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A �nite word w is obtained as a shu�e of two words x and y if itcan be factorized as w =
n∏i=1 aibiwith x =

n∏i=1 ai and y =

n∏i=1 bi .
I Can x be obtained as a shu�e of a word y with itself?



De�nition
An in�nite word x ∈ A

N is self-shu�ing if it admits thefactorizations: x =

+∞∏i=1 UiVi = +∞∏i=1 Ui = +∞∏i=1 Vifor some Ui ,Vi ∈ A
+.



Self-shu�ing and periodicity
I Every purely periodic word x = uω is self-shu�ing:x =

+∞∏i=1(uu) = +∞∏i=1 u.
I Every letter of a self-shu�ing word must occur an in�nitenumber of times.
I Hence the word 01ω is not self-shu�ing.
I The word 0110(0011)ω is self-shu�ing but 011(10)ω is not.



Fibonacci word
I The Fibonacci word F = F1F2F3 · · · , where Fi ∈ {0, 1}, isself-shu�ing:F =

+∞∏i=1 σ(Fi )Fi = +∞∏i=1 σ(Fi ) = +∞∏i=1 Fiwhere σ : 0 7→ 01; 1 7→ 0.It su�ces to observe that σ2(0) = σ(0)0 and σ2(1) = σ(1)1.F = 0 1 0
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I The morphic image of a self-shu�ing word is againself-shu�ing:If x =
+∞∏i=1 UiVi = +∞∏i=1 Ui = +∞∏i=1 Vithen

µ(x) = +∞∏i=1 µ(Ui )µ(Vi) = +∞∏i=1 µ(Ui) = +∞∏i=1 µ(Vi ).
I Can be used as a tool for showing that a word is not themorphic image of another word.



A necessary conditionA �nite word is Abelian border-free if no proper su�x is Abelianequivalent to a proper pre�x.
I A self-shu�ing word must begin in only �nitely many Abelianborder-free pre�xes.x = . . .
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I The word 0F is not self-shu�ing:We know F begins in arbitrarily large palindromes B followedby 1.Hence 0F begins in arbitrarily large words of the form 0B1.Those words 0B1 are all Abelian border-free.



I The paper-folding word is not self-shu�ing:0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 · · ·001 011 001 011 001 011 001 011 · · ·0010011 0011011 0010011 0011011 · · ·001001100011011 001001110011011 · · ·0010011000110110001001110011011 · · ·One can check that all pre�xes of length 2j − 1 are Abelianborder-free:0, 001, 0010011, 001001100011011, . . .



Main results - Lyndon words
An in�nite word x is Lyndon if x <lex T n(x) for all n ≥ 1.Theorem 1Let x and y be in the shift orbit closure of an in�nite word z , andsuppose that x is Lyndon. Then, if w can be obtained as a shu�eof x and y , then w <lex y .In particular, Lyndon in�nite words are never self-shu�ing.



Consequences:
I This gives another proof that 0F is not self-shu�ing since it isLyndon.
I It is well known that the �rst shiftx = 110100110010110 · · ·of the Thue-Morse word is Lyndon, and hence is notself-shu�ing. Yet it can be veri�ed that x begins in only a�nite number of Abelian border-free words.



Thue-Morse word
Theorem 2The Thue-Morse word T = 011010011001 · · · �xed by themorphism τ : 0 7→ 01; 1 7→ 10 is self-shu�ing.T = 0 1 1 0 1 0 0 1 1 0 0 1 0 1 1 0 1 0 0 1 0 1 1 0 0 1 1 0 1 · · ·



Sturmian wordsHere ρ(x) designates the intercept of the Sturmian word x .Theorem 3Let S , M and L be Sturmian words of the same slope satisfyingS ≤lex M ≤lex L. Then M can be obtained as a shu�e of S and Li� the following conditions are veri�ed:
I If ρ(M) = ρ(S) then ρ(L) 6= 0
I If ρ(M) = ρ(L)) then ρ(S) 6= 0.In particular (taking S = M = L), we obtainCorollaryA Sturmian word x ∈ {0, 1}N is self-shu�ing i� x is not of the formaC where a ∈ {0, 1} and C is a characteristic Sturmian word.



As an application, we recover the following result:Theorem (Yasutomi 1999, Berthé-Ei-Ito-Rao 2007)Let x ∈ {0, 1}N be a characteristic Sturmian word. If y is a puremorphic word in the orbit of x , then y ∈ {x , 0x , 1x , 01x , 10x}.
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