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Introduction

* Discontinuous Galerkin methods:
— Finite-element

discretization allowing for |
T

interelement discontinuities

N
.

X_

1

@i G @ @ @D
— Weak enforcement of compatibility equations and
continuity (C° or C', ...) through interelement integrals

called numerical fluxes
— Stability is ensured with quadratic interelement integrals
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Introduction

» Applications of DG to fluid dynamics:

— High order polynomial approximations combined with
discontinuous Galerkin method improve the resolution
accuracy of:

« Hyperbolic diffusion equations (Cockburn-Hou-Shu 1990,
Cockburn 2003, eg)

 Elliptic convection/diffusion equations (Bassy-Rebay 1997,
Cockburn-Shu 1998)

» Applications of DG to solid mechanics:

— Allow weak enforcement of continuity with low order
polynomial approximations:
« C'for beams and plates (Engel et al. 2002)
« CO% with reduction of locking for shells (Guzey et al. 2006)
« Strain gradient continuity (Molari et al. 2006)
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Introduction

* Motivation of the work:

— Complex mechanics phenomena:
* Non-local response
* Fracture
» Shocks
« Strains localization

« Objectives:

— To develop a DG framework for non-linear mechanics:
 Large plastic deformations
« Scalable explicit dynamics
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Discontinuous Galerkin formulation

* Hu-Washizu-de Veubeke functional /,:
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Discontinuous Galerkin formulation

 Minimization

of the functional /,:

— With respect to ¢, leading to equilibrium equations:

0 = /Otf{

/ pon - dpn 1+ Py VabippdV / poB - SpndV |-
Bop B

0h

T - 5pdS|+ / [on] - (Ph) - N~ dS Y dt .
/t;NBOh BIBOh ‘\ ExprGSSIons

— With respect to F,, leading to material behaviorgof interface

. /Otf 4 /B [QFh au; g:h) _Ph] SV ter:';rtlzrzll‘:se
— With respect to P,,, leading to compatibiliy” equations: y

ty
0 = / / (5Ph . [Vogoh — F;J dV —
0 Boh 7

$h — 95}1] : 5Ph - NdS +

/ [en] - (0P) - N—ds|}dt
01 Bon
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Discontinuous Galerkin formulation

» Reduction to a one-field method:

— Definition of the lifting operator:
JoIVl - (7) - N7dS
TTpn -7 N—v-7-NJd5 vr and Vs € 0pBop

fBOh reg, ([V]) : 7dV

V7 and Vs € 07 By,

0

V1 and Vs € 9y By

— Compatibility equations rewritten with a stabilization

parameter p.

Ny
Fiy=Vopn+ Y 1, ([ea]) and  C,=F[F, in Q

F, = Vg, + Oreg, ([er]) and C, = FI'F, onse o

— Displacement-based weak form:

/ pon - S + P (F) : VosendV |-
Bop,

/ poB - o dV]—
Bon

T - dpndy +
/5N30h Z

S

| B (PR NdsEo
s€dr Bon,
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Implementation as interface element

 Linearization with respect to the jump:
P (Fh) ~ P (VU(Ph) +C (V099F1) : (Fh - VO‘Ph)

_ OoP
P=P (Vopn) .and C = el
 New weak formulation:
0 = f popn - 0en + P VidprdV|— / poB o dV |- / T - dppdSH
Bqyp, Boyp, On Bop,

/ [en] - (C: Voden) -NdS+/ [Bpn] - (P)-N—dS |+
E)IBOh al’BOh

5 .
> [ Beden (o) talenas
s YsEdrbon s

— All the discontinuity influences are isolated in the

iInterelement integrals

— Stress tensors are computed from the compatible

deformation gradients

— Perfectly-plastic behavior still preserves stability
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Implementation as interface element

* Resulting finite element discretization:
— Volume forces:

finerta - 0Xo = / [)04;5}1 '699th finta C0X, = / P: Voécphdv
Bop Bon

— External forces

foxty - 0Xy = / poB - dppdV +/ T - d¢pp,dS
BOh 8NJBOh

— Interface forces:

f,, - ox, = / [en] - (C: Vo) - N™dS +/ [oen] - <P> - N*dS-\
91 Bon

91 Bon
+Z/

€0r Bop,

3
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Static analysis

* Numerical properties [Noels-Radovitzky, IINME 2006]:

— Consistency in the non-linear range: Vo-P +nB = nwén  in Bon

— Linearized equations: ., _ x.sp,) = b (503) P.N— T  ondyxBu

a(uy,dpp) = /B Vuy, : H: Vop,dV +/a ; n - (H:Vuy,) - [den] dS +
h I1DhR

(i

3
/ [6pr] @n~ : <(—'H> : [un] @ n—dS
Jr B, hs
b(dpn) = /B pow; - BdV +/8 B T - 5pp,dS
h N D}

 Stability: bon —X) =alen —X,on—X) > CB)|len— X

with €' > 0if 3 > C*

VI = ZHF v T 2

- Convergence rate: llen — @ ||| < ChE o — X||gs1(p,, With C >0

e’ = ¢;, — ¢" Interpolation of the exact solution
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Error on internal energy [%]

Static analysis

 Cantilever beam in small deformations:

Length im
J’ F XA Thickness 0.1m
17 7 Young modulus 200 GPa
Poisson ratio 0.3
Tip force 10 kPa
10' 10° — 10.5
—p=0.03 *<-Mean jump, mesh size=16.4 mm — Exact
—B=15 ‘=--'Max jump, mesh size=16.4 mm == CG, mesh size=16.4 mm
X B=300 10 e — DG, mesh size=16.4 mm
£
E
' £ 2
= 1o
10 e 10 5 10 N~
'_5’ B | mmmimimimimimimim s imm i m e ——————
E
2 2
10" =
/
=il =i
10 I (VR - S 951 5
10 10” 10 10 10 10 L0 10
Mesh size [mm] B B
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Static analysis

* Nearly incompressible cantilever beam in small

deformations:
F XA 10’ ‘
Jr v TG den 13 1.5
L 4 _ ---DG; deg 1; B 15
R == DG; deg 2; B 1.5
£ il ---DG; deg 2; B 15
& —CG; deg 1 e ra
g —CG; deg 2 P ]
= e ‘ 1
Length 1m 2 =t |
Thickness 0.1m % ! e
=10 o
Young modulus 200 GPa 8 g
o
Poisson ratio 0.499 E
Tip force 10 kPa
10° ! 2
10 10
Mesh size [mm]
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Static analysis

* Formation of a ring: Dg with =300

Plastic strain

0.4
= 0.3
] 0.2
] 0.1

1 O

Length 1m

Thickness 0.1m

Young modulus 117 Pa f
Poisson ratio 0.46 A ﬂ‘
Yield stress 15 Pa Y
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Static analysis

« Formation of a ring:

Continuous Galerkin Discontinuous Galerkin (£ = 300)

Plastie strain

0.4
0.3
0.2
0.1
i+

Plaste strain

0.4
0.3
0.2
0.1
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Explicit time integration

1

» Central difference scheme: x*' = xr+ax™

i n—1 ..
x0T = %, T ALK
. 1 —1 n+1
X2+ — Mab [fext - fint - fi]b
2

« Conditional stability:  ar<umin with  A\M®; = K&; Vj € [1, Nyog

VA
— Linearized system: >

fa-1y fa-1yt (@ @ farly (e i)’

[1+28] -1 0 0 0 0 0 (a—2)+

~1 0 [1428] [1-28] -1 0 0 0 (a—1)—

r . -1 [1-268] [1+28] -1 0 0 0 (a—1)F

MK = | - 0 0 =il [14+28] [1-28] = 0 (a)~ |f h - /

P 0 0 ~1 [1-24] [1428] -1 0 . (@)t S

0 0 0 0 1 428 [1-28] . (at1)=

0 0 0 0 1 124 [1+28] . (at1yt

. . . 2 { P [
New criterion: Ao = === =\ 5 = 7 ‘
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Explicit time integration

» Parallelization of the code:

[At”= rer!L? (Ie/Bce)J

— Time step evaluations: e
roaAtl:’%st'
— Predictions: [At min (A) 7= {+ At )
) —(p +Atq)¢(p —(p "rAt @’

— Computation of volume forces: e 9 e nodes: P, 1,

— Exchange between processors of

=

the stress fields:
— Computation of interface forces:

— Reduction of residual vectors: e 3
— Corrections: A
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Scaling test

» Specific problem considered:

— Uniform tensile beam, 0.82&1‘:%\
discretized into 9984 B 1 '“'47:;5%
quadratic tetrahedra : 033 hx
— Neo-Hookean material 2} T W
g 1 o__ Cst elements nb by cpu core; ot
model extended to e JI N
compressble range  © | it N0
~ Tests performed: R
- Fixed element count per 10 s————————
Processor: Noores
—Divide tetrahedra and Test performed by
. Fi)(z?[g?:ftelsgrrr]]uelit’:o;ount' Sharon Brunett, Caltech
—Conduct simulation on
range of cpu counts
Slide 17
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Numerical dynamic examples

» Taylor’'s impact:

DG with p=4

Length 32.4 mm

Radius 3.2 mm F'Iasftlc strain

Density 8930 kg/m? @ é:

Young modulus | 117 GPa

Poisson ratio 0.35

Yield stress 400 MPa

Hardening 100 MPa ]

Velocity 227 m/s E/ v
I Massachusetts institute of Technology Slide 18






Numerical dynamic examples

» Taylor’'s impact:

Coarse mesh of 1211 elements

Intermediate mesh of 6610 elements

Method Final Final Max | Max Fine mesh of 8238 elements
length | radius gP! jump
[mm] | [mm] [um]
CG, coarse 21.47 6.79 2.4 -
DG, coarse , p=4 21.46 6.81 2.91 4.1
DG, coarse, p=16 21.45 6.80 2.89 1.2 E
Z
DG, coarse, =100 21.44 6.79 2.84 0.2 ”
[
=
CG, intermediate 21.46 7.13 2.94 -
DG, intermediate, 21.46 7.14 3.27 2.6 o
p=4 | | | —DG; p=4
. 2000 4000 6000 8000 10000
CG, fine 21.46 7.13 3.30 - Nugribier of tatrahiodra
DG, fine, p=4 21.46 714 3.44 -
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Numerical dynamic examples

 Oligo crystal plasticity:

Oligo crystal sample preparation: MIT + Alcoa.

Sample cutting and polishing and EBSD: Caltech +
MIT (Z. Zhao).

Tensile test + DIC: Rutgers (S. Kuchnicki, A. Cuitino)
+ MIT.

Theoretical polycrystal model: Rutgers + MIT.

=101

Grain profile from EBSD measurement

Dogbone tensile test sample Mesh setup according to orientation mapping
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Numerical dynamic examples

 Oligo crystal plasticity:

Equivalent slran

0.08
0.08
0.04
0.02 Surface strain A

mapping from D

Equrvalent slrain i

0.08
0.06
004
0.0z *

Tm Slide 21 -
I I I " Massachusetts Institute of Technology n






Numerical dynamic examples

« 1D wave propagation in a beam:
Displacement in the center slice (x=0);

DG with $=100
O O Q0O O @) O
R ) —
O O 000000
Length 1m gz [m]
Thickness 0.1m g 0002
Density 10000kg/m? E §§§§§

Young modulus 10GPa

Poisson ratio 0

Velocity 1m/s |
Y
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Numerical dynamic examples

« 1D wave propagation in a beam:

Time evolution of the free face velocity \

| Theoretical OOOOOOOO
o OCC{?D["E[CH —0> h 7 ;
T —p=t OOOOOOOO
|| —B=100
z x B=10000
E 05
g 05 _— The wave reaches the free face

Time [ms]
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Conclusions

* Development of a discontinuous Galerkin framework:

— In the non-linear range
— Allowing for complex material models (plasticity ...)

» Explicit time integration:
— New stability criterion on the time step size is dependent

on the stabilization parameter
— Efficient and easy parallelization of the code

 Stability, robustness and accuracy:
— Demonstrated on numerical examples
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