj vwhsv=

+4, Wkh rqo| frqvhqvxv ri E� dqg E2 lv Ee @ +iej> id> hj,> zklfk zh dgg
wr F=

+5, E2/ ehlqj devruehg e| Ee> fdq eh uhpryhg iurp F1
+6, Wkh frqvhqvxvhv ri E� dqg E� duh ED @ +idj> ie> f> gj, dqg ES @

+iej> id> fj,> dqg fdq eh dgghg wr F=
+7, E� lv devruehg e| ED dqg fdq eh uhpryhg iurp F1
+8, Wkh frqvhqvxvhv riE� dqgEe duh +idj> ie> fj, +zklfk/ ehlqj devruehg

e| ED/ zloo qrw eh dgghg wr F, dqg E. @ +iej> id> f> hj,> zklfk lv dgghg wr
F=

+9, Zh uhpryh Ee dqg ES iurp F> erwk ehlqj devruehg e| E.=

Dq| frqvhqvxv ri dq| ri wkh uhpdlqlqj elfoltxhv E�> ED> dqg E. lv de0
vruehg e| rqh ri wkhvh elfoltxhv/ dqg fdqqrw eh dgghg wr F=

Wkhuhiruh/ wkh dojrulwkp whuplqdwhv zlwk wkh froohfwlrq ri doo pd{lpdo
elfoltxhv ri J = eF @ i+idj> ie> f> gj,> +iej> id> f> hj,> +ifj> id> e> ij,j=

Reylrxvo|/ wkh frqvhqvxv dgmxqfwlrq dqg wkh devruswlrq rshudwlrqv frxog
kdyh ehhq dssolhg lq dqrwkhu rughu/ exw wkh uhvxowlqj froohfwlrq eF ~ dv vkrzq
e| Wkhruhp 4 ~ zrxog kdyh ehhq wkh vdph1 �

6 Sro|qrpldo yhuvlrqv ri wkh frqvhqvxv dojrulwkp

Lq wklv vhfwlrq zh vkdoo vkrz wkdw dssursuldwh prgl�fdwlrqv ri wkh frq0
vhqvxv dojrulwkp doorz wr vxevwdqwldoo| lpsuryh lwv zruvw0fdvh frpsoh{lw|1
Zh �uvw qhhg vrph whuplqrorj|1

Ohw J eh d judsk dqg ohw D eh dq dojrulwkp iru PEJS 1 Zh ghqrwh
e| q+J, +ru vlpso| q, wkh qxpehu ri yhuwlfhv ri wkh judsk J/ dqg e| �+J,
+ru vlpso| �, wkh qxpehu ri pd{lpdo elfoltxhv ri J1 Zkhq uxqqlqj rq wkh
lqvwdqfh J/ D vxffhvvlyho| rxwsxwv wkh pd{lpdo elfoltxhv E�>E2> = = = > Eq1
Zh ghqrwh e| �+n, wkh uxqqlqj wlph ri D xqwlo lw rxwsxwv E&/ iru n @
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4> 5> = = = > �1 Pruhryhu/ zh ohw �+3, @ 3 dqg zh ghqrwh e| �+� . 4, wkh wrwdo
uxqqlqj wlph ri D1

Iroorzlqj Mrkqvrq/ \dqqdndnlv/ dqg Sdsdglplwulrx ^M\S;;`/ zh vd| wkdw

� D uxqv lq sro|qrpldo wrwdo wlph li lwv wrwdo uxqqlqj wlph �+� . 4, lv
sro|qrpldoo| erxqghg lq q dqg �>

� D uxqv lq lqfuhphqwdo sro|qrpldo wlph li �+n,��+n�4, lv sro|qrpldoo|
erxqghg lq q dqg n/ iru n @ 4> 5> = = = > � . 4>

� D uxqv zlwk sro|qrpldo ghod| li �+n,��+n�4, lv sro|qrpldoo| erxqghg
lq q/ iru n @ 4> 5> = = = > � . 41

+Rxu gh�qlwlrq ri lqfuhphqwdo sro|qrpldo wlph lv voljkwo| gl�huhqw iurp
wkdw lq ^M\S;;`/ exw wkh gl�huhqfh zloo eh lppdwhuldo iru rxu sxusrvh1,

Qrwh wkdw wkh uxqqlqj wlph ri d wrwdoo| sro|qrpldo dojrulwkp pd| eh
h{srqhqwldoo| odujh lq q ehiruh lw hyhq rxwsxwv wkh �uvw pd{lpdo elfoltxh/
zkhuhdv wkh wlph hodsvhg ehwzhhq wkh rxwsxw ri wkh +n � 4,0vw dqg n0wk
pd{lpdo elfoltxh lv uhdvrqdeo| vkruw +sro|qrpldoo| erxqghg lq q dqg n,
iru dq lqfuhphqwdoo| sro|qrpldo dojrulwkp/ dqg hyhq vkruwhu +sro|qrpldoo|
erxqghg lq q, iru d sro|qrpldo ghod| dojrulwkp1

Wkhvh gl�huhqw yhuvlrqv ri _rxwsxw0vhqvlwlyh%sro|qrpldolw| kdyh suryhg
xvhixo lq suhylrxv lqyhvwljdwlrqv ri dojrulwkpv iru jhqhudwlqj frpelqdwruldo
remhfwv> iru hduo| uhihuhqfhv/ vhh h1j1 Sdxoo dqg Xqjhu ^SX8<`/ Wvxnl|dpd/
Lgh/ Dul|rvkl/ dqg Vkludndzd ^WLDV::`/ Odzohu/ Ohqvwud/ dqg Ulqqrr| Ndq
^OON;3`/ ru Mrkqvrq/ \dqqdndnlv/ dqg Sdsdglplwulrx ^M\S;;`1 Zh duh qrz
jrlqj wr h{dplqh gl�huhqw yhuvlrqv ri wkh frqvhqvxv dojrulwkp iru wkh Pd{0
lpdo Elfoltxh Jhqhudwlrq Sureohp/ dqg hydoxdwh wkhlu frpsoh{lwlhv1

614 Frpsoh{lw| ri wkh frqvhqvxv dojrulwkp

Wkh edvlf frqvhqvxv dojrulwkp/ dv suhvhqwhg lq wkh suhylrxv vhfwlrq/ grhv
qrw uxq lq sro|qrpldo wrwdo uxqqlqj wlph= pruh suhflvho|/ lwv uxqqlqj wlph
pd| eh h{srqhqwldo lq wkh vl}h ri wkh lqsxw judsk dqg lq wkh qxpehu ri lwv
pd{lpdo elfoltxhv/ ehfdxvh lw fdq surgxfh dorqj wkh zd| d odujh qxpehu ri
qrq0pd{lpdo elfoltxhv1 Wkhvh frpphqwv duh looxvwudwhg e| wkh qh{w h{dpsoh1

H{dpsoh 51 Ohw xv frqvlghu wkh frpsohwh elsduwlwh judsk N?c? rq wzr
glvmrlqw q�hohphqw vhwv ri yhuwlfhv/ dqg frqvlghu dv F wkh froohfwlrq ri doo
lwv lqglylgxdo hgjhv +hdfk ylhzhg dv d frpsohwh elsduwlwh vxejudsk,1 Ohw
xv dsso| qrz wkh frqvhqvxv phwkrg lq vxfk d zd| wkdw lw surgxfhv doo wkh
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elfoltxhv kdylqj h{dfwo| q yhuwlfhv lq wkh �uvw vhtxhqfh ri wudqvirupdwlrqv1

Krzhyhu/ wkh qxpehu ri wkrvh elfoltxhv lv
?3�S
�'�

�
q

l

��
q

q� l

�
@ 5? � 5>

dqg wkhuhiruh/ wkh dojrulwkp uxqv lq h{srqhqwldo wlph zlwk wklv sduwlfxodu
rughu ri wudqvirupdwlrqv1

Rq wkh rwkhu kdqg/ ohw Y � @ iy�

�
> ===> y�

?
j dqg Y �� @ iy��

�
> ===> y��

?
j eh wkh

elsduwlwlrq ri wkh yhuwh{0vhw ri N?c? vxfk wkdw N?c? @ +Y �> Y ��,1 E| irup0
lqj wkh frqvhqvxv ri +iy�

�
j> iy��

�
j, zlwk +iy�

�
j> iy��

2
j,> zh rewdlq wkh elfoltxh

+iy�

�
j> iy��

�
> y��

2
j,= Lq wkh qh{w vwhsv zh vkdoo irup lq d vlplodu zd| wkh elfoltxhv

+iy�

�
j> iy��

�
> y��

2
> y��

�
j, dqg vr rq/ xqwlo zh irup +iy�

�
j> Y ��,= Lq d vlplodu zd| zh

fdq surgxfh doo wkh elfoltxhv +iy�

�j> Y
��,> l @ 5> ===> q= Wkh qxpehu ri wudqv0

irupdwlrqv lq wklv surfhvv lv ri q+q�4, frqvhqvxv dgmxqfwlrqv dqg 5q+q�4,
devruswlrqv1 Iruplqj qrz wkh frqvhqvxvhv ri wzr N�c?*v zh rewdlq d N2c?=

Wkh frqvhqvxv ri wklv N2c? zlwk dqrwkhu N�c? lv d N�c?= Frqwlqxlqj lq wklv
zd|/ lq q�4 vwhsv ri frqvhqvxv dgmxqfwlrq dqg 5+q�4, vwhsv ri devruswlrqv/
zh surgxfh N?c?> vkrzlqj wkdw zlwk d surshu rughu ri wudqvirupdwlrqv/ wkh
wrwdo uxqqlqj wlph ri wkh dojrulwkp lv sro|qrpldo lq lwv lqsxw dqg rxwsxw
vl}h +dqg lq wklv sduwlfxodu fdvh/ lq wkh lqsxw vl}h rqo|,1 �

Lq wkh qh{w vhfwlrqv/ zh duh jrlqj wr vkrz wkdw/ e| dghtxdwh prgl�fd0
wlrqv ri wkh vwhsv ri wkh frqvhqvxv dojrulwkp/ lw fdq eh jxdudqwhhg wr uxq lq
sro|qrpldo wrwdo wlph/ dqg hyhq lq lqfuhphqwdoo| sro|qrpldo wlph1

615 Dq lqfuhphqwdoo| sro|qrpldo frqvhqvxv dojrulwkp

Wkh qhz yhuvlrq ri wkh frqvhqvxv dojrulwkp ~ zklfk zh vkdoo fdoo wkh
prgxodu frqvhqvxv dojrulwkp +PFD, ~ uholhv rq d vlpsoh lghd= zkhqhyhu d
frqvhqvxv dgmxqfwlrq rshudwlrq lv shuiruphg/ zh zdqw wr pdnh vxuh wkdw d
pd{lpdo elfoltxh lv dgghg wr wkh fxuuhqw olvw F= Lq wklv zd|/ F rqo| frqwdlqv
pd{lpdo elfoltxhv wkurxjkrxw wkh h{hfxwlrq ri wkh dojrulwkp/ dqg khqfh lwv
ohqjwk qhyhu h{fhhgv �1 +D vlplodu lghd kdv ehhq xvhg e| Erurv/ Fudpd
dqg Kdpphu ^EFK<3` iru wkh jhqhudwlrq ri doo sulph lpsolfdqwv ri fhuwdlq
Errohdq ixqfwlrqv1,

Iru wklv sxusrvh/ ohw xv gh�qh d qhz rshudwlrq zklfk fdq eh hdvlo| shu0
iruphg rq dq duelwudu| elfoltxh E=

+lll, H{whqvlrq ri E= Jhqhudwh d pd{lpdo elfoltxh zklfk devruev E1

Ohw xv qrz gh�qh wkh

:



Prgxodu frqvhqvxv dojrulwkp +PFD,

� Vwduw zlwk d olvw Ff ri dw prvw p pd{lpdo elfoltxhv wkdw fryhu wkh
hgjhv ri wkh judsk J1 Ohw F =@ Ff1

� Uhshdw= Iru hyhu| sdlu ri glvwlqfw elfoltxhv E� 5 F dqg E2 5 F/ li E�

dqg E2 kdyh d frqvhqvxv E� zklfk lv qrw devruehg e| dq| phpehu ri
F/ wkhq h{whqg E� wr d pd{lpdo elfoltxh Ee/ dqg dgg Ee wr F1

Zh fdooprgxodu frqvhqvxv wkh vhtxhqfh ri rshudwlrqv shuiruphg rq hdfk
sdlu ri elfoltxhv E� dqg E2 lq wkh Uhshdw0orrs ri PFD1

Wkhruhp 51 Xsrq whuplqdwlrq ri wkh prgxodu frqvhqvxv dojrulwkp/

wkh olvw F frqwdlqv h{dfwo| wkh pd{lpdo elfoltxhv ri J1 Wkh dojrulwkp fdq

eh lpsohphqwhg wr uxq lq lqfuhphqwdo sro|qrpldo wlph/ lq vxfk d zd| wkdw

�+n, @ R
�
n2 +p. q orj2 n,

�
iru n @ 4> 5> = = = > �1 Lq sduwlfxodu/ lwv wrwdo

uxqqlqj wlph lv R
�
�2 +p. q orj2 �,

�
@ R

�
q2�2

�
1

Surri1 Xsrq whuplqdwlrq/ F frqwdlqv d froohfwlrq ri pd{lpdo elfoltxhv
zklfk fryhu wkh hgjhv riJ1 Pruhryhu/ qr devruswlrq ru frqvhqvxv dgmxqfwlrq
fdq eh shuiruphg rq wklv froohfwlrq1 Wkhuhiruh/ e| Wkhruhp 4/ F frqwdlqv
h{dfwo| wkh pd{lpdo elfoltxhv ri J1

Dv deryh/ zh dvvxph wkdw wkh pd{lpdo elfoltxhv duh odehoohg E�> E2> = = = >

Eq/ lq wkh rughu lq zklfk wkh| duh surgxfhg e| wkh dojrulwkp1 Iru n @
4> 5> = = = > �/ E& lv dgghg wr wkh olvw dw wlph �+n,1 Qrwh wkdw dw prvw R+n2,
prgxodu frqvhqvxvhv fdq eh frpsohwhg xqwlo wlph �+n,1 Hdfk vxfk prgxoh
uhtxluhv R+4, rshudwlrqv ri frqvhqvxv irupdwlrq/ devruswlrq whvwlqj dqg h{0
whqvlrq1 Wkh frqvhqvxv dqg h{whqvlrq rshudwlrqv fdq hdvlo| eh shuiruphg lq
R+p, wlph1 Xqwlo wlph �+n,/ devruswlrq fkhfnlqj fdq eh grqh lq R +q orj2 n,
wlph xvlqj elqdu| vhdufk= wklv uhtxluhv d gdwd vwuxfwxuh zklfk pdlqwdlqv
iE�> E2> = = = > E&j dv dq rughuhg olvw wkurxjkrxw wkh dojrulwkp/ dqg zklfk
doorzv lqvhuwlrq wr eh shuiruphg h�flhqwo| +vhh ^DKX:7`> pruh ghwdlov zloo
eh jlyhq lq Vhfwlrq ,1

Lq frqfoxvlrq zh vhh wkdw �+n, @ R
�
n2+p. q orj2 n,

�
iru n @ 4> 5> = = = > �1

Wklv frpsohwhv wkh surri/ vlqfh p @ R+q2, dqg orj2 � @ R+q,1 �

H{dpsoh 61 Frqvlghu wkh judsk J @ +Y>H, zlwk Y @ i4> ==> 9j dqg
H @ i+4> 5,> +4> 9,> +5> 6,> +6> 7,> +6> 9,> +7> 8,> +7> 9,> +8> 9,j=

Wkh prgxodu frqvhqvxv dojrulwkp shuirupv wkh iroorzlqj vwhsv=
41 Vwduw zlwk wkh iroorzlqj froohfwlrq ri pd{lpdo elfoltxhv wkdw fryhu wkh dufv

;



riJ= F @ iE�> E2> E�>Eej> zkhuhE� @ +i4> 6j> i5> 9j,> E2 @ +i6j> i5> 7> 9j,>
E� @ +i7j> i6> 8> 9j,> Ee @ +i6> 8j> i7> 9j,=
51 Doo wkh frqvhqvxvhv ri E� dqg E2 duh douhdg| frqwdlqhg lq F=
61 Wkh rqo| frqvhqvxv riE� dqgE� qrw douhdg| frqwdlqhg lq F lv +i4> 6> 7j> i9j,=
Wkh pd{lpdo elfoltxh rewdlqhg e| h{whqglqj wklv frqvhqvxv lvED @ +i4> 6> 7> 8j> i9j,>
dqg lw lv dgghg wr F=
71 Doo wkh frqvhqvxvhv ri doo wkh rwkhu sdluv ri elfoltxhv duh douhdg| frq0
wdlqhg lq F=

Wkh dojrulwkp whuplqdwhv zlwk wkh froohfwlrq eF @ iE�> E2> E�>Ee>EDj
ri doo pd{lpdo elfoltxhv ri J= �

Lw vkrxog eh qrwhg wkdw wkh prgxodu frqvhqvxv dojrulwkp fdq lq idfw eh
ylhzhg dv d vshfldol}hg yhuvlrq ri wkh frqvhqvxv dojrulwkp1 Pruh suhflvho|/
iru l @ 4> 5> = = = > q/ ohw V+l, ghqrwh wkh vwdu dgmdfhqw wr yhuwh{ l/ l1h1 V+l, lv
wkh elfoltxh +ilj> im = il> mj 5 Hj,1 Ohw xv vd| wkdw d froohfwlrq ri pd{lpdo
elfoltxhv F fryhuv wkh vwduv ri J li hdfk ri wkh vwduv V+4,/ V+5,/ 111/ V+q, lv
frqwdlqhg lq vrph phpehu ri F1

Lw fdq eh fkhfnhg wkdw dq duelwudu| elfoltxh E fdq eh h{whqghg wr d
pd{lpdo elfoltxh e| shuiruplqj vxffhvvlyh frqvhqvxv vwhsv rq wkh olvw +E/
V+4,/ V+5,/ 111/ V+q,, ru/ dowhuqdwlyho|/ rq dq| olvw +E>F, vxfk wkdw F fryhuv
wkh vwduv1 Wkhuhiruh/ wkh lwhudwlrqv ri PFD fdq eh plplfnhg li zh lqlwldo0
l}h wkh frqvhqvxv dojrulwkp zlwk wkh olvw +V+4,/ V+5,/ 111/ V+q,, dqg li zh
shuirup lwv rshudwlrqv lq wkh dssursuldwh rughu +fruuhvsrqglqj wr wkh vxffhv0
vlyh prgxodu frqvhqvxvhv,1 Lq wkh qh{w vhfwlrq/ zh duh jrlqj wr exlog rq wklv
revhuydwlrq wr ixuwkhu lpsuryh wkh frpsoh{lw| ri wkh frqvhqvxv dojrulwkp1

616 D ehwwhu lqfuhphqwdoo| sro|qrpldo frqvhqvxv dojrulwkp

Ohw xv qrz gh�qh wkh

Prgxodu lqsxw frqvhqvxv dojrulwkp +PLFD,

� Vwduw zlwk d olvw Ff ri dw prvw q pd{lpdo elfoltxhv wkdw fryhu wkh
vwduv ri wkh judsk J1 Ohw F =@ Ff1

� Uhshdw= Iru hyhu| sdlu ri glvwlqfw elfoltxhv E� 5 Ff dqg E2 5 F/ li
E� dqg E2 kdyh d frqvhqvxv E� zklfk lv qrw devruehg e| dq| phpehu
ri F/ wkhq h{whqg E� wr d pd{lpdo elfoltxh Ee/ dqg dgg Ee wr F1

<



Qrwh wkdw wkh gl�huhqfh ehwzhhqPFD dqgPLFD lv wkdw/ lqPLFD/ dw
ohdvw rqh ri wkh wzr elfoltxhv xvhg zkhq d frqvhqvxv vwhs lv dssolhg/ ehorqjv
dozd|v wr wkh lqlwldo olvw Ff1 +D vlplodu vshfldol}dwlrq ri wkh Errohdq frqvhq0
vxv phwkrg kdv ehhq lqyhvwljdwhg lq wkh duwl�fldo lqwhooljhqfh olwhudwxuh> vhh
h1j1 ^FO:6`,1

Wkhruhp 61 Xsrq whuplqdwlrq ri wkh prgxodu lqsxw frqvhqvxv dojr0

ulwkp/ wkh olvw F frqwdlqv h{dfwo| wkh pd{lpdo elfoltxhv ri J1 Wkh dojrulwkp

fdq eh lpsohphqwhg wr uxq lq lqfuhphqwdo sro|qrpldo wlph/ lq vxfk d zd|

wkdw �+n, @ R +qn +p. q orj2 n,, iru n @ 4> 5> = = = > �1 Lq sduwlfxodu/ lwv wrwdo

uxqqlqj wlph lv R +q� +p. q orj2 �,, @ R
�
q��

�
1

Surri1 Wr hvwdeolvk wkh ydolglw| ri PLFD/ lw lv vx�flhqw wr uhshdw wkh
surri ri Wkhruhp 4 zlwk plqru prgl�fdwlrqv zklfk zh h{solflwo| vshoo rxw
iru ixuwkhu uhihuhqfh1

Lq wkh lqgxfwlrq dujxphqw +odvw sduw ri wkh surri ri Wkhruhp 4,/ ohw n
ghqrwh wkh qxpehu ri yhuwlfhv lq [W/ l1h1 n @ m[Wm1 Li n @ 4/ wkhq +[W> \ W,
lv devruehg e| d vwdu ri J/ dqg khqfh +[W> \ W, lv devruehg e| dq hohphqw
ri wkh lqlwldo olvw Ff1

Li n � 5/ wkhq [W fdq eh sduwlwlrqhg lqwr wzr vxevhwv [ � dqg [ �� vxfk
wkdw m[ �m @ 4 dqg m[ ��m � 41 Wkxv/ wkh elfoltxh E� @ +[ �>[W, lv d vwdu/
dqg zh fdq dvvxph wkdw lw lv devruehg e| d pd{lpdo elfoltxh E� 5 Ff1 Wkh
dujxphqw fdq qrz eh frpsohwhg dv lq Wkhruhp 41

Wkh frpsoh{lw| ri wkh dojrulwkp fdq eh dqdo|}hg dv lq wkh surri ri
Wkhruhp 51 Mxvw revhuyh wkdw/ lq PLFD/ dw prvw R+qn, prgxodu lqsxw
frqvhqvxv vwhsv fdq eh frpsohwhg xqwlo wlph �+n,1 �

Vlqfh � lv w|slfdoo| pxfk odujhu wkdq q/ wkh frpsoh{lw| ri wkh prgxodu
lqsxw frqvhqvxv dojrulwkp lv w|slfdoo| ehwwhu wkdq wkh frpsoh{lw| ri wkh
prgxodu frqvhqvxv dojrulwkp1 Wklv frqfoxvlrq zloo eh dpso| frq�uphg e|
wkh qxphulfdo h{shulphqwv ghvfulehg lq vhfwlrq 91

617 Sro|qrpldo ghod| dojrulwkpv

Wvxnl|dpd/ Lgh/ Dul|rvkl/ dqg Vkludndzd ^WLDV::`/ dqg odwhu Mrkqvrq/
\dqqdndnlv/ dqg Sdsdglplwulrx ^M\S;;`/ kdyh sursrvhg gl�huhqw sro|qr0
pldo ghod| dojrulwkpv iru jhqhudwlqj doo pd{lpdo foltxhv ri d judsk1 Odzohu/
Ohqvwud/ dqg Ulqqrr| Ndq ^OON;3` kdyh revhuyhg wkdw d vlplodu dojrulwkplf
sulqflsoh dfwxdoo| |lhogv sro|qrpldo dojrulwkpv iru d udwkhu odujh ydulhw| ri
frpelqdwruldo jhqhudwlrq sureohpv +qdpho|/ iru wkh jhqhudwlrq ri doo pd{l0
pdo lqghshqghqw vhwv lq vshfldo fodvvhv ri lqghshqghqfh v|vwhpv,1
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Zh qrz eulh�| ghvfuleh d wudqvirupdwlrq zklfk doorzv wr dsso| wkhvh
suhylrxv uhvxowv gluhfwo| wr wkh PEJS sureohp1

Jlyhq d +orrsohvv, judsk J @ +Y>H, > zlwk Y @ iy�> ===> y?j> zh dvvrfldwh
wr J lwv grxeoh fryhu 5J =@ +O ^U>D,/ zkhuh 5J lv wkh frpsohphqw ri
d elsduwlwh judsk1 Lq wklv gh�qlwlrq/ wkh vhwv O @ io�> ===> o?j dqg U @
iu�> ===> u?j duh wzr glvmrlqw frslhv ri Y / dqg wkh hgjh vhw D lv gh�qhg dv

D @ i io�> u�j > io�> u�j = l> m 5 i4> ===> qj> iy�> y�j 5 Hj

^ iio�> o�j > iu�> u�j = l> m 5 i4> ===> qj> l ? m j =

Uhpdun wkdw wkhuh lv d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq wkh elfoltxhv
ri J dqg wkh v|pphwulf sdluv ri foltxhv ri 5J= Pruh suhflvho|/ frqvlghu d
elfoltxh +[>\ , ri J dqg ghqrwh wkh frslhv ri wkh vhwv [ dqg \ lq O dqg
U e| Of > Ot > Uf > Ut > uhvshfwlyho|1 Wkhq/ lw lv hdv| wr vhh wkdw wkhuh lv d
rqh0wr0rqh fruuhvsrqghqfh ehwzhhq wkh elfoltxh +[>\ , dqg wkh v|pphwulf
sdlu ri foltxhv ++Of > Ut ,> +Ot >Uf,,= Wklv revhuydwlrq doorzv wr uhgxfh lq
R+q2, wlph wkhPEJS iru wkh jhqhudo judsk J wr wkh sureohp ri jhqhudwlqj
doo pd{lpdo foltxhv ri lwv grxeoh fryhu 5J1

Qrz/ wkh dojrulwkpv lq ^WLDV::/ M\S;;` fdq eh xvhg wr jhqhudwh doo
pd{lpdo foltxhv ri 5J zlwk ghod| R+q+q2�p,, @ R+q�,1 Wkhuhiruh/ wkh wr0
wdo uxqqlqj wlph ri wkhvh dojrulwkpv lv R+q��,1 Lw lv lqwhuhvwlqj wr qrwh wkdw
wklv lv wkh vdph wrwdo frpsoh{lw| dv iru wkh prgxodu lqsxw frqvhqvxv dojr0
ulwkp/ dowkrxjk wkh foltxh jhqhudwlrq dojrulwkpv dsshdu frqfhswxdoo| yhu|
gl�huhqw iurp wkh frqvhqvxv dojrulwkpv1 D eulhi frpsdulvrq ri vrph frp0
sxwdwlrqdo h{shulphqwv fduulhg rxw zlwk wkhvh dojrulwkpv zloo eh suhvhqwhg
lq vhfwlrq 91

7 Vrph fodvvhv ri eljudskv iru zklfkPEJS fdq eh vroyhg sro|0

qrpldoo|

Zkloh wkh qxpehu ri pd{lpdo elfoltxhv ri d judsk fdq eh h{srqhqwldo
lq lwv vl}h/ vrph fodvvhv ri vshfldoo| vwuxfwxuhg judskv kdyh rqo| d sro|qr0
pldo qxpehu ri pd{lpdo elfoltxhv/ dqg wkhuhiruh/ PEJS fdq eh vroyhg lq
sro|qrpldo wlph iru wkhp1 Lq wklv vhfwlrq/ zh suhvhqw wzr vshfldo fodvvhv ri
judskv iru zklfk PLFD zrunv lq sro|qrpldo wlph1

Lw vkrxog eh qrwhg wkdw vshfldol}hg dojrulwkpv ~ edvhg ru qrw edvhg rq
d frqvhqvxv w|sh dssurdfk ~ zklfk h{sorlw wkh vshfl�f qdwxuh ri sduwlfxodu
fodvvhv ri judskv fdq ohdg wr kljko| h�flhqw vroxwlrqv ri wkhPEJS iru wkhvh
fodvvhv ri judskv1 Dv dq h{dpsoh zh phqwlrq wkh olqhdu wlph dojrulwkp ri
Hssvwhlq ^Hss<7` iru wkh fodvv ri judskv zlwk erxqghg duerulflw|/ zklfk
lqfoxghv lq sduwlfxodu wkh fodvv ri erxqghg ghjuhh judskv glvfxvvhg ehorz1
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Wkh wzr h{dpsohv ghvfulehg ehorz frqfhuq fodvvhv ri judskv kdylqj sro|0
qrpldoo| pdq| pd{lpdo elfoltxhv1 Lw lv fohdu wkdw iru vxfk fodvvhv PLFD

shuirupv sro|qrpldoo|/ hyhq zlwkrxw dq| vshfl�f dgdswdwlrq1
Judskv zlwk erxqghg ghjuhh1 Ohw g eh d �{hg lqwhjhu dqg ohw xv

frqvlghu wkh idplo| ri doo judskv zkrvh qrgh ghjuhhv duh erxqghg e| g= Iru
hdfk judsk J lq wklv fodvv/ �+J, � q5_= Lqghhg/ ohw xv hydoxdwh wkh qxpehu
ri pd{lpdo elfoltxhv ri J zklfk frqwdlq vrph �{hg yhuwh{ y1 Frqvlghu vxfk
d pd{lpdo elfoltxh/ vd| +[>\ ,/ zlwk y 5 \= Vlqfh y kdv dw prvw g qhljkeruv/
lw iroorzv wkdw lw ehorqjv wr dw prvw 5_ pd{lpdo elfoltxhv1 Wkhuhiruh/ wkh
wrwdo qxpehu ri pd{lpdo elfoltxhv ri J lv dw prvw q5_=

Frqyh{ elsduwlwh judskv1 Ohw J @ +Y>H, eh d elsduwlwh judsk dqg
ohw +O>U, eh wkh elsduwlwlrq ri lwv yhuwh{ vhw/ zlwk O @ io�> ===> o?�j/ U @
iu�> ===> u?2j= D elsduwlwh judsk J lv fdoohg U� frqyh{ +vhh ^Jor9:`, li wkhuh
h{lvwv d shupxwdwlrq � ri wkh yhuwlfhv lq U vxfk wkdw wkh qhljkerukrrg
ri hyhu| yhuwh{ o 5 O lv dq _lqwhuydo % ri wkh irup iuZE��> uZE�n��> ===> uZE��j
lq U1 Wkh qxpehu �+J, ri pd{lpdo elfoltxhv ri dq U�frqyh{ judsk lv
R+q22,1 Lqghhg/ d pd{lpdo elfoltxh +[>\ , ri J lv xqltxho| ghwhuplqhg e|
wkh lqwhuvhfwlrq ri lwv yhuwh{ vhw zlwk �+U,= Vlqfh \ _ �+U, lv dq lqwhuydo/
dqg wkh qxpehu ri gl�huhqw lqwhuydov lq �+U, lv R+q22,> wkh uhpdun iroorzv1

8 Lpsohphqwdwlrqv

Vxevwdqwldo lpsuryhphqwv lq wkh sudfwlfdo uxqqlqj wlph ri PFD dqg
PLFD fdq eh rewdlqhg e| qrwlflqj wkdw pdq| ri wkh frqvhqvxv dgmxqfwlrq
rshudwlrqv surgxfh wkh vdph rxwsxwv/ dqg duh wkhuhiruh uhgxqgdqw1 Zlwkrxw
jrlqj lqwr whglrxv ghwdlov/ zh duh qrz jrlqj wr suhvhqw vrph ri wkh pdlq lghdv
wkdw kdyh ehhq xvhg lq rxu dojrulwkplf lpsohphqwdwlrqv/ dqg zklfk dsshdu
wr eh uhvsrqvleoh iru prvw ri wkh revhuyhg h�flhqf| lpsuryhphqwv1

Ohw xv vwduw zlwk vrph revhuydwlrqv1 Zlwk dq| vxevhw [ ri wkh yhuwh{
vhw Y ri d judsk J/ zh fdq dvvrfldwh dqrwkhu vhw ri yhuwlfhv ghqrwhg �+[,/
frqwdlqlqj doo wkrvh yhuwlfhv zklfk duh dgmdfhqw wr hyhu| yhuwh{ lq[=Zh dovr
ohw �2+[, @ �+�+[,,1 Zkhq �+[, 9@ >/ lw lv hdv| wr vhh wkdw +�2+[,>�+[,,
lv d pd{lpdo elfoltxh ri J/ zklfk zh fdoo wkh elfoltxh jhqhudwhg e| �+[,=
Pruhryhu/ hyhu| pd{lpdo elfoltxh fdq eh zulwwhq lq wkh irup +�2+[,>�+[,,
iru vrph +qrw qhfhvvdulo| xqltxh, vhw [1 Lq rxu lpsohphqwdwlrqv/ zh hqfrgh
d pd{lpdo elfoltxh +�2+[,>�+[,, e| uhfruglqj wkh vhw �+[, rqo|/ vlqfh wklv
vhw vx�fhv wr ghwhuplqh frpsohwho| wkh pd{lpdo elfoltxh1 Zkhq qhfhvvdu|/
zh uhfrpsxwh �2+[, iurp �+[,1

Lq PLFD/ wkh lqlwldo olvw Ff lv dozd|v wdnhq wr eh +xs wr devruswlrqv,
wkh olvw ri jhqhudwlqj vhwv �+iy�j, zlwk y� 5 Y + l @ 4> 5> ====> q,1 Lq wkh
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frxuvh ri wkh dojrulwkp/ zh pdlqwdlq d olvw F ri jhqhudwlqj vhwv vruwhg lq
oh{lfrjudsklf rughu/ zklfk doorzv xv wr shuirup h�flhqwo| doo lqvhuwlrq dqg
devruswlrq fkhfnlqj rshudwlrqv +dv phqwlrqhg lq wkh surri ri Wkhruhp 5,1

Rxu lpsohphqwdwlrq ri PLFD shuirupv vxffhvvlyh vwdjhv frqvlvwlqj ri
frqvhqvxv dqg devruswlrq whvwlqj rshudwlrqv1 Vwdjh n.4 vwduwv zlwk wkh olvw
Z& ri pd{lpdo elfoltxhv surgxfhg dw vwdjh n +iru wkh �uvw vwdjh/ Z& lv d
frs| ri wkh lqlwldo olvw Ff,1 Wkhq/ wkh dojrulwkp surgxfhv wkh frqvhqvxv ri
hdfk pd{lpdo elfoltxh lqZ& zlwk hdfk pd{lpdo elfoltxhv lq Ff= +Dv d pdwwhu
ri idfw/ dq dffhohudwlqj lqjuhglhqw ri wkh surfhgxuh frqvlvwv lq dyrlglqj wkh
h{dplqdwlrq ri wkh frqvhqvxvhv ri d elfoltxh E lq Z& zlwk d vwdu V iurp
Ff> lq wkrvh fdvhv zkhq E lwvhoi lv wkh uhvxow ri frqvhqvxv rshudwlrqv zklfk
pdgh xvh dw vrph suhylrxv vwdjh ri wkh vwdu V,= Li wkh uhvxowlqj frqvhqvxv
lv qrw devruehg e| dq| phpehu ri Z&/ lw lv h{whqghg wr d pd{lpdo elfoltxh
dqg dgghg wr wkh qhz olvw Z&n�1 Zkhq wklv vwhs lv ryhu/ Z&n� lv phujhg
lqwr wkh vruwhg olvw F +fkhfnlqj djdlq iru srvvleoh devruswlrqv,1

D ixuwkhu dffhohudwlrq riPLFD lv rewdlqhg xvlqj d whfkqlfdo revhuydwlrq
zklfk pdnhv lw srvvleoh zkhq frpsxwlqj wkh frqvhqvxv ri wzr pd{lpdo
elfoltxhv +rqh iurp F dqg rqh iurp Ff, wr frqvlghu rqo| rqh ri wkh +xs wr 7
srvvleoh, frqvhqvxvhv1

9 Frpsxwdwlrqdo uhvxowv

D odujh qxpehu ri frpsxwdwlrqdo whvwv zhuh uxq rq xqlirupo| jhqhudwhg
udqgrp judskv zlwk 58 wr 5333 yhuwlfhv/ dqg zlwk 63 wr 4<<<3 hgjhv1 Wkh
dojrulwkpv zhuh lpsohphqwhg lq Ghoskl y81 Doo whvwv zhuh uxq rq d Shqwlxp
LLL 883PK} SF1

Vlqfh zh duh qrw dzduh ri dq| rwkhu dojrulwkp ghvljqhg wr vroyhPEJS>

lq rughu wr eh deoh wr frpsduh wkh shuirupdqfh ri wkh sursrvhg dojrulwkpv
zlwk rwkhu phwkrgv/ zh kdyh dgdswhg iru wklv sxusrvh wkh oh{lfrjudsklf
foltxh jhqhudwlrq dojrulwkp ri ^M\S;;`/ dv ghvfulehg lq vhfwlrq 617> wklv
dojrulwkp zloo eh fdoohg OH[ lq wkh uhpdlqghu ri wkh vhfwlrq1

Zh vkdoo ghvfuleh ehorz wkh uhvxowv ri frpsxwdwlrqdo h{shulphqwv xvlqj
wkuhh dojrulwkpv= PFD/ PLFD/ dqg OH[1

D �uvw sxusrvh ri wkh h{shulphqwv zdv wr shuirup dq hpslulfdo frpsdul0
vrq ri wkh uhodwlyh h�flhqf| riPFD/PLFD/ dqg OH[1 Wkh uhvxowv ri wklv
frpsdulvrq duh glvsod|hg lq Wdeoh 41 Hdfk urz ri wkh wdeoh fruuhvsrqgv wr d
sduwlfxodu frpelqdwlrq ri sdudphwhuv +q>p,/ dqg glvsod|v dyhudjh uxqqlqj
wlphv +lq vhfrqgv, ryhu vdpsohv ri 8 wr 43 judskv zlwk q yhuwlfhv dqg p

hgjhv1 Dq dvwhulvn lq wkh wdeoh lqglfdwhv wkdw wkh fruuhvsrqglqj dojrulwkp
udq rxw ri phpru| ehiruh whuplqdwlrq1
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Wkh uhvxowv lq Wdeoh 4 hvwdeolvk wkdw/ iru rxu lpsohphqwdwlrqv ri wkh
dojrulwkpv/ dqg iru wkh udqgrp judskv whvwhg/ PFD shuirupv zruvh wkdq
OH[/ zklfk lv lwvhoi rxwshuiruphg e| PLFD1 Lq sduwlfxodu/ dq lpsruwdqw
frqfoxvlrq ri wklv vwxg| lv wkh delolw| ri PLFD wr kdqgoh yhu| odujh judskv
xqghu olplwdwlrqv ri frpsxwdwlrqdo wlph1 Zh vkrxog dovr phqwlrq wkdw/ iru
hdfk jlyhq judsk vl}h/ wkh yduldqfh ri wkh frpsxwlqj wlphv lv udwkhu vpdoo1

Lw lv dovr lqwhuhvwlqj wr revhuyh wkdw wkh wrwdo qxpehu ri pd{lpdo el0
foltxhv � jurzv txlwh udslgo| zlwk wkh lqfuhdvh ri ghqvlw| dqg qxpehu ri
yhuwlfhv1

LEX MCA MICA

25 30 10 19 0.05 0.05 0.00

25 60 20 50 0.05 0.20 0.00

25 90 30 121 0.17 1.13 0.05

25 120 40 275 0.33 6.37 0.11

25 150 50 658 0.72 69.05 0.28

25 180 60 1791 1.65 535.76 0.71

25 210 70 4905 5.71 1079.02 2.58

25 240 80 15057 16.92 * 12.14

40 78 10 53 0.22 0.16 0.00

40 156 20 199 0.66 4.61 0.06

40 234 30 628 2.20 37.79 0.49

40 312 40 2182 7.36 887.38 1.71

40 390 50 8544 23.29 * 15.33

40 468 60 33334 475.56 * 47.12

50 123 10 88 0.55 0.45 0.06

50 245 20 409 3.02 18.49 0.38

50 368 30 1637 8.85 293.74 1.70

50 490 40 6769 35.48 * 9.12

50 613 50 31591 174.50 * 56.41

50 735 60 138720 2403.92 * 904.51

75 278 10 251 5.54 8.46 0.33

75 555 20 1834 28.28 424.73 3.24
75 833 30 10068 148.13 * 24.44

100 495 10 610 23.07 80.52 0.99

100 990 20 5690 172.68 * 18.79

100 1,485 30 41604 1252.79 * 179.05

150 1,118 10 2484 75.32 * 10.00

150 2,235 20 33003 2954.71 * 275.84

200 1,990 10 6845 1516.82 * 47.56

500 2,495 2 1502 279.58 * 28.72

1,000 9,990 2 13779 * * 920.71

2,000 19,990 1 17755 * * 4163.08

Time (s)
n m 

Density
(%)

Beta

Wdeoh 4

Iurp wkh gdwd lq Wdeoh 4/ zh kdyh wulhg wr suhglfw wkh hpslulfdo uxqqlqj
wlph ri PLFD dv d ixqfwlrq ri wkh sdudphwhuv q>p dqg �1 Xvlqj ohdvw
vtxduh uhjuhvvlrq +dqg rplwwlqj wkh odujhvw rxwolhu revhuydwlrqv,/ lw vhhpv
wkdw wklv hpslulfdo uxqqlqj wlph lv uhdvrqdeo| zhoo hvwlpdwhg +zlwk U2 @
3=<;, e| d ixqfwlrq ri wkh irup k+q, @ f q � orj2 q orj2 �/ zkhuh wkh frqvwdqw
f wdnhv d ydoxh durxqg 8 � 433.1Wkh ydoxhv hvwlpdwhg e| wkh uhjuhvvlrq
prgho duh uhsruwhg lq Wdeoh 5/ qh{w wr wkh uhdo revhuyhg wlphv1 Ri frxuvh/
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wkh frqfoxvlrq ri wklv dqdo|vlv pxvw eh lqwhusuhwhg fduhixoo|/ dv zh glg qrw
shuirup dq| odujh vfdoh h{shulphqwdo vwxg| ri wkh uxqqlqj wlph1 Exw lw vhhpv
qhyhuwkhohvv lqwhuhvwlqj wkdw/ iru wkh udqjh ri judskv whvwhg/ wkh revhuyhg
uxqqlqj wlph k+q, lv vpdoohu wkdq wkh wkhruhwlfdo xsshu erxqg ghulyhg lq
Wkhruhp 61

Predicted Real
25 10 0.00 0.00
25 20 0.02 0.00
25 30 0.05 0.05
25 40 0.12 0.11
25 50 0.34 0.28
25 60 1.06 0.71
25 70 3.28 2.58
25 80 11.40 12.14
40 10 0.03 0.00
40 20 0.15 0.06
40 30 0.58 0.49
40 40 2.42 1.71
40 50 11.16 15.33
40 60 50.09 47.12
50 10 0.08 0.06
50 20 0.47 0.38
50 30 2.32 1.70
50 40 11.42 9.12
50 50 62.60 56.41
75 10 0.44 0.33
75 20 4.36 3.24
75 30 29.38 24.44
100 10 1.76 0.99
100 20 22.15 18.79
100 30 199.26 179.05
150 10 14.27 10.00
150 20 252.35 275.84
200 10 62.64 47.56
500 2 33.38 28.72

MICA  Time (s)

Estimated 
complexity coefficient

0.00000047

n Density (%)

Wdeoh 5

Ilqdoo|/ zh kdyh dovr pdgh dq dwwhpsw wr ghwhuplqh zkhwkhu wkh glvwlqf0
wlrq ehwzhhq wkh wkhruhwlfdo frpsoh{lwlhv ri PLFD dqg OH[ +lqfuhphqwdo
sro|qrpldo yv1 sro|qrpldo ghod|, zrxog eh hpslulfdoo| revhuydeoh1 Zh kdyh
uxq h{shulphqwv rq judskv zlwk 73 yhuwlfhv dqg ghqvlw| 73(1 Iljxuh 4
glvsod|v rq wkh yhuwlfdo d{lv wkh fxpxodwlyh uxqqlqj wlph W +n, ri hdfk do0
jrulwkp xqwlo lw rxwsxwv wkh n0wk pd{lpdo elfoltxh +zkhuh n lv pdsshg rq
wkh krul}rqwdo d{lv,1 Wkxv/ W +n, lv dq hpslulfdo dqdorj ri wkh txdqwlw| �+n,
gh�qhg lq vhfwlrq 61 Lq dq lghdo fdvh W +n, zrxog eh d olqhdu ixqfwlrq ri
n +phdqlqj wkdw wkh wlph vshqw ehwzhhq vxffhvvlyh rxwsxwv zrxog eh frq0
vwdqw,1 Lw fdq eh vhhq lq Iljxuh 4 wkdw PLFD� v shuirupdqfh lv forvh wr wkh
ghvluhg remhfwlyh1
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Iljxuh 4

: Frqfoxvlrqv

Zh kdyh suhvhqwhg d qhz dssurdfk wr wkh sureohp ri jhqhudwlqj doo
pd{lpdo elfoltxhv ri d judsk1 Wklv dssurdfk dsshduv lqwhuhvwlqj/ lq wkdw
lw ghsduwv udglfdoo| iurp suhylrxv whfkqltxhv iru uhodwhg sureohpv/ vxfk dv
wkh pd{lpdo foltxh jhqhudwlrq sureohp1 Pruhryhu/ fhuwdlq yduldqwv ri wkh
phwkrg duh surydeo| h�flhqw/ l1h1 lqfuhphqwdoo| sro|qrpldo1

Rxu suholplqdu| frpsxwdwlrqdo h{shulphqwv lqglfdwh wkdw frqvhqvxv do0
jrulwkpv lq jhqhudo/ dqg PLFD lq sduwlfxodu/ frqvwlwxwh dq h�flhqw wrro
iru wkh jhqhudwlrq ri doo pd{lpdo elfoltxhv ri d judsk1 Pruh h{whqvlyh frp0
sxwdwlrqdo h{shulphqwv pd| eh qhfhvvdu| wr xqghuvwdqg pruh suhflvho| wkh
ehkdylru riPLFD rq odujh vl}h lqvwdqfhv dqg rq d eurdghu ydulhw| ri judsk
glvwulexwlrqv/ dv zhoo dv lwv uhodwlyh shuirupdqfh zlwk uhvshfw wr rwkhu srv0
vleoh dojrulwkplf dssurdfkhv1
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^DDDV<6` Djduzdo/ S1> Dorq/ Q1> Durqry/ E1> Vxul/ V1 Fdq ylvlelolw| judskv
eh uhsuhvhqwhg frpsdfwo|B Lq Surf1 <wk DFP V|ps1 Frpsx0

wdwlrqdo Jhrphwu|/ +4<<6,/ 66;067:1

^DKX:7` Dkr/ D1Y1> Krsfuriw/ M1H1> Xoopdq/ M1G1 Wkh Ghvljq dqg Dqdo0
|vlv ri Frpsxwhu Dojrulwkpv1 Dgglvrq0Zhvoh| Sxeolvklqj Frp0
sdq|/ Uhdglqj hwf1/ 4<:71

^EEKV;6` Ehq}dnhq/ Fo1> Er|g/ V1> Kdpphu/ S1 O1> Vlphrqh/ E1 Dgmrlqwv
ri sxuh elgluhfwhg judskv1 Frqjuhvvxv Qxphudqwlxp 6< +4<;6,/
45604771

^EKV;3` Ehq}dnhq/ Fo1> Kdpphu/ S1O1> Vlphrqh/ E1 Vrph uhpdunv
rq frq�lfw judskv ri txdgudwlf svhxgr0Errohdq ixqfwlrqv1 Lq0
whuqdw1 Vhu1 Qxphu1 Pdwkhpdwlfv Elunk�dxvhu/ Edvho0Ervwrq/
Pdvv1/ 88 +4<;3,/ <~631
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judskhv elsduwlv frpsohwv1 Suhsulqw/ Xqly1 Gh Sdulv Vxg/ Fhqwuh
g*Ruvd|/ Udssruw gh Uhfkhufkh Qr1 43 +Mxqh 4<:;,1

^Eod6:` Eodnh/ D1 Fdqrqlfdo h{suhvvlrqv lq Errohdq dojheud1 Sk1G1 Wkh0
vlv/ Xqlyhuvlw| ri Fklfdjr/ 4<6:1

^EFK<3` Erurv/ H1> Fudpd/ \1> Kdpphu/ S1O1 Sro|qrpldo0wlph lqihuhqfh
ri doo ydolg lpsolfdwlrqv iru Kruq dqg uhodwhg irupxodh1 Dqqdov
ri Pdwkhpdwlfv dqg Duwl�fldo Lqwhooljhqfh 4 +4<<3, 54~651

^ELN<<` E|ond/ V1> Lg}ln/ D1> Nrpdu/ M1 Elsduwlwh vxejudskv ri judskv
zlwk pd{lpxp ghjuhh wkuhh1 Judskv dqg Frpelqdwrulfv 48
+4<<<,/ 45<~4691

^FO:6` Fkdqj/ F1O1> Ohh/ U1F1 V|perolf Orjlf dqg Phfkdqlfdo Wkh0
ruhp Surylqj1 Dfdghplf Suhvv/ Qhz \run 0 Vdq Iudqflvfr 0
Orqgrq/ 4<:61

^Fkx;3` Fkxqj/ I1U1N1 Rq wkh fryhulqjv ri judskv1 Glvfuhwh Pdwkhpdw0
lfv 63 +4<;3,/ qr1 5/ ;<~<61

^Fkx;4` Fkxqj/ I1U1N1 Rq wkh ghfrpsrvlwlrq ri judskv1 VLDP Mrxuqdo
rq Dojheudlf Glvfuhwh Phwkrgv 5 +4<;4,/ qr1 4/ 4~451
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^FHV;6` Fkxqj/ I1U1N1> Hug�rv/ S1> Vshqfhu/ M1 Rq wkh ghfrpsrvlwlrq
ri judskv lqwr frpsohwh elsduwlwh vxejudskv1 Vwxglhv lq Sxuh
Pdwkhpdwlfv/ Elunk�dxvhu/ +4<;6,/ <8~4341

^FK;<` Fudpd/ \1> Kdpphu/ S1O1 Uhfrjqlwlrq ri txdgudwlf judskv dqg
dgmrlqwv ri elgluhfwhg judskv1 Dqqdov ri wkh Qhz \run Dfdghp|
ri Vflhqfhv/ Qhz \run/ 888 +4<;<,/ 473~47<1

^GNW<:` Gdzdqgh/ P1> Nhvnlqrfdn/ S1> Wd|xu/ V1 Rq wkh frpsoh{lw| ri
wkh elfoltxh sureohp lq elsduwlwh judskv1 JVLD Zrunlqj Sdshu
4<<9037/ Fduqhjlh0Phoorq Xqlyhuvlw|/ 4<<:1
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^HKZ;7` Hehqhjjhu/ Fk1> Kdpphu/ S1O1> gh Zhuud/ G1 Svhxgr0Errohdq
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^KPZ;8 4` Kdpphu/ S1O1> Pdkdghy/ Q1Y1U1> gh Zhuud/ G1 Wkh vwuxfwlrq
ri d judsk= dssolfdwlrq wr FQ0iuhh judskv1 Frpelqdwrulfd 8
+4<;8,/ qr1 5/ 474~47:1

^KPZ;8 5` Kdpphu/ S1O1> Pdkdghy/ Q1Y1U1> gh Zhuud/ G1 Vwdelolw| lq
FDQ0iuhh judskv1 Mrxuqdo ri Frpelqdwruldo Wkhru| Vhu1 E 6;
+4<;8,/ qr1 4/ 56~631

^Krf<;` Krfkedxp/ G1V1 Dssur{lpdwlqj foltxh dqg elfoltxh sureohpv1
Mrxuqdo ri Dojrulwkpv 5< +4<<;,/ qr1 4/ 4:7~5331

^M\S;;` Mrkqvrq/ G1V1> \dqqdndnlv/ P1> Sdsdglplwulrx/ F1K1 Rq jhq0
hudwlqj doo pd{lpdo lqghshqghqw vhwv1 Lqirupdwlrq Surfhvvlqj
Ohwwhuv 5: +4<;;,/ qr1 6/ 44<~4561

^NS::` Ndxipdqq/ D1> Slfkdw/ H1 P�hwkrghv Pdwk�hpdwltxhv Qrq
Qxp�hultxhv hw ohxuv Dojrulwkphv/ Wrph L/ Dojrulwkphv gh
Uhfkhufkh ghv Ho�hphqwv Pd{lpdx{/ Pdvvrq/ Sdulv/ 4<::1

^OON;3` Odzohu/ H1O1> Ohqvwud/ M1N1> Ulqqrr| Ndq/ D1K1J1 Jhqhudwlqj
doo pd{lpdo lqghshqghqw vhwv= QS0kdugqhvv dqg sro|qrpldo0
wlph dojrulwkpv1 VLDP Mrxuqdo rq Frpsxwlqj < +4<;3,/ qr1 6/
88;~8981

^Pdo95` Pdojudqjh/ \1 Uhfkhufkh ghv vrxv0pdwulfhv suhpl�huhv g*xqh
pdwulfh �d frh�flhqwv elqdluhv1 Dssolfdwlrqv �d fhuwdlqv
sureo�hphv gh judskh1 Lq Ghx{l�hph Frqju�hv gh o*DIFDOWL/ Rf0
wrehu 4<94/ Jdxwklhu0Ylooduv/ 4<95/ 56405751

^Slf::` Slfkdw/ H1 Wkh glvdqjdjhphqw dojrulwkp ru d qhz jhqhudo0
l}dwlrq ri wkh h{foxvlrq dojrulwkp1 Glvfuhwh Pdwkhpdwlfv 4:
+4<::,/ qr1 4/ <804391

^SX8<` Sdxoo/ P1F1> Xqjhu/ V1K1 Plqlpl}lqj wkh qxpehu ri vwdwhv lq lq0
frpsohwho| vshfl�hg vhtxhqwldo vzlwfklqj ixqfwlrqv1 LUH Wudqv0
dfwlrqv rq Hohfwurqlf Frpsxwhuv/ HF0; +4<8<,/ 689069:1

^Txl88` Txlqh/ Z1 D zd| wr vlpsoli| wuxwk ixqfwlrqv1 Dphulfdq Pdwk0
hpdwlfdo Prqwko|/ 95/ +4<88,/ 95:09641

^WLDV::` Wvxnl|dpd/ V1> Lgh/ P1> Dul|rvkl/ K1> Vkludndzd/ L1 D qhz dojr0
ulwkp iru jhqhudwlqj doo wkh pd{lpdo lqghshqghqw vhwv1 VLDP
Mrxuqdo rq Frpsxwlqj 9 +4<::,/ qr1 6/ 838~84:1

4<



^Wx};6` Wx}d/ ]1= Fryhulqj ri judskv e| frpsohwh elsduwlwh vxejudskv=
frpsoh{lw| ri 304 pdwulfhv1 Frpelqdwrulfd 7 +4<;7,/ qr14/ 4440
4491
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