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We revisit the old-standing problem of the electromagnetic interaction for particles of arbitrary spin.
Based on the assumption that light-cone helicity at tree level and Q> = 0 should be conserved nontrivially
by the electromagnetic interaction, we are able to derive all the natural electromagnetic moments for a
pointlike particle of any spin. We provide here a transparent decomposition of the electromagnetic current
in terms of covariant vertex functions. We also define in a general way the electromagnetic multipole form
factors, and show their relation with the electromagnetic moments and covariant vertex functions. The
light-cone helicity conservation argument determines uniguely the values of all electromagnetic moments,
which we refer to as the “‘natural” ones. These specific values are in accordance with the standard model,
and the prediction of universal g = 2 gyromagnetic factor is naturally recovered. We provide a very
simple and compact formula for these natural moments. As an application of our results, we generalize the
discussion of quark transverse charge densities to particles with arbitrary spin, giving more physical
support to the light-cone helicity conservation argument.
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L. INTRODUCTION

High-energy physics involves high-spin particles for
many reasons. Among those, let us mention that

(1) experimentally, more than 50 baryons with spins
ranging from 3/2 to 15/2 and about the same num-
ber of mesons with spins ranging from 2 to 6 have
been observed [1];

(i1) these resonances enter, e.g. as intermediate states in
the description of the photo- and electro-pion pro-
duction off protons, which are a main focus of ex-
periments at electron facilities such as Jefferson Lab,
ELSA, MAMI [2], or are produced at e* e collider
facilities such as DA®NE, BELLE, BABAR, and
BES;

(ii1) in proposals for physics beyond the standard model
(SM) based on supersymmetry, which will be ex-
plored soon by the LHC, elementary particles with
high spin (e.g. the gravitino) are required.

For further motivations to study high-spin particles, see
e.g. [3] and references therein.

Formalisms to study high-spin particles have been pro-
posed a long time ago. Dirac, Fierz, and Pauli were the first
to develop a general theory of particles with arbitrary spin
[4], but this formalism is quite complicated. Later, Rarita
and Schwinger (RS) proposed a more convenient formal-
ism for arbitrary half-integer spin particles [5], which is
still the most often used to date in the literature. In the case
of integer spin particles, the Klein-Gordon (KG) equation
with subsidiary conditions is more suited. Actually, it has
been shown by Moldauer and Case that both RS and KG
approaches can be derived from the Dirac, Fierz, and Pauli
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formalism [6]. There exists another formalism due to
Bargmann and Wigner [7] from which one can also derive
the RS and KG equations together with their subsidiary
conditions [8].

Theories with spin >1 are however plagued by arbitrary
parameters in both their Lagrangian and propagator [6,9].
This is due to the fact that the corresponding fields contain
extra degrees of freedom related to lower spins. To elimi-
nate these extra degrees of freedom, one imposes con-
straints (the subsidiary conditions in RS and KG
formalisms). Unfortunately, interactions usually break
these constraints, generating many problems. Among the
various difficulties [10], let us mention an important result
of Velo and Zwanziger [11] that showed that a massive
c-number spin-3/2 field minimally coupled to an external
electromagnetic field will lead to the existence of tachyons,
and therefore to noncausality. The causality issue has been
discussed, e.g. in [3,12].

The gyromagnetic factor of elementary particles has also
a long history. Based on the minimal substitution p* —
mt = pt — eA*, it was argued that the gyromagnetic
factor at tree level depends on the spin j of the particle
[6,13] as

1
6= (1

i.e. the magnetic moment depends only on the mass and
electric charge of the particle. This result agrees with the
case j = 1/2 but seems to disagree with higher-spin cases.
Many reasons suggest that the gyromagnetic factor at tree
level is in fact independent of the spin [14]

g =72 (2)
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i.e. the magnetic moment is directly proportional to the
spin. Among the various reasons, let us mention that

(i) the only higher-spin and charged elementary particle
observed is the W boson. At tree level, it has gy = 2
[15] and not gy = 1 as suggested by (1) for spin-1
particles;

(ii) the relativistic equation of motion of the polarization
four-vector S, in a homogeneous external electro-
magnetic field is simplified for g; = 2 [16];

(iii) in the supersymmetric sum rules framework, when
all magnetic-moment matrix elements are diagonal,
the gyromagnetic factor of arbitrary-spin supersym-
metric particles must be equal to 2 [17];

(iv) string theory also suggests that g; = 2 [18];

(v) by requiring that forward Compton scattering ampli-
tudes of physical theories possess a good high-
energy behavior, Weinberg showed [19] that this
implies g; =~ 2 for any nonstrongly interacting
spin-j particle, small deviations being due to loop
corrections.

The way to reconcile Lagrangian theories with g; = 2is to
allow nonminimal coupling [12,20]. Indeed, using the
minimal substitution is ambiguous for spins j > 1/2 since
one has [7#, w"] = —ieF*”, while [p*, p”] = 0. Note
that a nonminimal coupling F /“’W;[ W, is already present
in the standard model [21].

In order to completely characterize the electromagnetic
interaction of an elementary particle with spin j > 1/2, the
electric charge and the magnetic dipole moment are not
sufficient. In general, a spin-j particle has 2j + 1 electro-
magnetic multipoles if Lorentz, parity and time-reversal
symmetries are respected. The knowledge of these ‘‘natu-
ral” electromagnetic moments is obviously very important
since they

(1) constrain the construction of a consistent higher-spin
electromagnetic interaction theory;

(i1) allow one to refute the elementary nature of a parti-
cle when the observed electromagnetic moments are
significantly different from the expected value (loop
corrections included), e.g. proton anomalous mag-
netic moment «, = 1.79 > 0;

(iii) allow one to determine the actual shape of composite
particles.

In this work, we present our results concerning the
electromagnetic interaction for particles with arbitrary
spin. Based on the simple assumption that QED conserves
nontrivially the light-cone helicity of any elementary par-
ticle at tree level and real photon point Q> = 0, we were
able to derive all natural electromagnetic moments for
particles of any spin.

The outline of this paper is as follows: In Sec. II, we give
the general form of the electromagnetic current in terms of
covariant vertex functions. An explicit multipole decom-
position is then performed in Sec. III together with a
transparent relation to electromagnetic moments. In
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Sec. IV, we use the Breit frame to obtain a general relation
between multipole form factors and covariant vertex func-
tions. In Sec. V, we study the light-cone helicity amplitudes
for the electromagnetic vertex of a particle of any spin.
Using the assumption that light-cone helicity is conserved
nontrivially at tree level and at the real photon point (Q?> =
0) by the electromagnetic interaction for elementary parti-
cles, we obtain the natural values of covariant vertex
functions, multipole form factors and therefore electro-
magnetic moments. As an application of our results, we
generalize in Sec. VI to arbitrary-spin particles the study of
quark transverse charge densities, recently discussed in the
literature for spin 1/2 [22], spin 1 [23], and spin 3/2 [24].
Finally, we summarize our conclusions. A number of
technical derivations are given in three appendices.

II. ELECTROMAGNETIC CURRENT FOR
ARBITRARY SPIN

The interaction of a particle with the electromagnetic
field can be described in terms of matrix elements, also
known as on-shell vertex functions, of the following form:

JH = (p', X |JE(O)Ip, A), 3)

where p (resp. p') is the initial (resp. final) four-
momentum of the particle, and |p, A) is the spin-j single-
particle state with four-momentum p and polarization A.
For further convenience, we define the scalar quantity
Q* = —¢* as minus the square of the four-momentum
transfer ¢ = p’ — p due to the photon.

If the particle respects parity and time-reversal symme-
tries, its matrix elements can in principle be conveniently
written in terms of 2j + 1 independent covariant vertex
functions F,(Q?) [25], also often called form factors. Note
however that the decomposition is not unique. One can
choose different sets of covariant vertex functions. All the
sets are equivalent and are related through on-shell rela-
tions.' In this sense, matrix elements are more fundamental

'To illustrate this point, consider the case of a spin-1/2 particle
where the current is usually written in the form

oy = 0, A0 7 F1(Q2) + 52 Fa(0) [up. ).

It is however also legitimate to write this current as

1 .
Ty = 53770 XUPEGY(QY) + i, Gol Q) up, M),

where P = p’ + p is twice the averaged four-momentum of the
particle. Clearly G; =F, and G, = F; + F, because of
Gordon’s identity

1
a(p', M)y*u(p, A) = M a(p', N)LP* + ict”q,Ju(p, A).

Nevertheless, the set {F|, F,} is the preferred one because it is in
direct connection with Dirac theory, where the current of an
elementary spin-1/2 particle is given by u(p’, ') y*u(p, A).
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than covariant vertex functions. Some decompositions
have been proposed long ago. Unfortunately, they are
usually either not applicable to any spin or very obscure
and thus not suited for direct use. We therefore propose
here a complete and transparent decomposition of any on-
shell electromagnetic current.

Since any spin representation can be constructed from
spin-1/2 and spin-1 representations, it is rather straightfor-
ward to obtain a decomposition of matrix elements satisfy-
ing Lorentz covariance, explicit gauge invariance, together
with parity and time-reversal symmetries. For a particle
with spin j and mass M we propose to use

= (e (0 N)] P2 Y Pt (©)
(k.j)

54" =g q) T Faal @) [ ()
(k,j—1)

4
when j is integer and
J(l;) = (=1 "itg...q (P, )‘/)ZI:VMszH(QZ)
(k,n)
ioct’q, )
M F2k+2(Q ) ual---an(p; /\)y (5)

when j = n + 1/2 is half integer. An exphclt expression
for the standard polarization tensors &, ...,. and u,, is
given in Appendix A and the strange sum stands actually
for

> =5T(-4

(k. j) k=0%i=1

()
) 11

The decompositions (4) and (5) coincide with the standard
spin-1/2 and spin-1 [26] currents. For spin-3/2 particles,
we get

T = =0 10l ek (02) + T (o)
G/ = THPLANET T YR oM
9" q"
- [yerie)
iohq,
+ 1 F @) a0,

which is equivalent to the standard decompositions [27]
provided that

Fi(Q%) = F{(Q%) = a,(¢?) + ax(¢?),
Fy(Q%) = F3(Q%) = —ay(¢?),

F3(0%) = —3F3(0%) = —3lc1(g?) + e2(g?)],
Fy(Q%) = —3F(Q%) = 3c:(g?).
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Our decompositions (4) and (5) have the advantage of
avoiding spurious ( — 1/2) factors in subsequent results.

III. MULTIPOLE FORM FACTORS

Our aim is to obtain the natural values for the electro-
magnetic moments of a particle of arbitrary spin. These
moments are related to the so-called multipole form factors
Gg(Q?) and G,,,(Q?) at real photon point Q> = 0, which
are obtained by means of a standard multipole decompo-
sition of a four-current j#. In the literature clear definitions
are often absent and multipoles differ by a given factor
from one paper to another. For this reason, and also for
further convenience, we propose here an explicit decom-
position with clear definitions.

The zero component u = 0 of a four-current j* corre-
sponds to the charge density, while the spatial components
p = i are related to some kind of ““‘magnetic density” [28].
Let us refer, for the moment, to these densities by means of
the generic density

(@) = [ P reiip(F), )

The multipole decomposition of this density can be written
in the following form (Q = |g|)

Z Z Q'F,,(Q)Y;,,(Q,),

=0m=-—1

p(q) = ®)

where Y,,(€),,) are the usual spherical harmonics, ), is the

solid angle giving the direction of §. Thanks to the identity
[29]

el =4 wZ Z i'j(QN)Y 1, (Q)Y;,(Q,),

I=0m=-1

where j,(x) are the spherical Bessel functions, and using
orthonormal relations among the spherical harmonics, one
gets

47t

Flm(Qz) =

/ Bri(QnY:, (Q)p(7).

Remembering that we are interested in the electromagnetic
properties of particles, one can naturally consider that the
electric and magnetic densities exhibit an azimuthal (or
cylindrical) symmetry with respect to the quantization
axis. Let us identify the spin quantization axis with the z
axis. Because of this symmetry, the multipole decomposi-
tion (8) reduces to m = 0 components only

+ o0
p(@) =D O'Fip(Q*)Yp(Q,). )]
=0

113011-3



CEDRIC LORCE

Cartesian moments M, are defined by

A@sfﬁmﬁmm,

R ’ 47
Cl(r) = l'r 0+ 1 Y[O(Q ) = l'r[Plo(COSH )

These moments are therefore associated with the structures
1,z, 32> — r?), (152> — 9r%z), - - - They are clearly just
proportional to F;,(0) and the proportionality factor can
be obtained using the expansion of spherical Bessel func-
tions j;(Qr) for small Q

(10)

. (Qr)
Ji(Qr) = @i+ D + 0(0'?),
leading then to
M=&M@hDH%;%W)

The multipole form factors used in the literature are iden-
tified to F(Q?) up to factors depending on /. Note also that
a spin-j particle respecting parity symmetry has only even
electric multipoles and odd magnetic multipoles [25].
Moreover, the total number of multipole form factors is
equal to the total number of covariant vertex functions,
namely, 2j + 1.

A. Electric multipoles

Electric multipoles” are obtained from the charge den-
sity p(7) := j°(¥). We define the electric multipole form
factors G (Q?) as follows:

1
Gulod) = (-iy 2 D CME 2L L n) )

where e is minus the electric charge of an electron. The /th
electric moment Q, [28] in (natural) unit of e/M" is there-
fore given by

2
0= [arcre = @

— 7 Gp(0). (12)

The expansion (9) of the charge density of a spin-j
particle in terms of multipole form factors (11) takes the
form

O(q) =¢ Z 117_1/2

[e\en

Gr/(0%) 2[+ YIO(Q) (13)
oyl

where 7 = % and with the definition®

%If we follow more rigorously the literature terminology, they
should be called Coulomb multipoles.
*We remind that by definition (—1)!! = 1.
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Ckz{m n=k=-1

14
0, otherwise a4

More explicitly, this amounts to the following expansion:

°@)—ePﬁﬁQﬂvr_%dﬂ) 2 1 a(0Y)

4
ey ]

B. Magnetic multipoles

Magnetic multipoles are obtained from the magnetic
density p(F) ==V - (]’(7’) X 7). We define the magnetic
multipole form factors G,;,(Q?) as follows:

Dt 2m)" 21 +
(l+1))v (e)\/Ton(QZ) (15)

The /th magnetic moment w; [28] in (natural) unit of
e/2M" is therefore given by

V(7 xH _ Wy
[+ 1 20=

Gon(0?) = (— i

1 Gui(0).  (16)

mfffﬂw

The expansion (9) of the magnetic density of a spin-j
particle in terms of the multipole form factors (15) takes
the form

v (J(q)xq)—ez ! ’/2(ZC+ )

=0 20-1
I odd

, 4ar
X 711 Yzo(Q) (I7)

V- (j(§) % §) = eZi\/;I:GMI(QZ)‘/%YIO(Qq)

Gyi(Q?)

i.e. more explicitly

4

— —7G3(0? )

5 Y%o(Q )+ ]

As a closing remark for this section, we would like to
emphasize that only Ggy(0), G4,(0), and Gg,(0) can di-
rectly be interpreted as electromagnetic moments. For [/ >
2, the factor between (Cartesian) electromagnetic moments
and multipole form factors at 0? = 0 differs from unity, as
one can see from Egs. (12) and (16).

IV. BREIT FRAME

The set of covariant vertex functions {F;(Q?)} and the
set of multipole form factors {G 5;;(Q%)} are not indepen-
dent. Following the common usage, they can be connected
in the so-called Breit frame by identifying the classical
electromagnetic current j* of Sec. III with the quantum-
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mechanical one J# of Sec. II

gE(18)

j“(é)E—(ﬁ ITEM O P, Dpreir = i

The derivation of this connection is straightforward but a
bit technical, so details have been relegated to Appendix B.

A. Bosonic case

For an integer spin particle, we found that the multipole
form factors are related to our covariant vertex functions at
any Q7 according to (see Appendix B 2):

J
Z( 1)m+t

—t
(1+ T)k+(1/2)C§_k

Tmn= t(CI )2
WGEzm(Qz)

M-

k=0
1—-96

X [F2k+1(Q2) R L sz(Qz)],
j—1 m= t(ct)
> (=1 (m + 1)WGM2m+1(Q2)
m=t 4m+1

1
=+ 1) Y+ DO (0D, (19)
k=0

where

k n
ck (k)

is the standard binomial function. Let us, for example,
consider the case j = 1

Gpo(Q?) — 371G (0?) = V1+7F(0%),
Gy (0%) = V1 + 7F,(0Y),
Gp(0%) =1+ 7[F (0% — F,(Q?)
+ (1 + 7)F3(0%)],

which coincides with the well-known expression for the
electromagnetic interaction of vector particles [26], pro-
vided that

Gpo(Q?) = V1 + 7Gc(g?),
GMI(QZ) =V1+ TGM(CIZ),
GEZ(Qz) =1+ TGQ(42)~

The factor /1 + 7 is present for any integer spin. One is
free to define new multipole form factors without this
inelegant factor, at the cost of having different multipole
decompositions for fermions and bosons. Nevertheless, at
Q? = 0 there is no difference between both definitions.

At real photon point Q% = 0, the connections (19) re-
duce to
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1 .
i
>
k=0

Z C§:Z:11F2k+2(0):
=0

Gpm(0) = W [Fapi1(0) — (1 — 8,.0)F2 (0)],

Guam+1(0) = (20)

which can be inverted

Fa1(0) = Z =D Gy 0) + (1 = 85)
X Gyai-1(0)],

k
F2(0) = Z

=0

Clo T (=D Gy (0), 1)

thanks to the following identity

k
S o (=Dl =6, Vizk (22
I=m

B. Fermionic case

We proceed with half-integer spin particles. In this case,
we found that the multipole form factors are related to our
covariant vertex functions at any Q2 according to (see
Appendix B 3)

m= I(Ct )2

C2m+2z 1 Gr(Q?)

Z( 1)m+t

= 3 (1 + DA Fo1(Q%) = 7F42(0%)]
k=0

n m—t Ct 2
S 4 1) G (09
m=t 4m+1
=(r+1) Z(l + )R C [ Fars1(Q?) + Forin (0]

k=0
(23)

Let us consider two examples. For j = 1/2, we get

Go(Q?) = F1(Q?) — 7F,(0),
Gy (0% = F1(0Q%) + F5(0%),

which coincides with the well-known expression for the
electromagnetic interaction of spin-1/2 particles. The mul-
tipole form factors Ggy(Q?) and G, (Q?) are nothing else
than the Sachs electric and magnetic form factors G(Q?)
and G,,(Q?). For j = 3/2, we get
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2
Gpo(Q?) — §TG52(Q2) = F(Q%) — 7F,(0?),

Gi1(0%) — $7Gus(Q%) = F1(QP) + Fy(0?)

Gp(Q?) = F(Q%) — 7F,(0%)

+ (1 + 7)[F3(Q%) — 7F4(0%)]
Gu3(Q?) = F1(Q%) + F(0%)

+ (1 + 7)[F;5(0%) + F4(0Y)],

which also coincides with the well-known expression for
the electromagnetic interaction of spin-3/2 particles [27],
excepted that the spurious (— 1/2) factors are absent.
Clearly, our decomposition of the current in terms of
covariant vertex function is more economical. We would
like also to remind that G,,3(0) does not correspond to the
value of the (Cartesian) magnetic octupole, but represents
one-ninth of its value.

At real photon point Q%> = 0, the connections (23) re-
duce to

Gpam(0) = Z Cr_ ' Faye41(0),
k=0

- (24)
Guom+1(0) = Z Cp U [Farr1(0) + Fpy2(0)],
k=0
which can also be inverted thanks to (22)
k
Faer1(0) = Y Cizf (= 1) 'G ) (0),
1=0 25)

k

Fp12(0) = Z Cr K (=DM '[Gp4+1(0) = Gy (0)].
=0

V. LIGHT-CONE HELICITY AMPLITUDES AND
NATURAL MOMENTS

We discuss in this section the light-cone helicity ampli-
tudes of the + component of the current Jiy, = Joy +
Jiy- We will work in the usual Drell-Yan-West (DYW)
frame g = 0 [30], and one can furthermore choose a
frame where the transverse momenta of the initial and final
particles are opposite. We will write such light-cone helic-
ity amplitude in the form

V=N, g1
Ay (0% = 27+<P+,*, A

+ (’_I)J.
s - ) A’ b
Y
(26)

where Q%= —¢> =47, with G, = Q(cos¢,e, +
sing,e,), and A, A are the light-cone helicities of the
initial and final particles, respectively.

A spin-j particle has 2j + 1 possible polarization states.
This means that there are in principle (2j + 1)? helicity
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amplitudes. However, there are only 2j + 1 covariant ver-
tex functions. This means that out of the (2j + 1)? helicity
amplitudes, only 2j + 1 are in fact independent. One needs
therefore 2j(2j + 1) constraints. These constraints arise
due to, on the one hand, discrete space-time symmetries,
and on the other hand, angular momentum conservation.

A. Light-cone discrete symmetries

Obviously, parity and time-reversal discrete symmetries
are not compatible with the DYW frame ¢ = 0. However,
relevant light-cone parity and time-reversal operators can
be defined by compounding the usual parity and time-
reversal operators with 77 rotation about the y axis, choos-
ing the x axis so that all momenta lie in the x-z plane [31].
This results in the parity relation for light-cone helicity
amplitudes and identical particles, given by

Ay A (0Y) = (=D A, ,(0%), (27)

while the time-reversal relation reads

AA,)J(QZ) = (_1)'\/7/\AA',A(Q2)- (28)

From these relations, one easily deduces that the number of
pertinent amplitudes is reduced to (j + 1/2) (j + 3/2) and
(j + 1) for half-integer and integer spin, respectively.

B. Light-cone angular conditions

We know that at the end there should only be 2j + 1
independent light-cone amplitudes. The remaining con-
straints to be imposed are provided by considerations of
angular momentum conservation. Such relations are
known in the literature as angular conditions. The link
between these relations and angular momentum conserva-
tion can be made transparent in the Breit frame. This has
been discussed in [32,33]. The number of angular condi-
tions must obviously be j> — 1/4 for half-integer spin, and
j? for integer spin.

Since we will work with explicit expressions for helicity
amplitudes in terms of covariant vertex functions, we
automatically satisfy angular momentum conservation.
There are therefore two ways of obtaining the angular
conditions. One is to directly impose angular momentum
conservation at the level of amplitudes, referring to a
specific frame where this condition is simple (Breit frame)
and then performing a transformation to the light-cone
frame. The other possibility is to directly work with the
explicit decomposition in terms of covariant vertex func-
tions. Light-cone helicity amplitudes then appear as linear
combinations of these covariant vertex functions, and only
a subset of them constitutes linearly independent combi-
nations. It turns out that we can choose, for example, the set
{A;;—ulm=0,---,2j} as the independent amplitudes.
The explicit expression we obtained for these amplitudes
in terms of covariant vertex functions is
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(47.)m/2 [j1 min{k,m/2} (—1)

k—
22[ Ct t

Aji-n(Q?) =

CY k=0 =0

j
X [Cf"i]__szzkﬂ (0%)

R
B ]CE; - zF2k+2(Q2)],

where [x] means the largest integer i such that i < x.
Details of the derivation can be found in Appendix C.
Any other light-cone helicity amplitude can be written as
a linear combination of the elements of this set, arising
either from a discrete light-cone symmetry relation (only
one element of the set of independent amplitudes is
needed) or from an angular condition (many elements of
the set of independent amplitudes are needed).

(29)

C. Natural electromagnetic moments

Since we are interested in electromagnetic moments, let
us consider the limit 0* — 0. Because of the factor 7/2 in
(29), a light-cone amplitude involving m units of helicity
flip behaves at least as Q™ in this limit and so the only
nonvanishing amplitude is

where Z stands for the particle charge in units of e. In other
words, the helicity-conserving amplitude at Q% = 0 just
gives the electric charge of the particle. We define new
light-cone helicity amplitudes where this trivial Q% depen-
dence is removed

G/"jfm(Qz) = QimAj,jfm(Qz)'
At Q% = 0, these amplitudes simply read
1 (— DUG+D/2)]

(32)

Since the highest possible covariant vertex function in-
volved in G;;_,,(0) is F,,1(0), these amplitudes are nec-
essarily independent, which in turn implies that the
A; i-(Q?) are also independent. Moreover, thanks to the
relations (C4)—(C7) of Appendix C, one can see that we
have in fact

Gt j—k-m0) = G;;_,(0),

In order to derive the natural electromagnetic moments
of any particle, we need an assumption concerning the
electromagnetic interaction. We propose to assume that,
at tree level and Q% = 0, the light-cone helicity of any
elementary particle is nontrivially conserved. In other
words, we assume that

Gj,j*m(o) =

3

Gj,j—m(o)

nMs

Cg i/z]Fk-%— 1 (O)

V ke[0,2j —ml (33)

OmoZ. (34)
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Any violation of this condition will be due to internal
structure. The elementary constituents of a composite par-
ticle will naturally conserve their helicity, but they are
allowed to jump from one orbital to another, leading thus
to a nonconservation of the composite particle’s helicity.
Using (32) and the following identity

Z( DAL Gl 1y = Omos (35)

the condition (34) imposes specific values to the covariant
vertex functions

Fk+1(0) - ( 1)[k/2]2kc j+(k— 1)/2]2

which are not of great interest since they depend on the
chosen decomposition of the current in terms of covariant
vertex functions. Nevertheless, using finally (20) and (24)
allows us to obtain the natural values of multipole form
factors and (Cartesian) electromagnetic moments

GEZ(O) + lGMl(O) = llCéjZ,

L (1)?
21

(36)
0,(0) + = Ml(o) =i Cé/Z
which have a direct physical meaning. This particularly
simple and elegant formula constitutes the master result of
this paper. It is quite surprising to see that the natural values
of the multipole form factors turned out to be just given, up
to a sign, by a binomial function. These values depend only
on the spin j of the particle, the order / of the multipole,
and are proportional to the particle electric charge Z. Our
result also shows explicitly that the highest nonvanishing
moment is of order [ = 2j.

Let us develop the expression (36) for a particle with
unit electric charge Z = +1

Qo = Gg(0) = 1,

M1 = GMI 0) =

0, = Gp(0) = —j(Zj = 1),

w3 = 9G,;5(0) = —3j(2j — 1)(2j — 2),

From the second line, one can see that our assumption
about helicity conservation agrees with a universal gyro-
magnetic factor g = 2 for any elementary particle [14—19].
Our derivation of this universal factor is interesting in the
sense that it explains naturally why g = 2 and not any
other number. The value 2 has the same origin as the fact
that spins can be half integer, i.e. the spin group SU(2)
covers twice the group of rotations in 3-dimensional
Euclidean space SO(3). Note also that the general form
of the quadrupole (third line) is also in accordance with a
good high-energy behavior [34].
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TABLE L
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The natural multipoles of a spin-j particle with electric charge Z = +1 are

organized according to a pseudo Pascal triangle, when expressed in terms of natural units of
e/M" and e/2M' for G;(0) and G,;(0), respectively.

J Gr(0)  Gyi(0)  Ggp(0)  Guz(0)  Gpa(0)  Gys(0)  Gpg(0)  Gp7(0)  Gpg(0)
0 1 0 0 0 0 0 0 0 0
1/2 1 1 0 0 0 0 0 0 0
1 1 2 -1 0 0 0 0 0 0
3/2 1 3 -3 -1 0 0 0 0 0
2 1 4 -6 —4 1 0 0 0 0
5/2 1 5 —10 —10 5 1 0 0 0
3 1 6 —15 —-20 15 6 -1 0 0
7/2 1 7 —21 —35 35 21 -7 —1 0
4 1 8 —28 —56 70 56 —28 -8 1

The standard model (SM) contains only elementary
particles up to spin 1. It requires that at tree level, the
elementary weak bosons W and Z have G,;(0) = 2 and
Gy (0) = —1, in order to satisfy the Gerasimov-Drell-
Hearn sum rule to lowest order in perturbation theory
[35]. The only known consistent theory for spin-3/2 par-
ticles is the extended supergravity [36]. The gravitino is
described as a spin-3/2 particle, which couples consis-
tently to electromagnetism, in the framework of N = 2
supergravity. One can therefore consider that the multi-
poles arising from this theory are the natural ones, namely,
Gpo(0) = 1, Gyi(0) = 3, Gx(0) = =3, and Gy3(0) =
—1 [24]. In Table I, we give the natural values of multi-
poles we obtain for a particle with unit electric charge Z =
+1, up to spin j = 4. As one can see, we are in complete
agreement with both SM and supergravity. The table ob-
tained is just a (pseudo) Pascal triangle because of the
binomial function.

The same suggestion as (36) has been obtained in a
complementary way by the authors of Ref. [37], which
derived model-independent, nonperturbative supersym-
metric sum rules for the electromagnetic moments of any
theory with N" = 1 supersymmetry. They find that in any
irreducible /N° = 1 supermultiplet, the diagonal matrix
elements of the /th moments are completely fixed in terms
of their off-diagonal matrix elements and the diagonal (/ —
1)th moments. Setting the off-diagonal matrix elements to
zero, any given moment has the same structure for all
members of the supermultiplet. This specific case is then
considered as leading to the ‘“‘preferred” value of the
electromagnetic moments

T(l)(e,m) _—— iT(lil)(m,e)
j ' ,

T (37)

(e,m) . . . .
where the T Sl) are the generalization® to higher multi-

“Rotational invariance allows one to characterize completely
each /th moment by means of a single quantity. This quantity
T ;Z)u'm is essentially a reduced matrix element according to the
Wigner-Eckart theorem.

Ze
2

. em) . .
easily see that the value of 7' ;l)( is at the end uniquely

poles of the gyromagnetic factor 7~ 5.1)("') = g;3;;- One can

fixed by the electric charge T ;O)M = Ze. The expression

for the /th moment M;l)(ml) is given in absolute value by

M;l)(am) _ 2](2] — 1) . ; (2] -1+ 1) T(.l)(r,m). (38)
) !
To see actually that (36) and (38) do coincide, one has to
remember that our moments are given in natural units and
to take into account that our definition of multipoles has an
additional factor of (21 — 1)!! compared to [37].

Before closing this section, we would like to comment
on a previous study concerning light-cone helicity conser-
vation [32]. The conclusion was that one cannot satisfy at
the same time both angular momentum conservation and
light-cone helicity conservation. This result is not in con-
tradiction with the present study. In [32], the author im-
poses helicity conservation for any Q>

Ay (Q?) o 8y

This assumption is simply different from ours (34). Up to
spin 1, the conclusions are the same. The discrepancies
appear when we consider spins higher than 1. This can be
easily understood as follows. Let us consider the light-cone
helicity-flip amplitudes (29) for spin 1/2

Ay -a/2)(0%) = —JTF,(0?),

(39)

and spin 1
A10(Q%) = VI Fi(0) ~ 3 F(@) + 732" |
A 1(0%) = —7F5(0Q%).

All the other helicity-flip amplitudes are related to these
ones by discrete space-time symmetries (27) and (28). At
0% = 0, both assumptions (34) and (39) about helicity
conservation lead to the same result, namely, F,(0) =0
for spin 1/2, and F,(0) = 2F;(0) and F5(0) = O for spin 1.
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Our assumption (34) is less restrictive since only the value
at Q> = 0 s fixed. The other one (39) imposes the stronger
condition F,(Q?) = 2F,(Q?). Now, for spin 3/2, let us
consider the light-cone helicity-flip amplitudes (29)

27

1
Aip,a/2(0%) = ﬁ[FﬂQZ) - EFz(QZ) + 7F5(03)

- §F4(Q2)],

2T

Aa-a(Q) = = Z[ F(0) + 3 F(@) + 7Fi(@) |

A, —0)(Q%) = T2F4(0%),
and the nonindependent one [24]

7

A -/2(Q%) = FIT4F1(Q%) = 21 = 20)F5(Q?)
+4TF3(Q%) — 7(l — 4n)F4(Q7))

Here also, all the other helicity-flip amplitudes are related
to these ones by discrete space-time symmetries (27) and
(28). This set of amplitudes with the requirement of helic-
ity conservation for any Q? only accepts as a solution the
trivial case F,(Q?) = 0 for all k. Equivalently, one can
obtain the same conclusion by considering angular con-
ditions. While for spin 1, the unique angular condition [33]

(1+27)A,,(0% — 2\/2_TA1,0(Q2)
+ A -1(0%) — Agp(QH) =0

is compatible with the requirement of helicity conservation
for any Q2, leading to Ag(Q?) = (1 + 27)A;(Q?), the
second of the two angular conditions for spin 3/2 [24,33]

(1 + 47)V3A3/2)(3/2(0%) — 83TA3/2),01/2)(0?)
+ 24372, -(1/2(0%) — \/gA(l/2),(l/2)(Q2) =0,
873/2A13/2),3/2(02) + 2v3(1 — 27)AG3.2),(1/2)(Q?)
+ AG2),-3/2(0%) = 3A1/2,-1/2(Q%) =0

would imply that Ay 3/2(0%) =0, ie. no electric
charge. So, in general, starting from spin 3/2 there is at
least one angular condition that allows one to write a
helicity-conserving amplitude in terms of helicity-flip am-
plitudes only [32], leading to a vanishing electric charge
under the assumption (39). Since with our assumption (34)
we found a nontrivial solution for the covariant vertex
functions, we are automatically consistent with the angular
conditions.

VI. TRANSVERSE SPIN

In this section, we discuss a first application of our
helicity conservation assumption (34). We will consider
the electromagnetic & — h transition (Fig. 1) from the
viewpoint of a light front moving toward the hadron h.

.. PHYSICAL REVIEW D 79, 113011 (2009)

1

A p P N

FIG. 1. Electromagnetic vertex function (blob). The initial
(resp. final) hadron has four-momentum p (resp. p’) and helicity
A (resp. A). The photon has four-momentum g = p’ — p, and
we work with the light-cone component p = +.

This is equivalent to the infinite momentum frame picture
where the hadron has a large momentum along the z axis
chosen along the direction of (p’ + p), where p and p’ are
as before the initial and final four-momenta of the particle.
In the symmetric light-cone frame, the virtual photon
couples only to forward-moving partons and the compo-
nent J,(0) of the electromagnetic current has the inter-
pretation of quark charge density operator. If one considers
only the two light quarks « and d, this operator is given by

Jin(0) = 3a(0)y*u(0) — 3d(0)y*d(0).

Each term in this expression is a positive operator since
Yyt < |yt One can define a transverse quark
charge density in a hadron with definite light-cone helicity
A by the Fourier transform

N LG, .. -
h(p) = L —ig,b
p)\( ) (277.)2 2p+
X <p+’ qzj_ ’ /\/ JEM(O) p+r - qzj_ ’ A)

)
= f+ —2Q QJO(Qb)AA,A(QZ): (40)
0 T

which is obviously circularly symmetric. For a spin-j
hadron 4, there will be [j + 1] independent quark charge
densities pﬁ(lg) for A=j,j—1,---,j—[jl. Quark
charge densities provide us therefore with [j + 1] indepen-
dent combinations of covariant vertex functions. To get
information for the other covariant vertex functions, we

consider also charge densities in a hadron state with the
spin transversely polarized.

A. Transversely polarized quark charge densities

First, we want to write the transverse spin eigenstates
|7, s | ) in terms of the helicity eigenstates |j, A). The direc-
tion of the transverse polarization is denoted by S L=
cospge, + singgé,. Transverse spin states can be obtained
from a rotation of the helicity states
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|j) SJ_> = R(Q’)Sy W/Zy 0)']: m = SJ_>»

where R (a, B, y) = e ®:e7 By~ 7/ ig the rotation op-
erator with «, B, y the Euler angles. Using the Wigner
(small) d matrix d{nm,(ﬁ) = (j, mle”%|j, m'), we can
write (41) as

(41)

J ‘
losi)y =D e ™sd) (/21,0 42

A==

The explicit expression for the Wigner (small) d matrix at
0=m/2is

& (w/2)

-y (=17 G+ m)G = m)!G A+ mDIG — m)!
= VKNG —m =G —m =) m+m + k)

(43)

where the sum is over the integer values of k such that the
factorial arguments are non-negative. Note that for the
maximal-spin projection m’ = j, the expression becomes

very simple d;,,(7/2) = 2_fw/C§;m.

Next, we want to write the transverse quark charge
densities in terms of light-cone helicity amplitudes. The
transverse quark charge densities with definite transverse
polarization are defined as

h L dzél —ig b h >
ORI v R TV
with
. 1 i n
p’]”"sL(qJ_)Ezp_'_ <p+57ysj_ J+(O) p+»_7, SJ_>.
(45)

Using the change of basis (42), we can write
i , .
Ph (G = > di (m/2d) (7/2)e VN4, ,(0%),
AN==j

with ¢ = ¢g — ¢,. Then, thanks to both parity (27) and
time-reversal (28) relations, this can be reduced to

2j
phs (G1) =D Q"Crrig(m, ¢)B, ,(Q%).  (46)
m=0
where we have defined the function
1+ (=1)" 1+ (=1t
Ctrig (n, @) = # cos(na) + i*
2 2
X sin(na),

and used the compact notation

PHYSICAL REVIEW D 79, 113011 (2009)

J 4
lem(Qz) =2- 6m,0) Z 2- 5)\/,m/2)di\/sl (77/2)
AN=m/2

X dlyy o (T/2)G - (QP). (47)

Finally, using the Bessel function J,(x) = % X
[37 d¢ cos(n)e*? in the Fourier transform of (44)
and inserting (46), we find that we can write the trans-
versely polarized quark charge densities as

2
phy (b) = i"Ctrig(m, ¢, — ¢bs)
m=0

d
x f Q 0m11, (00)B, (0D, (48)

27

B. Transverse electric moments

The trigonometric functions appearing in (48) show that
the transversely polarized quark charge densities are not
circularly symmetric. Let us therefore consider a bidimen-
sional multipole decomposition by means of circular har-
monics. Namely, any function f(r, §) with r =0 and
period 277 in 6 can be decomposed as

o) =3 furen,

m=—oo

Note however that not all circular harmonics are present in
(48). For a spin-j particle, there are in fact 2j + 1 multi-
poles. In general, we found that the /th electric multipole is
associated to light-cone amplitudes with |\ — A| = [ units
of helicity flip. Consequently, it is in principle sufficient to
know, e.g. the transversely polarized quark charge density
p}T’j(l;) only, in order to have an information about all the
2j + 1 covariant vertex functions.

Choosing the x axis to be parallel to the transverse spin,
i.e. ¢g = 0, we can define the transverse electric moments
O, as follows:

On = [@bCbIp), (B, Cib) = bRuigll, ),

(49)
with the circular harmonics
1+ (1)

2

X sin(na).

1+ (=1t

+
cos(na) 5

Rtrig (n, @) =

Working out the Fourier transform leads to
On = [ @3.5%GCH-i9)pl, @)

Inserting now (46) in this equation gives

Op = (=DUHD2ARI (] + 8,0)eB; (0). (50)
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Let us discuss first the transverse electric charge Qrg. A
charge monopole is spherically symmetric and should
therefore not depend on the orientation of spin. We there-
fore expect that Q7y = Q. From (50) with / = 0 and (47),
we get

J .
Oro=e D [d), (@/2)FGy v (0).

N=—j

Thanks to (33), the expression can be simplified, leading to
the expected relation Qg = eZ = Q.

The other transverse moments are directly proportional
to helicity-flip amplitudes. Assuming that helicity at tree
level and Q? = 0 is nontrivially conserved (34) and using
once more Eq. (33), we conclude that for an elementary
particle, the higher transverse electric moments are vanish-
ing. This has as immediate consequence that higher trans-
verse electric moments are just functions of the anomalous
moments. Such an observation has already been reported
for spin up to 3/2 [22-24]. Our assumption allows us to
generalize this observation to any value of the spin.

We would like to emphasize that these higher transverse
electric moments are not intrinsic, but are in fact induced
moments due to a light-cone point of view. We do not claim
that particles have, e.g. an intrinsic dipole electric moment,
which would violate parity and time-reversal invariance.
This effect is purely induced and is consonant with the
observation [38] that an object with a magnetic dipole
moment at rest, will exhibit an electric dipole moment
when moving, orthogonal to both magnetic moment and
momentum directions. The magnetic moment of a particle
is the source of a magnetic dipole field, which is accom-
panied by an electric field when the particle is moving in a
direction different from the magnetic dipole one. Such an
electric field will induce electric polarizations in the parti-
cle, and thus electric moments, only if the particle has
constituents that can migrate. From this point of view, it
is clear that the induced polarizations can only be functions
of the anomalous moments. We can actually use the argu-
ment the other way around. Since, on the light-cone, the
particle is subject to induced fields that tend to polarize it
electrically, its constituents with electric charge (if any)
would migrate leading to the appearance of induced elec-
tric moments. An elementary particle, i.e. structureless or
pointlike particle, does not have such constituents and
cannot therefore, at tree level, present induced electric
moments. As we have shown in this work explicitly, this
is equivalent to say that, for an elementary particle, the
light-cone helicity-flip amplitudes have to vanish nontri-
vially at Q> = 0 and tree level. The particular values for
the usual electromagnetic moments we were able to derive
from this condition can therefore be called natural.

PHYSICAL REVIEW D 79, 113011 (2009)

VII. CONCLUSION

In this paper, we addressed the problem of electromag-
netic interaction for arbitrary-spin particles. This problem
is an old and a very important one, and requires new
constraints in order to be solved. The knowledge of natural
electromagnetic moments is rightly one kind of constraints
that will help in the construction of a physical Lagrangian
theory of electromagnetic interaction with high-spin parti-
cles, even though this would not be sufficient to solve the
causality problem plaguing higher-spin field theories.

Firstly, we proposed a transparent expression for the
arbitrary-spin electromagnetic current in terms of cova-
riant vertex functions. Performing an explicit multipole
decomposition, we have defined generally the multipole
form factors and worked out their relation with the elec-
tromagnetic moments. In the Breit frame, we were able to
derive the general relation between the covariant vertex
functions and multipole form factors. We naturally recover
the low-spin cases studied so far.

Besides the fact that the steps explained in this paper are
necessary for our aim of obtaining the natural electromag-
netic moments, the results presented here will be relevant
for other studies. For example, based on our decomposition
in terms of covariant vertex functions, it should be in
principle possible to determine within lattice QCD the
structure of high-spin resonances. Moreover, we draw the
attention that multipole form factors at Q> = 0 are in
general not equal to the (Cartesian) electromagnetic mo-
ments. The identification is valid only up to quadrupoles.

Subsequently, we have derived the explicit expression of
light-cone helicity amplitudes in terms of covariant vertex
functions. Under the assumption that light-cone helicity is
nontrivially conserved by electromagnetism at Q> = 0 and
tree level, we have derived the natural value of all electro-
magnetic moments for any particle. The result turns out to
be surprisingly simple. The natural values of multipole
form factors at Q% = 0 are just given (up to a sign) by a
binomial function times the electric charge of the particle.

The result agrees with the values from the standard
model for elementary spin-1/2 (e.g. electrons) and spin-1
(e.g. W™ gauge bosons) particles. It is also in accordance
with the prediction from N = 2 supergravity for graviti-
nos. Moreover, we also reproduce in a simple way the
universality of the gyromagnetic factor g = 2 and its
counterpart for electric quadrupole, as derived from con-
siderations of tree unitarity. Finally, it has also been real-
ized that this result is in fact exactly the same as one
obtains from N = 1 supersymmetric sum rules, when
one considers that electromagnetic properties do not mix
the members of the supermultiplet. All these agreements
can hardly be seen as a pure coincidence. Naturally, one
still has to completely understand the deep field theoretic
implications of nontrivial light-cone helicity conservation.
It seems highly probable that this condition can be related
to the tree-unitarity argument. This relation is beyond the
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scope of the present study but will be the subject of further
investigations.

As an application of our results, we have generalized the
discussion on quark transverse charge densities to particles
of arbitrary spin. Our assumption concerning helicity con-
servation directly leads to the conclusion that the trans-
verse higher electric moments can only be functions of the
anomalous electromagnetic moments. Using the argument
the other way around, an elementary particle cannot
present induced electric moments in a light-cone frame-
work. This requirement is equivalent to saying that light-
cone helicity is conserved at tree level and Q% = 0, justify-
ing our assumption a posteriori.

As a final comment, let us add that knowing the natural
moments allows one to distinguish in a certain limit be-
tween composite and elementary particle already at low Q2
without any reference to a specific field theory and to
determine in a fully consistent way the actual shape of
hadrons. The natural moments of a pointlike particle being
nonzero, any statement concerning the shape of a hadron
based on the values of multipole form factors should
compare the actual values not with zero but with the
natural moments. That is why, even though its electric
quadrupole moment is negative according to lattice QCD
calculations, the A™ baryon has a prolate shape when
viewed from a light front [24].

ACKNOWLEDGMENTS

The author is grateful to M. Vanderhaeghen, V.
Pascalutsa, and T. Ledwig for numerous enlightening dis-
cussions and comments.

APPENDIX A: POLARIZATION TENSORS

In this appendix we remind the explicit construction of
polarization tensors in RS and KG formalisms.

A particle with spin j and mass M can be described in
terms of a polarization tensor sal...aj( p, A) when j is
integer or a polarization spin tensor i, ..., (p, A) when j =
n + 1/2 is half-integer. These polarization tensors are
completely symmetric and satisfy the following subsidiary
conditions’

PP €y, (P A) = 0. & (P 1) =0, (Al

(P — Mg, ..., (p, A) =0, Y Uygya,(Ps A) =0,
(A2)

in order to ensure that the number of degrees of freedom is
2j+ 1.

An explicit construction of these polarization tensors has
been proposed a long time ago by Auvil and Brehm [8,39].
By always coupling the maximum possible spin of two

>Note that multiplying (A2) on the left by y® implies that
(A1) with &, ..., replaced by i, ...q, is also satisfied.

PHYSICAL REVIEW D 79, 113011 (2009)

lower-order polarization tensors, the product will satisfy
KG or RS equations together with the subsidiary condi-
tions. For a polarization spin tensor, it is convenient to
consider the product of a spin-1/2 spinor with a polariza-
tion tensor

1m .
ual---an(p’ /\) = Z <§ E» ”mllJ)‘>u(P’ m)sozl---an (P’ ml)

m,m’

_ it I
- 2 u(p, +)sal.,.a”<p, A= 5)

j— A
2j

+

1
u(p, _)8a|~~'a,,(p: A+ E)’

(A3)

where (j;m,, j,m,|jm) represents the Clebsch-Gordan co-
efficient in the Condon-Shortley phase convention. With
such a construction, one can focus on integer spin polar-
ization tensors only. The latter are obtained from the
following recursion formula

8a1~~-a_/-(p’ )t) = Z<1m’ (.]

- 1)m1|j)t>8al(l9y m)8a2~~-a,(17: ml)’
(A4)

where &, (p, A) is just the standard polarization four-
vector. [terating this formula, one obtains

i1
oa N = 3 [ T[Ammil + O, )

m;=0,x1%/=1

X &4,(p, mz)]sa,(p, m;),

where the sum is implicitly restricted to configurations
such that Y7_, m; = A, and where m) = m; + Y-\ my.
Since Clebsch-Gordan coefficients can be written as [29]

!
[+m)

1+m,;
C2 C21

\ C2[+2
ci=(" E{W n=k=0
k 0, otherwise
(A5)

one obtains the expression

{:1 VC;FmI Sa,(p’ ml)
A ’
Jcl

which can be rewritten more conveniently as [40]

Eayoa (P A) = D

m;=0,*1
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)][l-[l k+1 sap(,)(p’ O)][l-l[ m—k+1 Sagz(,)(p’ +)]

m/2 Z[nl 1 86!7:(1)
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Sa]-"aj(p’j - m) Z

where P stands for a permutation of {1, - -
ence of factorials in the denominator is due to the fact that
permuting the indices of two polarization four-vectors with
the same polarization does not give a new contribution.

APPENDIX B: LINKING COVARIANT VERTEX
FUNCTIONS WITH MULTIPOLE FORM FACTORS

In this appendix, we report details of the derivation in
the Breit frame, which led us to the connections (19) and
(23) between covariant vertex functions and multipole
form factors.

1. Breit frame kinematics and expansion of spherical
harmonics

The Breit frame (or brick-wall frame) is the frame where
no energy is transferred to the system by the photon®

-> >

q / q
M= — M= -
p (pO’ 2)’ p (PO, 2)’

=12
M2+MT|=M\/1+T.

g* = (0, q),

(B1)

In this particular frame, the current J ;; has a nonrelativistic
appearance once explicitly expressed in terms of rest-
frame polarization vectors €, and rest-frame spinors y,
[26]. Since we identify the spin quantization axis with the z
axis, the rest-frame polarization vectors and spinors are
given by

1) _i) 0)) é)0 = (OJ 0; 1))

§i:

1 _
A

@) ()

In the following, we will use standard polarization four-
vectors and spinors in Dirac representation

(B2)

“The reader might be worried by the fact that the definition of
momentum Q is different in Sec. II compared to Sec. III
Covariant vertex functions and multipole form factors are how-
ever related in the Breit frame, where both definitions do actually
match Q2 = —¢? = 3.

, (A6)
=0 2k=m/2j\(m — 2k — m + k)!,/cg;.
[
-, j}. The pres- g, p (&, p
Ji p e(p, A) = (8A P’g/‘ P(€) - P) )’
M M(py, + M)
(B3)

1
u(p, A) = +/po + M( p ))m-
potM

The connection between covariant vertex functions and
multipole form factors can conveniently be achieved once
the spherical harmonics’ Y;,(€2) involved in (13) and (17)
are expressed in terms of sinf and cosé [29]

21 +1
Yio(Q) = Z(W”
CiClL1 sin®6, for /even,
{ 1Clrs-1 (B4)
CI=571Cs, ;sin*f cosf, for lodd,
leading, after a few algebraic manipulations, to
:0 m+t n ( G, ) 20\t
@) =e z(:) Z( D EomtaT Zanrar (Sin°0)
=0 m=t
X GEZm(Qz):
V- (@ % §) = e2ifTeosd 3. 3 (1) (1 = 5;,,)
t=0 m=t
.
X 7M(m 4+ 1) e — G (sin?6)!
X Grpom+1(Q%), (BS)

where j = n for integer spin and j = n + 1/2 for half-
integer spin.

2. Integer spin case

Considering A = A’ = j, the polarization tensor (A6) of
the particle takes a very simple form

J
2. ) = [T eap. +).
=1

Concerning the charge density of integer spin particles,
we find that all the complexity reduces to three structures

"For the sake of clarity, we omit the index ¢ attached to the
angles, since we will not refer anymore to configuration space.
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g (p/,+) elp, +) =
[e*(p", +) - qlle(p, +) - ¢]

PHYSICAL REVIEW D 79, 113011 (2009)
—1 — 7sin?6,

= (1 + 7)7sin24,

2M?
&%(p, He*(p, +) - ql — " (p, H)e(p, +) -

allowing us to write the quantum-mechanical electric den-
sity in terms of sinf

j ot )
Ty =2M > (1 + ) 02CIT (rsin?0)"
1=0 k=0

1=y, (Qz)] (B7)

X [F2k+1(Q2) T,

Concerning the magnetic density of integer spin parti-
cles, the first simplification is P X §=0, so that only
covariant vertex functions with even value of k£ will con-
tribute. Moreover, since in the Breit frame

V- [&(p, ) X §]=0,
[8(p, 1) X 4]~ V[s(p, 1) - q] =0,

[B(p, A) X G]- V[e*(p), X)) - q] = _Po

(SA/ X €))q,
(B8)

we obtain

V-He e (0 +) - al - 0 e ) - g
q([s (p', +) 2?‘/[][28(19, +) - q]) f(Qz)}
= —2po(k + 1)2i/7 cosO(7sin?0) f(Q?),

so that we can write the quantum-mechanical magnetic
density in terms of sinf and cosé

L iy .
V- (Jp X §) = 4iMyTcost Y 3 (1 + )+ 0/2¢7)
t=0 k=0
X (Tsinzﬁ)t(t + 1)F2k+2(Q2)' (B9)

Now comparing (B5) with (B7) and (B9), we obtain (19).

3. Half-integer spin case

Considering A = X = j = n + 1/2, the polarization
spin-tensor (A3) of the particle takes a very simple form

o (p ) = ulp, ) [T o, +).
=1

Concerning the charge density of half-integer spin par-
ticles, we find that all the complexity reduces to the three
structures of the bosonic case (B6) plus two new ones

gl = 2po7sin6, (B6)

i(p', +)yu(p, +) = 2M,

o0 (B10)

2M

allowing us to write the quantum-mechanical electric den-
sity in terms of sinf

ZMZ 2(1

t=0 k=
X [F2k+1(Q2) — 7Fy42(0%)]

Concerning the magnetic density of half-integer spin
particles, we have in addition

ap!, +)-

u(p, +) = —2Mr,

T)KC"Zt (7sin?6)!

(B11)

L x _ o, idMg,
a(p', )y ulp, +) = u(p', +) M u(p, +)

= xLi(G % 3y

(B12)
from which we obtain
V- il x 3

X é]){+[(8 A '26531(28(+1) . Q)]kf(Qz)}

= 4M(k + 1)i /7 cosO(rsin?6)* £(Q?),

allowing us to write the quantum-mechanical magnetic
density in terms of sinf and cosé

n t
V-Uzxg) = 4Mt\/?cos02 Z(l + 7)kCr i (7sin?0)’
1=0 k=0

X (1 + D[Fys1(0?) + Fyi2(0?)] (B13)

Now comparing (B5) with (B11) and (B13), we obtain
(23).

APPENDIX C: HELICITY AMPLITUDES AND
COVARIANT VERTEX FUNCTIONS

In this appendix, we report details of the derivation of
the expression of light-cone helicity amplitudes in terms of
covariant vertex functions (29).

1. Light-cone kinematics

Light-cone helicity amplitudes are obtained by consid-
ering the + component of the current J* = J% 4+ J3 and
the proper expressions for the light-cone spinors (pg; =

Px Tipy)
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pJr + M
_ Pr
+) =
M(P, ) 2p+ p+ _ M ’
Pr 1)
(0
1 + M
”(P’ _) = =~ P
Zp PL
\ "+ M

and the light-cone polarization four-vectors (ég; = é, *
ie,)

1 ( 2ps .
et (p, +) = —E<O,%, eR>,

1 — M pré, + pLé
8“(p,0)=—<p+ PRPL PREL pLeR)’ (C2)

m\" "’ pt ’ 2
1/ 2p, .
et (p, —) = 75(0,%, eL).

It is particularly convenient to work in the symmetric
light-cone frame, which is the DYW frame ¢ = 0 where

the light-cone energy p~ = p® — p? is conserved
. M*(1+7) G
g* =1004,), pt= (p+,7+, - q—l)
p 2
M>(1+7) g
plk = (p+,¥, q_J-) (C3)
p 2

with p and p’ the four-momenta of the incoming and
outgoing particle, respectively. Let us now consider only
the set of amplitudes {A; j_mlm =0,---,2j}, separately
for integer and half-integer spin particles.

2. Integer spin case

In the DYW frame and for spin-; bosons, thanks to the
following relations

g"(p/, +) - e(p,0) =

e"(p', +) - e(p,—) =0,
e(p,0)-q =
e(p, =) q=—e*le(p, +) - q]

2re P e*(p', +) - e(p, +)]

2re™ale(p, +) - ql,
(€4

it is straightforward to see that we can rewrite all the
contractions of Lorentz indices in terms of &*(p/, +) -
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e(p, +) and [e*(p’, +) - qlle(p, +) - gq] only. Moreover,
since we have

e (pl, +) - e(p, +) = —1,

_ [P, ) - qlle(p, +) - q] _

i — (C5)

and using the expression for the polarization tensor (A6)
with our current decomposition (4), we finally obtain

00
SO Pl @) ]

5 (Co)

3. Half-integer spin case

For fermions with spin j = n + 1/2, thanks to (C4) and
(C5) and the following relations:

a(p', +)ytulp, +)=2p*,
a(p', +)yTulp, —) =0,
- _+y
_ ioc™"q, _
) — T u(p, +) =0,
a(p', +) 517 u(p, +)

ict’q,
2M

u(p, =) = —re”%2p*, (CT)

u(p', +)
we can easily obtain the light-cone helicity amplitudes in
terms of covariant vertex functions F;(g?), using the ex-
pression for the polarization tensor (A6) with our current
decomposition (5),

Aji—n(0?) =

X [CQ":E'FM(Q%

1
- = C7:121_1F2k+2(Q2)i|-

2 (C8)

Now, it is straightforward to see that (C6) and (C8) can in
fact be written in a single formula (29).
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