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Abstract—We consider a continuum of phase oscillators on the the collective behaviors even though the nonlinear interas

circle interacting through an impulsive instantaneous copling. In
contrast with previous studies on related pulse-coupled nuels,
the stability results obtained in the continuum limit are global.
For the nonlinear transport equation governing the evolutbn
of the oscillators, we propose (under technical assumpti@) a
global Lyapunov function which is induced by a total variation
distance between quantile densities. The monotone time dution
of the Lyapunov function completely characterizes the dicbhtomic
behavior of the oscillators: either the oscillators convege in finite
time to a synchronous state or they asymptotically converge an
asynchronous state uniformly spread on the circle. The redts of
the present paper apply to popular phase oscillators modelé.g.
the well-known leaky integrate-and-fire model) and show a sbng
parallel between the analysis of finite and infinite populatbns. In
addition, they provide a novel approach for the (global) andysis
of pulse-coupled oscillators.

Index Terms—phase oscillators, impulsive coupling, synchro-
nization, partial differential equations, transport equation, global
stability, Lyapunov function, total variation distance

I. INTRODUCTION

between oscillators often yield mathematical puzzles ,[10]
[11].

Within the network, oscillators interact through a nonéine
coupling. In most studied models, the coupling has a perma-
nent influence on the network. However, in many situations
encountered in biology or physics, the oscillators inflieenc
the network only during a tiny fraction of their cycle (e.g.
yeast cell dynamics [12]). It is particularly so when the
interconnection between the agents consists in the emis$io
fast pulses (spiking neurons [13], cardiac pacemaker detls
earthquakes dynamics [15], etc.). In this paper, we conside
the limit of an impulsive and instantaneous coupling, where
a (pulse-coupled) oscillator interacts with the networkyon
when its phase is equal to a given value. When considering
the popular leaky integrate-and-fire oscillators, this eiod
corresponds to Peskin’s model [16], [14].

For a finite number of identical oscillators, previous sasdi
show that the global behavior of pulse-coupled oscillatsrs
dichotomic ([17], [18]): the oscillators converge either &

ETWORKS of interacting agents are omnipresent igynchronized state or to an anti-synchronized state. In the
natural [1], [2], [3] as well as in artificial systems [4], [5] present paper, we extend the result to infinite populations,

[6]. In spite of their apparent simplicity, they may exhikith

showing that the global behavior of infinite populations is

and complex ensemble behaviors [7] and have led to intengso dichotomic and thereby highlighting the perfpatallel
research during the last few decades. In this context, edupbetween finite and infinite populations.
phase oscillators are generic models of paramount impmetan Several earlier studies have providedal stability results

when studying the collective behaviors of a large collattié
systems [8].

for infinite populations of pulse-coupled oscillators (seg.
[19], [20], [21], [16], [22]). In contrast, we present in $hpaper

Phase oscillators appear as reductions or approximatigebal stability results for infinite populations of monotone

of (realistic) dynamical oscillator models. They are obémi

oscillators (including leaky integrate-and-fire oscile). To

through the computation of a phase response curve (PRC) [8s end, we introduce a Lyapunov function which is induced

[8], which characterizes the phase sensitivity of an caaitl

by aL! norm and which has the interpretation ofcdal vari-

to an external perturbation, such as the influence of thehneigition distance between (quantile) density functioM®dulo

boring oscillators in the network. Since phase oscillatmes
characterized by the one-dimensional state-sp&id®, 27),

technical conditions detailed in the paper, we show that the
time evolution of the proposed Lyapunov function is governe

they are more amenable to a formal mathematical study 19 the derivative of the PRC, a result that leads to a global
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convergence analysis for monotone PRC's.

Beyond the analysis of monotone pulse-coupled oscillators
the theory developed in the paper leads to general results on
nonlinear partial differential equations (PDE). The asaly
focuses on transport equations with a monotone dynamics
(derived from a monotone PRC) and provides existence,
unigueness, and global stability results for the statipnar
solution of the PDE. In particular, the use of a total vaadati
distance as a strict Lyapunov function seems novel andfépeci
to the impulsive nature of the coupling (the results in [23],
[24] suggest that total variation distance is of little use f
systems of conservation laws). In this context, the resalta



potentially open new avenues to connect the monotonicitye results of the present paper applymonotone oscillators
property of an infinite dimensional system to its stabilityhat we define as integrate-and-fire oscillators with a mamet
properties. increasing or monotone decreasing vector field{dx > 0
The paper is organized as follows. In Section Il, we deriver dF'/dx < 0). The class of monotone oscillators embraces
the transport PDE for the continuum of pulse-coupled oscilarge variety of models, including the popular LIF model.
lators from the original model of pulse-coupled integrate-
fire os_cillators (Pes_kin’s model). Sec_tion 1] presen_ts BUCBl B phase oscillators
experiments showing that the continuum model is character- , . ,
ized by a dichotomic behavior. In addition, existence an%lntegrate_—and—flr_e oscillators are equaleqtly modelgd a
unigueness results are obtained for the stationary salafo phase oscnlayors if the state cjynamm_s (1) is t_urned into a
the PDE. In Section IV, a strict Lyapunov function is propase phase dynam|cs._The pha&@_ S (_0’ 2m) is determined from
which is inspired from our previous work [17] on finite popN€ Statex & [z, 7] by rescaling in such a way that = 0
ulations. In Section V, we perform the convergence analy&8/"esponds to the low threshald= z — the oscillator fires
of populations of monotone oscillators. The parallel betwe at phas#) = 0 — and in such a way that a single (uncoupled)

finite and infinite populations, as well as the application d}scnlaﬁr has a confstr?nt ph_rlj}se ve_:%(ﬁtgr wa WheLew Is the
the results to general models of oscillators, are discussed"2tural frequency of the oscillator. This leads to the spitase

Section VI. Finally, the paper closes with some concludir§'ation + q
remarks in Section VII. 0 W/ ds. 3)
. F(s)
Il. A PHASE DENSITY EQUATION FOR PULSECOUPLED Under the influence of the coupling(¢), the state dynamics
OSCILLATORS (1) corresponds to the phase dynamics
In this section, we introduce the model of (monotone) O = w—+ Z(0k) u(t) 2 v(0y, 1), 4)

integrate-and-fire oscillators with an (instantaneougutsive

coupling. The oscillators are equivalent to phase osoittat Where the functiorZ € C''([0, 27]) is the infinitesimal phase
and, in the continuum limit, they evolve according to &esponse curve (PRC) of the oscillator, that is, the phase
phase density equation. The derivation of the Correspg«,dﬁpnsitivity of the oscillator to an infinitesimal perturimat
nonlinear PDE is standard and similar developments aredfoud8]: [9]. [8]. For integrate-and-fire oscillators, the PR@s

in [19], [25], [16]. the closed-form expression (see [25])
0) = —— )
A. Pulse-coupled integrate-and-fire oscillators F(x(0)

We consider models of integrate-and-fire oscillators [26lf follows from (5) that monotone oscillators are charaizie
An integrate-and-fire oscillator is described by a scalatest by a monotone PRGIF/dx > 0 Vx € [z,7] leads toZ’ <0
variable z, which monotonically increases between the twgt € [0,27] and dF/dx < 0 Yz € [z,7] leads toZ’ > 0
thresholdsz and # according to the dynamics = F(z), V0 € [0,27], whereZ’ denotes the derivative & with respect
F > 0. When the oscillator reaches the upper threshglit  to the phasé.
is reset to the lower threshold (it is said tofire).
~ In [14], Peskin proposed to study the behavior &f c._ phase density equation
integrate-and-fire oscillators interacting through an ulsjve
coupling. Whenever an oscillator fires, the state of all r)thxfnh L Lo : :

! - ; e infinite population is a continuum characterized by a
oscillators is instantaneously incremented by a constaloieyv (nonnegative, continuous) phase density function
K/N, where K is the coupling strength. The coupling is g ' P y
usually excitatory ¥ > 0) but may also be inhibitory p(0,t) € C°([0,27] x RT;R™)
(K < 0). The dynamics of a pulse-coupled integrate-and-fire - o
oscillatork € {1,..., N} is then given by that satisfies the normalization

2m
& = F(xr) + ug(?) (1) /0 p(0,t)dd =1 Vt.

In the limit of a large number ofV.— oo oscillators,

with the coupling The quantityp(0, t)dé is the fraction of oscillators with a phase

KX ) betweend and § + df at time ¢t. The time evolution of the
uk(t) = & Y Y s—1"). (2)  density obeys the well-known continuity equation
j=11=0
£k 0 0
| | ” "~ 550(0:1) = =25 [0(6,£) p(6.1)] (6)

The Dirac functions) model the pulses which increment the _
state of oscillatork at the firing timest\”), that is, when an where the function
oscillator j # k fires. w0, ) p(6,1) 2 7(6,1) )

Peskin's model was initially proposed with the popular
leaky integrate-and-fire (LIF) oscillators, characterized bg this the (nonnegative, continuous) fluk¢,t) € C°([0, 2] x
affine vector fieldF'(z) = S — vz, v > 0 [27]. However, R*;R"). The quantity.J(6,¢)dt represents the fraction of



oscillators flowing through phagebetween time and¢+dt.  p(6,¢). [In particular, p(0,t) # p(2w,t) if Z(0) # Z(2x).
Since the phasé is defined onS*(0,27) = R mod 27, the Observe that a monotone PRC implies tidb) # Z(27).]
flux must satisfy the boundary conditions The density of the pulse-coupled oscillators evolves atcor
a ing to the nonlinear PDE (12) with the boundary condition
J(0,8) = J(@2m6) = Jo(t) V. (8) (13). The PDE is studied in detail in the rest of the paper,
For the sake of simplicity, we use in the sequel the notatiovith a particular attention to the case of a monotone PRC.
Jo to denote the boundary flux (8). Since the oscillators fire

at phased = 0, Jy(t) is also called thefiring rate of the [1l. A DICHOTOMIC BEHAVIOR

oscillators. Finite populations of pulse-coupled monotone oscillators
_ _ _ _ exhibit a dichotomic behavior: they converge either toward

D. Continuous impulsive coupling a synchronized state or toward an anti-synchronized state (

The impulsive coupling originally defined for finite popu{17], [18]). Similarly, infinite populations are charadied
lations is extended to infinite populations as follows. ®indy a dichotomic asymptotic behavior, that depends on the
the coupling strengthi /N is inversely proportional to the coupling sign & > 0 or K < 0) and on the derivativeZ’ (or
number of oscillators, the coupling does not increase as ®@uivalentlydF'/dz). This remarkable behavior is described
number of oscillators grows: the constafit corresponds to in the present section through numerical experiments and
the net influence of the whole population through the cogplinintuitive arguments, motivating the theoretical globahlysis
regardless of the number of oscillators. In the lidvit— co, N the next sections. The actual proof of the dichotomic
the firing of each oscillator of the infinite population progs behavior is postponed to Section V.
an infinitesimal spike of sizé{/N — 0.

The impulsive coupling is best expressed in terms @f Asymptotic behavior
the flux Jo. For a finite population, the oscillators cross-

ing ¢ = 0 at times té(j)) induce a (discontinuous) flux 5,4 the PDE is a standard transport equation. Its solution
Jo(t) = % 22; 22, 0(t —4”). In the limit N — oo, the s 5 rigid translation of the initial density(d,0) = po(6)
influence of a single oscillator is negligible, so that commm@ \yith a constant velocity, that is, a traveling wave(, t) =
the flux Jo with the coupling (2) yields the coupling po((0 — wt) mod 27). In this case, any solution is periodic
u(t) = K Jo(t). 9) (with period 27r/w? and the system is marginally stable.
When the oscillators are coupled, the last term of (12)
Roughly, for infinite populations, the impulsive couplirsy i modifies the transport equation. Under the influence of the
identical for all the oscillators androportional to the firing coupling, the velocity depends on both time and phase and
rate Jy. In addition, the coupling is a continuous-time functiofe density is thereby “stretched” or “compressed”. This is
interpreted as an infinite sum of infinitesimal spikes thatle jjlustrated when computing the total time derivative alang

Without coupling (K = 0), the last term of (12) disappears

from the uninterrupted firings of the continuum. characteristic curve\(¢) defined byA = v(A(t), ), that is
With the continuous impulsive coupling (9), the phasea P d
dynamics (4) is rewritten as 8_;) + a—gv(A(t),t) = d_? = —p(A(t),t) Jo(t) K Z'(A(1)) ,
0=0v,t)=w+ Z(O) K Jo(t). (10) (14)

_ _ . where (12) and (13) have been used. The total derivativeshow
The final PDE for the continuum of pulse-coupled oscillaisrs that the density is modified on a characteristic curve whenev
derived as follows. A# = 0, (7) and (10) yield the relationship the PRCZ is not constant. In addition to the rigid translation,

Jo(t) = v(0,1) p(0,1) = [w+ K Z(0) Jo(t)] p(0,t)  (11) the _density undergo_es a nonlinear transforma_ltion, pqssil_:)l
leading to asymptotic convergence to a particular density

and the flux at the boundary is explicitly given by function corresponding to a particular stationary orgatiim
wp(0,1) of the oscillators.
Jo(t) = — : The total derivative (14) gives clear insight that the sigin o
1—-K Z(0) p(0,1) e : : : )
L ) . the derivativeK Z' is of primary importance. In fact, the sign
The continuity equation (6) thus leads to the nonlinear PDf - 7/ \yill enforce the dichotomic behavior. The condition
for the density K Z'(0) < 0 (or K dF/dxz > 0) will be shown to enforce
dp(0,t)  Op(0,t) K wp(0,t) 0 2(0) (6. ¢ convergence to ainiform flux J(6,t) = J* on S'(0,27).
ot v 20  1-— K Z(0) p(0,t) o0 [2(0) p(0,1)] - This situation, corresponding to the maximal spreadinghef t

N . . (12) oscillators on the circle, is called tresynchronoustate [19],
The boundary condition (8) is expressed in terms of dens{@2] (Fig. 1). In contrast, the reverse conditidgnz’(6) > 0

as (or K dF'/dxz < 0) will be shown to enforce convergence to
p(0,1) p(2m,t) Jo(t) a delta-like flux(Fig. 2). This situation, characterized by the
1— K Z(0) p(0,1) 1K Z(27) p(2m, t) S synchronization of all the oscillators, is tgnchronous state

(13) We remark that reversing the coupling sigki ¢ 0 or K < 0)
The reader will notice that, in contrast to the periodicitjhas the same effect as reversing the monotonicity 6’ < 0
condition on the flux, no periodicity is assumed on the dgnsior Z’ > 0).



O = (67,---,0y_1,0% =2m) and fire at a constant rate.
08 In particular, the valu&r — 6%,_, is related to the firing
"“05 rate and is well-approximated by the stationary fllixwhen
' N> 1
% 0/2m 1 %% 5 ¢t 10 15

) The following proposition gives necessary and sufficient
@ (b) conditions to ensure the existence and uniqueness of a sta-
Fig. 1. Whenk 2’ < 0 (or K dF/dz > 0), the solution converges to tionary solutionp* € C°([0, 27]; R™).

the asynchronous state. With the monotone LIF dynaniics 2.1 — 2« N s
x € [0,1] and with an inhibitory coupling = —0.1 < 0, the functionk z Proposition 1. A stationary fluxJ* > 0 satisfying the

is monotone decreasing. (a) The density converges to arstaji solutionp™  conditions (16) and (17) exists if and only if the inequality
and (b) the fluxJo(t) tends to a constant valug* ~ 0.53.

I 1
g2 : w0 %Hi . KZ@) +s do > 1 (18)
p; : " 20 is satisfied with
i mm$¢AA¢iiJJ Té{o if KZ()>0 V6elo,27],
¢ o= | B R iy w ’minge[ozﬂ-] (K Z (9))‘ otherwise
@) (b) Moreover, the solution is unique when it exists.
Fig. 2. WhenK Z’ > 0 (or K dF/dz < 0), the solution converges to Proof: Inequality (16) implies that the velocitw +

the synchronous state. With the same LIF dynamics as in Figutlwith an g Z(@)J* is strictly positive so that
excitatory couplingK’ = 0.1 > 0, the functionK Z is monotone increasing. ’

(a) The density converges to a synchronous solution andhéltix Jo(t)
tends to a Dirac function. J* e j 0, hm had
TS
s>

The dichotomic asymptotic behavior is in agreement wit-I!;he function

the equivalent dichotomic behavior of finite populatiorse t W(J) = /2” J 4o

synchronous and asynchronous states are the exact analog o wH+KZ(©0)J

of the synchronous ansdplay states observed for finite pop-satisfies W(0) = 0, is continuous on7, and is strictly

ulations. This is obvious in the case of synchronizatiofhcreasing on7 since

that occurs both for finite and infinite populations when I o "

K dF/dx < 0 [18]. Asynchronous state and splay state are = ————df >0 VJeJ.

also equivalent behaviors, that both occur whedF/dz > 0 df Jo [w+KZ(0)J]]

[17]. They are both anti-synchronized behaviors, for whieh As a consequence, the equatidi(.J) = 1, which is equiva-

oscillators evenly spread over the circ#é(0, 27). lent to condition (17), has a (unique) solutidr € 7 if and

only if

B. Stationary asynchronous state ) ) 2 1
We will now characterize the stationary solution of the PDE %1_5% (w/s) = %l—i{% KZ(0)+ sd9 > 1,

((]6)9, |.e.ih§*asgnchro7nou§ state _corres;()jondl_ng toa ccnﬁlan which concludes the proof. -
(6,¢) = J*. From (7), the stationary density must satisfy Proposition 1 implies that the coupling constétmust be

J* bounded. For integrate-and-fire oscillators, the boundthen

p*(0) = DT K20 (15)

The stationary asynchronous state thus exists if therdsexis
value J* > 0 so that the stationary density is nonnegative ar@orollary 1. For integrate-and-fire dynamics = F(z), a

coupling constant are computed analytically and are given i
the following corollary.

bounded stationary fluxJ* > 0 fulfilling the conditions (16) and (17)
0< J* o € 10.9 16 exists if the coupling constant satisfies
_w+KZ(9>J* < o0, G[a '/T]a ( ) ; = 5 ; . ~ .
———dz < K<T—z,
and normalized sgﬁim L s P ™ T-z (19)
27 8<£'min
J* , .
———df=1. 17) with Fn = mingcr, 71 (F(2)).
A w+ K 2(0)J (17) ela] (F(2))

Proof: If the coupling is excitatory K > 0), it follows
from (5) that K Z(0) > 0 V4 € [0, 2x], so thatr = 0. Then,
the condition (18) of Proposition 1 can be rewritten as

The condition (16) and the continuity of imply that the
stationary density is continuous ¢, 27].

For finite populations, the equivalent stationary splay
state is a phase-locked configuration: at each f|r|ng, /27r F(fv(é’))do/”idx>1
the N oscillators are characterized by constant phases KZ( 0 Kw N K




given (3), or equivalently
K<z—2z. (20)

If the coupling is inhibitory & < 0), it follows from (5) that ! 1 : Q(@:p-l((p)i !
r = —Kw/Fuim. Then, the condition (18) of Proposition 1 is 0 0 0 91
rewritten as

27 1 27 1

Fig. 3. The density functiorp(6) (left) has a cumulative density(6)
(center). The quantile functio®)(p) = P~1(yp) is the cumulative density

lim —————df# = lim - db functi ¢ : _ _
s K K unction of the quantile density functiog() (right).
srd KZOFT 2 ity -5

. 1
- Sil}rn/x }@dz >1 The (continuous) quantile function is equivalent to thes{di
§<Fmin s crete) descriptior® of finite populations. For a finite num-
and we obtain the lower bound (19) dn. B ber of N distinct oscillators, at each firing of an oscillator
Condition (20) is easy to interpret in the case of finit¢dy = 2x), the remaining phaseg;, are the N-quantiles
populations: it is a necessary condition for the existerfca 09, = Q;N), that is
stationary phase-locked configuration. Since the avertge s
difference betweenV oscillators is(z — z)/N, a coupling @ = (4, .- ,fy_1,27) = (Q§N),"' , 5{;’_)1,277) . (21)
strength K > T — z yields an “avalanche” phenomenon
igniting a chain reaction of firings. In this situation, a pea \When the number of oscillators tends to infinity, the-
locked behavior ofV distinct oscillators cannot exist. quantiles are replaced by the continuous quantile funaflon
(Roughly speaking, the quantile function plays the rolehef t
V. A STRICTLYAPUNOV FUNCTION INDUCED BY THE vector® with an infinity of components.)
TOTAL VARIATION DISTANCE As the analog of the densify, the quantile density function
Lyapunov analysis is a classical approach to study ti®0], also calledsparsity functiopis the functiong : [0,1] —
stability of nonlinear PDE’s (see e.g. [29]). In this sentio R+ that satisfies (see Fig. 3)
we extend our previous results obtained for finite poputetio
[17] to construct a strict Lyapunov function for the PDE (12) Qy) = /w q(s) ds.
The Lyapunov function, inspired by tHenorm introduced in 0
[17], is aL! distance interpreted as thetal variation distance

between quantile densities The quantile density function, which is the derivative of

the quantile functior), expresses the increase of phase per
unit increase of oscillator index. The two functions areed

A. Quantile density . . .
o o ) according to the relationship
The description of the infinite population through the den-
dQ 1

sity p(#) is not equivalent to the description of a finite (o) = X _ (22)

population through a vecto® = (0y,---,6x). While the av) = do  p(Qyp))

former corresponds to the “amount” of oscillators as a fiamct

of the phase, the latter corresponds to the phase as a fawétioln order to avoid some ill-defined cases, the condition 0

the oscillator index. To establish an equivalence betwestefi must be satisfied ofv), 27].

and infinite populations, we introduce an index for infinite The reader will notice that, as the oscillators dengity, ¢)

populations of oscillators and use the conceptqofantile depends ontime in the model (6), the associated quantite fun

function tion and quantile density function also depend on time ard ar
For infinite populations, the oscillators can be contindhen rigorously defined as the two-variable functigépsp, t)

ously labeled on the intervdD, 1] and an oscillator index andgq(e,t). In addition, we denote the quantile function and

¢ € [0,1] is defined as follows. Given a density functiorthe quantile density associated to the stationary soluti&)

p:[0,27] — R*, the cumulative density functiorP(d) : by Q*(v) andg*(y) respectively.

[0,27] — [0, 1], defined as

6
P(0) :/ p(s)ds B. Total variation distance

0 A 1-norm introduced in our previous study [17] on finite

populations of monotone pulse-coupled oscillators leada t
L' distance (between quantile densities) in the case of iafinit
opulations. This distance corresponds tatogal variation
istance
For a finite population ofV distinct oscillators, it is suffi-
cient to consider only the firing instants, for whiék = 2.
Then, the corresponding discrete-time system is chaiaeter
Q(p) = P71 (p) = inf{A|P(0) > ¢} . by a simple Lyapunov function: the distance (induced by a

attributes an index = P(#) € [0,1] to each oscillator with
phased. In particular, an indexp = 0 (resp.¢ = 1) is
attributed to the oscillator at phade= 0 (resp.f = 2).

Next, to complete the equivalent description of infinit
populations, we introduce the quantile function (wideledis
in statistics [30]): the quantile functio® : [0, 1] — [0, 27] is
the inverse cumulative density function, that is,



91\ C. Time evolution of the Lyapunov function

Our main result shows that the candidate Lyapunov function
(24) has a monotone time evolution provided that the PRC is
monotone.

Theorem 1. Letp(6,t) € C°([0, 27]xR*; R ), with || p|| ., =
1, be a strictly positive solution of (12)-(13). If the statary
density (15) exists and if eithe” () > 0 V8 € [0,2n] or
Z"(0) < 0 V0 € [0,2n], then the Lyapunov function (24)

0 1 - satisfies
Fig. 4. The Lyapunov function (24) is the total variationtdisce between V(ﬁ) < J(O, t) eén[(%(w] (K Z/(9>)V(P) ) (259)
two quantile density functions. In the example of the figuhe distance is ) ’
equal toV = 2(Aq + Ac + Ag) — 244, with Ay 3 ¢ g > 0. V(p) > J(O, t) min (K Z/(H))V(p) ) (25b)
0€[0,27]

Proof: The time derivative of (24) can be written as
1-norm) between a configuratid® and the stationary phase-

. . . . L 0Q dQ*\ 0 [0Q dQ*
locked configuratior®*. It is expressed as — % I e 2
? P vie) A Slgn<8¢ de ) ot <0<P dep >d¢
) 3~ o 9 (9Q
VO =10 =11+ 3 [0~ Ouna) — (0~ L) ASWW@ﬁE$<§)W7 (26)
+ \9N71 —On_1] - with G(p,t) = 9Q/dp — dQ*/dy and with the signum

) ~ function sigriz) = z/|z|.
The phase#; can be replaced by th&-quantiles, according Differentiating the expressiofi = Q(P(6,t),t) with re-

to (21), and one obtains spect to timet leads to
N *(IN
VI = [Q) - i) 0= ZIQ(PO.1),1)
N-2
Q aQ opP
N N *(N *(N _
£ ‘( - - (@ - ngg)\ = 3¢ (PO + 52(P0,0),)5-6,1)
k=1
or
(V) #(N)
+ ’QN_l - N—l‘ : 0Q or . 0Q oP 1

(23) E((p,t) = _E(eat)%(‘%t) = _E(Gv )p(Q(cp,t),t) )

In the limit N — oo, the continuous equivalent of (23)given (22). Furthermore,
corresponds to thé&! distance between the quantile density

. oP % 0p
functions: _— S i
1 5 (0,1t) o (s,t)ds
_[19Q QT i o 0.7
0= [ |5 i |de=le-aln @ = [ Gr(sityds = 56.6) — (o

for all p € C°([0,27] x RT;R{). The second equality is and the expression (26) becomes (from this point on, we drop
obtained through (22). One verifies thétp) = 0 < ¢ = ¢* the time variable)
a.e.& p=p"ae. - 1 o [J _J

Our previous study [17] shows that, under mild condi- V(p) :/ sign(G(ap))a— (M> dp. (27)
tions, quantity (23) decreases with the successive firirfgs o 0 ¥ /’(Q(‘P))
the oscillators, enforcing a contraction property for the  Assume that the functiof() has a finite number of zero
norm. We claim that, for infinite populations, the continBoucrgssings, that is, a finite numbé¥, of valuesy'”) = 0 <
equivalent (24) also decreases with the successive firilhgs@cll) <. < dm) < @ﬁNc“) — 1 satisfying G(cpgk)) -0
the continuum, that is, (24) decreases continuously witleli \yiih either a right or a left nonzero derivative. The assuaipt
The main result of this paper will thus establish (24) as agog, . will be relaxed at the end of the proof. Without loss

Lyapunov function for the PDE (12). _ of generality, assume tha is nonnegative on even intervals
The Lyapunov function (24) is interpreted as a total vasiati 5 nonpositive on odd intervals, that is,

distance. Indeed, the total variation distance between two 5 JO*
random variables corresponds to thé distance between the (fl)k <_Q _ Q ) >0 Vo € [@gk_l)v @2’“)] . (28)
corresponding density functions (see [31] for further digta I dy
In the present case, the total variation distance is the sum oNext, computing the integral in (27), we obtain
the maximum differences between the two quantile functions N. (k)
Q andQ*, minus the sum of the minimum differences (Fig. V(o) =23 (-1 T(@Qlpc)) = Jo-
4). P(Qe™))
k=1 c




Since it follows from (22) and the equality(goﬁk)) =0 that The assumptior Z” > 0 implies K Z'(§x—1) < K Z' (&),
*) wlyer () with &1 < &, and the above inequality then follows from
p(QUeY 1)) = p*(Q7 (")), ke {l,....Nc}, (29) (34a). In addition, (34a) also implies that the right hand in

one obtains, given (7), (10), and (15) inequality (35) is the multiplication of{ Z’ with the positive
’ ’ ’ ' quantity A®=DQ + AR Q. Hence, (35) can be rewritten as
N,
. . J\ _ _
V(p) =2 (-1)F lv(Q(wﬁk))) - 1 ThD 470 < T8 (K Z’(G)) (A(k DQ+ AWQ) :
P p*(Q*(ee”)) o (36)
< Similarly, considering the addition of the tern®*) and
= 22:(*1)]C w+ K Z(Q(eM)) Jo (30)  p(+1) and using (34b), one obtains
k=1
Ji T® 7D > min (K Z'0)) (APQ + AFIQ) .
*Lf]*o -KZz (Q*(soﬁ’“)))Jo] : ee[o,%]( ( )) ( @ Q()?)?)

The boundary condition (13) yields a monotone relationship _ . . :
between the values(0) andp(27), that is,p(0) > p*(0) if and Next, the mequ_alltles (32) and (36) imply that the exprassi
only if p(27) > p*(2w). Apart from the case(0) = p*(0), (31) can be rewritten as

p(27) = p*(27), the numberN, of valuesy!” satisfying . Ne ®
(29) is even, owing to the continuity afandQ (p* andQ*). Vip) =21 T
Consequently, the terms-1)*(w — w.Jy/J*) in (30) cancel k=1 N
each other. In the particular cag€0) = p*(0), N. is not , SN
necessarily even but it follows from (13) thd§ = J*(0) = < 2Jo 0210.20] (KZ (9)) > AP
J* and the above-mentioned terms are equal to zero. As a kfl .
consequence, one obtains = J, max (K Z’(g))/ 9Q _ dd
N 6€[0,27] 0 Op dy
Vip) =20 Y (-1 K [Z(Q(e) = Z(Q"(¢)) = Jo max (K Z(0)) V(o). (38)
k=1 ’
N. which corresponds to (25a). In the cag®) Q < 0, the
=2Jo > (—-1)FK Z'(&) {Q(@ﬁk)) - Q*(sogk))} two terms7*) and7(*~1) are considered together. The term
k=1 T*=1 jtself corresponds to the cage*~1Q > 0, and does
N Ne *) not require to be associated in turn with another term. In
£2Jy > T®, (31)  addition, there is no boundary problem since the t&Fh?
k=1

satisfiesA(MQ > 0, given (28) andQ(0) = Q*(0) = 0.
where the second equality is obtained through the Similarly, the inequalities (33) and (37) lead to
mean value theorem, with¢, € [Q(o), Q" (%)) or

N,
& € [Q" (), Qpt)). Vi) =203 TH > gy min (K Z(0)V(p), (39)
It remains to consider separately each t&ffi) in the sum k=1 6€[0,27]
(31). For the sake of simplicity, we first consider the casghich corresponds to (25b).
. & v (k
K 2" > 0. Denoting(—1)*[Q(wc)) — Q*(¢")] by AR, In the caseK Z" < 0, the inequalities (36) and (37) are

we also distinguish two caseA®*)Q > 0 and A Q < 0.

reversed, that is, the sufi*~1) + 7(*) has a lower bound
Case A®Q > 0. One has

and the sun'® 4 7(*+1) has an upper bound. Hence, the
inequalities (38) and (39) still hold.
We have completed the proof assuming a finite nunier
and of zero crossingz{?(cpﬁk)) = 0, but the reader will notice that
the bounds (38) and (39) do not dependgn For an arbitrary
TW = K 7' (&)AMQ > ,Jnin (K Z’(G)) A®Q. (33) p, we conclude the argument as follows: by continuity, there
€[0,2] exists a sequence @f — p such that every member of the
Case A®Q < 0. We need to consider the addition of thecorresponding sequend®;(¢) — G(p) has a finite number
term 7'®) with the term7(*—1) or T(k+1), By (28), one gets Of zero crossings. Because the bounds (38) and (39) hold
independently of, they also hold in the limit, which concludes

T® = K 7'(6)AMQ < max (K Z’(G))A(’“)Q (32)
6€]0,27]

—AFNQ <AMQ <0, (34a) the proof. [
~AFDo < AP <. (34b) If there is no coupling or if the PRC is constant, (12) is a
(marginally stable) standard transport equation and Tdmaor
It follows that 1 implies that the Lyapunov function is constant along the

7= 4 (k) _ A 1)A(k71)Q n KZ/(gk)A(k)Q solutions of (12). This is in agreement with the fact that the
, B (h-1) * total variation distance is a conserved quantity for moghef
< K Z'(&) (A Q+A Q) - (35) systems of conservation laws [23]. But whereas the distance



is constant with a standard transport equation, the dist&nc situation, the Lyapunov function either converges to a lowe
not constant under the influence of the coupling: the noalinébound or to an upper bound. These two bounds correspond to
coupling term in (12), which depends aoif Z’, induces a the two particular behaviors which characterize the dichmt
variation of the Lyapunov function that satisfies (25a)HR5 highlighted in Section Ill. They are given by
A monotone decreasing functioR Z implies a decreasing
Lyapunov function along the solutions. This is discussed in 0 = V(p) <llgllps + g™l
detail in the next section. =Q(1)—Q0)+Q*(1) —Q*(0) = 4.

The above result emphasizes the importance of considering o
a) quantile densities instead of densitesdb) a L' distance At the Iower_ bound, th? Lyapunov function is equal to zero
(total variation distance) instead of &2 distance The im- if and only if the density corresponds to the asynchronous

portance of these two points is illustrated in the two foilggy (Stationary) density (15). On the other hand, we will show
paragraphs that the function tends to the upper boutidif the densityp

a) Quantile density vs. density functioithe Lyapunov tends to a Dirac function (synchronization).
function (24) is induced by the total variation distancensstn

quantile densitiesAn alternative choice would be the totala, Exponential convergence to the asynchronous state

variation distance betweaensity functionsthat s, Theorem 1 will be used to study convergence to the asyn-

27 . .
N o 0 T chronous state for monotone decreasing functiéhg (6).
Vois(p) *A lp—p7ldd Vp e CO((0,2n] x RTRg) - however, in order to apply (25a)-(25b) along the solutions,
(40) we need to show independently that the fllixt) remains

The time derivative is given by strictly positive and uniformly bounded for all time. This
_ 27 ap condition will restrict the set of admissible initial cotidns.
Vbisz/ sign(p — p*)a de In particular, the initial conditions have to ensure tiak
0

Jo < oo when any oscillator crossés= 2 for the first time.
_ Formally, we consider the characteristic curvegt) defined

— _1)k (k=1)y _ (k) . -

= ; O B Rl I DA (Ao (1), 1), Ag(0) = 6 € [0, 2], Ag(Ty) = 2r.

- _ ) The (strictly positive) initial density(6,0) > 0 must be
where we used (6) andggtroduced the notation analog o (28)ich that the value of the flux at the intersection of the
(29), that is, the valueg:™ (k € {1,..., N.}) satisfying characteristic curves with = 2 is strictly positive and

p(68) 1) = p* (68 . (42) bounded, that isy § € [0, 27]

N.+1

A simple argument shows that the Lyapunov function canngt(®:0) >0 = 0 < J(Ag(fs) = 2m,%9) = Jo(fe) < 0.

be strictly decreasing along the solutions of (12). Indded, - _ - o (43)
any density satisfyingo(0) = p*(0), one has alsol, = Condition (43) is the condition that is imposed on the ititia
J*(0) = J* since it follows from (13) that there is a bijectionconditions to ensure that the flux satisfies: Jo(t) < oo for
between the values(0) and.J;. But then, (7) and (42) imply ¢ € [0, Zo=0]. But if the flux Jo(#) is bounded fot < [0, 5],
thatJ(GEk)) _ J*(eﬁ’“)) — J* for all k and the derivative (41) then the flux.Jy(¢) is u_nlformly bounded for aII_tlme and _
leads toVhis = 0. Even though one actually shows thai 0, Theorem 1 can be app_hed to prove the_exponenugl dec_reasmg
La Salle principle cannot be used to prove the stabilitcesin ©f the Lyapunov function. The result is summarized in the
is not obvious to prove the precompactness of the trajextori’llOWing proposition.

This argument shows that a direct application of the tot@koposition 2. Consider the transport PDE (12)-(13) and
variation distance on density functions does not lead toaigoassume thatZ(6) is such that (i) the stationary density
candidate Lyapunov function for the PDE (12). A key poiny5) exists, (ii))K Z'(9) < 0 V8 < [0,2x], and (iii) either
is to apply the total variation distance auantile functions 77 (9) > 0 vo e [0,2x] or Z"(0) < 0 V8 € [0,2x]. Then
instead. all solutionsp(6,t) € CY([0,27] x R*;RT), with ||p]|, = 1

b) L' distance vsL? distance: The Lyapunov function and with an initial condition satisfying (43), exponenijal
(24) is induced by &' distance An alternative choice would converge to the asynchronous state and the Lyapunov functio

be a Lyapunov function induced by a (more commdr) (24) is exponentially decreasing along them.
distance that isVier = ||¢ — ¢*|| 2. However, straightforward

computations (not presented here) show that this candidate Proof: We proceed in two steps.

Lyapunov function satisfiede(p) > 0 for some p. This Step 1.Let [t; = 0,41], ..., [t;, t:], with ¢, = #;,_4, be
remark also applies to the finite dimensional case. the successive time intervals so that the characteristicesu
Ay 7 satisfyA.[Li,gi](_zi) =0 andAy 7,() = 27 We will
V. CONVERGENCE ANALYSIS FOR MONOTONE show thatJy(¢) Is uniformly bounded by

OSCILLATORS -
o J™M < Jo(t) < I WE> 0, (44)
The result of Theorem 1 has a strong implication in the case

of monotone PRC’s. It implies that the Lyapunov function)(24with the boundsJ™" = min,cjo7,) Jo(t) and J™ =
has a monotone time evolution if the PRC is monotone. In thisax, (o 7,) Jo(t).



We consider a characteristic curve, 3 (¢) with [t t] ¢ and a straightforward induction argument using (48) and (50
[t,_1,t:] (le.t € [t;_1,ti1] andt € [t;,t;]). Solving the implies that

total derivative equation (14) o, 7(t) yields i
Jo(t) < <H c;““) TR < I V>0,
k=2

where some constan€s are equal to one if (48) is satisfied

] ) . ] (45) _ at timet. The proof for the lower bound™" in (44) follows
Next, using (7) and expressing the integral in the spaceb®&i 4 similar lines.

Ay, 7 along the characteristic curve lead to

p(0,1) exp <—/t Jo(t) K Z' (A 3(1)) dt) = p(2m,1).

Step 2.Sincep(6,t) > 0forall ¢t > 0, the result of Theorem
Jo() oo [ — /QW JoK Z'(Ay7) " 1 is applied and yields
) Jo(t) 0 (&1

wt KZ(0 wt K Z(Ayp) Jo Jnin min (K Z'(0))V(p) < V(p)
J()(Z) ’
= = - 46 ’
Wt K Z(2m) Jo(?) (46) < a2 (5 2'®) V(o)

Since p(8,0) > 0, the exponential evolution (45) of theor, equivalently,
density along (all) the characteristic curves implies tteg

, :
density remains strictly positive for all > 0. Hence, the —Jmin 62i02m] KZ (9)‘1/(/)) < Vlp)
flux is also strictly positive for alt > 0. Then, we define ) ,
T2 £ maxye, 7 Jo(t) > 0 and we can define = *Jmaxagﬁ){gﬂ Kz (9)‘1/(;)) =0
< o Jo K Z'(Aq) sinceK Z’' < 0. The initial condition (43) implies thaf™" >
Ci = max _ / = (t,7] 0 and J™ < oo and the Lyapunov function is exponentially
Al &\ Jo w+KZ(Agg)Jo (47) decreasing, which concludes the proof.
max !
//27r J[Lﬂ K Z' (M) B Remark. When K Z(2r) < 0, in the particular caséT%i‘ =
o wtKZ(Apzy) J['E%T et ] - w/|K Z(27)|, (49) does not hold. However, sin@é@,t% >0

for all ¢ > 0, the valuew/| K Z(2)| can be used as the upper
boundJm& in (44). [ ]
The interpretation of Proposition 2 is that, for decreasing
functions K Z(0), the solutionp(-,t) remains for all time in
Jo(t) = J* Vt € [t;,00). (48) the particular sefp|V(p) < C}, with the constanC' > 0.
Inside this set, the solution eventually converges at e@pen
Otherwise, one ha§; < 1 and, using (47) and computing thetial rate toward the stationary solutigst, corresponding to

Since K Z/ < 0 V4, one hasC; = 1 only if Jy(¢) is constant
on at least one intervdk,]. In this case, the solution has
reached the steady state and it follows that

integral in equation (46), we obtain V(p*) = 0.
Jo(%) The restriction (43) on the initial condition is rather weak
w+ K Z(27) Jo(%) for decreasing function&” Z(6), as shown by the following
Jol®) < wr K20 i )Ci EVOPOS'_T_O”- 3. A thatk Z'(0) < 0 V0 € [0,2x]. If
< A roposition 3. Assume tha < € [0, 2m].
w+ K Z2(0) Jot) \w+ K Z(2m) i K Z(27) < 0, then (43) is always satisfied. K Z(27) > 0,
Since Jo(t) < Jj% by definition, it follows that then (43) is satisfied if
Wt ( ﬂ}maox(t) Proof: CaseK Z(27) < 0. Using the boundary condition
[t.7] (13), the conditiord < Jy(tg) < oo is turned into a condition
T W+ KZ02m) on p(2m,79) and (43) is equivalent to
w+ K Z(2m) Jra 1 p(6,0)>0 = p2mT) >0 VOec0,21]. (52)
X max — R _
Lacl,_, &) \ @+ K Z(0) Jiy For 6 = 2, condition (52) is satisfied, sinde, = 0. Next,
> we proceed by induction oft givenf and assuming that (52)

o ) - is satisfied for alld > 6, we prove that (52) also holds at
which implies that there exists a constaift™* < 1 (see the g The total derivative equation (14) is well-defined on the

remark at the end of the proof) such that characteristic curvé\,(t) since0 < Jy(t) < oo for all t < 7.
Jo(F) < Cmax [T%x VT e [t 7). (49) Solving (14) along the characteristic curve yields
t, 5
It follows from (49) that p(27,T9) = p(6,0) exp </ Jo(t) K Z' (A(1)) dt)
0

Jo(t) S CII™ 5 VEE L, 1] (50) (53)



10

andp(6,0) > 0 implies p(2m,ty) > 0. Condition (43), equiv- B. Finite time convergence to a synchronous state

alent to (52), is then always s_atisfied. . For increasing functiongd Z(6), Theorem 1 implies that
Case KZ(2m)>0. Using (13), the condition the |yapunov function (24) is strictly increasing, and a-syn
0 < Jo(tg) < oo is turned into a condition orp(2m,%6) chronous behavior is observed in finite time, for any initial

and (43) is equivalent to condition. Either the flux/y(¢) becomes infinite in finite time
1 or the densityp(0,¢) becomes infinite in finite time.
p(0,0) >0 = 0<p2mityg) < K200 vV e [0,2n]. The finite time convergence to synchronization is estab-

(54) lished in Proposition 4. As a preliminary to this result, we

The strict conditiorp(6, 0) > 0 always impliesp(2r,%y) > 0, Need the following lemma.

as in the cas&” Z(2m) < 0. Hence, we focus on the additional emma 1. The Lyapunov function (24) satisfies
upper bound on the densip(27,ty). For = 27, condition

(51) implies (54), sincet,, = 0. Next, we proceed by V=lq—qr <47 — 2 qgmin
induction ond: given 8 and assuming that (54) is satisfied
for all > 6, we prove that (54) also holds &t(provided that With

condition (51) is satisfied). Using (53) with condition (51) Gmin = min< min ¢(y), min q*(sp)) .
leads to ©€[0,1] ©€E[0,1]
1 Ty Proof: The proof of Lemma 1 can be found in Appendix
21, %9) < exp f/ Jo(t) K Z' (Ag(t)) dt A. u
. K Z(0) ( 0 ot (8(t)) ) Through Theorem 1 and the preceding lemma, the following

proposition establishes the finite time convergence to the
Expressing the integral in the space variable along the-chaynchronous state.

acteristic curve yields » )
Proposition 4. Consider the transport PDE (12)-(13) and

2 Jo K Z' (M) assume thatZ(#) is such that (i) the stationary density
exp (— /9 m%e) (15) exists, (i)K Z'(d) > 0 VO € [0,2x], and (i) either
Z"(0) > 0V0 € [0,2x] or Z"(0) < 0 V6O € [0,2x]. Then all
Since K Z' is negative, the fluxJy can be replaced by its solutionsp(6,t) € CO([0, 2x] x [0, tfin); RT), tin < oo, with
maximal value, that is,J, — oo and the above inequality |lollz, = 1 and with an initial conditiorp(6, 0) > 0, converge
leads to in finite time to a synchronous state. That isAifZ(0) > 0,
the flux satisfied/ (0, tfin) = oo, or if K Z(0) < 0, the density

27 / = . _
exp </ Z' (M) dAe) . (55) satisfiesp(0, tin) = oco.
0

Z(bo) Proof: An infinite flux Jo(¢) or an infinite density(0, t)
The relation (55) is well-defined sincg(d) # 0 for all § € is obtained when the densip(2,t) rt_eaches_ a crit_ical value.
[0,2x]. Finally, computing the integral in (55) implies thatf K Z(0) > 0, the value K Z(27) is positive sincek Z
p(2m,%9) < 1/[K Z(2)]. Condition (43), equivalent to (54), 'S Increasing. Hence, the flu% becomes infinite when the
is then satisfied. This concludes the proof. m densityp(2m,t) exceeds the critical value (56). K Z(0) < 0,

When the conditions of Proposition 3 are not satisfie(g1e velocity (10) atf) = 0 is equal to zero when the flux

condition (43) may fail to hold, in which case the flux blows—réaChes the valudy(t) = w/|K Z(0)] or equivalently, given

up (finite escape time to infinity). In the cagéZ(27) > 0, (13), when the density reaches the value
there is a positive feedback between the flux and the velocity (2m,1) = 1 (57)
a high value otJ, increases the velocity through the coupling, PR

K Z(2n)-KZ(0)'
which in turn increases the flux. When the density approaches . . .
the critical value With a velocity equal to zero & = 0, the relationship (7)

implies that the density is infinite & = 0. [If K Z(0) < 0
o2 1) = 1 (56) along with K Z(27r) > 0, the reader will notice that the value
’ K Z(2r)’ (56) has no importance, since (56) is greater than (57).]
Next, we show that the density(2x,t) must necessarily
the flux is high enough to blow-up through the positiveeach the critical value (56) or (57) in finite tintg. Consider
feedback. a characteristic curva(t), with A(z) = 0 andA(7) = 27 and
This finite escape time phenomenon is related toahorp-  assume that the synchronous state is not reached Witfin
tion phenomenon observed for finite populations. If two oscibo thatp(6,t) € C°([0, 27] x [t, ]; R ). [The initial condition
lators are close enough, the firing of one oscillator cargéig p(¢,0) > 0 implies that the density remains strictly positive
the instantaneous firing of the second: the latteasorbed on (all) the characteristic curves.] Applying Theorem 1 and
by the former. In particular, condition (51) is equivalent f integrating (25b), one has
finite populations to an initial condition imposing a minima v .
state distancé{/N betwe_en any two oscillators, a condition / 1 dV > min (K Z’(G)) / Jo(t)dt.
that prevents the absorption phenomenon. v VY 9€[0,2n] ¢

p(27, 1) < K 2(0)

- 1
p(27T,t9) < KZ(H)
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Since|t, t] is the time interval corresponding to the complete VI. | MPLICATIONS FOR POPULATIONS OF OSCILLATORS
evolution of an oscillator frond = 0 to § = 27 , the integral
of the flux Jy
follows that

in the above equation is equal to one and i _The re_sults of S_ection v _an_d Sgctign V are techn?c_al. In
q q ﬁns section, we discuss their implications on the qualigat
behavior of monotone pulse-coupled oscillators.
V(t) - ) K 70 Emphasis is put on th(_e s_trpng parallgl between th_e analysis
Vi) = P <0€rﬁ){2ﬂ] ( ( ))) : of the present paper on infinite populations and earlierltesu
on finite populations. We also consider more general models.
The conditionK Z’ > 0 implies that the Lyapunov function

strictly increases within the time intervl ¢]. Consideringn A. Parallel with finite populations

successive intervalf), 1], ..., [t,,t,], with t, ., = t;, one
obtains The results of Proposition 2 and Proposition 4 apply to
_ oscillators characterized by a monotone PRC. In the case of
V(tn) > exp (n min (K Z’(H))) . integrate-and-fire oscillators = F(x), the results thereby
V(0) 0€[0,2n] apply to oscillators with a monotone vector field (includ-

ing the popular LIF oscillators) and reinforce the numdrica

Hence, a given valu¥’ > V(0) is reached within at mostyax observations presented in Section IlI-A.

time intervals, with WhenK Z' < 0 (K dF/dz > 0), the oscillators asymptot-
= ically converge to the asynchronous state.
. log (V/V(0)) y 9 y
max = min (K Z’(H)) : Theorem 2. Consider a continuum of identical pulse-coupled
6<[0,2n] integrate-and-fire oscillatorsi = F(z) characterized by

(i) a monotone dynamics{ dF/dx > 0 and (i) a PRC

finite, any valuel < 4 is reached in finite fime, By LemmaWIth a curvature of constant sign. Then, provided that the

L . = ... asynchronous state exits (cf. Corollary 1), either theidhit
1,V =V implies thatgm < (4r —V))/2. When considering .., yiions do not fulfili(43) and the flux tends to infinity in

valuesV cl_ose_ t.0477.’ the minimum of the quantile dens'.tyfinite time, or the continuum exponentially converges to the
g reaches in finite time any given value close to zero. Given

(22), this implies that the maximum of the densityeaches asynchronous state.
in finite time any given value (provided that the criticalval When K Z’ > 0 (K dF/dx < 0), the oscillators synchro-
(56) or (57) is not already reached). In particular, the galu nize in finite time.

Since the time length of each interva},t;] (k < max) is

, Theorem 3. Consider a continuum of identical pulse-coupled
| (KZ (9))) ; (58) integrate-and-fire oscillators: = F(z) characterized by (i) a
monotone dynamicK dF/dx < 0 and (ii) a PRC with a cur-
with p. denoting the critical value (56) or (57), is reachedfature of constant sign. Then, provided that the asynchrsno
in finite time. Then, the maximum valug,,; (obtained at state exits (cf. Corollary 1), the continuum converges ® th
O)r at timet,,) decreases along the characteristic cukyg), synchronous state in finite time.
with A(tys) = 0. Solving the total derivative equation (14),
one shows that the variation along the characteristic cigve

PM = Pc €XP ( max
0el0,2m

The curvature condition on the PRC is verified for the LIF
oscillators (with dynamics: = S — v z). Indeed, the PRC is

bounded: given by
tfin
-1
p(27, thn) = parexp (—/ Jo(t) KZ'(A(ﬁ))dﬁ) _w a4 - _ S
tar Z(0) = g exP | 5 with w =27+ |log o
Z PM X (_ 0e0.20] (K Z’(G))) ’ and satisfiesZ” > 0. Hence, Theorem 2 and Theorem 3

prove the global dichotomic behavior of the continuum of
where the inequality is obtained since the integral/gfon pulse-coupled LIF oscillators: the oscillators convergette
[tar, tin] is less than one. With,, given by (58), the density synchronous state when the coupling is excitatdsy % 0)
exceeds the critical value in finite timg,, which concludes and to the asynchronous state when the coupling is inhjbitor
the proof. B (K < 0). These global results complement the local results on

Proposition 4 shows that oscillators with monotone irthe continuum model presented in [19], [16], [22].

creasing functiong{ Z converge to a synchronous behavior The results of Theorem 2 and Theorem 3, for infinite
corresponding to a solution with a finite escape time to ityfini populations, are the exact analogs of the results presémted
If the coupling is excitatory(( < K Z(0) < K Z(2r)), the our previous study [17] and in [18], for finite populations.
flux Jy blows-up and is infinite at time;,, as well as the They prove that the behaviors of monotone oscillators are
velocity v(2m, tn ). If the coupling is inhibitory & Z(0) < 0), dichotomic, not only for finite populations but also for irifen
the velocityv(0, t) reaches the value zero at timg and the populations, thereby drawing a strong parallel between the
oscillators accumulate & = 0, yielding an infinite density analysis of finite populations and the analysis of infinite
p(0, tiin)- populations.
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B. Application to other oscillators In the popular Morris-Lecar model [34], which is among the

Beyond the case of integrate-and-fire oscillators, theltesyM0St widely used conductance-based models in computétiona
developed in the present paper apply to more general phg§&roscience, a homoclinic bifurcation can occur fqr |0W
dynamics. The PRC can be (numerically) computed froﬁi(terr_]al currents [36], [37]. The above results apply irs thi
general high-dimensional state models possessing a stabigation:
limit cycle, in which case the phase dynamics (4) represgnts
one-dimensional reduced model valid in the neighborhood of VII. CONCLUSION
the limit cycle [9], [8]. However, two limitations appearfweh  |n this paper, we have studied the global behavior of
require (i) a weak coupling strength and (i) a monotone PRfinite populations of monotone pulse-coupled oscillator

(i) Phase reduction of multidimensional models (other tharhe behavior of the oscillators is dichotomic: either the
integrate-and-fire models) is valid as long as the coupling dscillators achieve perfect synchrony (synchronous state
weak. Since the derivation of the transport equation redies the oscillators uniformly spread ovér (0, 27) (asynchronous
the phase dynamics, it is relevant only for a coupling sttlengstate).

K <1 The infinite population is represented by a continuous

(i) Monotone PRC’s are necessarily discontinuous, that éensity. In this framework, a necessary and sufficient dandi
Z(0) # Z(2pi). Discontinuous PRC'’s appear in the singulagnsures existence and uniqueness of the stationary density
limit of oscillator models with separated time-scales,fsas (asynchronous state).
relaxation oscillators or spiking oscillators. Such mediel-  For the global convergence analysis of the (nonlinearktran
clude for instance most models encountered in computdtiopart equation of the density, we propose a Lyapunov function
neuroscience (e.g. Fitzugh-Nagumo model [32], [33], M®Brrithat is the total variation distance between quantile dgnsi
Lecar model [34], see also [28]). Since the time spent on & pfiinctions. The Lyapunov function has two extreme values tha
of the limit cycle is negligible with respect to the time spencorrespond to the two steady-state behaviors of the system (
on the rest of the cycle, the fast part can be replaced in gogghchronous state and the asynchronous state). The tstabili
approximation by a discontinuity. The oscillators are égr results obtained for general phase oscillators are apptied
characterized in good approximation by a non periodic PR@articular models of importance (e.g. leaky integrate-fired
that can be monotone. model).

This situation is illustrated in the following example, for The main result of the paper stresses the importance of a
oscillators characterized by a limit cycle close to a hofimicl 1! distance (the total variation distance) to analyze a trarisp
bifurcation. PDE under monotonicity assumptions on the PRC. However,
the time evolution of the proposed Lyapunov function is no
longer monotone when the monotonicity assumptions fail,
gven though the observed dichotomic behavior seems more
general. This restriction raises interesting open questbout
éhe generalization of the Lyapunov function and about the us
[ L' distances for a larger class of transport PDE’s.

Example. In [25], limit cycles close to a homoclinic bifurca-
tion are approximated by a discontinuous limit cycle, toebhi
corresponds a monotone (discontinuous) PRC that satikies
additional curvature condition, so that the results apply.

A homoclinic bifurcation occurs when there exists, for
given parameter value, a homoclinic orbit to a saddle poiﬂ
with real eigenvalues. At the bifurcation, a limit cycle aaps.

Assuming that there is a single unstable eigenvalyesuch APPENDIXA

that \, < |\, |, with )\, being the stable eigenvalues, the PROOF OFLEMMA 1

limit cycle is stable [35]. Since the trajectory is much sbow  The Lyapunov function is written as

near the saddle point, the limit cycle is discontinuous indjo 1

approximation and the PRC is approximatively given by the V= lg — q*| dg

discontinuous function (see [25] for more details) 0
Z(e)zcwexp(zzﬁ)exp(—xug) C 59) /ﬁ(q ¢)de+ [ (¢ —q)dy

A
< — Qmin) d * — gmin) d 60
whereC > 0 is a model-dependent constant. - /A+ (4= dmin) dip +/ (a tmin) (60)

The PRC (59) is monotone decreasing and has a pos"Wﬁh the sets A"
curvature. It follows that the oscillators close to a homoA,
clinic bifurcation and interacting through a weak excitgto
impulsive coupling § < K <« 1) satisfy the hypothesis of .
Proposition 2: they exponentially converge toward the asyn _ . .
chronous state, provided that the asynchronous statesexisj/A+ qde ¥ /A Gmin dip < /O qdp = Q1) = Q0) =2,
The condition (18) of Proposition 1 is always satisfied with a (61)
weak coupling, so that the asynchronous state always exigd
For a weak inhibitory coupling1 <« K < 0), Proposition 4 . v . .
implies that the oscillators reach a synchronous state itefin/A q dS"*/A+ Gmindip < /O ¢ dp=Q"(1)-Q"(0) = 27.
time. (62)

A-
= {¢ € [0,1]]¢g — ¢* > 0} and
={p €[0,1]|lg —g" <0}

Moreover, one has



Next, injecting (61) and (62) in inequality (60) yields

V§27r72/ qmindga+27r72/ Gmin d = 47 — 2 gmin -
A- A+t
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