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Abstract 
 
SAFIR is a finite element program for the thermal and mechanical analysis of structures 
submitted to fire. Usually, thermal calculations are run in a first step to determine the 
temperatures in the structure subjected to fire. In a second step, mechanical analyses are 
performed to determine the time when collapse will occur. 
In case of mechanical analysis, different elements are available in SAFIR : truss, beam and 
shell. 
The shell element in SAFIR was a triangle with 6 nodes. It gave good results except in case 
of ‘membrane bending’ where the answer was too stiff. Furthermore, this element was heavy 
to use because 3 nodes had 6 DOF and the 3 others had only 1 DOF. 
In order to improve SAFIR, it has been decided to introduce a new quadrangular element to 
eliminate the over-stiffness of the triangular element in case of ‘membrane bending’. This 
element has been taken from the room temperature program FINELG (developed by de Ville 
at the University of Liège and the Bureau d’Etudes Greisch). 
In a first step, this element has been introduced in SAFIR with success. The material law has 
then been modified to perform calculations under fire conditions. Calculations may be 
performed using bi-linear or elliptical hardening (according to ENV 1993-1-2). The 2 D 
yield surface is the Von Mises surface. The ultimate strength, the Young modulus, the limit 
of proportionality and the thermal expansion also follow the recommendations of ENV1993-
1-2. 
Some validation examples are presented: a Z-Shaped cantilever, an hemispherical shell and 
Lee’s frame are treated. 
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FORMULATION OF THE SHELL ELEMENT 
This element has been taken (and adapted) from the program Finelg developed by de Ville at 
the University of Liège and the Bureau d’Etudes Greisch [1, 2, 3, 4, 5]. 

Reference configuration 
For this quadrangular element the z axis is obtained as follows: 
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Figure 1 : Reference configuration. 
 

 

a, b, c and d are the middle edge points, not necessarily located in one plane. The z axis is 
defined as: 
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Another way to define the z axis could be to find the best plane reference for the element : 
yxw 3210 ααα ++=  (2) 

It can be shown that, if the coefficients α2 and α3 are chosen in such a way that the 
orientation of the reference plane minimizes the slopes between the element and the plane, 
then the z axis defined by eq. 1 is perpendicular to the plane. This proves that eq. 1 
minimizes also the slopes. 

In eq. 2, α1 is still undetermined. It will be chosen in such a way that the plane of reference 
goes through the center of gravity of the quadrangle. 

As it will be seen later, the membrane strains are not complete polynomials, so the results 
will be dependent on the choice of the x, y local axis. The angle between the x axis and bd is 
imposed to be equal to the angle between ac and the y axis. This determines the choice of the 
x, y axis. For a rectangular element, this gives local axes parallel to the edges. 
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Figure 2 : Local axes x and y. 

 
 

The membrane behavior 
The classical quadratic membrane displacement field is enlarged to cubic degree by means 
of cubic (along ξ and η) functions and constants Aij. It is the same development as 
ALLMAN [6] for a triangle element. 
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ωi is the rotation at node i and ωj is the rotation at node j. 
γij is the direction of the outward normal along the edge ij. 
If i = 1 and j = 2 then Bij and Bji are equal to (for the complete definition see [7]): 
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The function ψij are chosen so as to be orthogonal to φij with respect to integration over the 
quadrangle. 

To improve the convergence, the shear strains are assumed to be constant over the element. 
After some calculation, the following equations are found: 
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J is the determinant of the Jacobian matrix, J0 is the value of J at ξ = η = 0 and x31 is x3 - x1 

Flexural behavior 
The formulation used is a Discrete Kirchhoff theory Quadragular (DKQ). This element is 
fully described in [8, 9, 10, 11]. The principle of this element will be briefly recalled here. 
The presentation is slightly different from the one given in [8, 9, 10]. 

The out-of-plane displacement and the rotations are parabolic over each side: 
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Ni are the shape functions and they depend on the parametric coordinates ξ and η. 
Along the side i, the out-of-plane displacement is given by: 
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wA, wB and wC are the normal displacements along z axis normal to xy plane (at the points A, 
B, and C). If we look to one edge of the element, for example the edge from node 1 to node 
2, the node 1 is called A, the node 2 is called B and the middle point is called C, see Figure 
3. 
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Figure 3 : Local axis on one side. 
 
The contribution of the shear strain energy is neglected.  
To reproduce thin plate theory, the Kirshhoff condition is imposed at selected points. In this 
element, the Kirshhoff constraints are imposed along the edges. The shear strain γsz at each 
of the two-point Gauss integration points along the sides is set to zero. Or, which is the 
same, weighted averages of the shear strain are set to zero: 
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Moreover, the rotation around the side θ  is imposed to vary linearly. s
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General features 

The thickness is constant over the element.  

The integration on the surface is performed with a 2 x 2 points Gauss scheme. The 
integration on the thickness is performed with a Gauss scheme using a user defined number 
of points.  

The temperature varies on the thickness of the element and comes from a thermal SAFIR 
analysis which has to be performed before the mechanical analysis. The temperature 
distribution on the thickness is the same at every surface point of integration.  
 
 
MATERIAL PROPERTIES 
A steel material law has been introduced in SAFIR to perform calculations at elevated 
temperature. Plane stress relationships have been introduced for isotropic materials. 
The thermal strain is taken into account in SAFIR according to ENV 1993-1-2 and it is 
supposed to be hydrostatic (i.e. εthxx = εthyy = εth). 
Two types of hardening relationships have been introduced in SAFIR : linear and elliptical. 
For linear hardening, the input data are E0, E* and fy, see figure 4. 
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Figure 4 : Linear hardening 
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The elliptical law is not exactly equal to the function defined as the stress-strain relationship 
in the EC3. This is because EC3 defines the relationship in the σ-ε plane, whereas the 
present law is defined in the σeq-εpl,eq plane (figure 5). 

The hardening function is defined as: 
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a = 0.02 - fy / E b = fy - fp 

fy : Ultimate strength, fp : Limit of proportionality, εpl,eq : Equivalent plastic strain 
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Figure 5 : Elliptic hardening 
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Evolution of the parameters at elevated temperatures 
The following equations are used to calculate the Yield strength, the Young modulus, 
Tangent modulus and the Proportional limit at elevated temperature: 

*
20,

*
20,,,20,20,,, EkEkEkEk EyppEyyy θθθθθθθθ σσσσ ====  

The coefficients ky, θ, kE, θ and kp, θ are defined in ENV 1993-1-2. 
 

Algorithmic strategy 
A point of the structure at the time ‘t’ (step n) is represented by A on figure 6. It is defined 
by: 
tn : time 
Tn : temperature at the time tn 
σeq - εpl,eq : the hardening function, depending on Tn 
εpl,eq,n : the equivalent plastic strain 
{σn} : the stress vector 
{εtot,n} : the total strain vector 
{εi} : the initial strain vector 
{εth,n} : the thermal strain vector 
{εm,n} : the mechanical strain vector 
{εpl,n} : the plastic strain vector 
[Dn] : elastic constitutive matrix  
 
If the initial strain {εi} and the thermal strain {εth,n} are subtracted from the total strain 
{εtot,n}, the mechanical strain{εm,n}: is obtained from 
{εm,n} = {εtot,n} – {εi} – {εth,n} (18) 
 
It is also possible to calculate the plastic strain, i.e. the mechanical strain that would exist in 
the structure if it was elastically unloaded. This is point B on figure 6. Note that the unloaded 
structure is not equivalent to the initial structure (non deformed). The equation is 
{εpl,n} = {εm,n} – [Dn]-1

 {σn} (19) 
 
When the temperature changes from Tn to Tn+1, it is possible to determine the new Von 
Mises surface which corresponds to the new hardening parameter, assuming that the plastic 
strain is not affected by the variation of temperature, i.e. the plastic strain is not modified 
from the end of step n to the beginning of step n+1. 
 
In the algorithm used by SAFIR, it is supposed that the structure is ‘locked’ at the first 
iteration of each time step, i.e. 
{ε1

tot,n+1} = {εtot,n} (20) 
 
As the thermal strain is modified by the variation of temperature, the ‘mechanical’ strain 
changes accordingly: 
{ε1

m,n+1} = {εtot,n} - {εi} - {εth,n+1} (21) 
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It is now represented by the point D on figure 6. The segment A-D represents the increase of 
thermal strain from temperature Tn to Tn+1. As the thermal strain is hydrostatic, this part is 
inclined at 45° on figure 6 b. 
 
For each iteration the calculation will start from the unloaded structure (point B). The strain 
increment to be applied from the unloaded state is given by: 
{∆ε1} = {ε1

m,n+1} - {εpl,n} (22) 
 
The classic plasticity theory is applied at temperature Tn+1 in order to load the structure from 
point A to point D, see figure 6. The stress {σ1

n+1} and the new tangent matrix [D1
t,n+1] are 

computed. The return mapping algorithm, and Euler backward algorithm for the integration 
of the plastic strain, established at ambient temperature are used here.  
 
Of course, the stresses obtained in the structure after the first iteration are not in equilibrium 
and they generate out of equilibrium forces in the structure which, using the new tangent 
stiffness matrix allow the calculation of displacement increments and their corresponding 
strain increments {∆ε1-2} 
 
At next iteration, the strain increment to be applied from the unloaded state is: 
{∆ε2} = {∆ε1} + {∆ε1-2} (23) 
 
In fact, in the calculations, the temperature does not vary during a time step. 
 
When the equilibrium is finally reached, if the point D is outside the yield surface calculated 
at the beginning of the time step Tn+1, the hardening has increased and this is taken into 
account by updating the plastic strain and the equivalent plastic strain of the yield surface. 
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Figure 6 : First iteration of a time step in plastic behavior. 
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NUMERICAL TEST 

Response of a Z-shaped cantilever 
The structure is a Z-shaped cantilever subjected to a transverse end load (fig. 7). 

 
Figure 7 : Initial geometry and deformed shape for a load of 4000. 

 
 

The solution given in reference [12] is based on nine equal sized element. The structure is 
oriented at 45° from the x-z plane to activate all three translation and rotations in the element 
formulation. 
The beam is divided into 3 equal parts (each part is meshed with 3 elements). The 2 parts 
parallel to the x-y plane have a length of 60 and a width of 20. The middle part (inclined) has 
also a length of 60 and an elevation of 30 in the z-direction, the width is 20. The thickness of 
the beam is 1.7 (consistent units). 
All the six degrees of freedom are restrained at one end and two concentrated nodal forces 
are applied in the positive z-direction at the other end. The load is increased up to 4000 with 
a step of 10. 
The material is elastic, the Young modulus is equal to 2.0x105 and poison’s ratio is equal to 
0.3. This problem is solved at ambient temperature (20°C). 

Two calculations have been performed, the first one “Deflec-Z-Safir” with a load increment 
of 10, to check that SAFIR gives the same continuous curve as the one given by NAFEMS. 
The second one with a larger load increment of 500 to check whether SAFIR is able to 
manage large steps. It can be seen on fig. 7 (displacements not amplified) and 8 that the new 
element introduced in SAFIR gives good results in case of bending with large geometric non 
linear behavior. The results obtained for a load step of 500 are also very good even if the 
first point is a little bit too high compared to the two other curves. It has to be realized that a 
displacement of nearly 125 has been accommodated within one single step. 
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Figure 8 : Load/Displacement. 
 
 

Hemispherical shell 

 
Figure 9 : Hemispherical shell. 
 
 
The finite element mesh is shown on figure 9. 1/8 of the sphere [12] has been meshed with 
16x16 quadrilateral elements. The units are consistent. 
The radius of the sphere is 10 and the thickness is equal to 0.04. 
The following symmetrical boundary condition have been used: 
Symmetry on the plane y = 0 
 Uy = θx = θz = 0 
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Symmetry on the plane x = 0 
 Ux = θy = θy = 0 
To prevent the rigid body mode in the z-direction, the point A was restrained to have x-
translations only, i.e. Uz = 0 
Inward and outward diametral point loads were applied as concentrated nodal forces at 
locations A and B respectively. The loads are increased up to a maximum of 100. 
The material is elastic, the Young modulus is equal to 6.825x107 and poison’s ratio is equal 
to 0.3. This problem is solved at ambient temperature (20°C). 
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Figure 10 : Inward and outward displacements. 
 
 
This problem tests the performance of the geometric non-linear formulation for shells under 
membrane, bending and twisting actions. It can be seen (fig. 10) that SAFIR gives good 
results in case of large rotations and deflections. For the inward displacement, SAFIR is 
stiffer than the results obtain by NAFEM [12], but the results are close to the one obtained 
by Simo. This test confirms that there is no membrane locking in the element. 
Note : Simo has performed his calculation for a load going from 0 up to 60. NAFEMS has 

extrapolated the values up to 100. 

Lee’s Frame 
The finite element mesh is shown on figure 11. The vertical and the horizontal members 
have a length of 120. Two meshes have been used to check the behavior in case of bending 
and in case of ‘membrane bending’. 
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Figure 11 : Lee’s frame 
 
 
At the ends of the frame, the following displacements have been locked: 
 Ux = Uy = Uz = θx = θz = 0 
The units are consistent. The cross-section of the beam is equal to 6 and the inertia is equal 
to 2. The elements are divided into 8 layers. 
 
Ambient temperature 

A vertical load is applied at a distance of 96 of the top right edge and it is increased until 
collapse. 
The material is elastic, the Young modulus is equal to 720 and poison’s ratio is equal to 0.3. 
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Figure 12 : Horizontal displacement versus load. 
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A comparison with the results of some beam elements  [13] has been performed. It can be 
seen (fig. 12) that in case of bending (SAFIR-Shell -1) SAFIR gives results close to the been 
element. In case of “membrane bending” (SAFIR-Shell-2) the element is a little bit too stiff, 
but the mesh used here is very crude (2 elements on the depth of the beam). 
 
Elevated temperature 

A vertical load of 0.2 is applied to the structure at a distance of 96 from the right top edge. 
The temperature is uniform in the structure and it is increased until collapse. 
The elliptic hardening is used, the Young modulus is equal to 720, the yield stress is equal to 
3.0 and poison’s ratio is equal to 0.3. The material properties decrease with temperature 
according to ENV 1993-1-2. 
A comparison with some beam elements [13] has been performed under fire condition. It can 
be seen (fig. 13) that in case of bending (SAFIR-Shell-1) SAFIR gives results close to the 
beam element. In case of “membrane bending” (SAFIR-Shell-2) the results is a little bit 
higher than the results provided by the other elements. It has to be highlighted that the 
integration of plasticity on the depth of the beam is performed only at 4 integration points (2 
in each of the 2 elements used in the discretisation). 
This example shows that the new element takes correctly into account the thermal elongation 
and the stress-strain relationship according to EC3. 
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Figure 13 : Horizontal displacement versus temperature 
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H rolled profile 
Calculations have been performed on a S355 HE 300 AA+. The length of the beam is 1 m. 
The boundary conditions are defined as follow: 
First end : All the nodes are locked on the longitudinal displacement and all the rotations. 

The lateral displacement is locked at all the nodes on the web and all the displacements 
are locked at the point in the middle of the web. 

Second end : All the nodes have an imposed longitudinal displacement in compression and 
all the rotations are locked. The lateral displacement is locked at all the nodes on the web 
and all the displacements are locked at the point in the middle of the web. 

The temperature is uniform in the structure and it is increased in the same time as the 
displacement is increased. 
An initial sinusoidal imperfection of 10 mm is imposed on the web and the flanges (fig. 14). 
 

  
 
 

Figure 14 : Initial geometry of the H profile 
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Figure 15 : Deformation of the H profile at the last converged step 

 
 
In this structure, the stress is function of the imposed longitudinal displacement and the 
thermal strain (restrained). As the temperature and the displacement are increased at the 
same time collapse occurred when the temperature in the structure reach 42°C and the 
longitudinal displacement is equal to 1.8 mm. The ratio between the maximum load applied 
to the structure and the theoretical crushing compressive load is equal to 0.92. As the 
calculation has been performed with imposed displacement post-critical behavior can be 
study. Figure 15 shows the deformation of the beam at the last converged step 
(displacements not amplified) . It can be seen that large deformations have been obtained in 
the middle of the beam. The temperature in the structure at this moment is 888°C and the 
imposed displacement is equal to 72 mm. 
 
 
 
CONCLUSION 
After a brief description of the new quadrangular shell element introduced in SAFIR and the 
new material properties, some calculations have been performed to validate this element. 
The z-shape cantilever show that the element can be subjected to large geometric non-linear 
behavior. The hemispherical shell and the calculation performed on Lee’s frame at ambient 
temperature show that this element is not subjected to membrane locking. 
Lee’s frame at elevated temperature demonstrate that the material properties from EC3 have 
successfully been introduced in SAFIR in case of plane stress relationship and that the 
thermal elongation is taken into account. 
To complete the validation of this element, more calculations have to be done on benchmark 
tests at elevated temperature and some comparison with experimental tests have to be 
performed. 
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