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Global Analysis of a Continuum Model
for Monotone Pulse-Coupled Oscillators
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Abstract—We consider a continuum of phase oscillators on the
circle interacting through an impulsive instantaneous coupling. In
contrast with previous studies on related pulse-coupled models,
the stability results obtained in the continuum limit are global.
For the nonlinear transport equation governing the evolution
of the oscillators, we propose (under technical assumptions) a
global Lyapunov function which is induced by a total variation
distance between quantile densities. The monotone time evolution
of the Lyapunov function completely characterizes the dichotomic
behavior of the oscillators: either the oscillators converge in finite
time to a synchronous state or they asymptotically convergeto an
asynchronous state uniformly spread on the circle. The results of
the present paper apply to popular phase oscillators models(e.g.
the well-known leaky integrate-and-fire model) and show a strong
parallel between the analysis of finite and infinite populations. In
addition, they provide a novel approach for the (global) analysis
of pulse-coupled oscillators.

Index Terms—phase oscillators, impulsive coupling, synchro-
nization, partial differential equations, transport equation, global
stability, Lyapunov function, total variation distance

I. I NTRODUCTION

NETWORKS of interacting agents are omnipresent in
natural [1], [2], [3] as well as in artificial systems [4], [5],

[6]. In spite of their apparent simplicity, they may exhibitrich
and complex ensemble behaviors [7] and have led to intense
research during the last few decades. In this context, coupled
phase oscillators are generic models of paramount importance
when studying the collective behaviors of a large collection of
systems [8].

Phase oscillators appear as reductions or approximations
of (realistic) dynamical oscillator models. They are obtained
through the computation of a phase response curve (PRC) [9],
[8], which characterizes the phase sensitivity of an oscillator
to an external perturbation, such as the influence of the neigh-
boring oscillators in the network. Since phase oscillatorsare
characterized by the one-dimensional state-spaceS1(0, 2π),
they are more amenable to a formal mathematical study of

Manuscript received September 22, 2011; revised February 15, 2012 and
July 31, 2012. This paper presents research results of the Belgian Network
DYSCO (Dynamical Systems, Control, and Optimization), funded by the
Interuniversity Attraction Poles Programme, initiated bythe Belgian State,
Science Policy Office. The scientific responsibility rests with its authors.
A. Mauroy was supported as an FNRS Fellow (Belgian National Fund for
Scientific Research).

A. Mauroy is with the Department of Mechanical Engineering,University
of California Santa Barbara, Santa Barbara, CA 93106-5070,USA (e-mail:
alex.mauroy@engr.ucsb.edu). The work was completed whilethe author
was with the Department of Electrical Engineering and Computer Science,
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the collective behaviors even though the nonlinear interactions
between oscillators often yield mathematical puzzles [10],
[11].

Within the network, oscillators interact through a nonlinear
coupling. In most studied models, the coupling has a perma-
nent influence on the network. However, in many situations
encountered in biology or physics, the oscillators influence
the network only during a tiny fraction of their cycle (e.g.
yeast cell dynamics [12]). It is particularly so when the
interconnection between the agents consists in the emission of
fast pulses (spiking neurons [13], cardiac pacemaker cells[14],
earthquakes dynamics [15], etc.). In this paper, we consider
the limit of an impulsive and instantaneous coupling, where
a (pulse-coupled) oscillator interacts with the network only
when its phase is equal to a given value. When considering
the popular leaky integrate-and-fire oscillators, this model
corresponds to Peskin’s model [16], [14].

For a finite number of identical oscillators, previous studies
show that the global behavior of pulse-coupled oscillatorsis
dichotomic ([17], [18]): the oscillators converge either to a
synchronized state or to an anti-synchronized state. In the
present paper, we extend the result to infinite populations,
showing that the global behavior of infinite populations is
also dichotomic and thereby highlighting the perfectparallel
between finite and infinite populations.

Several earlier studies have providedlocal stability results
for infinite populations of pulse-coupled oscillators (seee.g.
[19], [20], [21], [16], [22]). In contrast, we present in this paper
global stability results for infinite populations of monotone
oscillators (including leaky integrate-and-fire oscillators). To
this end, we introduce a Lyapunov function which is induced
by aL1 norm and which has the interpretation of atotal vari-
ation distance between (quantile) density functions. Modulo
technical conditions detailed in the paper, we show that the
time evolution of the proposed Lyapunov function is governed
by the derivative of the PRC, a result that leads to a global
convergence analysis for monotone PRC’s.

Beyond the analysis of monotone pulse-coupled oscillators,
the theory developed in the paper leads to general results on
nonlinear partial differential equations (PDE). The analysis
focuses on transport equations with a monotone dynamics
(derived from a monotone PRC) and provides existence,
uniqueness, and global stability results for the stationary
solution of the PDE. In particular, the use of a total variation
distance as a strict Lyapunov function seems novel and specific
to the impulsive nature of the coupling (the results in [23],
[24] suggest that total variation distance is of little use for
systems of conservation laws). In this context, the result could
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potentially open new avenues to connect the monotonicity
property of an infinite dimensional system to its stability
properties.

The paper is organized as follows. In Section II, we derive
the transport PDE for the continuum of pulse-coupled oscil-
lators from the original model of pulse-coupled integrate-and-
fire oscillators (Peskin’s model). Section III presents numerical
experiments showing that the continuum model is character-
ized by a dichotomic behavior. In addition, existence and
uniqueness results are obtained for the stationary solution of
the PDE. In Section IV, a strict Lyapunov function is proposed,
which is inspired from our previous work [17] on finite pop-
ulations. In Section V, we perform the convergence analysis
of populations of monotone oscillators. The parallel between
finite and infinite populations, as well as the application of
the results to general models of oscillators, are discussedin
Section VI. Finally, the paper closes with some concluding
remarks in Section VII.

II. A PHASE DENSITY EQUATION FOR PULSE-COUPLED

OSCILLATORS

In this section, we introduce the model of (monotone)
integrate-and-fire oscillators with an (instantaneous) impulsive
coupling. The oscillators are equivalent to phase oscillators
and, in the continuum limit, they evolve according to a
phase density equation. The derivation of the corresponding
nonlinear PDE is standard and similar developments are found
in [19], [25], [16].

A. Pulse-coupled integrate-and-fire oscillators

We consider models of integrate-and-fire oscillators [26].
An integrate-and-fire oscillator is described by a scalar state
variablex, which monotonically increases between the two
thresholdsx and x according to the dynamicṡx = F (x),
F > 0. When the oscillator reaches the upper thresholdx, it
is reset to the lower thresholdx (it is said tofire).

In [14], Peskin proposed to study the behavior ofN
integrate-and-fire oscillators interacting through an impulsive
coupling. Whenever an oscillator fires, the state of all other
oscillators is instantaneously incremented by a constant value
K/N , where K is the coupling strength. The coupling is
usually excitatory (K > 0) but may also be inhibitory
(K < 0). The dynamics of a pulse-coupled integrate-and-fire
oscillatork ∈ {1, . . . , N} is then given by

ẋk = F (xk) + uk(t) (1)

with the coupling

uk(t) =
K

N

N∑

j=1
j 6=k

∞∑

l=0

δ(t− t
(j)
l ) . (2)

The Dirac functionsδ model the pulses which increment the
state of oscillatork at the firing timest(j)l , that is, when an
oscillatorj 6= k fires.

Peskin’s model was initially proposed with the popular
leaky integrate-and-fire (LIF) oscillators, characterized by the
affine vector fieldF (x) = S − γ x, γ > 0 [27]. However,

the results of the present paper apply tomonotone oscillators,
that we define as integrate-and-fire oscillators with a monotone
increasing or monotone decreasing vector field (dF/dx > 0
or dF/dx < 0). The class of monotone oscillators embraces
a large variety of models, including the popular LIF model.

B. Phase oscillators

Integrate-and-fire oscillators are equivalently modeled as
phase oscillators if the state dynamics (1) is turned into a
phase dynamics. The phaseθ ∈ S1(0, 2π) is determined from
the statex ∈ [x, x] by rescaling in such a way thatθ = 0
corresponds to the low thresholdx = x — the oscillator fires
at phaseθ = 0 — and in such a way that a single (uncoupled)
oscillator has a constant phase velocityθ̇ = ω, whereω is the
natural frequency of the oscillator. This leads to the state-phase
relation

θ = ω

∫ x

x

1

F (s)
ds . (3)

Under the influence of the couplinguk(t), the state dynamics
(1) corresponds to the phase dynamics

θ̇k = ω + Z(θk)uk(t) , v(θk, t) , (4)

where the functionZ ∈ C1([0, 2π]) is the infinitesimal phase
response curve (PRC) of the oscillator, that is, the phase
sensitivity of the oscillator to an infinitesimal perturbation
[28], [9], [8]. For integrate-and-fire oscillators, the PRChas
the closed-form expression (see [25])

Z(θ) =
ω

F (x(θ))
. (5)

It follows from (5) that monotone oscillators are characterized
by a monotone PRC:dF/dx > 0 ∀x ∈ [x, x] leads toZ ′ < 0
∀θ ∈ [0, 2π] and dF/dx < 0 ∀x ∈ [x, x] leads toZ ′ > 0
∀θ ∈ [0, 2π], whereZ ′ denotes the derivative ofZ with respect
to the phaseθ.

C. Phase density equation

In the limit of a large number ofN → ∞ oscillators,
the infinite population is a continuum characterized by a
(nonnegative, continuous) phase density function

ρ(θ, t) ∈ C0([0, 2π]× R
+;R+)

that satisfies the normalization
∫ 2π

0

ρ(θ, t) dθ = 1 ∀t .

The quantityρ(θ, t)dθ is the fraction of oscillators with a phase
betweenθ and θ + dθ at time t. The time evolution of the
density obeys the well-known continuity equation

∂

∂t
ρ(θ, t) = −

∂

∂θ
[v(θ, t) ρ(θ, t)] , (6)

where the function

v(θ, t) ρ(θ, t) , J(θ, t) (7)

is the (nonnegative, continuous) fluxJ(θ, t) ∈ C0([0, 2π] ×
R

+;R+). The quantityJ(θ, t)dt represents the fraction of
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oscillators flowing through phaseθ between timet andt+dt.
Since the phaseθ is defined onS1(0, 2π) ≡ R mod 2π, the
flux must satisfy the boundary conditions

J(0, t) = J(2π, t) , J0(t) ∀t . (8)

For the sake of simplicity, we use in the sequel the notation
J0 to denote the boundary flux (8). Since the oscillators fire
at phaseθ = 0, J0(t) is also called thefiring rate of the
oscillators.

D. Continuous impulsive coupling

The impulsive coupling originally defined for finite popu-
lations is extended to infinite populations as follows. Since
the coupling strengthK/N is inversely proportional to the
number of oscillators, the coupling does not increase as the
number of oscillators grows: the constantK corresponds to
the net influence of the whole population through the coupling,
regardless of the number of oscillators. In the limitN → ∞,
the firing of each oscillator of the infinite population produces
an infinitesimal spike of sizeK/N → 0.

The impulsive coupling is best expressed in terms of
the flux J0. For a finite population, the oscillators cross-
ing θ = 0 at times t

(j)
l induce a (discontinuous) flux

J0(t) =
1
N

∑

j

∑

l δ(t− t
(j)
l ). In the limit N → ∞, the

influence of a single oscillator is negligible, so that comparing
the flux J0 with the coupling (2) yields the coupling

u(t) = K J0(t) . (9)

Roughly, for infinite populations, the impulsive coupling is
identical for all the oscillators andproportional to the firing
rateJ0. In addition, the coupling is a continuous-time function
interpreted as an infinite sum of infinitesimal spikes that result
from the uninterrupted firings of the continuum.

With the continuous impulsive coupling (9), the phase
dynamics (4) is rewritten as

θ̇ = v(θ, t) = ω + Z(θ)K J0(t) . (10)

The final PDE for the continuum of pulse-coupled oscillatorsis
derived as follows. Atθ = 0, (7) and (10) yield the relationship

J0(t) = v(0, t) ρ(0, t) = [ω +K Z(0)J0(t)] ρ(0, t) (11)

and the flux at the boundary is explicitly given by

J0(t) =
ω ρ(0, t)

1−K Z(0) ρ(0, t)
.

The continuity equation (6) thus leads to the nonlinear PDE
for the density

∂ρ(θ, t)

∂t
= −ω

∂ρ(θ, t)

∂θ
−

K ω ρ(0, t)

1−K Z(0) ρ(0, t)

∂

∂θ
[Z(θ) ρ(θ, t)] .

(12)
The boundary condition (8) is expressed in terms of density
as

ρ(0, t)

1−K Z(0) ρ(0, t)
=

ρ(2π, t)

1−K Z(2π) ρ(2π, t)

(

=
J0(t)

ω

)

.

(13)
The reader will notice that, in contrast to the periodicity
condition on the flux, no periodicity is assumed on the density

ρ(θ, t). [In particular,ρ(0, t) 6= ρ(2π, t) if Z(0) 6= Z(2π).
Observe that a monotone PRC implies thatZ(0) 6= Z(2π).]

The density of the pulse-coupled oscillators evolves accord-
ing to the nonlinear PDE (12) with the boundary condition
(13). The PDE is studied in detail in the rest of the paper,
with a particular attention to the case of a monotone PRC.

III. A DICHOTOMIC BEHAVIOR

Finite populations of pulse-coupled monotone oscillators
exhibit a dichotomic behavior: they converge either toward
a synchronized state or toward an anti-synchronized state (see
[17], [18]). Similarly, infinite populations are characterized
by a dichotomic asymptotic behavior, that depends on the
coupling sign (K > 0 or K < 0) and on the derivativeZ ′ (or
equivalentlydF/dx). This remarkable behavior is described
in the present section through numerical experiments and
intuitive arguments, motivating the theoretical global analysis
in the next sections. The actual proof of the dichotomic
behavior is postponed to Section V.

A. Asymptotic behavior

Without coupling (K = 0), the last term of (12) disappears
and the PDE is a standard transport equation. Its solution
is a rigid translation of the initial densityρ(θ, 0) = ρ0(θ)
with a constant velocityω, that is, a traveling waveρ(θ, t) =
ρ0((θ − ωt) mod 2π). In this case, any solution is periodic
(with period2π/ω) and the system is marginally stable.

When the oscillators are coupled, the last term of (12)
modifies the transport equation. Under the influence of the
coupling, the velocity depends on both time and phase and
the density is thereby “stretched” or “compressed”. This is
illustrated when computing the total time derivative alonga
characteristic curveΛ(t) defined byΛ̇ = v(Λ(t), t), that is

∂ρ

∂t
+

∂ρ

∂θ
v
(
Λ(t), t

)
=

dρ

dt
= −ρ

(
Λ(t), t

)
J0(t)K Z ′

(
Λ(t)

)
,

(14)
where (12) and (13) have been used. The total derivative shows
that the density is modified on a characteristic curve whenever
the PRCZ is not constant. In addition to the rigid translation,
the density undergoes a nonlinear transformation, possibly
leading to asymptotic convergence to a particular density
function corresponding to a particular stationary organization
of the oscillators.

The total derivative (14) gives clear insight that the sign of
the derivativeK Z ′ is of primary importance. In fact, the sign
of K Z ′ will enforce the dichotomic behavior. The condition
K Z ′(θ) < 0 (or K dF/dx > 0) will be shown to enforce
convergence to auniform flux J(θ, t) = J∗ on S1(0, 2π).
This situation, corresponding to the maximal spreading of the
oscillators on the circle, is called theasynchronousstate [19],
[22] (Fig. 1). In contrast, the reverse conditionK Z ′(θ) > 0
(or K dF/dx < 0) will be shown to enforce convergence to
a delta-like flux(Fig. 2). This situation, characterized by the
synchronization of all the oscillators, is thesynchronous state.
We remark that reversing the coupling sign (K > 0 or K < 0)
has the same effect as reversing the monotonicity ofZ (Z ′ < 0
or Z ′ > 0).
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Fig. 1. WhenK Z′ < 0 (or K dF/dx > 0), the solution converges to
the asynchronous state. With the monotone LIF dynamicsẋ = 2.1 − 2x,
x ∈ [0, 1] and with an inhibitory couplingK = −0.1 < 0, the functionK Z
is monotone decreasing. (a) The density converges to a stationary solutionρ∗

and (b) the fluxJ0(t) tends to a constant valueJ∗ ≈ 0.53.
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Fig. 2. WhenK Z′ > 0 (or K dF/dx < 0), the solution converges to
the synchronous state. With the same LIF dynamics as in Fig. 1, but with an
excitatory couplingK = 0.1 > 0, the functionK Z is monotone increasing.
(a) The density converges to a synchronous solution and (b) the flux J0(t)
tends to a Dirac function.

The dichotomic asymptotic behavior is in agreement with
the equivalent dichotomic behavior of finite populations: the
synchronous and asynchronous states are the exact analog
of the synchronous andsplay states observed for finite pop-
ulations. This is obvious in the case of synchronization,
that occurs both for finite and infinite populations when
K dF/dx < 0 [18]. Asynchronous state and splay state are
also equivalent behaviors, that both occur whenK dF/dx > 0
[17]. They are both anti-synchronized behaviors, for whichthe
oscillators evenly spread over the circleS1(0, 2π).

B. Stationary asynchronous state

We will now characterize the stationary solution of the PDE
(6), i.e. the asynchronous state corresponding to a constant flux
J(θ, t) = J∗. From (7), the stationary density must satisfy

ρ∗(θ) =
J∗

ω +K Z(θ)J∗
. (15)

The stationary asynchronous state thus exists if there exists a
valueJ∗ > 0 so that the stationary density is nonnegative and
bounded

0 ≤
J∗

ω +K Z(θ)J∗
< ∞ , ∀θ ∈ [0, 2π] , (16)

and normalized
∫ 2π

0

J∗

ω +K Z(θ)J∗
dθ = 1 . (17)

The condition (16) and the continuity ofZ imply that the
stationary density is continuous on[0, 2π].

For finite populations, the equivalent stationary splay
state is a phase-locked configuration: at each firing,
the N oscillators are characterized by constant phases

Θ∗ = (θ∗1 , · · · , θ
∗
N−1, θ

∗
N = 2π) and fire at a constant rate.

In particular, the value2π − θ∗N−1 is related to the firing
rate and is well-approximated by the stationary fluxJ∗ when
N ≫ 1.

The following proposition gives necessary and sufficient
conditions to ensure the existence and uniqueness of a sta-
tionary solutionρ∗ ∈ C0([0, 2π];R+).

Proposition 1. A stationary fluxJ∗ > 0 satisfying the
conditions (16) and (17) exists if and only if the inequality

lim
s→r
s>r

∫ 2π

0

1

K Z(θ) + s
dθ > 1 (18)

is satisfied with

r ,

{

0 if K Z(θ) ≥ 0 ∀θ ∈ [0, 2π] ,
∣
∣
∣minθ∈[0,2π]

(

K Z(θ)
)∣
∣
∣ otherwise.

Moreover, the solution is unique when it exists.

Proof: Inequality (16) implies that the velocityω +
K Z(θ)J∗ is strictly positive, so that

J∗ ∈ J ,

(

0, lim
s→r
s>r

ω

s

)

.

The function

W (J) =

∫ 2π

0

J

ω +K Z(θ)J
dθ

satisfiesW (0) = 0, is continuous onJ , and is strictly
increasing onJ since

dW

dJ
=

∫ 2π

0

ω

[ω +K Z(θ)J ]
2 dθ > 0 ∀J ∈ J .

As a consequence, the equationW (J) = 1, which is equiva-
lent to condition (17), has a (unique) solutionJ∗ ∈ J if and
only if

lim
s→r
s>r

W (ω/s) = lim
s→r
s>r

∫ 2π

0

1

K Z(θ) + s
dθ > 1 ,

which concludes the proof.
Proposition 1 implies that the coupling constantK must be

bounded. For integrate-and-fire oscillators, the bounds onthe
coupling constant are computed analytically and are given in
the following corollary.

Corollary 1. For integrate-and-fire dynamicṡx = F (x), a
stationary fluxJ∗ > 0 fulfilling the conditions (16) and (17)
exists if the coupling constant satisfies

lim
s→Fmin

s<Fmin

∫ x

x

s

s− F (x)
dx < K < x− x , (19)

with Fmin = minx∈[x,x]

(
F (x)

)
.

Proof: If the coupling is excitatory (K > 0), it follows
from (5) thatK Z(θ) ≥ 0 ∀θ ∈ [0, 2π], so thatr = 0. Then,
the condition (18) of Proposition 1 can be rewritten as

∫ 2π

0

1

K Z(θ)
dθ =

∫ 2π

0

F (x(θ))

K ω
dθ =

∫ x

x

1

K
dx > 1



5

given (3), or equivalently

K < x− x . (20)

If the coupling is inhibitory (K < 0), it follows from (5) that
r = −Kω/Fmin. Then, the condition (18) of Proposition 1 is
rewritten as

lim
s→r
s>r

∫ 2π

0

1

K Z(θ) + s
dθ = lim

s→Fmin

s<Fmin

∫ 2π

0

1
Kω

F (x(θ)) −
Kω
s

dθ

= lim
s→Fmin

s<Fmin

∫ x

x

1

K

1

1− F (x)
s

dx > 1

and we obtain the lower bound (19) onK.
Condition (20) is easy to interpret in the case of finite

populations: it is a necessary condition for the existence of a
stationary phase-locked configuration. Since the average state
difference betweenN oscillators is(x − x)/N , a coupling
strengthK > x − x yields an “avalanche” phenomenon
igniting a chain reaction of firings. In this situation, a phase-
locked behavior ofN distinct oscillators cannot exist.

IV. A STRICT LYAPUNOV FUNCTION INDUCED BY THE

TOTAL VARIATION DISTANCE

Lyapunov analysis is a classical approach to study the
stability of nonlinear PDE’s (see e.g. [29]). In this section,
we extend our previous results obtained for finite populations
[17] to construct a strict Lyapunov function for the PDE (12).
The Lyapunov function, inspired by the1-norm introduced in
[17], is aL1 distance interpreted as thetotal variation distance
between quantile densities.

A. Quantile density

The description of the infinite population through the den-
sity ρ(θ) is not equivalent to the description of a finite
population through a vectorΘ = (θ1, · · · , θN ). While the
former corresponds to the “amount” of oscillators as a function
of the phase, the latter corresponds to the phase as a function of
the oscillator index. To establish an equivalence between finite
and infinite populations, we introduce an index for infinite
populations of oscillators and use the concept ofquantile
function.

For infinite populations, the oscillators can be continu-
ously labeled on the interval[0, 1] and an oscillator index
ϕ ∈ [0, 1] is defined as follows. Given a density function
ρ : [0, 2π] → R

+, the cumulative density functionP (θ) :
[0, 2π] → [0, 1], defined as

P (θ) =

∫ θ

0

ρ(s) ds ,

attributes an indexϕ = P (θ) ∈ [0, 1] to each oscillator with
phaseθ. In particular, an indexϕ = 0 (resp.ϕ = 1) is
attributed to the oscillator at phaseθ = 0 (resp.θ = 2π).

Next, to complete the equivalent description of infinite
populations, we introduce the quantile function (widely used
in statistics [30]): the quantile functionQ : [0, 1] → [0, 2π] is
the inverse cumulative density function, that is,

Q(ϕ) = P−1(ϕ) = inf{θ|P (θ) ≥ ϕ} .

Fig. 3. The density functionρ(θ) (left) has a cumulative densityP (θ)
(center). The quantile functionQ(ϕ) = P−1(ϕ) is the cumulative density
function of the quantile density functionq(ϕ) (right).

The (continuous) quantile function is equivalent to the (dis-
crete) descriptionΘ of finite populations. For a finite num-
ber of N distinct oscillators, at each firing of an oscillator
(θN = 2π), the remaining phasesθk are theN -quantiles
θk = Q

(N)
k , that is

Θ = (θ1, · · · , θN−1, 2π) =
(

Q
(N)
1 , · · · , Q

(N)
N−1, 2π

)

. (21)

When the number of oscillators tends to infinity, theN -
quantiles are replaced by the continuous quantile functionQ.
(Roughly speaking, the quantile function plays the role of the
vectorΘ with an infinity of components.)

As the analog of the densityρ, thequantile density function
[30], also calledsparsity function, is the functionq : [0, 1] →
R

+ that satisfies (see Fig. 3)

Q(ϕ) =

∫ ϕ

0

q(s) ds .

The quantile density functionq, which is the derivative of
the quantile functionQ, expresses the increase of phase per
unit increase of oscillator index. The two functions are related
according to the relationship

q(ϕ) =
dQ

dϕ
=

1

ρ
(
Q(ϕ)

) . (22)

In order to avoid some ill-defined cases, the conditionρ > 0
must be satisfied on[0, 2π].

The reader will notice that, as the oscillators densityρ(θ, t)
depends on time in the model (6), the associated quantile func-
tion and quantile density function also depend on time and are
then rigorously defined as the two-variable functionsQ(ϕ, t)
and q(ϕ, t). In addition, we denote the quantile function and
the quantile density associated to the stationary solution(15)
by Q∗(ϕ) andq∗(ϕ) respectively.

B. Total variation distance

A 1-norm introduced in our previous study [17] on finite
populations of monotone pulse-coupled oscillators leads to a
L1 distance (between quantile densities) in the case of infinite
populations. This distance corresponds to atotal variation
distance.

For a finite population ofN distinct oscillators, it is suffi-
cient to consider only the firing instants, for whichθN = 2π.
Then, the corresponding discrete-time system is characterized
by a simple Lyapunov function: the distance (induced by a



6

θ

10

2π

a

Q

Q*

φ

Δ

bΔ

cΔ

dΔ

Fig. 4. The Lyapunov function (24) is the total variation distance between
two quantile density functions. In the example of the figure,the distance is
equal toV = 2(∆a +∆c +∆d)− 2∆b, with ∆a,b,c,d > 0.

1-norm) between a configurationΘ and the stationary phase-
locked configurationΘ∗. It is expressed as

V(N) = |θ1 − θ∗1 |+
N−2∑

k=1

∣
∣(θk − θk+1)−

(
θ∗k − θ∗k+1

)∣
∣

+
∣
∣θN−1 − θ∗N−1

∣
∣ .

The phasesθk can be replaced by theN -quantiles, according
to (21), and one obtains

V(N) =
∣
∣
∣Q

(N)
1 −Q

∗(N)
1

∣
∣
∣

+

N−2∑

k=1

∣
∣
∣

(

Q
(N)
k −Q

(N)
k+1

)

−
(

Q
∗(N)
k −Q

∗(N)
k+1

)∣
∣
∣

+
∣
∣
∣Q

(N)
N−1 −Q

∗(N)
N−1

∣
∣
∣ .

(23)

In the limit N → ∞, the continuous equivalent of (23)
corresponds to theL1 distance between the quantile density
functions:

V(ρ) =

∫ 1

0

∣
∣
∣
∣

∂Q

∂ϕ
−

dQ∗

dϕ

∣
∣
∣
∣
dϕ = ‖q − q∗‖L1 (24)

for all ρ ∈ C0([0, 2π] × R
+;R+

0 ). The second equality is
obtained through (22). One verifies thatV(ρ) = 0 ⇔ q = q∗

a.e.⇔ ρ = ρ∗ a.e.
Our previous study [17] shows that, under mild condi-

tions, quantity (23) decreases with the successive firings of
the oscillators, enforcing a contraction property for the1-
norm. We claim that, for infinite populations, the continuous
equivalent (24) also decreases with the successive firings of
the continuum, that is, (24) decreases continuously with time.
The main result of this paper will thus establish (24) as a good
Lyapunov function for the PDE (12).

The Lyapunov function (24) is interpreted as a total variation
distance. Indeed, the total variation distance between two
random variables corresponds to theL1 distance between the
corresponding density functions (see [31] for further details).
In the present case, the total variation distance is the sum of
the maximum differences between the two quantile functions
Q andQ∗, minus the sum of the minimum differences (Fig.
4).

C. Time evolution of the Lyapunov function

Our main result shows that the candidate Lyapunov function
(24) has a monotone time evolution provided that the PRC is
monotone.

Theorem 1. Letρ(θ, t) ∈ C0([0, 2π]×R
+;R+

0 ), with ‖ρ‖L1
=

1, be a strictly positive solution of (12)-(13). If the stationary
density (15) exists and if eitherZ ′′(θ) ≥ 0 ∀θ ∈ [0, 2π] or
Z ′′(θ) ≤ 0 ∀θ ∈ [0, 2π], then the Lyapunov function (24)
satisfies

V̇(ρ) ≤ J(0, t) max
θ∈[0,2π]

(

K Z ′(θ)
)

V(ρ) , (25a)

V̇(ρ) ≥ J(0, t) min
θ∈[0,2π]

(

K Z ′(θ)
)

V(ρ) . (25b)

Proof: The time derivative of (24) can be written as

V̇(ρ) =

∫ 1

0

sign

(
∂Q

∂ϕ
−

dQ∗

dϕ

)
∂

∂t

(
∂Q

∂ϕ
−

dQ∗

dϕ

)

dϕ

=

∫ 1

0

sign
(
G(ϕ, t)

) ∂

∂ϕ

(
∂Q

∂t

)

dϕ , (26)

with G(ϕ, t) = ∂Q/∂ϕ − dQ∗/dϕ and with the signum
function sign(x) = x/|x|.

Differentiating the expressionθ ≡ Q(P (θ, t), t) with re-
spect to timet leads to

0 =
d

dt
[Q(P (θ, t), t)]

=
∂Q

∂t
(P (θ, t), t) +

∂Q

∂ϕ
(P (θ, t), t)

∂P

∂t
(θ, t)

or
∂Q

∂t
(ϕ, t) = −

∂P

∂t
(θ, t)

∂Q

∂ϕ
(ϕ, t) = −

∂P

∂t
(θ, t)

1

ρ
(
Q(ϕ, t), t

) ,

given (22). Furthermore,

−
∂P

∂t
(θ, t) = −

∫ θ

0

∂ρ

∂t
(s, t) ds

=

∫ θ

0

∂J

∂θ
(s, t) ds = J(θ, t)− J0(t)

and the expression (26) becomes (from this point on, we drop
the time variable)

V̇(ρ) =

∫ 1

0

sign
(
G(ϕ)

) ∂

∂ϕ

(

J
(
Q(ϕ)

)
− J0

ρ
(
Q(ϕ)

)

)

dϕ . (27)

Assume that the functionG(ϕ) has a finite number of zero
crossings, that is, a finite numberNc of valuesϕ(0)

c = 0 <

ϕ
(1)
c < · · · < ϕ

(Nc)
c < ϕ

(Nc+1)
c = 1 satisfyingG(ϕ

(k)
c ) = 0

with either a right or a left nonzero derivative. The assumption
on Nc will be relaxed at the end of the proof. Without loss
of generality, assume thatG is nonnegative on even intervals
and nonpositive on odd intervals, that is,

(−1)k
(
∂Q

∂ϕ
−

dQ∗

dϕ

)

≥ 0 ∀ϕ ∈ [ϕ(k−1)
c , ϕ(k)

c ] . (28)

Next, computing the integral in (27), we obtain

V̇(ρ) = 2

Nc∑

k=1

(−1)k
J
(
Q(ϕ

(k)
c )
)
− J0

ρ
(
Q(ϕ

(k)
c )
) .
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Since it follows from (22) and the equalityG(ϕ
(k)
c ) = 0 that

ρ
(
Q(ϕ(k)

c , t), t
)
= ρ∗

(
Q∗(ϕ(k)

c )
)
, k ∈ {1, . . . , Nc} , (29)

one obtains, given (7), (10), and (15),

V̇(ρ) = 2

Nc∑

k=1

(−1)k

[

v
(
Q(ϕ(k)

c )
)
−

J0

ρ∗
(
Q∗(ϕ

(k)
c )
)

]

= 2

Nc∑

k=1

(−1)k

[

ω +K Z
(
Q(ϕ(k)

c )
)
J0 (30)

−
ωJ0
J∗

−K Z
(
Q∗(ϕ(k)

c )
)
J0

]

.

The boundary condition (13) yields a monotone relationship
between the valuesρ(0) andρ(2π), that is,ρ(0) > ρ∗(0) if and
only if ρ(2π) > ρ∗(2π). Apart from the caseρ(0) = ρ∗(0),
ρ(2π) = ρ∗(2π), the numberNc of valuesϕ(k)

c satisfying
(29) is even, owing to the continuity ofρ andQ (ρ∗ andQ∗).
Consequently, the terms(−1)k(ω − ωJ0/J

∗) in (30) cancel
each other. In the particular caseρ(0) = ρ∗(0), Nc is not
necessarily even but it follows from (13) thatJ0 = J∗(0) =
J∗ and the above-mentioned terms are equal to zero. As a
consequence, one obtains

V̇(ρ) = 2 J0

Nc∑

k=1

(−1)kK
[

Z
(
Q(ϕ(k)

c )
)
− Z

(
Q∗(ϕ(k)

c )
)]

= 2 J0

Nc∑

k=1

(−1)kK Z ′(ξk)
[

Q(ϕ(k)
c )−Q∗(ϕ(k)

c )
]

, 2J0

Nc∑

k=1

T (k) , (31)

where the second equality is obtained through the
mean value theorem, withξk ∈ [Q(ϕ

(k)
c ), Q∗(ϕ

(k)
c )] or

ξk ∈ [Q∗(ϕ
(k)
c ), Q(ϕ

(k)
c )].

It remains to consider separately each termT (k) in the sum
(31). For the sake of simplicity, we first consider the case
K Z ′′ ≥ 0. Denoting(−1)k[Q(ϕ

(k)
c )−Q∗(ϕ

(k)
c )] by ∆(k)Q,

we also distinguish two cases:∆(k)Q > 0 and∆(k)Q ≤ 0.
Case∆(k)Q > 0. One has

T (k) = K Z ′(ξk)∆
(k)Q ≤ max

θ∈[0,2π]

(

K Z ′(θ)
)

∆(k)Q (32)

and

T (k) = K Z ′(ξk)∆
(k)Q ≥ min

θ∈[0,2π]

(

K Z ′(θ)
)

∆(k)Q . (33)

Case∆(k)Q ≤ 0. We need to consider the addition of the
termT (k) with the termT (k−1) or T (k+1). By (28), one gets

−∆(k−1)Q ≤ ∆(k)Q ≤ 0 , (34a)

−∆(k+1)Q ≤ ∆(k)Q ≤ 0 . (34b)

It follows that

T (k−1) + T (k)= K Z ′(ξk−1)∆
(k−1)Q+K Z ′(ξk)∆

(k)Q

≤ K Z ′(ξk)
(

∆(k−1)Q+∆(k)Q
)

. (35)

The assumptionK Z ′′ ≥ 0 implies K Z ′(ξk−1) ≤ K Z ′(ξk),
with ξk−1 ≤ ξk and the above inequality then follows from
(34a). In addition, (34a) also implies that the right hand in
inequality (35) is the multiplication ofK Z ′ with the positive
quantity∆(k−1)Q+∆(k)Q. Hence, (35) can be rewritten as

T (k−1) + T (k) ≤ max
θ∈[0,2π]

(

K Z ′(θ)
)(

∆(k−1)Q+∆(k)Q
)

.

(36)
Similarly, considering the addition of the termsT (k) and
T (k+1) and using (34b), one obtains

T (k) + T (k+1) ≥ min
θ∈[0,2π]

(

K Z ′(θ)
)(

∆(k)Q+∆(k+1)Q
)

.

(37)

Next, the inequalities (32) and (36) imply that the expression
(31) can be rewritten as

V̇(ρ) = 2J0

Nc∑

k=1

T (k)

≤ 2J0 max
θ∈[0,2π]

(

K Z ′(θ)
) Nc∑

k=1

∆(k)Q

= J0 max
θ∈[0,2π]

(

K Z ′(θ)
) ∫ 1

0

∣
∣
∣
∣

∂Q

∂ϕ
−

dQ∗

dϕ

∣
∣
∣
∣
dϕ

= J0 max
θ∈[0,2π]

(

K Z ′(θ)
)

V(ρ) , (38)

which corresponds to (25a). In the case∆(k)Q ≤ 0, the
two termsT (k) andT (k−1) are considered together. The term
T (k−1) itself corresponds to the case∆(k−1)Q > 0, and does
not require to be associated in turn with another term. In
addition, there is no boundary problem since the termT (1)

satisfies∆(1)Q > 0, given (28) andQ(0) = Q∗(0) = 0.
Similarly, the inequalities (33) and (37) lead to

V̇(ρ) = 2J0

Nc∑

k=1

T (k) ≥ J0 min
θ∈[0,2π]

(

K Z ′(θ)
)

V(ρ) , (39)

which corresponds to (25b).

In the caseK Z ′′ ≤ 0, the inequalities (36) and (37) are
reversed, that is, the sumT (k−1) + T (k) has a lower bound
and the sumT (k) + T (k+1) has an upper bound. Hence, the
inequalities (38) and (39) still hold.

We have completed the proof assuming a finite numberNc

of zero crossingsG(ϕ
(k)
c ) = 0, but the reader will notice that

the bounds (38) and (39) do not depend onNc. For an arbitrary
ρ, we conclude the argument as follows: by continuity, there
exists a sequence ofρi → ρ such that every member of the
corresponding sequenceGi(ϕ) → G(ϕ) has a finite number
of zero crossings. Because the bounds (38) and (39) hold
independently ofi, they also hold in the limit, which concludes
the proof.

If there is no coupling or if the PRC is constant, (12) is a
(marginally stable) standard transport equation and Theorem
1 implies that the Lyapunov function is constant along the
solutions of (12). This is in agreement with the fact that the
total variation distance is a conserved quantity for most ofthe
systems of conservation laws [23]. But whereas the distance
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is constant with a standard transport equation, the distance is
not constant under the influence of the coupling: the nonlinear
coupling term in (12), which depends onK Z ′, induces a
variation of the Lyapunov function that satisfies (25a)-(25b).
A monotone decreasing functionK Z implies a decreasing
Lyapunov function along the solutions. This is discussed in
detail in the next section.

The above result emphasizes the importance of considering
a) quantile densities instead of densitiesandb) a L1 distance
(total variation distance) instead of aL2 distance. The im-
portance of these two points is illustrated in the two following
paragraphs.

a) Quantile density vs. density function:The Lyapunov
function (24) is induced by the total variation distance between
quantile densities. An alternative choice would be the total
variation distance betweendensity functions, that is,

Vbis(ρ) =

∫ 2π

0

|ρ− ρ∗| dθ ∀ρ ∈ C0([0, 2π]× R
+;R+

0 ) .

(40)
The time derivative is given by

V̇bis =

∫ 2π

0

sign(ρ− ρ∗)
∂ρ

∂t
dθ

=

Nc+1∑

k=1

(−1)k
[

J(θ(k−1)
c )− J(θ(k)c )

]

, (41)

where we used (6) and introduced the notation analog to (28)-
(29), that is, the valuesθ(k)c (k ∈ {1, . . . , Nc}) satisfying

ρ(θ(k)c , t) = ρ∗(θ(k)c ) . (42)

A simple argument shows that the Lyapunov function cannot
be strictly decreasing along the solutions of (12). Indeed,for
any density satisfyingρ(0) = ρ∗(0), one has alsoJ0 =
J∗(0) = J∗ since it follows from (13) that there is a bijection
between the valuesρ(0) andJ0. But then, (7) and (42) imply
thatJ(θ(k)c ) = J∗(θ

(k)
c ) = J∗ for all k and the derivative (41)

leads toV̇bis = 0. Even though one actually shows thatV̇ ≤ 0,
La Salle principle cannot be used to prove the stability, since it
is not obvious to prove the precompactness of the trajectories.

This argument shows that a direct application of the total
variation distance on density functions does not lead to a good
candidate Lyapunov function for the PDE (12). A key point
is to apply the total variation distance onquantile functions
instead.

b) L1 distance vs.L2 distance: The Lyapunov function
(24) is induced by aL1 distance. An alternative choice would
be a Lyapunov function induced by a (more common)L2

distance, that isVter = ‖q − q∗‖L2 . However, straightforward
computations (not presented here) show that this candidate
Lyapunov function satisfieṡVter(ρ) > 0 for some ρ. This
remark also applies to the finite dimensional case.

V. CONVERGENCE ANALYSIS FOR MONOTONE

OSCILLATORS

The result of Theorem 1 has a strong implication in the case
of monotone PRC’s. It implies that the Lyapunov function (24)
has a monotone time evolution if the PRC is monotone. In this

situation, the Lyapunov function either converges to a lower
bound or to an upper bound. These two bounds correspond to
the two particular behaviors which characterize the dichotomy
highlighted in Section III. They are given by

0 ≤ V(ρ) ≤ ‖q‖L1 + ‖q∗‖L1

= Q(1)−Q(0) +Q∗(1)−Q∗(0) = 4π .

At the lower bound, the Lyapunov function is equal to zero
if and only if the density corresponds to the asynchronous
(stationary) density (15). On the other hand, we will show
that the function tends to the upper bound4π if the densityρ
tends to a Dirac function (synchronization).

A. Exponential convergence to the asynchronous state

Theorem 1 will be used to study convergence to the asyn-
chronous state for monotone decreasing functionsK Z(θ).
However, in order to apply (25a)-(25b) along the solutions,
we need to show independently that the fluxJ0(t) remains
strictly positive and uniformly bounded for all time. This
condition will restrict the set of admissible initial conditions.
In particular, the initial conditions have to ensure that0 <
J0 < ∞ when any oscillator crossesθ = 2π for the first time.
Formally, we consider the characteristic curvesΛθ(t) defined
by Λ̇θ = v(Λθ(t), t), Λθ(0) = θ ∈ [0, 2π], Λθ(tθ) = 2π.

The (strictly positive) initial densityρ(θ, 0) > 0 must be
such that the value of the flux at the intersection of the
characteristic curves withθ = 2π is strictly positive and
bounded, that is,∀ θ ∈ [0, 2π]

ρ(θ, 0) > 0 ⇒ 0 < J
(
Λθ(tθ) = 2π, tθ

)
= J0(tθ) < ∞ .

(43)
Condition (43) is the condition that is imposed on the initial
conditions to ensure that the flux satisfies0 < J0(t) < ∞ for
t ∈ [0, tθ=0]. But if the fluxJ0(t) is bounded fort ∈ [0, tθ=0],
then the fluxJ0(t) is uniformly bounded for all time and
Theorem 1 can be applied to prove the exponential decreasing
of the Lyapunov function. The result is summarized in the
following proposition.

Proposition 2. Consider the transport PDE (12)-(13) and
assume thatZ(θ) is such that (i) the stationary density
(15) exists, (ii)K Z ′(θ) < 0 ∀θ ∈ [0, 2π], and (iii) either
Z ′′(θ) ≥ 0 ∀θ ∈ [0, 2π] or Z ′′(θ) ≤ 0 ∀θ ∈ [0, 2π]. Then
all solutionsρ(θ, t) ∈ C0([0, 2π]× R

+;R+), with ‖ρ‖L1
= 1

and with an initial condition satisfying (43), exponentially
converge to the asynchronous state and the Lyapunov function
(24) is exponentially decreasing along them.

Proof: We proceed in two steps.

Step 1. Let [t1 = 0, t1], . . . , [ti, ti], with ti = ti−1, be
the successive time intervals so that the characteristic curves
Λ[ti,ti]

satisfyΛ[ti,ti]
(ti) = 0 andΛ[ti,ti]

(ti) = 2π. We will
show thatJ0(t) is uniformly bounded by

Jmin ≤ J0(t) ≤ Jmax ∀t > 0 , (44)

with the boundsJmin = mint∈[0,t1] J0(t) and Jmax =
maxt∈[0,t1] J0(t).
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We consider a characteristic curveΛ[t,t](t) with [t, t] ⊂

[ti−1, ti] (i.e. t ∈ [ti−1, ti−1] and t ∈ [ti, ti]). Solving the
total derivative equation (14) onΛ[t,t](t) yields

ρ(0, t) exp

(

−

∫ t

t

J0(t)K Z ′
(
Λ[t,t](t)

)
dt

)

= ρ(2π, t) .

(45)
Next, using (7) and expressing the integral in the space variable
Λ[t,t] along the characteristic curve lead to

J0(t)

ω +K Z(0)J0(t)
exp

(

−

∫ 2π

0

J0 K Z ′(Λ[t,t])

ω +K Z(Λ[t,t])J0
dΛ[t,t]

)

=
J0(t)

ω +K Z(2π)J0(t)
. (46)

Since ρ(θ, 0) > 0, the exponential evolution (45) of the
density along (all) the characteristic curves implies thatthe
density remains strictly positive for allt > 0. Hence, the
flux is also strictly positive for allt > 0. Then, we define
Jmax
[t,t]

, maxt∈[t,t] J0(t) > 0 and we can define

Ci , max
[t,t]⊂[ti−1

,ti]

(
∫ 2π

0

J0 K Z ′(Λ[t,t])

ω +K Z(Λ[t,t])J0
dΛ[t,t]

/∫ 2π

0

Jmax
[t,t]

K Z ′(Λ[t,t])

ω +K Z(Λ[t,t])J
max
[t,t]

dΛ[t,t]

)

.

(47)

SinceK Z ′ < 0 ∀θ, one hasCi = 1 only if J0(t) is constant
on at least one interval[t, t]. In this case, the solution has
reached the steady state and it follows that

J0(t) = J∗ ∀t ∈ [ti,∞) . (48)

Otherwise, one hasCi < 1 and, using (47) and computing the
integral in equation (46), we obtain

J0(t)

ω +K Z(2π)J0(t)

≤
J0(t)

ω +K Z(0)J0(t)

(
ω +K Z(0)Jmax

[t,t]

ω +K Z(2π)Jmax
[t,t]

)Ci

.

SinceJ0(t) ≤ Jmax
[t,t]

by definition, it follows that

J0(t)

ω +K Z(2π)J0(t)

≤
Jmax
[t,t]

ω +K Z(2π)Jmax
[t,t]

× max
[t,t]⊂[ti−1

,ti]

(
ω +K Z(2π)Jmax

[t,t]

ω +K Z(0)Jmax
[t,t]

)1−Ci

︸ ︷︷ ︸

<1

,

which implies that there exists a constantCmax
i < 1 (see the

remark at the end of the proof) such that

J0(t) ≤ Cmax
i Jmax

[t,t] ∀t ∈ [ti, ti] . (49)

It follows from (49) that

J0(t) ≤ Cmax
i Jmax

[ti−1
,ti−1]

∀t ∈ [ti, ti] (50)

and a straightforward induction argument using (48) and (50)
implies that

J0(t) ≤

(
i∏

k=2

Cmax
k

)

Jmax
[0,t1]

≤ Jmax ∀t > 0 ,

where some constantsCmax
k are equal to one if (48) is satisfied

at timet. The proof for the lower boundJmin in (44) follows
on similar lines.

Step 2.Sinceρ(θ, t) > 0 for all t > 0, the result of Theorem
1 is applied and yields

Jmin min
θ∈[0,2π]

(

K Z ′(θ)
)

V(ρ) ≤ V̇(ρ)

≤ Jmax max
θ∈[0,2π]

(

K Z ′(θ)
)

V(ρ)

or, equivalently,

−Jmin max
θ∈[0,2π]

∣
∣
∣K Z ′(θ)

∣
∣
∣V(ρ) ≤ V̇(ρ)

≤ −Jmax min
θ∈[0,2π]

∣
∣
∣K Z ′(θ)

∣
∣
∣V(ρ) ≤ 0

sinceK Z ′ < 0. The initial condition (43) implies thatJmin >
0 andJmax < ∞ and the Lyapunov function is exponentially
decreasing, which concludes the proof.

Remark. WhenKZ(2π) < 0, in the particular caseJmax
[t,t]

=

ω/|KZ(2π)|, (49) does not hold. However, sinceρ(θ, t) > 0
for all t > 0, the valueω/|KZ(2π)| can be used as the upper
boundJmax in (44).

The interpretation of Proposition 2 is that, for decreasing
functionsK Z(θ), the solutionρ(·, t) remains for all time in
the particular set{ρ|V(ρ) < C}, with the constantC > 0.
Inside this set, the solution eventually converges at exponen-
tial rate toward the stationary solutionρ∗, corresponding to
V(ρ∗) = 0.

The restriction (43) on the initial condition is rather weak
for decreasing functionsK Z(θ), as shown by the following
proposition.

Proposition 3. Assume thatK Z ′(θ) < 0 ∀θ ∈ [0, 2π]. If
K Z(2π) ≤ 0, then (43) is always satisfied. IfK Z(2π) > 0,
then (43) is satisfied if

ρ(θ, 0) <
1

K Z(θ)
∀θ ∈ [0, 2π] . (51)

Proof: CaseKZ(2π) ≤ 0. Using the boundary condition
(13), the condition0 < J0(tθ) < ∞ is turned into a condition
on ρ(2π, tθ) and (43) is equivalent to

ρ(θ, 0) > 0 ⇒ ρ(2π, tθ) > 0 ∀ θ ∈ [0, 2π] . (52)

For θ = 2π, condition (52) is satisfied, sincet2π = 0. Next,
we proceed by induction onθ: givenθ and assuming that (52)
is satisfied for allθ̃ > θ, we prove that (52) also holds at
θ. The total derivative equation (14) is well-defined on the
characteristic curveΛθ(t) since0 < J0(t) < ∞ for all t < tθ.
Solving (14) along the characteristic curve yields

ρ(2π, tθ) = ρ(θ, 0) exp

(

−

∫ tθ

0

J0(t)K Z ′
(
Λθ(t)

)
dt

)

(53)
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andρ(θ, 0) > 0 implies ρ(2π, tθ) > 0. Condition (43), equiv-
alent to (52), is then always satisfied.

Case KZ(2π) > 0. Using (13), the condition
0 < J0(tθ) < ∞ is turned into a condition onρ(2π, tθ)
and (43) is equivalent to

ρ(θ, 0) > 0 ⇒ 0 < ρ(2π, tθ) <
1

K Z(2π)
∀ θ ∈ [0, 2π] .

(54)
The strict conditionρ(θ, 0) > 0 always impliesρ(2π, tθ) > 0,
as in the caseK Z(2π) ≤ 0. Hence, we focus on the additional
upper bound on the densityρ(2π, tθ). For θ = 2π, condition
(51) implies (54), sincet2π = 0. Next, we proceed by
induction onθ: given θ and assuming that (54) is satisfied
for all θ̃ > θ, we prove that (54) also holds atθ (provided that
condition (51) is satisfied). Using (53) with condition (51)
leads to

ρ(2π, tθ) <
1

K Z(θ)
exp

(

−

∫ tθ

0

J0(t)K Z ′
(
Λθ(t)

)
dt

)

.

Expressing the integral in the space variable along the char-
acteristic curve yields

ρ(2π, tθ) <
1

K Z(θ)
exp

(

−

∫ 2π

θ

J0 K Z ′(Λθ)

ω +K Z(Λθ)J0
dΛθ

)

.

SinceK Z ′ is negative, the fluxJ0 can be replaced by its
maximal value, that is,J0 → ∞ and the above inequality
leads to

ρ(2π, tθ) <
1

K Z(θ)
exp

(

−

∫ 2π

θ

Z ′(Λθ)

Z(Λθ)
dΛθ

)

. (55)

The relation (55) is well-defined sinceZ(θ) 6= 0 for all θ ∈
[0, 2π]. Finally, computing the integral in (55) implies that
ρ(2π, tθ) < 1/[KZ(2π)]. Condition (43), equivalent to (54),
is then satisfied. This concludes the proof.

When the conditions of Proposition 3 are not satisfied,
condition (43) may fail to hold, in which case the flux blows-
up (finite escape time to infinity). In the caseK Z(2π) > 0,
there is a positive feedback between the flux and the velocity:
a high value ofJ0 increases the velocity through the coupling,
which in turn increases the flux. When the density approaches
the critical value

ρ(2π, t) =
1

K Z(2π)
, (56)

the flux is high enough to blow-up through the positive
feedback.

This finite escape time phenomenon is related to theabsorp-
tion phenomenon observed for finite populations. If two oscil-
lators are close enough, the firing of one oscillator can trigger
the instantaneous firing of the second: the latter isabsorbed
by the former. In particular, condition (51) is equivalent for
finite populations to an initial condition imposing a minimal
state distanceK/N between any two oscillators, a condition
that prevents the absorption phenomenon.

B. Finite time convergence to a synchronous state

For increasing functionsK Z(θ), Theorem 1 implies that
the Lyapunov function (24) is strictly increasing, and a syn-
chronous behavior is observed in finite time, for any initial
condition. Either the fluxJ0(t) becomes infinite in finite time
or the densityρ(0, t) becomes infinite in finite time.

The finite time convergence to synchronization is estab-
lished in Proposition 4. As a preliminary to this result, we
need the following lemma.

Lemma 1. The Lyapunov function (24) satisfies

V = ‖q − q∗‖L1 ≤ 4π − 2 qmin

with

qmin = min

(

min
ϕ∈[0,1]

q(ϕ), min
ϕ∈[0,1]

q∗(ϕ)

)

.

Proof: The proof of Lemma 1 can be found in Appendix
A.

Through Theorem 1 and the preceding lemma, the following
proposition establishes the finite time convergence to the
synchronous state.

Proposition 4. Consider the transport PDE (12)-(13) and
assume thatZ(θ) is such that (i) the stationary density
(15) exists, (ii)K Z ′(θ) > 0 ∀θ ∈ [0, 2π], and (iii) either
Z ′′(θ) ≥ 0 ∀θ ∈ [0, 2π] or Z ′′(θ) ≤ 0 ∀θ ∈ [0, 2π]. Then all
solutionsρ(θ, t) ∈ C0([0, 2π]× [0, tfin);R

+), tfin < ∞, with
‖ρ‖L1

= 1 and with an initial conditionρ(θ, 0) > 0, converge
in finite time to a synchronous state. That is, ifK Z(0) ≥ 0,
the flux satisfiesJ(0, tfin) = ∞, or if K Z(0) < 0, the density
satisfiesρ(0, tfin) = ∞.

Proof: An infinite flux J0(t) or an infinite densityρ(0, t)
is obtained when the densityρ(2π, t) reaches a critical value.
If K Z(0) ≥ 0, the valueK Z(2π) is positive sinceK Z
is increasing. Hence, the fluxJ0 becomes infinite when the
densityρ(2π, t) exceeds the critical value (56). IfK Z(0) < 0,
the velocity (10) atθ = 0 is equal to zero when the flux
reaches the valueJ0(t) = ω/|KZ(0)| or equivalently, given
(13), when the density reaches the value

ρ(2π, t) =
1

K Z(2π)−K Z(0)
. (57)

With a velocity equal to zero atθ = 0, the relationship (7)
implies that the density is infinite atθ = 0. [If K Z(0) < 0
along withK Z(2π) > 0, the reader will notice that the value
(56) has no importance, since (56) is greater than (57).]

Next, we show that the densityρ(2π, t) must necessarily
reach the critical value (56) or (57) in finite timetfin. Consider
a characteristic curveΛ(t), with Λ(t) = 0 andΛ(t) = 2π and
assume that the synchronous state is not reached within[t, t],
so thatρ(θ, t) ∈ C0([0, 2π]× [t, t];R+

0 ). [The initial condition
ρ(θ, 0) > 0 implies that the density remains strictly positive
on (all) the characteristic curves.] Applying Theorem 1 and
integrating (25b), one has

∫ V(t)

V(t)

1

V
dV ≥ min

θ∈[0,2π]

(

K Z ′(θ)
) ∫ t

t

J0(t) dt .
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Since[t, t] is the time interval corresponding to the complete
evolution of an oscillator fromθ = 0 to θ = 2π , the integral
of the flux J0 in the above equation is equal to one and it
follows that

V(t)

V(t)
≥ exp

(

min
θ∈[0,2π]

(

K Z ′(θ)
))

.

The conditionK Z ′ > 0 implies that the Lyapunov function
strictly increases within the time interval[t, t]. Consideringn
successive intervals[0, t1], . . . , [tn, tn], with ti+1 = ti, one
obtains

V(tn)

V(0)
≥ exp

(

n min
θ∈[0,2π]

(

K Z ′(θ)
))

.

Hence, a given valueV > V(0) is reached within at mostnmax

time intervals, with

nmax ≤
log
(
V/V(0)

)

minθ∈[0,2π]

(

K Z ′(θ)
) .

Since the time length of each interval[tk, tk] (k ≤ max) is
finite, any valueV < 4π is reached in finite time. By Lemma
1, V = V implies thatqmin ≤ (4π − V)/2. When considering
valuesV close to4π, the minimum of the quantile density
q reaches in finite time any given value close to zero. Given
(22), this implies that the maximum of the densityρ reaches
in finite time any given value (provided that the critical value
(56) or (57) is not already reached). In particular, the value

ρM = ρc exp

(

max
θ∈[0,2π]

(

K Z ′(θ)
))

, (58)

with ρc denoting the critical value (56) or (57), is reached
in finite time. Then, the maximum valueρM (obtained at
θM at timetM ) decreases along the characteristic curveΛ(t),
with Λ(tM ) = θM . Solving the total derivative equation (14),
one shows that the variation along the characteristic curveis
bounded:

ρ(2π, tfin) = ρM exp

(

−

∫ tfin

tM

J0(t)K Z ′
(
Λ(t)

)
dt

)

≥ ρM exp

(

− max
θ∈[0,2π]

(

K Z ′(θ)
))

,

where the inequality is obtained since the integral ofJ0 on
[tM , tfin] is less than one. WithρM given by (58), the density
exceeds the critical value in finite timetfin, which concludes
the proof.

Proposition 4 shows that oscillators with monotone in-
creasing functionsK Z converge to a synchronous behavior
corresponding to a solution with a finite escape time to infinity.
If the coupling is excitatory (0 ≤ K Z(0) < K Z(2π)), the
flux J0 blows-up and is infinite at timetfin, as well as the
velocityv(2π, tfin). If the coupling is inhibitory (K Z(0) < 0),
the velocityv(0, t) reaches the value zero at timetfin and the
oscillators accumulate atθ = 0, yielding an infinite density
ρ(0, tfin).

VI. I MPLICATIONS FOR POPULATIONS OF OSCILLATORS

The results of Section IV and Section V are technical. In
this section, we discuss their implications on the qualitative
behavior of monotone pulse-coupled oscillators.

Emphasis is put on the strong parallel between the analysis
of the present paper on infinite populations and earlier results
on finite populations. We also consider more general models.

A. Parallel with finite populations

The results of Proposition 2 and Proposition 4 apply to
oscillators characterized by a monotone PRC. In the case of
integrate-and-fire oscillatorṡx = F (x), the results thereby
apply to oscillators with a monotone vector fieldF (includ-
ing the popular LIF oscillators) and reinforce the numerical
observations presented in Section III-A.

WhenK Z ′ < 0 (K dF/dx > 0), the oscillators asymptot-
ically converge to the asynchronous state.

Theorem 2. Consider a continuum of identical pulse-coupled
integrate-and-fire oscillatorsẋ = F (x) characterized by
(i) a monotone dynamicsK dF/dx > 0 and (ii) a PRC
with a curvature of constant sign. Then, provided that the
asynchronous state exits (cf. Corollary 1), either the initial
conditions do not fulfill(43) and the flux tends to infinity in
finite time, or the continuum exponentially converges to the
asynchronous state.

WhenK Z ′ > 0 (K dF/dx < 0), the oscillators synchro-
nize in finite time.

Theorem 3. Consider a continuum of identical pulse-coupled
integrate-and-fire oscillatorṡx = F (x) characterized by (i) a
monotone dynamicsK dF/dx < 0 and (ii) a PRC with a cur-
vature of constant sign. Then, provided that the asynchronous
state exits (cf. Corollary 1), the continuum converges to the
synchronous state in finite time.

The curvature condition on the PRC is verified for the LIF
oscillators (with dynamicṡx = S − γ x). Indeed, the PRC is
given by

Z(θ) =
ω

S
exp

(
γ θ

ω

)

with ω = 2π γ

[

log

(
S

S − γ

)]−1

and satisfiesZ ′′ > 0. Hence, Theorem 2 and Theorem 3
prove the global dichotomic behavior of the continuum of
pulse-coupled LIF oscillators: the oscillators converge to the
synchronous state when the coupling is excitatory (K > 0)
and to the asynchronous state when the coupling is inhibitory
(K < 0). These global results complement the local results on
the continuum model presented in [19], [16], [22].

The results of Theorem 2 and Theorem 3, for infinite
populations, are the exact analogs of the results presentedin
our previous study [17] and in [18], for finite populations.
They prove that the behaviors of monotone oscillators are
dichotomic, not only for finite populations but also for infinite
populations, thereby drawing a strong parallel between the
analysis of finite populations and the analysis of infinite
populations.
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B. Application to other oscillators

Beyond the case of integrate-and-fire oscillators, the results
developed in the present paper apply to more general phase
dynamics. The PRC can be (numerically) computed from
general high-dimensional state models possessing a stable
limit cycle, in which case the phase dynamics (4) representsa
one-dimensional reduced model valid in the neighborhood of
the limit cycle [9], [8]. However, two limitations appear, which
require (i) a weak coupling strength and (ii) a monotone PRC.

(i) Phase reduction of multidimensional models (other than
integrate-and-fire models) is valid as long as the coupling is
weak. Since the derivation of the transport equation relieson
the phase dynamics, it is relevant only for a coupling strength
K ≪ 1.

(ii) Monotone PRC’s are necessarily discontinuous, that is
Z(0) 6= Z(2pi). Discontinuous PRC’s appear in the singular
limit of oscillator models with separated time-scales, such as
relaxation oscillators or spiking oscillators. Such models in-
clude for instance most models encountered in computational
neuroscience (e.g. Fitzugh-Nagumo model [32], [33], Morris-
Lecar model [34], see also [28]). Since the time spent on a part
of the limit cycle is negligible with respect to the time spent
on the rest of the cycle, the fast part can be replaced in good
approximation by a discontinuity. The oscillators are thereby
characterized in good approximation by a non periodic PRC,
that can be monotone.

This situation is illustrated in the following example, for
oscillators characterized by a limit cycle close to a homoclinic
bifurcation.

Example. In [25], limit cycles close to a homoclinic bifurca-
tion are approximated by a discontinuous limit cycle, to which
corresponds a monotone (discontinuous) PRC that satisfies the
additional curvature condition, so that the results apply.

A homoclinic bifurcation occurs when there exists, for a
given parameter value, a homoclinic orbit to a saddle point
with real eigenvalues. At the bifurcation, a limit cycle appears.
Assuming that there is a single unstable eigenvalueλu such
that λu < |λsj |, with λsj being the stable eigenvalues, the
limit cycle is stable [35]. Since the trajectory is much slower
near the saddle point, the limit cycle is discontinuous in good
approximation and the PRC is approximatively given by the
discontinuous function (see [25] for more details)

Z(θ) = C ω exp

(
2πλu

ω

)

exp

(

−λu

θ

ω

)

, (59)

whereC > 0 is a model-dependent constant.
The PRC (59) is monotone decreasing and has a positive

curvature. It follows that the oscillators close to a homo-
clinic bifurcation and interacting through a weak excitatory
impulsive coupling (0 < K ≪ 1) satisfy the hypothesis of
Proposition 2: they exponentially converge toward the asyn-
chronous state, provided that the asynchronous state exists.
The condition (18) of Proposition 1 is always satisfied with a
weak coupling, so that the asynchronous state always exists.
For a weak inhibitory coupling (−1 ≪ K < 0), Proposition 4
implies that the oscillators reach a synchronous state in finite
time.

In the popular Morris-Lecar model [34], which is among the
most widely used conductance-based models in computational
neuroscience, a homoclinic bifurcation can occur for low
external currents [36], [37]. The above results apply in this
situation.

VII. C ONCLUSION

In this paper, we have studied the global behavior of
infinite populations of monotone pulse-coupled oscillators.
The behavior of the oscillators is dichotomic: either the
oscillators achieve perfect synchrony (synchronous state) or
the oscillators uniformly spread overS1(0, 2π) (asynchronous
state).

The infinite population is represented by a continuous
density. In this framework, a necessary and sufficient condition
ensures existence and uniqueness of the stationary density
(asynchronous state).

For the global convergence analysis of the (nonlinear) trans-
port equation of the density, we propose a Lyapunov function
that is the total variation distance between quantile density
functions. The Lyapunov function has two extreme values that
correspond to the two steady-state behaviors of the system (the
synchronous state and the asynchronous state). The stability
results obtained for general phase oscillators are appliedto
particular models of importance (e.g. leaky integrate-and-fire
model).

The main result of the paper stresses the importance of a
L1 distance (the total variation distance) to analyze a transport
PDE under monotonicity assumptions on the PRC. However,
the time evolution of the proposed Lyapunov function is no
longer monotone when the monotonicity assumptions fail,
even though the observed dichotomic behavior seems more
general. This restriction raises interesting open questions about
the generalization of the Lyapunov function and about the use
of L1 distances for a larger class of transport PDE’s.

APPENDIX A
PROOF OFLEMMA 1

The Lyapunov function is written as

V =

∫ 1

0

|q − q∗| dϕ

=

∫

A+

(q − q∗) dϕ+

∫

A−

(q∗ − q) dϕ

≤

∫

A+

(q − qmin) dϕ+

∫

A−

(q∗ − qmin) dϕ , (60)

with the setsA+ = {ϕ ∈ [0, 1]|q − q∗ ≥ 0} and
A− = {ϕ ∈ [0, 1]|q − q∗ < 0}.

Moreover, one has
∫

A+

q dϕ+

∫

A−

qmin dϕ ≤

∫ 1

0

q dϕ = Q(1)−Q(0) = 2π ,

(61)
and
∫

A−

q∗ dϕ+

∫

A+

qmin dϕ ≤

∫ 1

0

q∗ dϕ = Q∗(1)−Q∗(0) = 2π .

(62)
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Next, injecting (61) and (62) in inequality (60) yields

V ≤ 2π− 2

∫

A−

qmin dϕ+2π− 2

∫

A+

qmin dϕ = 4π− 2 qmin .
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Belgium, in 2007 and 2011, respectively.

He is currently a BAEF Postdoctoral Research
Fellow at the University of California, Santa Bar-
bara. His research interests include dynamical sys-
tems, synchronization in complex networks, pulse-
coupled oscillators, and applications of operator the-
oretic methods to the analysis of nonlinear systems.

Rodolphe Sepulchre(F’10) received the M.S. de-
gree in engineering and the Ph.D. degree in applied
mathematics from the University of Louvain, Bel-
gium, in 1990 and 1994, respectively.

He is a Professor in the Department of Electrical
Engineering and Computer Science at the University
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