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Abstract

This paper presents a finite element approach of multibody systems using the special
Euclidean group SFE(3) framework. The development leads to a compact and unified mixed
coordinate formulation of the rigid bodies and the kinematic joints. Flexibility in the kine-
matic joints is also introduced easily. The method relies on local description of motions, so
that it provides a singularity-free formulation and exhibits important advantages regarding
numerical implementation. A practical case is presented to illustrate the method.

1 Introduction

The finite element approach of multibody systems has been significantly studied, for instance in
[1, 2, 3]. Nodal values, measuring positions and orientations with respect to an inertial frame, are
introduced to describe the configuration of rigid and flexible multibody systems. Then, inertia
properties are assigned to some nodes and kinematic constraints are used to model the physical
links between the nodes of the system. Based on the finite element concept, this approach
allows one to write systematically the equations of motion by collecting generic expressions
which are slightly tuned according to a system part of interest. It results in second-order
differential-algebraic equations for which suitable time integration solvers have been developed.

The finite element approach has been brought to a new level by exploiting the underlying
Lie group structure of the configuration space, see e.g. [4]. The equations of motion are then
formulated as a set of differential-algebraic equations on a Lie group, without the need to refer
to a particular set of coordinates. These equations can then be solved using recently developed
Lie group time integration schemes [5, 6]. A key aspect of this more abstract approach is
that it systematically avoids the parameterization of the total motion but rather leads to local
parameterizations. In particular, this framework reduces the non-linearity of the equations of
motion and results in a naturally singularity-free formulation.

This paper presents the finite element approach of multibody systems using the special
Euclidean group SE(3) framework. This framework is widely used in robotics and is often
referred to as the screw formulation [7, 8]. In the present work, the SFE(3) framework leads to a
unified mixed coordinate formulation for multibody systems which complies with the Lie group
setting. In contrast with similar approaches also based on the special Euclidean group such as
[9, 10], here the kinematic constraint equations are systematically obtained from a general linear
mapping which yields six constraint equations per kinematic constraint, involving the nodal
values as well as kinematic joint transformations[11]. Thanks to the physical interpretation of
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Figure 1: Representation of the nodes and the relationships involved in the finite element
approach of multibody systems.

the relative coordinates, flexibility in the kinematic joints as well as actuators and control laws
are easily introduced.

2 Description of Multibody Systems

In the present formulation, multibody systems are modelled using nodal absolute variables and
kinematic joint relative transformations. The situation is represented in Fig. 1. First, a node is
assigned at the mass center of each rigid body of the system, as nodes A, A" and A” in Fig. 1.
Using the rigid body assumption, the inertia forces of each body are expressed as a function
of the nodal variables located at its mass center. Then, additional nodes are introduced to
allow the description of the multibody system by specifying further constraints. For instance,
in Fig. 1, nodes B and B’ are used for boundary conditions and nodes C' and C’ are used to
specify a kinematic joint between the two related bodies. The additional nodes are also linked
to the mass center of the body by rigid constraints. In order to describe the restricted relative
motion allowed by the kinematic joints, kinematic joint transformations are introduced and
come in addition to the nodal variables.

In the following, a formalism is presented, based on the special Euclidean group SE(3).
The equations of motion and all terms involved are developed explicitly, and a suitable time
integration method is recalled. Eventually, a practical case is presented to illustrate the method.

3 The special Euclidean group SFE(3) formalism

The variables used in this formalism, i.e. the nodal variables and the kinematic joint trans-
formations, are material frames. Such material frames belong to the special Euclidean group
SE(3) and they can be represented as 4 x 4 homogeneous transformation matrices H denoted
as

(1)

where R is a 3 x 3 rotation matrix and x is a 3 X 1 position vector which respectively account for
an orientation and a position. For the nodal values, the rotation matrix and the position vector
describe the orientation and the position of the node with respect to the inertial frame while for

H=H(R,x)=[ R X]

O1x3 1



kinematic joint transformations, they represent the relative rotation and relative displacement
inside the joint.

The group denomination comes from the fact that the composition, namely the matrix
product, of two such 4 x 4 matrices yields another 4 x 4 matrix which has the same structure.
Formally, one has Hs = HoH; < H(Rs3,x3) = H(R2R1, Roxy + x2). In the rest of this sec-
tion, the kinematics of multibody systems is introduced progressively as well as the necessary
mathematical concepts, but the Lie group vocabulary is avoided on purpose for the sake of con-
ciseness and simplicity. More abstract and rigorous treatments of the underlying mathematical
framework can be found in [7, 6, 12, §].

3.1 Kinematics of the Rigid Body

Derivatives of SE(3) elements involve six-dimensional vectors which can be introduced, for node
I, as follows

i _ | R oxi EI,Q hry
d(H;) =Hjh; = [01X3 1] [01x3 0 (2)

where h; = [h{U hfgz]T is a six-dimensional vector and the @ operator is a linear mapping.
One may say that the 3 x 1 vector hy r and 3 x 1 vector hy o are respectively the position and
the rotation part of h;. hy o is the skew-symmetric matrix formed from the 3 components of
h; o as

N 0 —hros  hroo
hro= ] hros 0 ~h; o1 (3)
—hroo hrm 0

It is clear from the context whether the tilde operator refers to a six- or a three-dimensional
vector. As a consequence of Eq. (2), the derivatives involve so-called material-frame elements.
Indeed, considering d(x7) = Rrhy y and d(Ry) = R[HI’Q, it is observed that the current rota-
tion matrix multiplies the related parts of h; which is therefore interpreted as being expressed
in the material frame. As an alternative to Eq. (2), the derivatives could have been represented
as d(Hj) = EIH 1, and the variable h; would then represent derivatives in the inertial frame.
In this paper, the representation in the material frame is selected because it leads to a number
of practical advantages that will appear later. In the same fashion, an arbitrary variation and
the velocity associated to node I are introduced as

§(H;) = H;8h; (H;) = H;%; (4)

where 6h; = [6h] ;; 0hT o]" and v = [v];; viq ]" are six-dimensional vectors which involve
a 3 x 1 position and a 3 x 1 rotation part.

Considering Eq. (4), one obtains the second derivative relationship between the variation
of the time derivative and the time derivative of the variation

6((Hy) ) = (6(Hy)) < 0(vr) = (6hy) + V,dhy (5)

where @ is a linear operator which maps a 6 x 1 vector into a 6 x 6 matrix as

- Vie Viu
Vi = ’ ~ 6
! [03x3 VI,Q:| (©)

Because v does not vanish, one observes that derivatives (or variations) do not commute.



3.2 Kinematics of Joints

In the SE(3) formalism, the relationship between two nodes A and B which are connected by
a rigid constraint or by a kinematic joint I can conveniently be expressed as

HBZHAHJJ (7)

where H, and Hp are the nodal matrices of respectively node A and B, and H  is a trans-
formation matrix that describes the relative motion between the two nodes due to the joint
I. The restricted relative rotations and displacements leave k; < 6 degrees of freedom to the
joint and accordingly, for usual joints, H s ; belongs to a subgroup of SE(3) [8]. Therefore, the
derivative of H;; can be expressed as

dHy ) = H,hy; (8)

where
h;r=Asrh;; 9)

In these equations, h;; is a 6 x 1 vector related to the derivative of the transformation matrix
H;; while h;; is a k; x 1 vector representing the relative degrees of freedom. These vectors
are expressed in the material frame since in Eq. (8) h 2.1 is on the right-hand side of H; ;. The
relationship in Eq. (9) involves Aj, a 6 x k; full-rank matrix whose columns are the 6 x 1 ey;,
with ¢ = 1...ky, vectors spanning the subalgebra of allowed infinitesimal motions. Each ey; can
be seen as er; = [eﬂU eﬁ,Q]T, where the 3 x 1 unit vectors er; 7 and er; o are respectively
related to the displacement and rotation parts of the relative motions. Since they are brought
by material frame elements, their components are constant so that matrix A is also constant.
In Table 1, some examples of usual joints are given, but others, such as the planar joint or the
screw joint, can be easily formulated in this framework as well.
Accordingly, the variation and the time derivative of H;; are written

§(Hy) =Hy(Adhy) 5 (Hyp)y=H;(Arv;) (10)
were Aréh;; = 6hy; and A;v;r = v;. The non-commutativity of the derivative introduced
in Eq. (5) leads to

A](S(VjJ) = AI((Shj,I)'-}— (A[Vj,]) AI(Shj,[ (11)

For example, for the hinge joint, the prismatic joint and the cylindrical joint, one observes that
(A;v,)Ar =0, so that derivatives commute, that is 6(vs ) = (¢hy ), and, since A; has full
rank, 6(v; ;) = (6h, ). This is consistent with the fact that, for each of them, the subgroup of
relative motions is abelian.

3.3 Kinematics of Multibody Systems

It is convenient to introduce a unified matrix notation to treat both the nodal variables and
the kinematic joints at the same time. Let us consider M nodes and m kinematic joints, each
of them characterized by an element of SE(3). The state of the system can be described using
the invertible block-diagonal square matrix

H= dlag(Hla 7HM7HJ,17"' aHJ,Tn) (12)

Similarly to Eq. (2) and Eq. (8), derivatives of H can be expressed as d(H) = Hh*. For
instance, the velocities introduced by the time derivative take the form (H) = HV* where

’{;* = dlag({;h 7{;Ma’{;.]717"' 7?’J,m ) (13)



Table 1: A; matrix of rigid constraint and some kinematic joints

Joints k-th column

of A, °u ce
Rigid constraint 0 - -
Hinge joint
’ 1 03x1 a
% ’I
Prismatic joint
2 1 a 03x1

a

Cylindrical joint

1 a 03x1

0@’ 2 0551 a

Spherical joint

1 03x1 a
2 03 x1 b
3 03x1 (¢
whose information can be collected in a (6 M +6m)-dimensional vector as v* = [v] -+ v, v§1 e v?m]T.

In the same fashion, the variation of H is given by 6(H) = Hh' where Sh* = [6h] ---6hy, oh’, -- 607 17
From Eq. (9), one can introduce a constant linear mapping that relates h* to a (6M +
k1 + - -+ + ky, )-dimensional velocity vector h as

h* = Ah (14)

where A = diag(Igxe, - ,Iox6, A1, -+ ,Ay,) and h = [hT .- -hT, h% ---h;m]T. This map-
ping also holds for the variation, that is 6h* = Adh where 6h = [éh{ ---6hy, 6hT, ---6h] |7
and the velocity, that is v* = Av, where v = [v{ ---v{, v --.v] 1T,

Regarding the non-commutativity of the derivatives at system level, one has

)

S((HY) = (3(H)) & 5(v*) = (6h*) + 9*h* (15)

where the ® operator now reads

Vi = dlag({;lv 7{;M70J,1>"' aGJ,m ) (16)

Notice that in practical implementation, matrices H as in Eq. (12) would not be built as
such for computation because only the block diagonal terms need to be evaluated. The matrix
notation (H) = HvV* is used only to refer to the fact that there is a relationship (H;) = H;v;

for each node and (Hy ;) =Hy (Alvj,l) for each kinematic joint.



4 Exponential Map and Tangent Map
4.1 SE(3)

Starting from a given six-dimensional vector n = [n}; n]?, an element of SE(3) can be built
using the so-called exponential map which reads

exp n TL ng)n
eXpgp(3)(n) = so (ne) 50(3)5 o) U] (17)

01x3

where, using a = sin(||ng|])/||nq|| and b = 2(1 — cos(||ng||))/|Inal|?,

~ b,
eXpSO(S)(nQ) = I3x3+ang + in% (18)
b 1—a
T = Ljgs— -fio + — 212 19
SO(@(DQ) 3x3 2nQ'+ ”nQH2 (19)

The exponential map may be seen as a local parameterization in the sense that the argument
of the exponential map belongs to a linear space while SFE(3) is a non-linear space. In practice,
it means that standard vector calculus applies to the argument of the exponential map, such
as multiplication by a scalar or addition of a another six-dimensional vector.

The derivative of the exponential map introduces the so-called tangent operator Tgps)-.
Consider the transformation from Hy to H as H = Ho expgps)(n). The derivative of H leads
to d(H) = HoDexp(n)d(n) = Hexpgé(:g)(n)Dexp(n)d(ﬁ) where Dexp is the derivative of the
exponential map, and this can be written as

d(H) = H(Tggs)(n)d(n)) (20)

where Tgp(3) has the explicit expression

() - [To50(50) T (o) .

in which Tgo(3) was given in Eq. (19) and Ty (ny, ng) reads

—b~ 1-— - ~ o~
|| e % (Ruig + fofiy)
22)
nQnU - b 3(1—a) 2) (
+ b—a)fig + (5 — S—
gl \ &~ 9Be + (G = )84

with ¢ and b as defined for Eq. (19). Notice that Tyay(ny,0) = —ny /2. Using the notation
d(H) = Hh, one has

h = TSE(B)(n)d(n) (23)
which expresses the derivatives of H, namely h, in terms of the derivative of n, according to
the representation of H as Ho expgp(s) (n).

4.2 Multibody System

At multibody system level, an exponential map can also be defined based on the exponential
map defined in Eq. (18). Following the notations in section 3.3, the exponential map for a
multibody system is given by

exp(n®) = diag(eXpSE(Zi)(nl)v"'anpSE(?,)(nJW)a

24
EXPsE(3) (1), CXPsE(3) (nJ,m)) 24)



T T T T ]T_ n* is

where we introduce a (6M + 6m)—dimensional vector n* = [nj ---nj3, njy,---nj,,

related to a (6M +ky +- - - +ky, )-dimensional vector n = [n? ---nT n?, ...n? |7

&
i , asn* = An.
Accordingly, expgp(s)(An; 1) is a licit expression since A spans a subalgebra (see Section 3.2).
Let us now consider a transformation from Hy to H as H = Hg exp(n*). The linearization of
the exponential map gives a relationship between the derivative of n* and the derivative of H,

namely d(H) = Hh*, as h* = T*(n*)d(n*) where

T*(n*) = diag(TSE(;s)(Ill), ... ,TSE(S)(nM)7 (25)
Tseiy (1) Tspe) (im))

h* can also be expressed as a function of the derivative of n as
h* = T(n*)d(n) (26)
where T'(n*) = T*(n*)A, that is

T(l’l*) = dla'g(TSE(?)) (nl)a T 7TSE(3) (nM)? (27)
Tspe)(n1)AL - Tspe) (0m)An)

Notice thus that T(n*) is a (6M + 6m) * (6 M + k1 + --- + ky,) rectangular matrix. In most
frequent cases, such as the hinge joint, the prismatic joint and the cylindrical joint, It turns
out that Tgps)(Arn;)Ar reduces to Ay, such that hy; = A;d(ny ;) and, since A; has full
rank, th = d(an).

5 Dynamics of a Multibody System

5.1 Equations of Motion

According to Hamilton’s principle and following a Lagrange multiplier method, the actual
trajectory of the system between two time instants ¢; and ¢ is such that the variation of the
augmented action integral is stationary provided that the initial and final configurations are
fixed, i.e.

5 ff (K(v*) = V(H) — AT®(H)) di = 0 (28)

where K(v*) = v*TM*v* /2 is the kinetic energy, V(H) is the potential energy due to external
and internal forces, and X are the Lagrange multipliers associated with the kinematic constraints
®(H) = 0. In the following, the relationship introduced in Eq. (14) is used to replace the o*
terms which appear when considering derivatives of the system. Taking the variations of each
terms yields

f (5(v>*TM*v* — G (g (H) + gin (H) + &7 (H)A)
" (29)
—6)\T<I’(H)) dt =0

where, using the directional derivative, we define

DV(H)-éh* = oh*" (g}, (H) + g}, (H)) (30)
= (ShT (gewt (H) + Sint (H)) (31)
D®(H)-6h* = &F(H)Sh* = &,(H)sh (32)

where ge.«(H) = ATg?* . (H), gin:(H) = ATg? (H) and ®,(H) = <I>;"(H)A. In order to
compare with the other terms in Eq. (29), the velocity variation shall be expressed in terms of



system variable variations as in Eq. (15). Integrating the contribution of the kinetic energy by
parts yields

tf tf
J S(v)*IM*v* dt = [fh"MV];, — J shT (Mv —v"Mv) dt (33)
t

t;

K

where M = ATM*A. As discussed in Section 6, Eq. (33) holds since no inertia is associated
with the kinematic joints. The application of Hamilton’s principle implies that the first term
of the right hand side of Eq. (33) vanishes. Hence, inserting Eq. (33) into Eq. (29) yields

f v (6hT(M\'f — "MV + geor(H) + gine (H) + @7 (H)N)
tl (34)
+5)\T¢>(H)> dt=0

and since the variations dh and d\ are arbitrary, the equations of motion are obtained as a
(6M + k1 + - - - + ky, + 6m)-dimensional second-order differential-algebraic equation

(HY = Hv* (35)
MV — $"MV + gept(H) + gine(H) + T (H)XA = 0 (36)
®H) = 0 (37)

where the first equations are kinematic compatibility equations and we recall that v* = Av
(see Eq. (14)). Explicit expressions of each of these terms are developed in the following.

5.2 Time Integration Method

The equations of motion can be solved using a suitable version of the generalized-a scheme, as
proposed in Ref. [5]. It has a proven second-order convergence and some numerical damping
can be used to lessen high frequency content. The integration method relies on the discretized
equations of motion in Eq. (35-37)

H,.. = H,exp(n;_ ) (38)
M‘.’n+1 - <\/Z:.F1]-\/-[Vn-',-1 + gert(Hn+1)
+gint(Hn+1) + i’Z(I—In+1))\n+1 = 0 (39)
®H,,) = 0 (40)
and the time integration formulae
N, 1 = hv, +(0.5—pB)h3%a, + fhia, 1 (41)
Vo1 = Vp+ (1 —7)ha, + vha, i1 (42)
1 . .
m

where n}; | = An, 1. n refers to the time step and h is the time step size. The exponential
map was defined in Eq. (24). The numerical parameters of the method can be selected to

achieve a desired spectral radius p € [0,1) at high frequency as

2p—1 p 3—p 3 1
Xy = ———— ;oo = —— ; = — ) = —
T o+ K (1+p)?

p+1 2(1 + p)
The time integration method is such that only the incremental motion between n and n + 1 is
parameterized, that is applying the exponential map to n*. Again, a practical implementation

(44)



would be designed to obtain the result of Eq. (38) without explicitly building the matrices.
Indeed, the operation can be carried out for each node and each kinematic joint by exploiting
the block diagonal structure of the matrices.

Eq. (38-40) are non-linear and are solved at each time step for the unknown n,.q,
Vi1, Vne1 and a,y1 by a Newton iterative procedure. Denoting a finite variation due to
the Newton procedure by A(e), the linearization of Eq. (38-43) gives Ah}_ , = TAn,,,
AV, = fAng1,Avpe = ¥ An,; where T = T(n,41) was defined in Eq. (26), f/ =
(1 — am)/(BR*(1 — ay)) and 4" = ~v/(Bh). Eventually, we denote Eq. (39) as r = 0, and the
linearized form of Eq. (39-40) is

Ar An
=S il 45
where .
_[AM++'Cr+ KT P,
St = [ ®IT 0 (46)

where M, Cr and K. are the tangent matrices obtained by linearizing Eq. (39) with respect
to v, v and n*. The explicit form of the tangent matrices will be given in the following.

Regarding the initialization of the matrices, it is proposed to initialize all rotation matrices
of the nodes at the identity matrix. This facilitates connections between elements and the
description of relative configurations in the initial configuration. Indeed, the initialisation of
the transformation matrices related to the kinematic joints is simply obtained from Eq. (7):
H,; = HleB = H(I,xp —x4). Also, notice the axes used to build the 6 x 1 ey; vectors and
A need thus to be specified with respect to the inertial frame in the initial configuration.

6 Inertia Forces

Let us consider that there are IV rigid bodies. There is a node at the mass center of each rigid
body, and let us choice that they appear first in H. The M — N additional nodes come after
them and the kinematic joint transformations follow. The kinetic energy K of a multibody
system is given by

N
Kv*) =2,
I=1

where my is the mass and J; is the constant 3 x 3 inertia tensor of node I expressed in the
material frame. Since the rotation matrices are initially identity matrices, the inertia tensors
must actually be provided with respect to the inertial frame in the initial configuration. If we
denote as Rg; the rotation matrix built using the principal axes of the body I in the initial
configuration as columns, then the inertia tensor J; computed in the principal axes leads to
Jr =Ry IJ'IROTI. The mass matrix of the system M = ATM*A is straightforwardly obtained
since no inertia is associated with the kinematic joint. It reads explicitly

1 1
mIV£UVI,U + ivfﬂJIvI,Q = §V*TM*v* (47)

N | =

M = dlag(Ml, ,MN,

48
ON+17"'70M50j,17"'a0j,m) ( )

where the zeros stand for the additional nodes and the kinematic joints, which do not have any
inertia, and Mj is the constant mass matrix

_|mrlzxz O3x3
M; = [ 0O3x3 Jr ] (49)



Notice then that Eq. (33) is valid since no inertia is associated with the kinematic joints.
Indeed, using Eq. (15), the following relationship for the non-commutativity contribution in
the right-hand side term in Eq. (33) holds

tf tf
J ShT AT (F*TM*v*) dt = J shT(¥TMv) dt (50)
t t;

i

—

since all ATv; ;7 of the kinematic joints are multiplied by a zero inertia.

The expression of the inertia forces in the equations of motion in Eq. (36) is obtained from
the kinetic energy contribution in Eq. (34). For each node at the center of mass of a rigid body,
it explicitly reads

- ~T miviy + miviovru
Myvy =¥y Myvr = [ Jrvia +Vradrvro ] (51)
Quadratic gyroscopic terms are observed in both the translation and rotation parts.

In order to use the time integration method in section 5.2, the linearization of the inertia
forces must be computed. The linearization with respect to v is straightforward: it simply
involves M. The linearization with respect to v leads to the tangent damping matrix. Only
the inertia nodes are involved

Cr(v) = diag(Cry, -+, Crn,

52
0N+1a"'70M70j,17"'an,m) ( )
where the nodal contribution is given by
mivra —mViy
Cri(vi) = (53)

0343  Vviodr—Jrvrgo

7 Kinematic Constraints

7.1 Constraint Equations

In order to include the kinematic joints of multibody systems in Hamilton’s principle (Eq. (28)),
a constraint equation vector @ (H) should be formulated. However, the kinematic joint formu-
lation on SE(3) in Eq. (7) brings matrix equations while the Lagrange multiplier method deals
with vector constraints in the equations of motion. In order to obtain vector equations from
Eq. (7), a vectorial map is introduced [11]. The constraint equations in Eq. (37) take the form

T
®(H) = [tI)l <I>m] (54)

where, for each joint I, one has 6 constraints given by
®;(Ha,Hp, Hy ;) = vectgp) (Hg HAH 1) = 0651 (55)

where the vectorial map is defined as
X
vectseo (MR ) = | 0 | (56)

such that ¢(R) = (R — RT)/2. This vectorial map introduces systematically six constraints
for a kinematic joint or a rigid constraint. Notice that the argument of the vectorial map is a
product of transformation matrices, which is then a transformation matrix itself. The vectorial
map basically imposes that the relative displacements and relative rotations contained in H ;

10



are exactly the relative configuration between node A and B by imposing 3 constraints at the
position level and 3 constraints at the rotation level. The resulting constraint equations are
invariant under rigid body motions, making them particularly appropriate to catch and enforce
restricted relative motions in multibody systems.

This formulation leads systematically to six constraint equations, which is related to the
mixed coordinates formulation. Indeed, for a joint I that has k; degrees of freedom, the vectorial
map provides 6 — k; equations to prevent non-allowed relative motions and k; equations for the
evolution of the allowed relative motions.

7.2 Constraint Gradient

The constraint contributions to the equations of motion in Eq. (36) involves the constraint
gradient as in Eq. (32). When the constraint equations in Eq. (55) are satisfied, their directional

)|<I>1=0 = VeCtSE(g) (H;}(fs\flAHJ’] — (ﬁiB + (fs\ﬁ,],[ ) where

6h% 5, = [6h) 6hE 6h’ ;T and SHE' = —%BH;. Since the vectorial map is linear, each
contribution can be considered separately. Hence, the constraint gradient can be obtained from

(D(I)I'(Shlel)LI)I:o = (‘I’?q(ShZBI
HJ’I = ’H(R.]_’],X.],]) and

derivative is given by (D®; - 6h¥ 5,

)|<1>,:0’ namely (‘I‘?q)L}I:O = [Angll —Isx6 16><6] where

Adggr =

RYT, -RT,%X;r
1 [ J,1 J,1 ,:| (57)

03><3 R?;J
It is remarkable that the constraint gradient at equilibrium only depends on the relative con-
figuration, and not on the global motion of nodes A and B. This shows that the non-linearity
of the formulation is only related to the local motions. Introducing the variation of Eq. (14) in
order to obtain ®, used in Eq. (32), we have

(®10)ly, o = [Ad;, —Toxs Ad] (58)
and the contribution of ®; to the iterations matrix (<I>;"T(n*))|q>1=0 in Eq. (45) is given by

[AdH;}I Tsp3)(na) —Tsp@s)(ns) Tsks) (Alnj,I)AI] (59)

This contribution only depends on the relative configuration through AdH;11 and on the incre-

ments of motion through n4, np and n; ;. As discussed earlier, in some important cases such as
the hinge joint, the cylindrical joint and the prismatic joint, it turns out that Tgps)(An; 1) A; =
Aj.

The expression of the gradient can be straightforwardly extended to multiple constraints
by considering a finite element-like assembly procedure. Every 6 lines of the resulting ®, matrix
refers to corresponding 6 lines of constraint in ® and the columns corresponding to the nodes and
the degrees of freedom of the kinematic joints are placed at the proper spot. The linearization of
the term ‘I’Z(H))\ in Eq. (36) involves a contribution to the tangent stiffness matrix. However,
it is not computed here for conciseness and, in our experience, it is actually not necessary for
the time integration method to converge during the Newton iterative process. Furthermore, the
possible non-satisfaction of the constraint equations during the iterative process is neglected
and the constraint gradient is always computed as if the constraint equations were satisfied as
in Eq. (58) and Eq. (59).

8 Relative Coordinates

Relative motions between two bodies can in general be described by relative coordinates which
are directly available thanks to the kinematic joint formulation provided that the subgroup of

11



relative motion is abelian. This holds for instance for the hinge joint, the prismatic joint and
the cylindrical joint. In such a case, the increments of motion can be consistently summed
up to obtain a relative coordinate description of the global motion. For such a joint I, the
relationship in Eq. (26) reduces to hy; = A;d(n; ), which implies that h; ; = d(n; ) since
A has full rank. Thus, the following equation and its time discretization for the computation
of the relative coordinates in time are introduced

tf
ar(t) = J hjrdt © arni1 = or, +10j71041 (60)

ti
where oy is the k;y x 1 vector of relative coordinates related to joint I. Thanks to their
physical interpretation, relative coordinates can be used for the description of local spring-
damper elements or the definition of an actuator torque or force, as described in the following
two sections. Their contribution to the equations of motion is straightforwardly included since
0h;; = on;; = doy. Regarding the time derivative of the relative coordinates, we have
VI = AIVjJ and Vi = A[d], such that

ar(t) =v;1(t) & &rne1 = Vjn4 (61)

9 Internal Forces of Kinematic Joints

9.1 Elastic Forces of a Spring Element

The potential energy of a spring element can be introduced by considering stiffnesses related
to the relative coordinates involved in kinematic joints. For instance, the stiffness in a hinge
joint or a prismatic joint allows the modelling of respectively a rotational and a translational
spring element. In general, the variation of the potential energy in the kinematic joints reads
V=37, §aTK (o —a?) where K; = diag(Ky 1, -, K1k, ) is the diagonal stiffness matrix
of the kinematic joint I, ay = [ar1---ark,] and af = [a7 -~ ] defines the reference value
of the relative coordinates. The internal forces involved in the equations of motion Eq. (36)
are thus simply given by gin: = [0{ <0t gZ;ml e g5t7j7m]T where the kinematic
joint contribution reads

8int,j.1(ar) = Ki(a —af) (62)

The linearization of the internal forces leads to a contribution to the tangent stiffness matrix
K%*T. By comparison of Agins ;.1 = KiAar with Ag;,y = KXTAn, we obtain directly

K;TZdlag(Ol, ,OM,Kly"' ;Km) (63)

since Aay = An; ;.

9.2 Dissipation Forces of a Damper Element

Dissipation forces can be used to model viscous friction inside kinematic joints. Based on the
relative velocity in the kinematic joint, the virtual work associated with the dissipation forces is
then oW = 7", 5h}jIC[Vj7[ where Cy = diag(Cr.1,- -+, Cr, ) is the diagonal matrix of damp-
ing coefficients associated with v; ;. This definition holds for all joints that can be described in
the framework presented in Section 3.2. Following the discussion in Section 8, the time deriva-
tive of relative coordinates can be considered when the subgroup to which the kinematic joint
transformation belongs is abelian and the virtual work associated with the dissipation forces
reads then 6W = >7, da¥ Cra;. The dissipation forces involved in the equations of motion
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in Eq. (36) are thus simply given by gie = [07 -+ 0F; &l;,;1 - gg;mj’m]T where the
kinematic joint contribution reads

Sint,j.1(vj1) = Crvjr (64)

The linearization of the internal forces leads straightforwardly to a contribution to the tangent
damping matrix

Cr = diag(0y,---,0,,Cy,--- ,Cyy) (65)

10 External Forces

Let us consider the virtual work done by an external force f; expressed in the inertial frame
and an external torque m; expressed in the material frame of node I. Let us also con-
sider the virtual work done by actuators 7; acting in kinematic joint I. Hence, we have
Y = 211\11 6hIT’U(R}1f1) + Jh?QmI + 37 5h§1‘r1 where 0x; = R;dh; y has been used.

Denoting §V = ShT(—ge.:), the expression of the external forces g.,; follows immediately

_ T T T T T
Bext = — [gemt,l o Bext,M Bewt,j1 T gewt,j,m] where
RTf
_ 1Y _
gext,[ = |: m; and gewt,jJ =TI (66)

The linearization of the external forces leads to a contribution to the tangent stiffness ma-
trix: KX(H)T = diag(KT)lTSE(g) (m1),--+ K mTsp@)(na), 051, ,ij) where the iner-
tia node and additional node contribution is given by

oTr
Ko = — 03x3 Rjfr (67)
03x3 O3x3

11 Case Study: Slider-Crank Mechanism

11.1 Description of the model

A spatial slider-crank mechanism is considered as a case study. The model of this mechanism
in the proposed formalism is given in Fig. 2.

Since there are three bodies (the crank, the rod and the slider), three nodes are defined
at their mass center, namely nodes 3, 6 and 8. In order to describe the spherical joint that
connects the crank and the rod, nodes 4 and 5 are introduced and connected by rigid constraints
(3) and (5) to nodes 3 and 6, respectively. Then, the spherical joint is the kinematic joint (4)
between nodes 4 and 5. The support of the crank is represented by the clamped node 1 and
node 2 is introduced and connected by a rigid constraint (2) to node 3. Then, the horizontal
axis hinge joint (1) is defined to connect nodes 1 and 2. For the slider, nodes 7, 8 and 9 are
introduced. Node 7 is connected to node 6 by the rigid constraint (6) and connected to node
8 by the hinge joint (7). Eventually, nodes 8 and 9 are connected by a horizontal cylindrical
joint (8) and node 9 is clamped by boundary conditions.

The system contains 9 nodes which leads to 9 #6 = 54 nodal vectorial variables. Since two
nodes are clamped, only 54 — 2 # 6 = 42 remain as unknowns. 8 constraints are involved such
that 8 x6 = 48 Lagrange multipliers are needed. Considering the two hinge joints, the spherical
joint and the cylindrical joint, 2+ 1+ 1% 3 + 1 * 2 = 7 relative coordinates come into play. The
size of the residuals r and the increments of motion n is thus 42 + 7 = 49 and the size of the
constraint vector ® is 48, so that the size of the iteration matrix S; is 49 + 48 = 97.
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(s) 3

(6) i

Figure 2: Model of the Spatial Slider Crank Mechanism

Table 2: Reference Configuration for the Spatial Slider Crank Mechanism

Node x 'y 7 H Node x y zZ
1,2 0 0.1 0.12 6 0.1 0.05 0.1
3 0 01 016 789 02 0 0

45 0 01 0.2

11.2 Simulation case

In this simulation case, a 0.015 Nm constant torque is applied during the first 2 s in hinge joint
(1) and the motion of the system is observed during 5 s. Moreover, a 1 Ns/m damping coefficient
is introduced on the translation degree of freedom of the cylindrical joint (8). The geometric
properties are given in Tables 2, 3 and 4 [13]. The system is subjected to gravity, acting
downward z—axis with a 9.81 m/s? acceleration constant. The time integration is performed
with p =0.9 and h = le — 2 s.

Fig. 3a shows the displacements of node 6. The motion is clearly three dimensional. In
Fig. 3b, the relative coordinate of the hinge joint (1) is shown. This shows that the formulation
is able to handle rotation angles which exceed 27 without problem. In Fig. 4a, the velocities
at node 3 computed by the time integration method are plotted. Since they are computed in
the material frame, only the local y-component does not vanish, while in Fig. 4b, the spatial
velocities, that is R3vs 7, are plotted, and there the z— and y—components do not vanish.

Table 3: Inertia properties (mass in kg and rotation inertia in kgm) for the Spatial Slider Crank
Mechanism

Node m; Jrii Jrae Jrss
3 0.12 le-4 1le-4 1le-5
6 0.5 4e-3 4de-4 4e-3
8 2 le-4 le-4 1le4
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Table 4: Kinematic Joint Definition for the Spatial Slider Crank Mechanism

k-th column

Joints of A, ey eq
(1) 1 0351 [1oo]”
1 03x1 [100]T
(4) 2 031 [010]”
3 03x1 [001]T
(7) 1 03x1 [0 %.205 _00.615]T
®) 1 [100]T 0351
2 0351 [100]"

displacement (m)

time (s)

(a) Displacement of node
6. Stars (red): z, Cir- (b) Relative angle in
cles (green): y, Solid line hinge joint (1)
(blue): z

Figure 3: Simulation Results

I NLY
1T VeV

0 1 time (s) 5 0 1 time (s) 5

I Vs
0 Yelocity (mis)

(a) Material frame (b) Inertial frame

Figure 4: Velocity of node 3. Stars (red): x, Circles (green): y, Solid line (blue): z

12 Conclusions

A finite element approach for the dynamic analysis of multibody systems has been presented
in the framework of the special Euclidean group SFE(3). The modelling of rigid bodies and
standard kinematic joints is addressed. The method allows a systematic derivation of the
equations of motion of multibody systems by collecting generic expressions which are slightly
tuned according to a system part of interest. The resulting differential-algebraic equations of
motion involve mixed coordinates, which are nodal as well as kinematic joint transformations,
and can be solved efficiently using appropriate time integration schemes. A unified treatment for
these variables has been developed and yields a compact and easily implemented formulation.

The proposed formulation exhibits some important advantages. The velocity of a rigid
body is expressed in the material frame so that the mass matrix is constant. Since no pa-
rameterization of the global motion is introduced, the gyroscopic forces are just a quadratic
expression in the velocity. Regarding the kinematic joints, a vectorial map is proposed to
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impose systematically six constraint equations. The constraint gradient at equilibrium only
depends on the relative motion, but it does not depend on the global motion of the constrained
nodes, which reduces the non-linearity in the kinematic joints. In some frequent cases, the
relative coordinates in the kinematic joints are straightforwardly available, and allow then an
easy kinematic joint formulation of flexibility, actuators or control laws.

Since it relies on a finite element approach, the proposed framework can be extended to
include flexible elements such as beam or shell elements, which benefit greatly of the reduction
of geometric non-linearity provided by the SE(3) framework [14].
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