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Introduction

Let f be a locally bounded function.
+ The Hélder exponent of f atzis hy(z) = sup {a : f € C%(x)}.
» The iso-Holder sets of f are Ej, = {z : hy(z) = h}.

Definition
The spectrum of singularities d ¢ of f is defined by

df(h) =dimy E;, Vh > 0.

A multifractal formalism is a formula which is expected to yield the spectrum of
singularities of a function, from “global” quantities which are numerically computable.
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Several multifractal formalisms based on a decomposition of f € L2([0,1]) ina

wavelet basis '
27 -1
F=22 D0 ciwtin

j€No k=0
have been proposed to estimate d.

A function f is uniformly Holder if there is e > 0 and C' > 0 such that |c; x| < C27¢
for every j, k.

Hélder regularity and wavelet coefficients

If f is uniformly Holder and if v is “smooth enough”, the Holder exponent of f at x is

e log(|cjkl)
hylw) =l it e ka7 —al)

Advantage: easy to compute and relatively stable from a numerical point of view.
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+ The Frisch-Parisi formalism (1985) and the classical use of Besov spaces leads
to a loss of information (only concave hull and increasing part of spectra can be
recovered).
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+ The Frisch-Parisi formalism (1985) and the classical use of Besov spaces leads
to a loss of information (only concave hull and increasing part of spectra can be
recovered).

+ Wavelet Leader Method (S. Jaffard, 2004): Modification of the Frisch-Parisi
formalism using the wavelet leaders of the function and Oscillation spaces.

—— Detection of decreasing part of concave spectra.
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to a loss of information (only concave hull and increasing part of spectra can be
recovered).

+ Wavelet Leader Method (S. Jaffard, 2004): Modification of the Frisch-Parisi
formalism using the wavelet leaders of the function and Oscillation spaces.

—— Detection of decreasing part of concave spectra.

« Introduction of spaces of type S” (J.M. Aubry, S. Jaffard, 2005)
—— Detection of non concave increasing part of spectra.
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The Frisch-Parisi formalism (1985) and the classical use of Besov spaces leads
to a loss of information (only concave hull and increasing part of spectra can be
recovered).

Wavelet Leader Method (S. Jaffard, 2004): Modification of the Frisch-Parisi
formalism using the wavelet leaders of the function and Oscillation spaces.

—— Detection of decreasing part of concave spectra.
Introduction of spaces of type S” (J.M. Aubry, S. Jaffard, 2005)

—— Detection of non concave increasing part of spectra.
More recently, introduction of spaces of the same type but based on the wavelet
leaders of the signal.

— Detection of non concave and non increasing part of spectra.
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Wavelet leaders

Standard notation: For j € N, k € {0,...,2/ — 1},

' k k+1
Mg k) ={zeR: 2z -ke[0,1]} = {Qj’;;{,

and for all j € Ny, A; denotes the set of all dyadic intervals (of [0, 1) of length 277.
If X = A(j, k), we use both notations ¢; i, or c) to denote the wavelet coefficients.

Definition

The wavelet leaders of a signal f € L2([0, 1]) are defined by

dy:= sup |ex|, A€Aj, jENg.
A C3A

If z € [0,1], let \; () denote the dyadic interval of length 277 which contains x. Then,
we set

dj(z) := dy; @) = W )\CA'|-
J xT
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Holder regularity and wavelet leaders

If f is uniformly Holder, the Holder exponent of f at « is given by

Interpretation: A
dj(z) ~ 9—hy(@)j
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Wavelet Leader Method

The leader scaling function of a locally bounded function f is defined for every p € R
by

( ) — 1 inf 10g2_‘7 Z:GAJ' d];\
i) = timint =

)

where Z:e/\j means that the sum is taken over the A € A; such that dy # 0. The
wavelet leader spectrum is then given by

L¢(h) = ;Iellg{hp — Tf(p)} +1.
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Wavelet Leader Method

The leader scaling function of a locally bounded function f is defined for every p € R
by

( ) — 1 inf 10g2_‘7 Z:eAj dz))\
i) = timint =

)

where Z:eAJ_ means that the sum is taken over the A € A; such that dy # 0. The
wavelet leader spectrum is then given by

L¢(h) = Ii)g}%{hp— Tf(p)} +1.

Properties:
* Ly is independent of the chosen wavelet basis.
« If f is uniformly Holder, df(h) < Ly (h) forall h > 0.
+ Ly is a concave function.
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S” spaces method

The wavelet profile v of a locally bounded function f is defined by

1 AeA; > 9—(hte)j
vg(h) = lim limsup Og#{ itleal > }

. heR.
e=0% j5toco log 27 ’

Interpretation:
- There are approximatively 2* (")J coefficients greater in modulus than 277 .
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S” spaces method

The wavelet profile v of a locally bounded function f is defined by

1 AeA; : > 9—(h+e)j
vg(h) = lim limsup og#{ i e = }

: heR.
e=0T jstoo log 27 ’

Interpretation:

- There are approximatively 2* (")J coefficients greater in modulus than 277 .
Properties:

* vy is a right-continuous increasing function.

* vy is independent of the chosen wavelet basis.

« If f is uniformly Hélder,

Vf . 3 Vf(hl)
d¢(h) < d”(h) :==min< h sup o ,17 Vh>0.
h'€]0:h)
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Definition

Take 0 < a < b < +o0. A function g : [a, b] — R is with increasing-visibility if g is
continuous at a and sup, ¢y, 4 % < @ for all z € |a, b].

In other words, a function g is with increasing-visibility if for all z € ]a, b], the segment
[(0,0), (z, g(x))] lies above the graph of g on ]a, z].

1

Example of v¢ (---) and d;f (=)

The passage from vy to d¥/ transforms the function v into a function with
increasing-visibility.
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Particular case

Assumption: f is a function whose wavelet coefficients are given by ¢y = ()
where (i is a finite Borel measure on [0, 1] .

Notation: Let fg denotes the function whose wavelet coefficients are given by
cf\a =92 Fic,.
In this case, one has

* ds,(h) = dg(h — ) forallh > 0.

* vs,(h) = vy(h — B) forall h > 0.

Moreover, if
inf {z/f(:c)—uf(y) 2, Y € [Mminy oy, T < y} > 0,
r—=y
where hpyin = inf{a : vy(a) > 0}, Al = inf{a : vy(a) = 1}, then there exists

8 > 0 such that the function v, is with increasing-visibility on [Amin, by, ]- In this
case, d’’s = vy, approximates dy,. Therefore the increasing part of d; can be

approximated by .
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There is a tree-structure in the repartition of the wavelet coefficients
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Large deviation-type argument

The wavelet leader density of f is defined for every o € R by

1 Ne A 2-(hte)i < gy < 2= (h=e)i
pr(h) = lim limsup o8 #1{ d = }
e=0T jotoo log 27

Interpretation: There are approximatively 27 (") coefficients of size 2~"7.
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Large deviation-type argument

The wavelet leader density of f is defined for every o € R by

log#{\ e A : 2= (he)i < gy < 2= (h=e)j
pr(h) = lim limsup g #1 d = A }
e=0T jotoo log 27
Interpretation: There are approximatively 27 (") coefficients of size 2~"7.
Heuristic argument: We consider the points « such that h;(x) = h.

+ d;(x) ~ 27" and there are about 277 (") such dyadic intervals.

+ If we cover each singularity = by dyadic intervals of size 277, from the definition of
the Hausdorff dimension, there are about 2%+ (")J such intervals.

= pyr(h) =dy(h)

Problem: oy may depend on the chosen wavelet basis!
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+ d;(x) ~ 27" and there are about 277 (") such dyadic intervals.

+ If we cover each singularity = by dyadic intervals of size 277, from the definition of
the Hausdorff dimension, there are about 2%+ (")J such intervals.

= py(h) > ds(h)

Problem: oy may depend on the chosen wavelet basis!
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L" spaces Method

The wavelet leader profile of f is defined by

log#{\ € A; : d\ >2-(hte)i} iheh
| Sy

lim 1i ,
) g7
ve(h) =
! log#{A € A; : dy < 27(h=2)i}
lim limsup Tog 27 if h > hsg,

e=0t j 5400

where h is the smallest positive real such that v (h) = 1.
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L" spaces Method

The wavelet leader profile of f is defined by

log#{\ € A; : d\ >2-(hte)i} iheh
I s

lim 1i ,
. g2
ve(h) =
! log#{A € A; : dy < 27(h=2)i}
lim limsup Tog 27 if h > hsg,

e=0t j 5400
where h is the smallest positive real such that v (h) = 1.

Properties:
» Uy is independent of the chosen wavelet basis.

» If f is uniformly Holder, ds(h) < U¢(h) forall h > 0.
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Comparison of the formalisms

With the Wavelet Leader Method

If fis uniformly Holder and if 7 is compactly supported, then

dg(h) <wg(h) < Lg(h)

for every h € R and Ly is the concave hull of v;.
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Comparison of the formalisms

With the Wavelet Leader Method

If fis uniformly Holder and if 7 is compactly supported, then
dy(h) <vp(h) < Lg(h)

for every h € R and Ly is the concave hull of v;.

With the §” Spaces Method
If f is uniformly Holder, we have

| A

dg(h) <vg(h) < d*(h)

for every h > 0. Moreover, the two methods coincide on [Amin, k4] if and only if 7y is
with increasing-visibility on [Amin, hs)-
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To be continued...

In “A new multifractal formalism based on wavelet leaders: detection of non concave

and non increasing spectra (Part I1)”, T. Kleyntssens will present an implementation
of the formalism based on L spaces.
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