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Table 2. We note the approximate nature of these numbers, as phonon
side-bands and a difference in extinction coefficients among semicon-
ducting tubes are neglected. To obtain an independent check on the
purity estimation, we have employed direct electronic measurement
on the (10,5) tubes. Field effect transistors with on/off ratios as high as
106 have been achieved with the (10,5) enriched fraction, and the
device success rate suggests that 99% of the tubes in the fraction are
semiconducting20. This result is consistent with the purity estimate for
the (10,5) fraction based on spectral analysis.

We have also estimated purification yield for each (n,m) tube by
absorption spectral analysis (Supplementary Information). The
results are given in Table 2. In addition to the choice of DNA
sequences, we have also identified some other factors that affect the
yield. For example, our initial purification of (10,5) used 0.1 M NaCl
as the default SWNT dispersion solution. Under this condition,
,0.1 mg of the (10,5) species were purified. Subsequently, we found
that the chemical composition and pH of the dispersion solution, as
well as the incubation time given to the dispersed tubes before load-
ing them onto the IEX column, strongly affect the yield. After optimi-
zation, the (10,5) yield was increased by fivefold to ,0.5 mg,
corresponding to about 10% of the (10,5) tubes contained in the
starting material. Table 2 lists the purification conditions for some
(n,m) tubes we have optimized so far. Other factors limiting the yield
include irreversible SWNT adsorption on to the IEX resin, and finite
resolution of the elution profile causing mixing-in of other species
(Supplementary Fig. 1). The yield of a particular (n,m) species can
also be dramatically improved if it is present at high level in the
starting material. For instance, the yield of (6,5) species is increased
by as much as 50 times when the CoMoCAT material21 is used.
Although there is no conceptual difficulty in scaling up our purifica-
tion method, and we have already explored some associated
engineering and cost problems3, material cost issues make it unlikely
to be realized at present. A more economically attractive option in the
future is to use our process to produce high purity SWNT ‘seeds’ as
templates for synthetic growth of the same chirality tubes. The latter
‘cloning’ concept has been demonstrated recently22.

What is the structural basis for the observed DNA sequence spe-
cificity in SWNT purification? Although the answer is not completely
clear to us at the moment, we do wish to point out some prominent
features of the identified recognition sequences and propose a recog-
nition mechanism. First, most of the recognition sequences in Table 1
are derived from simple pyrimidine repeats such as …TTTT…,
…CCCC… and …TCTC…, with periodic purine (G or A) inser-
tions. Second, we find that this pattern of sequences can form a stable,
well ordered two-dimensional (2D) sheet through hydrogen bonding
interactions between adjacent strands (Fig. 2a), resembling the well-
known protein b-sheet motif. Third, we also find that the 2D sheet
can be rolled up onto a particular SWNT to form a stable barrel
(Fig. 2b and c, and Supplementary Information), resulting in a struc-
ture analogous to the well-known b-barrel proteins derived from
protein b-sheets23. We propose that an ordered DNA–SWNT struc-
ture would minimize its van der Waals and hydrophobic interactions
with the IEX resin, allowing it to be eluted early and purified
(Supplementary Information and Supplementary Fig. 8). We also
hypothesize that for each of the recognition sequences, an ordered
DNA barrel structure forms only on one particular (n,m) tube, result-
ing in their purification by IEX.

The foregoing discussion emphasizes structural order rather than
binding affinity of a DNA–SWNT hybrid. Some alternative SWNT
sorting approaches based on binding affinity difference provide con-
trasting examples to illustrate this point. Certain aromatic mono-
mers and polymers have been shown to be effective in selectively
solubilizing semiconducting tubes of near armchair chiralities24–27.
This method is conceptually different from ours, as DNA recognition
sequences that we have identified hardly show any selection in SWNT
solubilization. Rather, the selection comes from the electrostatic and
electrodynamic interactions between DNA–SWNT hybrids and ion

exchange resin. Whether or not the ordered DNA structures we pro-
pose here bear any biological relevance is a question we will address in
future studies.

METHODS SUMMARY
Dispersion of SWNTs by DNA and subsequent separation by IEX follows pro-
cedures described before5,7. SWNT fluorescence mapping and absorption spec-
tral analysis of the HiPco starting material, and molecular modelling of DNA–
SWNT structures are performed according to methods described in
Supplementary Information.
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Figure 2 | DNA structures. a, A 2D DNA sheet structure formed by three
anti-parallel ATTTATTT strands. The dotted lines between bases indicate
hydrogen bonds. The open arrow in each strand denotes 59 to 39 direction.
The dashed grey arrow (top right to bottom left) represents the roll-up
vector along which the DNA barrel in b is formed. b, A DNA barrel on a (8,4)
nanotube formed by rolling up a 2D DNA sheet composed of two hydrogen-
bonded anti-parallel ATTTATTTATTT strands. c, The structure in b viewed
along the tube axis. Colour coding: orange, thymine; green, adenine; yellow
ribbons, backbones.
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Table 2. We note the approximate nature of these numbers, as phonon
side-bands and a difference in extinction coefficients among semicon-
ducting tubes are neglected. To obtain an independent check on the
purity estimation, we have employed direct electronic measurement
on the (10,5) tubes. Field effect transistors with on/off ratios as high as
106 have been achieved with the (10,5) enriched fraction, and the
device success rate suggests that 99% of the tubes in the fraction are
semiconducting20. This result is consistent with the purity estimate for
the (10,5) fraction based on spectral analysis.

We have also estimated purification yield for each (n,m) tube by
absorption spectral analysis (Supplementary Information). The
results are given in Table 2. In addition to the choice of DNA
sequences, we have also identified some other factors that affect the
yield. For example, our initial purification of (10,5) used 0.1 M NaCl
as the default SWNT dispersion solution. Under this condition,
,0.1 mg of the (10,5) species were purified. Subsequently, we found
that the chemical composition and pH of the dispersion solution, as
well as the incubation time given to the dispersed tubes before load-
ing them onto the IEX column, strongly affect the yield. After optimi-
zation, the (10,5) yield was increased by fivefold to ,0.5 mg,
corresponding to about 10% of the (10,5) tubes contained in the
starting material. Table 2 lists the purification conditions for some
(n,m) tubes we have optimized so far. Other factors limiting the yield
include irreversible SWNT adsorption on to the IEX resin, and finite
resolution of the elution profile causing mixing-in of other species
(Supplementary Fig. 1). The yield of a particular (n,m) species can
also be dramatically improved if it is present at high level in the
starting material. For instance, the yield of (6,5) species is increased
by as much as 50 times when the CoMoCAT material21 is used.
Although there is no conceptual difficulty in scaling up our purifica-
tion method, and we have already explored some associated
engineering and cost problems3, material cost issues make it unlikely
to be realized at present. A more economically attractive option in the
future is to use our process to produce high purity SWNT ‘seeds’ as
templates for synthetic growth of the same chirality tubes. The latter
‘cloning’ concept has been demonstrated recently22.

What is the structural basis for the observed DNA sequence spe-
cificity in SWNT purification? Although the answer is not completely
clear to us at the moment, we do wish to point out some prominent
features of the identified recognition sequences and propose a recog-
nition mechanism. First, most of the recognition sequences in Table 1
are derived from simple pyrimidine repeats such as …TTTT…,
…CCCC… and …TCTC…, with periodic purine (G or A) inser-
tions. Second, we find that this pattern of sequences can form a stable,
well ordered two-dimensional (2D) sheet through hydrogen bonding
interactions between adjacent strands (Fig. 2a), resembling the well-
known protein b-sheet motif. Third, we also find that the 2D sheet
can be rolled up onto a particular SWNT to form a stable barrel
(Fig. 2b and c, and Supplementary Information), resulting in a struc-
ture analogous to the well-known b-barrel proteins derived from
protein b-sheets23. We propose that an ordered DNA–SWNT struc-
ture would minimize its van der Waals and hydrophobic interactions
with the IEX resin, allowing it to be eluted early and purified
(Supplementary Information and Supplementary Fig. 8). We also
hypothesize that for each of the recognition sequences, an ordered
DNA barrel structure forms only on one particular (n,m) tube, result-
ing in their purification by IEX.

The foregoing discussion emphasizes structural order rather than
binding affinity of a DNA–SWNT hybrid. Some alternative SWNT
sorting approaches based on binding affinity difference provide con-
trasting examples to illustrate this point. Certain aromatic mono-
mers and polymers have been shown to be effective in selectively
solubilizing semiconducting tubes of near armchair chiralities24–27.
This method is conceptually different from ours, as DNA recognition
sequences that we have identified hardly show any selection in SWNT
solubilization. Rather, the selection comes from the electrostatic and
electrodynamic interactions between DNA–SWNT hybrids and ion

exchange resin. Whether or not the ordered DNA structures we pro-
pose here bear any biological relevance is a question we will address in
future studies.

METHODS SUMMARY
Dispersion of SWNTs by DNA and subsequent separation by IEX follows pro-
cedures described before5,7. SWNT fluorescence mapping and absorption spec-
tral analysis of the HiPco starting material, and molecular modelling of DNA–
SWNT structures are performed according to methods described in
Supplementary Information.
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Figure 2 | DNA structures. a, A 2D DNA sheet structure formed by three
anti-parallel ATTTATTT strands. The dotted lines between bases indicate
hydrogen bonds. The open arrow in each strand denotes 59 to 39 direction.
The dashed grey arrow (top right to bottom left) represents the roll-up
vector along which the DNA barrel in b is formed. b, A DNA barrel on a (8,4)
nanotube formed by rolling up a 2D DNA sheet composed of two hydrogen-
bonded anti-parallel ATTTATTTATTT strands. c, The structure in b viewed
along the tube axis. Colour coding: orange, thymine; green, adenine; yellow
ribbons, backbones.
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• Segmentation drawbacks 
• Initially unknown domain 
• Evaluation of the distance rod/conduit axis 
!

• Eulerian formulation (Denoël & Detournay, 2011) 
• Rod relative deflection 
• Problem length 
• Coordinate

Lagrangian vs. Eulerian

5

Self-feeding
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Canonical Problem

• Rod configuration between contacts 
• Known extremities positions and inclinations 
• Known axial force       and torque 
• ➥ Boundary value problem 

• Unknowns 
• Rod length                    , axial force       and torque 

6



• Rod definition 
• Centroid 
• ➥ Space curve 
• Directors 
• ➥ Section orientation 

!

!

!

!

!

• Constitutive equations

• Kinematics• Equilibrium

Lagrangian Formulation (Antman, 2005)
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Issues with Lagrangian Formulation (Chen & Li, 2007)

8

• Boundary conditions: 
!

!

!

!

• ➥ Integral constraints on the unknown length                    of the rod 
• Ill-conditioning of the governing equations when 
• Parasitic solutions with curling 
• Contact detection: comparison of two curves parameterized by 

distinct curvilinear coordinates 
• Conduit axis:                         (Eulerian coordinate) 
• Rod axis:                               (Lagrangian coordinate)

ξη
ζ

Ω

⎛⎝
ė
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ė
η (l)

ė
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• Orthonormal frame                 attached to the reference curve 
!

• Eccentricity vector 
!

!

!

!

!

!

• Jacobian of the mapping

Eulerian Formulation

9

➥ Contact detection



Mappings: 3 Curvilinear Coordinates
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Lagrangian !
Reference config.

Eulerian !
Reference curve

Stretched !
Deformed config.



Jacobian of the Mapping
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➥ Drift between     and   : 
• Eccentricity between the rod and the reference curve 
• Stretch of the rod
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• Orientation of the rod directors              
!

!

!

• where      and      are the images 
of       and       through the rotation 
mapping       on 
!

• Strain variables 
!

• Curvature and torsion

Rod Attitude
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Numerical Implementation
• Mixed order nonlinear BVP 
!

!

!

!

!

• Numerical solution: collocation method (Ascher et al., 1979) 
!

!

!

• where           is the number of collocation points per subinterval and          
is the set of all piecewise polynomial functions (B-splines) of order
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Continuous Contact
• Eccentricity vector 

• Magnitude 
!

!

• Direction 
!

!

• Modified BVP (differential algebraic system)

14

• Contact pressure 
• Magnitude 

!

!

• Direction (no friction)

(known) (unknown)

(unknown) (known)
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Self-feeding
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Application: Planar Configuration
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D 35.56 cm
OD 16.83 cm
ID 14.99 cm
EI 291.62 x 10
w 368.04 N/m
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Conclusion
• 3-D reformulation of the problem within the Eulerian formalism 

• Introduction of the eccentricity vector 
• Description of the rod deformed configuration with respect to a 

reference curve 
• Fields seen as functions of the curvilinear coordinate associated to 

a reference curve 
• Suppression of the integrals constraints (isoperimetric) 
• Improvement of the governing equations conditioning 
• Constrained problem 

• Simplification of the contact detection 
• Disregard parasitic solutions with curling 
• Applicable to the continuous contact problem

19

Maximizing production by optimizing
wellbore placement –Shale Gas

• Reservoir Navigation
– Full suite of formation
evaluation tools and
services to steer to the
reservoir “sweet spot”
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