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» Studying very irregular functions;

> We determine the "size" of the set of points which share the same
"irregularity" ;
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Introduction

Studying very irregular functions;

We determine the "size" of the set of points which share the same
"irregularity" ;

In practice, we use a numerically computable function which
"approximates" this size.
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(Hﬁlder Exponent and Spectrum of Singularities}

Definition (Hdlder continuous)

Let t € R, s € Ry and f € LS. We denote f € C5(t) if there exist
a polynomial P of degree stricly smaller than s, a constant C > 0
and a neighbourhood € of 0 such that

[f(e+1)— P < ClI]?
for all [ € Q, . If s €]0; 1], the condition is equivalent to

[f(t+1)—f(t)] < C|I°.

Definition (Holder exponent)

Let t € R and f € Lf;. ; we denote the Holder exponent of f at
point t by

he(t) =sup{s e Ry : f € C°(t)}
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(Hiilder Exponent and Spectrum of Singularities}

Proposition
o If f € C°(t) then f is continuous at point t.

o If f € C°(t) with s > 1 then f is differentiable at point t and
f'(t) = P'(0).

o If f is differentiable at point t then f € C*(t).
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(Hiilder Exponent and Spectrum of Singularities}

Proposition
o If f € C°(t) then f is continuous at point t.

o If f € C°(t) with s > 1 then f is differentiable at point t and
f'(t) = P'(0).

o If f is differentiable at point t then f € C*(t).

v

Conclusion

> If he(t) € ]0;1[ then f is continous but not differentiable at point t.

> So f is very irregular in the neighbourhood of t and the Holder
exponent gives an information on the irregularity of the function.

> More h¢(t) is small, more the function is irregular in the
neighbourhood of t.
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(Hiilder Exponent and Spectrum of Singularities}

Definition
The spectrum of singularities of a function f is the function

Dr(h) = dimy({t : he(t) = h})

where dimy is the Hausdorff’s dimension.

o’

The function f is monofractal if there exists only one finite h such
that Df(h) # —oc.
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(The Multifractal Formalisms)
Introduction

The goal of a multifractal formalism is to find function spaces
and a numerically computable function such that

e this function is an upper bound of the spectrum of singularities of
the functions that belong to these spaces;
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(The Multifractal Formalisms)
Introduction

The goal of a multifractal formalism is to find function spaces
and a numerically computable function such that

e this function is an upper bound of the spectrum of singularities of

the functions that belong to these spaces;

there exist functions where this function is equal to their spectrum;
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(The Multifractal Formalisms)
Introduction

The goal of a multifractal formalism is to find function spaces
and a numerically computable function such that

e this function is an upper bound of the spectrum of singularities of
the functions that belong to these spaces;

e there exist functions where this function is equal to their spectrum;
e there exist « a lot of » functions where the equality is verified.

For example, the notion « a lot of » can be the notion of
prevalent.
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(The Multifractal Formalisms)
Introduction

Definition
Let X be a complete metric vector space. A set A is called shy if it
exists a Borel set B O A and a Borel measure p such that

> |t exists a compact K C X such that 0 < u(K) < +o0;
> Forall x € X, u(B+ x) = 0.

A set is prevalent if its complement is shy.
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(The Multifractal Formalisms)
Introduction

Definition
Let X be a complete metric vector space. A set A is called shy if it
exists a Borel set B O A and a Borel measure 1 such that

> |t exists a compact K C X such that 0 < u(K) < +o0;
> Forall x € X, u(B+ x) = 0.

A set is prevalent if its complement is shy.

Proposition (Hunt, Sauer, Yorke, 1992 [8])

e In finite dimension, a set is prevalent if and only if it has full
Lebesgue measure.

e A prevalent set is dense.

e If Ais prevalent then x + A and AA is prevalent for all x € X and
A #0.

e A countable intersection of prevalent sets is prevalent.
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(The Multifractal Formalisms)
Example : Thermodynamic Multifractal Formalism

Take a mother wavelet ¢ with enough zero moments and
{20/24p(2/x — k) : j, k € Z} an orthonormal basis of L?(R).

Any function f € L?(R) can be written

Fx) =) qu(@x — k).

J,kEZL
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(The Multifractal Formalisms)
Example : Thermodynamic Multifractal Formalism

. log (2793 [eik|T)
R et L eyt
of 7¢7(q) = 0 and

DF™(h) = inf {hq —7¢(q)}-

, gr the unique solution
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(The Multifractal Formalisms)
Example : Thermodynamic Multifractal Formalism

log (2 i
Denote 7¢(q) = |,Jn:>(|)2]c og ( Iog(zzlijl;:j,k‘ )
of 7¢7(q) = 0 and

DF™(h) = inf {hq —7¢(q)}-

, gr the unique solution

Theorem (Jaffard, Fraysse, 1997 [7, 9])

Let 7 a concave function.

T(q@)+1

o If > gr, then f € Bq. st = D¢(h) < DM (h) for all h € R.

e The knowledge that 7¢(q) > 7(q) for all g > gr implies that

T(q)+1
feB = Bg.2  and the set

q>qf

{fe B - Dy(h) :{ infq,{hg — 7(q)} if this inf is <1 }

—00 else

is prevalent in B7.
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(The Multifractal Formalisms)
Example : Thermodynamic Multifractal Formalism

. log (2793 [eik|T)
R et L eyt
of 7¢7(q) = 0 and

, gr the unique solution

D™ (h) = inf {hq —7¢(q)}.
q9>qf
The main inconveniences of this method are that
» DWM ig always a concave function;
» DM is increasing with slope > g.

The second inconvenience can be taken care of using Wavelet
Leaders instead of wavelet coefficients (Lashermes, 2005 [13]).
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Definitions
Definition
We define the wavelet profil of a function f by

<|n(#Ej(1,a+ e)(f))>>

In(2)

e—0T J—)+OO

ve(a) = lim (Iimsup

where E;(C,a)(f) = {k :|¢jx| > C27%} and (k) jen kefo,...21}
are periodized wavelet coefficients of f.

v
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Definitions
Definition
We define the wavelet profil of a function f by

<|n(#Ej(1,a+ e)(f))>>

ve(a) = lim (Iimsup in(2)

e—0T j—)+OO

where E;(C,a)(f) = {k :|¢jx| > C27%} and (k) jen kefo,...21}
are periodized wavelet coefficients of f.

The function v¢ : R — {—o0} U [0; 1] is nondecreasing and right-
continuous and there exists ami, > 0 such that v¢(a) = —oo for all
a < amin and ve(a) € [0; 1] for all @ > amin.
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Definitions
Definition
We define the wavelet profil of a function f by

<|n(#Ej(1,a+ e)(f))>>

In(2)

e—0T j—)+OO

ve(a) = lim (Iimsup

where E;(C,a)(f) = {k :|¢jx| > C27%} and (k) jen kefo,...21}
are periodized wavelet coefficients of f.

Take a function v : R — {—o0o} U [0; 1] nondecreasing and right-
continuous and suppose there exists & min > 0 such that v(a) = —co
for all @ < amin and v(a) € [0; 1] for all & > amin.

Definition
We define S¥ = {f € L2([0;1]) : v¢(a) < v(a) Va € R}.

The S¥ space is independent of the wavelet basis (Jaffard, 2004 [10]).
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Definitions

Take a function v : R — {—o00} U [0; 1] nondecreasing and
right-continuous and suppose there exists a i, > 0 such that
v(a) = —oo for all & < amin and v(a) € [0; 1] for all & > amin.

Equivalent Definitions (Aubry, Bastin, Dispa, Jaffard, 2006
[51)

@ We define S” = {f € L%([0;1]) : v¢(a) < v(a) Vo € R}.
@ Its equivalent to define
S ={f € L*([0;1]) : Va € R, Ve >0, VC > 0,
3J > 0 such that Vj > J, #E;(C,a)(f) < 2(®)+ai}

where Ej(C,a)(f) = {k : |¢j k| > C2%} and (Cj,k)jeN,ke{o
are periodized wavelet coefficients of f.

..... 21}

v

10 / 36



xponent and Spectrum of Singularities

e The Multifractal Formalisms
@ Introduction
@ Example : Thermodynamic Multifractal Formalism

e S” Spaces
@ Definitions
@ Properties
@ Multifractal Formalism on S” Spaces

0 Implementation of the Multifractal Formalism on S” Spaces

© Detection of Spectra of Singularities
@ Monofractal Functions
@ Multifractal Functions
@ Multifractal Functions with non-concave Spectra

0 Conclusion



Properties

The wavelet profil of a function f is

ve(a) = lim <|im sup <In(#Ej(1’a+€)(f))>>

0t \ s In(27)

where E;(C,a)(f) = {k : ¢l > C2%} and (Cj,k)jeN,ke{o7...,2f—1}
are periodized wavelet coefficients of f.

Proposition

If we denote

l/fC(Oé) = lim (limSUp< In(#E;(C, a + €)()) ))

e—07T j—>+00 |n(2j)

then v () = vr(a) for all a € R and C > 0.
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Properties

Proposition

If we denote .
{k:lcju|>Com (ot}

| E(C f
Vfc(a): lim <|imsup( n(# Ei(C a+e)(f)) ))

then v£ () = vr(a) for all a € R and C > 0.

Fix o € R and C > 0. Let € > 0. Take € < € and denote
'=e—€ >0.
Let J > 0 such that for all j > J, c2¢ < 1.

So, if |¢j | > 27(+<V then |¢j x| > 2~ (e+<V C2=<") = Co~(ate),

Thus, Vj > J, we have #E;(C,a +€)(f) > #Ej(1,a + €)(f). So,

In(#E;(1, a + €)(f))

) In(#E;j(C,a+ €)(f))
lim sup< In(2)) )

So that v< () > ve(a).

> limsup <

Jj—+oo |n(2j)

Jj—=+oo

).

11 / 36



Properties
Proposition

If we denote .
{k:lej |>Com (ot}

(i E(C.o+(F) )
vf(a) = lim <|imsup< n(# Ei(C,a+e) ))

then v<(a) = vr(a) for all @ € R and C > 0.

Fix o € Rand C > 0. Let € > 0. Take ¢ < e.

Let J > 0 such that for all j > J, 2= < C.

So, if [qi4| = €2~V then g | > 2-(a+e+e)

Thus, Vj > J, we have #E;(C,a+¢€)(f) < #Ej(l,a+e+¢€).
Hence,

. In(#E;j(C,a+ €)(f))
lim sup( In(@) >

So that v< () < ve(a).

< limsup <

Jj—+o0

In(#Ej(1, o + e + e/)(f))>
In(2/) '

Jj—+oo
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We can endow S” with a distance d such that (§¥,d) is a
complete topological vector space.
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Properties

Theorem (Aubry, Bastin, Dispa, Jaffard, 2007 [4])

We can endow S” with a distance d such that (5%, d) is a
complete topological vector space.

Theorem (Aubry, Bastin, Dispa, 2007 [3])

The set
{f € 5" :vf(a) =v(a) Ya € R}

is prevalent in SY.
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Properties

Theorem (Aubry, Bastin, Dispa, Jaffard, 2007 [4])

We can endow S” with a distance d such that (5%, d) is a
complete topological vector space.

Theorem (Aubry, Bastin, Dispa, 2007 [3])

The set
{f € 5" :vf(a) =v(a) Ya € R}

is prevalent in SY.

Theorem (Aubry, Bastin, Dispa, Jaffard, 2006 [5])
Define
(@)= inf (hp—w(h)).

hShmaX

We have §” = B” if and only if v is concave.
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Pmax = inf )

and
v(h')
hl

if h < hmax

hsupp c1o-
DY(h) = h' €]0;h]
7 (h) 1 otherwise
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Multifractal Formalism on S” Spaces

Denote

hmax = inf h

h>amin V(h)

and

D¢ (h) = hsupp o AL h < B
f 1 otherwise

Theorem (Aubry, Bastin, Dispa, 2007 [3])
o Forall f € S”, Ds(h) < D¥(h) for all h € R.
e The set

Dy (h) if h < hmax
—00 otherwise

{feS” : Df(h):{

is prevalent in S”.

|
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(Implementation of the Multifractal Formalism on S” Spaces)

> In pratice, we know a finite number of coordinates of the signal;

» We use Daubechies Wavelets and the Mallat algorithm to calculate
a finite number of wavelet coefficients (¢j «); « (Daubechies, 1992

[6])
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> |n pratice, we know a finite number of coordinates of the signal ;

» We use Daubechies Wavelets and the Mallat algorithm to calculate
a finite number of wavelet coefficients (¢j «); « (Daubechies, 1992

[6])
> We must calculate an approximation of
In(#E;(1, a + €)(f))
In(2/)
where E/(C.a)(f) = {k : |4l > €277},

ve(a) = lim <Iimsup

e—=0" \ js4o00
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(Implementation of the Multifractal Formalism on S” Spaces)

> |n pratice, we know a finite number of coordinates of the signal ;

» We use Daubechies Wavelets and the Mallat algorithm to calculate
a finite number of wavelet coefficients (¢j «); « (Daubechies, 1992

[6]) ;
» We must calculate an approximation of

vE () = ligr (“msup (In(#’fj(liig)—h{)(f)))>

j—+o0

where £,(C,)(F) = {k: |g.u| = C2~24},
This means that o
#E{(C,a)(f) ~ 277 ()

for j "large enough". So, we can approximate £ (a) by the slope of

In(#E;(C, @)(f))
In(2)

JjEN—
for j "large enough".
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(Implementation of the Multifractal Formalism on S” Spaces)

For a fixed «, the main problem is to determine a good constant C
because we have only a finite number of wavelet coefficients :

» If C is too small, the detected value of l/fc(a) will be 1;

» If C is too big, the detected value of v (a) will be —co.
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(Implementation of the Multifractal Formalism on S” Spaces)

For a fixed «, the main problem is to determine a good constant C
because we have only a finite number of wavelet coefficients :

» If C is too small, the detected value of l/fc(a) will be 1;

» If C is too big, the detected value of v (a) will be —co.

We construct the function
C — vf(a).

In theory, the constant is arbitrary, so, in practice, this function
must stabilize if o > amin.

15 / 36
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(Detection of Spectra of Singularities)
Monofractal Functions

Fractional Brownian Motion

100 H =0.30

Theorem

Consider a Fractional Brownian motion with a parameter H €]0; 1|
defined on a probability space (£2,.4, i). For almost every w € ,
the Fractional Brownian Walk associated to w is mono-Hdlder
with an exponent H.
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(Detection of Spectra of Singularities}
Monofractal Functions

Fractional Brownian Motion

1500 4 H =050
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Theorem

Consider a Fractional Brownian motion with a parameter H €]0; 1|
defined on a probability space (£2,.4, 1). For almost every w € ,
the Fractional Brownian Walk associated to w is mono-Holder
with an exponent H.
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Theorem

Consider a Fractional Brownian motion with a parameter H €]0; 1|
defined on a probability space (£2,.4, 1). For almost every w € ,
the Fractional Brownian Walk associated to w is mono-Holder
with an exponent H.
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(Detection of Spectra of Singularities}
Monofractal Functions

Fractional Brownian Motion

3 H =0.90
3x10% —
2% 105 —|
1x10°% -
0 ~T—"1 | | P
. 0,2 0,4 0,6 0,8 1
Theorem

Consider a Fractional Brownian motion with a parameter H €]0; 1|
defined on a probability space (£2,.4, 1). For almost every w € ,
the Fractional Brownian Walk associated to w is mono-Holder
with an exponent H.

16 / 36



(Detection of Spectra of Singularities)
Monofractal Functions

Fractional Brownian Motion

Method, with the S spaces, to determine the exponent H of a
Fractionnal Brownian Walk :
Fix a €]0; 1] and examine the function C > 0+ v<(a).
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Fractionnal Brownian Walk :

(Detection of Spectra of Singularities)

Monofractal Functions

Fractional Brownian Motion

Fix a €]0; 1] and examine the function C > 0+ v<(a).

In(#E;(C,)(f))
In(2)

A

18 —
16 —
14 —
12—
10—

6 —
4 —
2 —

|H=10.78 a = 0.7 and C = 2000

-
o

—_

N —

w —
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o1 —

T T T
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T 17T 1T T 1T T
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(Detection of Spectra of Singularities)
Monofractal Functions

Fractional Brownian Motion
Method, with the S spaces, to determine the exponent H of a

Fractionnal Brownian Walk :
Fix a €]0; 1] and examine the function C > 0+ v<(a).

A

|H=10.78 a = 0.7 and C = 2000

18
16
14—
12—
10
6_
4_ -
2_ -
rrr Tttt 1r1t1 1T 17T 17T 1T T T 1%
1 2 3 45 6 7 8 9 1011 12 13 14 15 16 17

In(#E;(C,)(f))
In(2)

Slope = v&(a) = 0.894441
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(Detection of Spectra of Singularities)
Monofractal Functions

Fractional Brownian Motion
Method, with the S spaces, to determine the exponent H of a

Fractionnal Brownian Walk :
Fix a €]0; 1] and examine the function C > 0+ v<(a).

A

|H=0.78 a = 0.7 and C = 5000]

In(#E;(C,)(f))
In(2)

-
o

1T 11T 1 17 17 17T 17T T T T T T T
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
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(Detection of Spectra of Singularities)
Monofractal Functions

Fractional Brownian Motion

Method, with the S spaces, to determine the exponent H of a

Fractionnal Brownian Walk :
Fix a €]0; 1] and examine the function C > 0+ v<(a).

A

|H=0.78 a = 0.7 and C = 5000]

In(#E;(C,)(f))
In(2)

N Y B E I B B R B B RN R BN B R B
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

Slope = v (a) = 0.450242
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(Detection of Spectra of Singularities)
Monofractal Functions

Fractional Brownian Motion

Method, with the S spaces, to determine the exponent H of a
Fractionnal Brownian Walk :
Fix a €]0; 1] and examine the function C > 0+ v<(a).

—
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Ow
A

A

1—
0,8
0,6
0,4
0,2

H = 0.78 and a = 0.7 (size ~ 1000000)

—00

-
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C
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(Detection of Spectra of Singularities)
Monofractal Functions

Fractional Brownian Motion

Test on 1000 Fractional Brownian Walks of a size ~ 1000000 with
an exponent H.

Error mean | S¥ Method WLM
H<0.5 0.013439 0.0297254
H>05 0.00904878 | 0.00687781

| Some H | 0.0112439 | 0.0183016
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(Detection of Spectra of Singularities}
Monofractal Functions

Weierstrass Function
Take ¢ €]0; 1[, w > 0 such that ¢w > 1. We define

+0o0
= Z ¢" cos(w"x).

—Olandw—15

VAR
MWW

Theorem
The Weistrass Function with parameters ¢, w is mono-Holder with
an exponent _Iolzig‘é’)

19 / 36



(Detection of Spectra of Singularities}
Monofractal Functions
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Take ¢ €]0; 1[, w > 0 such that ¢w > 1. We define
+0o0

f(x) =Y ¢" cos(w"x).

n=0

’¢:0.5 andw:4‘

Theorem

The Weistrass Function with parameters ¢, w is mono-Holder with

an exponent _Iolza‘;’) .
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Test on 100 Weierstrass Functions with a size =~ 1000000.

(Detection of Spectra of Singularities)

Monofractal Functions

Weierstrass Function

S Method

WLM

Error mean

0.0265912

0.027018
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(Detection of Spectra of Singularities)
Multifractal Functions

Lebesgue-Davenport Function

Definition
Let t € [0; 1[. We can write t = (0.t1t2. ..t ... )2. We define the
Lebesgue-Davenport function evaluated in t by

F(t) = (x(2), ¥(1))

where x(t) = (0.t1t3...)2 and y(t) = (0.tats ... )2. We extend this
function in t = 1 by picking (1) = (1,1).

4

Theorem (Jaffard, 2004 [11])

The spectrum of singularities of the Lebesgue-Davenport function is
given by

2h  if he[0,0.5]

—o00  otherwise

D¢ (h) = {

21 / 36



(Detection of Spectra of Singularities)
Multifractal Functions

Lebesgue-Davenport Function

‘ Component x ‘ ‘ Component y
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(Detection of Spectra of Singularities}
Multifractal Functions

Lebesgue-Davenport Function

Jaffard, Nicolay, 2009 [12]
Size ~ 8000000
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Fix o €]0; 1] and examine the function C > 0 — v ().

Thomas Kleyntssens - Implementation of the Multifractal Formalism on S Spaces
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Multifractal Functions

Lebesgue-Davenport Function

Fix a €]0; 1] and examine the function C > 0+ v<(a).
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= 13 a = 0.2 (size ~ 8000000)
-
0,5
0.4131614
G T I T I T >
[ 0,1 0,2
o — .

24 / 36



Fix a €]0; 1] and examine the function C > 0+ v<(a).

—~

3

N—r
O
Y

1

) N I I L1 1 1 I 1| gl

A

(Detection of Spectra of Singularities)

Multifractal Functions

Lebesgue-Davenport Function

a = 0.37 (size &~ 8000000)

D

—OQ]

0,5 1
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Fix a €]0; 1] and examine the function C > 0+ v<(a).
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(Detection of Spectra of Singularities)
Multifractal Functions

Lebesgue-Davenport Function
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(Detection of Spectra of Singularities)
Multifractal Functions

Riemann Function

Theorem

Define the function
Z [”X]

The spectrum of singularities of this function is D(h) = h for
h e [0,1].

0,5

-0,5
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Multifractal Functions
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Detection of Spectra of Singularities)
Multifractal Functions with non-concave Spectra
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pr (1-p) P (1-p2)

(1=p)pu n(l=p) (1=pm)? P (1= p2)p2 pa(1 = p2) (1-p)?
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Multifractal Functions with non-concave Spectra

Deterministic Cascades

Theoretical Spectra of Singularities
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0,8
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Multifractal Functions with non-concave Spectra

Deterministic Cascades

Theoretical Spectra of Singularities
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N —
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Deterministic Cascades
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Multifractal Functions with non-concave Spectra
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» For monofractal functions, the S¥ method is as accurate as the
previous method ;
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Conclusion

Conclusion

» For monofractal functions, the S¥ method is as accurate as the
previous method ;

» For multifractal functions, the S¥ method detectes a better
spectrum of singularities than the previous method;

» This method detectes non-concave spectra of singularities.

In the future,
> it should also be tested on real-life signals (turbulence, and so on);

> .
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Thank you for your attention !
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