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ABSTRACT 

The SPH method (smoothed particle hydrodynamics) is a numerical meshless, particle and Lagrangian method.  
It is used in a lot of fields of engineering and science such as solids mechanics, hydraulics and astrophysics.  The 
medium is represented thanks to a set of particles which interact with each other.  Nowadays, the SPH method is 
still under development but is able to deal with a wide range of problems in hydraulics.  This article focuses 
especially on open channel quasi-incompressible flows.  While implementing a SPH code, a programmer can 
face up some difficulties such as the neighbors search, the boundary conditions, the speed of sound or the 
initialization of the particles.  We have drawn some unexpected conclusions concerning the compressibility of 
the fluid and the way the particles are initialized.  This paper presents also a list of test cases that can be 
performed in order to validate an SPH code. It includes: (a) a tank of still water, (b) a spinning tank and (c) a 
dam break on a dry bed. These test cases allowed us to highlight some undesired effects.  Finally, a new test case 
is developed.  It is based on new experimental results of a flow on a spillway.  For this test case, open 
boundaries have been implemented. The results presented in this paper are based on a 3-D code implemented 
during a master thesis. 

1. INTRODUCTION 

Numerical methods in hydraulics can be separated into two categories.  On the one hand we have grid 
based methods and on the other hand we have meshfree methods [17].  In the meshfree methods 
category, SPH is one the most used.  Smoothed particle hydrodynamics was first introduced in the 
field of astrophysics by Gingold and Monaghan [6] and Lucy [19] in 1977 but is now used in 
hydraulics [3, 12, 22], structure dynamics [1], solid mechanics [25], etc. 
 
 Nowadays, the method is still under development but a wide range of problems can be modelled: 
it is used in many fields of application and implemented in the well-known open-source program 
SPHysics [8, 9].  The goal of this paper is to identify some undesired effects linked to the SPH method 
as well as to give some validation benchmark.  We will firstly introduce the SPH method in the frame 
of open channel quasi-incompressible flows.  Then, various implementation aspects that developers 
can encounter will be presented. The main part of this paper will focus on validation test cases. They 
will highlight some issues linked to the SPH method and the answers given recently. Finally, a brand-
new test case will be described. 

2. THE SPH METHOD 

The main principle of the SPH method, as explained in [20], is based on the approximation of a 
function 
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where f is a function, W a smoothing function, Ω the domain where f is defined and h the smoothing 
length.  The particle approximation can be applied to equation (1): 
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where the subscripts a and b refer respectively to the current particle and the neighbor particles, N is 
the number of neighbors, m is the mass of a particle, ρ its density and ( , )ab a b hW W x x . 

 
 For more details about the establishment of this formalism, the reader can refer to [18] or [7]. 

2.1 Equations and Smoothing Functions 

Newtonian fluids are ruled by Navier-Stokes equations. When the SPH formalism is applied to these 
equations, we obtain the density continuity 
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where the speed ab a b u u u , and a derived form of the conservation of momentum 
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where p is the pressure, ab  an artificial viscosity and F the body forces. 

 
 The smoothing function W in equations (3) and (4) are most often a cubic spline [23], a Gaussian 
[6] or a quadratic function [13].  In this paper, we will use exclusively a cubic spline. 

2.2 Some Implementation Aspects 

In order to implement a SPH code, the developer must be aware of some particularities of the method. 
 
 As the smoothing functions are most often supported on a compact, the sum in the equations (3) 
and (4) can be limited to some particles within a given distance to the computed particle (smoothing 
length).  In order to determine these neighbors, there are basically three possibilities [18]: (a) all-pair 
search algorithm, (b) linked list algorithm and (c) tree search algorithm.  The second procedure is the 
fastest one as its speed is of the order of N.  However, if a variable smoothing length in space is used, 
the third algorithm is more appropriate. 
 
 Concerning the smoothing length, it can be variable in time and/or in space.  s being the initial 
spacing between the particles, the initial smoothing length 0 1.2h s  but it can range from 1s to 2s.  In 

this work, we chose a coefficient of 1.2 which is a good compromise between the computational 
efficiency and the number of particles included in a support domain.  In order to deal with the variable 
distance between particles, the smoothing length can be updated at every time step [23]: 
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where d is the number of dimensions and m  the mean density.  It is obvious that the density is not 

likely to be homogenous in the whole domain.  A possibility would be to have an adaptive smoothing 
length in space.  However, such a method requires more precautions as Newton’s third law might be 
violated as highlighted in [24]. 
 
 The speed of sound plays an important role in any numerical fluid simulation. In fact, it rules the 
time step.  In the case of free surface flows Monaghan [21] shows that the initial speed of sound can be 

taken at 0 10c gH  where H is the maximum depth.  It allows larger time steps and thus a quicker 

resolution. However it introduces an artificial compressibility. 
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 Boundaries can be modelled using different methods, including (a) ghost particles [25], (b) 
repulsive particles [21] and (c) dynamics particle [2].  For this work, dynamic particles were used for 
their flexibility and ease of use.  We can model complex shapes thanks to this kind of particles.  
However, there is no consensus in the SPH community about boundary conditions.  It is one of the 
grand challenges on the SPH European Research Interest Community (SPHERIC). 
 
 Concerning initialization, particles can be set in a Cartesian grid or in a staggered way.  Once 
their position is chosen, their pressure can be calculated.  In most situations, the initial pressure is 
taken to the hydrostatic pressure.  The pressure is not a direct variable in an SPH simulation but is 
related to the density.  This link can be made thanks to 
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where 2
0 0 /B c    and γ is set around 7. Equation (6) was introduced by Monaghan [21] and is based 

on Tait’s equation [4] which is based on experimental measures.  According to Violeau [27], the mass 

of a particle is set according to its volume d
aV s  and its density: a a am V  .  Considering 

hydrostatic pressure at the beginning of the simulation leads to particles having different masses.  This 
mass however remains unchanged during the whole simulation. 

3. TEST CASES AND UNDESIRED EFFECTS 

In order to be validated, a code must pass some test cases.  These test cases allow the developer to 
point his possible mistakes but also to realize the weakness of a method.  This section will focus on 
some test cases and the conclusions that can be made.  The characteristics of every test case are given 
in Table 1 in the order in which each test case appears. 
 
 TC 1 TC 2 TC 3 TC 4 TC 5 
Nb fixed part. [-] 6196 9894 60402 236390 73614 
Nb mob. part. [-] 35836 47175 123750 668160-767691 400200-504531 
h0 [m] 0.024 0.024 0.024 0.012 0.024 
α [-] 0.05 0.2-0.01 0.5 0.05 0.01 
Simul. time [s] 5 7 2 5 5 
Table 1: Characteristics of each test case. 

3.1 Tank of Still Water 

This test case is simply a box that contains an amount of water with free surface.  The particles are 
initially set with hydrostatic pressure and without velocity.  It is supposed that the particles will not 
move and will keep their initial pressure.  The results are not as expected.  Figure 1 shows the pressure 
distribution in the fluid at different times of the simulation.  Tests were made with a correction of the 
kernel gradient but no improvements were noticed. 
 
 In order to explain this phenomenon, let us take the problem in another way: how could we set the 
particles in order to have an initial equilibrium?  The answer can be obtained by solving a system  
 Am b   (7) 
where m is a vector that contains the masses of the particles, b is a vector that contains the body forces 
that act on a particle and 
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System (7) indicates that the variation of velocity of a particle should be equal to zero according to 
equation (4).  The boundary conditions can be handled by adding a reaction force (that is determined 
iteratively) to the boundary particles. 
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Figure 1: Even if initially the pressure is hydrostatic, it is becoming less uniform with time. 
 
 Matrix A in system (7) is anti-symmetric which makes it singular for an odd number of particles.  
This leads to impossibility to solve the system.  We can conclude that an initial equilibrium can be 
found only for an even number of particles.  Even when this condition is satisfied, the masses are not 
linearly distributed and some oscillations appear.  The reader may find more information and examples 
in [7]. 

3.2 Spinning Tank 

A spinning cylindrical tank of water presents a free surface that has the equation 
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where (z,r) are cylindrical coordinates, ω is the rotation speed, R the radius of the tank and 0z  the z 

coordinate of the free surface when the tank is at rest.  When using the assumption made by Monaghan 
[21] about the speed of sound, the free surface is below what was expected (see Figure 2 left). 
 
 A speed of sound closer to reality avoids compressibility inconsistency.  However, the time steps 
are much smaller and the computation time is greatly increased.  For the example of Figure 2, the 
computation time was multiplied by 24 when taking 0 1480c   m/s. 

3.3 Dam Break on a Dry Bed 

A well-known test case is the dam break on a dry bed.  It was performed in many articles such as in [2, 
10].  It is based on the experiments of Koshizuka and Oka [14].  They measured the position of the 
front as well as the shape of the wave.  The position of the wave front is measured dimensionless.  The 
initial situation can be represented in 2-D as shown in Figure 3 (a). 
 
 When taking a closer look at the interface between the fluid and the boundary, two observations 
can be made: (1) a gap is observed when a thin layer of fluid flows on a horizontal boundary (Figure 3 
(b)) and (2) some particles stay attached to the walls of the domain (Figure 3 (c)).  When a particle 
enters in the support domain of a boundary particle, a repulsive force is created which creates a gap 
equal to the support radius.  When particles are moving away from each other, the artificial viscosity 
creates an attracting force between them.  If this attracting force is greater than the gravity, some 
particles stay attached to the boundary. 
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Figure 2: On the left hand side, 0c  is taken at 50 m/s which leads to an over compressibility.  On the right hand 

side, 0c is equal to 1480 m/s as in reality, which leads to good results according to theory. 
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Figure 3: The initial geometry that is plotted in figure (a) can be improved by doubling the size of the domain 
according to x in order to add a symmetry condition (and a symmetric dam break).  A thin gap between the fluid 
and the boundary can be observed in figure (b).  On figures (b) and (c), some particles stay attached to the left 
wall.  These behaviors can be explained thanks to the repulsive and attracting forces that are generated by the 
dynamic particles. 
 
 The results of a numerical simulation can be compared to Koshizuka and Oka’s experiment.  
Figure 4 gives this comparison.  In order to avoid particles attached to the boundaries and 
consequently undesired attracting forces, a symmetry condition can be used.  The effect of a symmetry 
condition for low number of particles is also plotted in Figure 4.  As it can be observed, the results are 
improved. 
 
 Recent works on the viscosity treatment [26] and the boundary conditions [5] may lead to better 
results. 

3.4 Flow over a Spillway 

This section will compare results of a steady flow over a spillway from a physical model to SPH 
results.  In order to this, open boundaries must be implemented.  These boundary conditions allow 
inflow and outflow in specific regions of the domain.  Information about implementing this kind of 
boundaries can be found in [15].  When implemented, an inflow can be imposed upstream and 
particles are deleted when they leave the domain downstream.  Initially, the free surface is set at the 
height of the crest.  The flow is considered steady when the head is stabilized upstream.  The shape of 
the spillway crest is designed according to the WES standard.  In order to avoid effects from the 
bottom of the domain, the crest is positioned at 2.32 m from the bottom.  The numerical model has the 
same dimensions as the physical model in lab (see Figure 5).  A comparison between the speed 
profiles will be done for an inflow of 125 l/s per meter of crest.  This inflow is the design discharge of 
the spillway. 
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Figure 4: Dimensionless comparison between experimental and numerical results.  Z is the position of the front 
regarding the left boundary.  The numerical results match well the experimental.  Better results are obtained with 
a large amount of particles.  However, for low numbers of particles, good results can be obtained when 
considering a symmetry condition. 
 
 A reduction of section at the top of the crest can be observed (see Figure 6).  This effect is due to 
high repulsive forces coming from the interaction with boundary particles. 
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Figure 5: Position of boundary particles and 
geometry of the spillway crest according to WES 
standard. 
 

 
Figure 6: When the water overtops the spillway, the 
lateral boundary particles exert a repulsive force on the 
fluid particles which repels them from the borders. 
 

 
 According to experimental measurements of velocity (using LS-PIV), numerical and 
experimental velocity profiles over the crest are compared in Figure 7.  A velocity profile in SPH can 
be obtained by considering a zone that extends a little to the left and to the right of the considered 
section.  It can be seen in Figure 7 that before the crest ( 0/ dx H  ) the speeds are close to 

experimental measurements but after the crest ( 0/ dx H  ) the results are not conforming to 

experimental measures.  This behavior can be explained by (a) too important viscous effects on the 
spillway, (b) the behavior of the dynamic particles which create too strong repulsive forces and (c) the 
reduction of section at the crest due to the boundary particles.  Once more, better boundary conditions 
and a more appropriate viscous term would lead to more quantitative results. 
 
 
 
 

3.5 Shape of Flow over a Weir 
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Another test case can consist in comparing the shape of a nape of flow over a weir to an analytical 
profile. This analytical profile can be digitalized from [11].  The resulting polynomials are given by 
(10) and (11) for respectively the upper nape and the lower nape. 
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Figure 7: Horizontal (u) and vertical (v) speed profiles at x/Hd = -0.5 (plain line and crosses), x/Hd = 0 (dashed 
line and triangles) and x/Hd = 0.5(dotted line and squares).  Lines are for experimental measures and shapes for 
numerical results. 
 
 In order to avoid effects from the bottom of the domain, we considered a weir’s height of 2.3 m.  
The theoretical profiles and the one obtained numerically are compared in Figure 8.  Due to viscous 
tensions, these two different approaches do not fit well.  There is also an influence from the boundary 
particles on the section of flow over the weir as it was observed in the previous test case (Figure 6). 
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Figure 8: The SPH does not fit so well the analytical profiles. 

4. CONCLUSION 

Even if the SPH method was introduced more than 35 years ago, it is still under large developments.  
However, a simple model can be obtained quickly.  This paper is based on a master thesis in which a 
3-D SPH code was implemented [7].  The goal of this paper was to present some test cases useful to 
validate a program.  According to our experience, we pointed out some undesired effects that are not 
well referenced yet in the literature.  Recent developments introduce new possibilities to deal with the 
undesired effects shown in this paper. 
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 The still tank test case showed that an initial equilibrium state is impossible in some situations.  
The next test case concerned a spinning tank.  It showed that the usual assumption of a low speed of 
sound can lead to an over compressibility.  In order to avoid this, a pressure Poisson equation is one of 
the possibilities [16].  The dam break test case pointed that the dynamic boundary particles can cause 
undesired effects such as attracting forces.  Finally, the flows over a spillway and a weir emphasized 
the fact that boundaries have a large effect on SPH simulation.  We are currently working on a 2-D 
code that should improve the situation.  However, boundary conditions are still a difficulty in SPH. 
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