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Algebras of Krichever-Novikov type

First introduced in 1987 by Krichever and Novikov

P R é
Fig. 11 Vrasore shuation Fig. 22 An example of a Erichewer -
fg=0, N=2) Meowilow sibuation

@ Let M, be a compact Riemann surface of genus g;

@ Consider a set of two points : A= {P}U{Q}
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Algebras of Krichever-Novikov type

Further studied by Schlichenmaier around 1990

Fig. 3 Avn exmmpls of 2 gensralined situstion (N = 3, 2
lu-peomts, 1 out-peoint)

@ Let M, be a compact Riemann surface of genus g;

@ Consider the union of two sets of ordered points and fix the splitting :

A={ YU{Q4,...,Qn-k}
=l =0
Kreusch Marie (ULg) Extensions of surperalgebras of Krichever-Novikov type Srni - January 2013 4/22




Algebras of Krichever-Novikov type Cocycles on %y yandon 7y

Special case also considered by Schlichenmaier
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Algebras of Krichever-Novikov type

Generators of %y 3 = .%_1 : Var(2) = 2(z— @)k (z+ @)k &,

V2k+1 (Z) = (Z — OZ)K+1 (Z+ Ol)k+1 %

with relations :

(m=n)Vnim n, m odd,
[V, Vil = ¢ (m—n)Vpym+(m—n—1)a2Vymo nodd,meven,
(m—n)(Vaym+ 02Voim 2) n,meven .
Generators of @3 = Fy : Gok(2) = (z— @) (z+ @),

Ge1(2) = 2(z— a)f(z+ a)"
with relations :

G G Gnim+2Gnyim_2 Nn,modd,
Gnim otherwise .
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Algebras of Krichever-Novikov type (CEREEBEN ) CREICI S

Supercase studied by Morier-Genoud & Leidwanger (2011)

LIN=GgND T _1)2 JoN=AgNnD T _1)2

Special case :

03 =%3DF_1)2 Jo3=3DF _1)2
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Algebras of Krichever-Novikov type

Generators of £ 3

Vor(2) = 2(z— a)¥(z+ )k &, (p2k+%(z) =V2z(z—a)f(z+ ) dz"1/?

Var11(2) = (z— ) (z+ a)k+1 2 Pp_1(2) = V2(z—a)f(z+a)kdz" 12,

with relations :

n i1
(i—=3)Pnsi n,i— 3 odd,
n n 2 . i1
Vo] = (i=3)@nsi+(i—5—1)a°@nii2 nodd,i— 3 even,
’ n i_n 4 1Y,2 i1
(i—=2)Pn+i+(i—3+3)0°@niir2 neven,i—; odd,
n i_n 1 i1
(i=3)Pnsi+(i— 5 —5)0P@nis2  n,i—7even.
Vosi+0®Vigj o i—%,j— 3 even
. n+i i+j—2 3.7 3 )
[0, 9] = .
Vigj otherwise .
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Algebras of Krichever-Novikov type

Generators of 753
Gok(2) = (z— a)¥(z+ @)k, Poir 3 (2) = V2z(z—a)f(z+ )k dz71/2,
Gorer(2) = 2(z— M2+ @), @y (2) = V2(z— (2 + ) 0z 2

with relations :

S Onsi neven orj— % odd,
Gn.(p,' = ] o
§(‘Pn+/+a Qnt+i—2) nodd and i— 5 even,
(j—1)Giyj i—odd,j— % even,
09 =9 (j—)Gisj+(j—i+1)0?Gij> i—%aven,j— 1 odd,
(j—)(Gisj+ 02Giyj—2) i— % aven,j— 1 even.
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Algebras of Krichever-Novikov type Cocycles on Zy pyandon 7

Introduction by Ovsienko of a class of Z»-graded
commutative but not associative algebras (2007)

Lie Lie

antialgebra superalgebra

Ao
commutative
associative algebra

(Gado

Lie algebra
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Algebras of Krichever-Novikov type

Interesting examples of Lie superalgebras

@ Symplectic orthogonal osp(1]2) :

0 uvu v 0 0 O 0 u v

v p q =1 0 p g¢q 2] v 0 0

—u —p 0O r —p —-u 0 O
osp(1l2) = <Y,HX> @& <AB>

@ Conformal Neveu-Schwarz ¢ (1) = < oty > @ < b; > with relations

[an, am] = (m—n)nim, [0, b]] = (i—5)birn,  [bi,b] = —aisy.

© Lie superalgebra of Krichever-Novikov type, £y n-
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Algebras of Krichever-Novikov type

Interresting examples of Lie Antialgebras

@ Tiny Kaplansky, K3 = < € > @& < a,b > with relations

1 1
ee=¢, €a=za &Eb=3b ab=j3e

1
2

@ Full derivation-Conformal Algebra, 7 % (1) = < €, > & < a; > with relations

€n-€m = Emin,  €n-8 = 38itn; aj.aj = 5(j— )€y

© Jordan superalgebra of Krichever-Novikov type, _Zg n.
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Cocycles on £y y andon 7g

@ Cocycles on Z,; yandon 7y n
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Cocycles on £y y andon 7g

Trivial central extension on a Lie superalgebra
@ A 2-cocycle on a Lie superalgebra .Z is an even bilinear function
c: ¥ x ¥ — C satisfying the following conditions :
(C1) skewsymmetry:  c(u,v) = —(—1)"¢c(v,u)
(C2) Jacobiidentity: ¢ (u,[v,w]) =c([u,v],w)+(=1)c(v,[u,w])
@ As in the usual Lie case, a 2-cocycle defines a central extension of .Z.

extend

<z LR

@ A 2-cocycle is called trivial , or a coboundary if it is of the form c(u, v) = f([u, v]),

where f is a linear function on .#. Otherwise, c¢ is called non-trivial .

e Z?(Z) : space of all 2-cocycles ; B?(.%) : space of 2-coboundaries
H?(¥) = Z3(&£)/B?(Z) : second cohomology space of .Z.

This space classifies non-trivial central extensions of .Z.
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Cocycles on £y y andon 7g

Existence of a non-trivial almost graded 2-cocycle on £y n

Theorem
The even bilinear map ¢ : £y n x Lyn — C given by
_1 1 n "
d d _ / /
cle()L.1(2)%) = o7 e E(e f—ef )—R(e'f—ef)dz,
o(op(2)dz 2 y(2)az ) = = [ 1 (¢"w+ov')- T Roydz,
’ 2im J¢ 2 2
c (e(z)%, l//(z)dz‘1/2) = 0
is a well defined almost-graded non trivial local 2-cocyle, where € is a separating

cycle and R is a projective connection.
o
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Cocycles on £y y andon 7g

Induced 1-cocycle on a Lie superalgebra
Given a 2-cocycle on a Lie (super) algebra ¢ : .£ x £ — C, one can define a

1-cocycle, C, defined as follow
(C(x),y):=c(x,y) , C: ¥ — <.
The 1-cocycle condition is satisfied : C([x,y]) = ad;(C(y)) — (—1)7 ad}(C(x)).
Corollary
An almost-graded local 1-cocycle on £y v is given by
Cle(2)Z) = - (e’” —2Re — R’e) dz?,

dz
((p” - %R(p) dz3/2

C(p(2)dz71/2)

The converse construction does not work since c¢ is not necessarily skewsymmetric.
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Cocycles on £y y andon 7g

1-cocycle on a Lie antialgebra
A 1-cocycle on a Lie antialgebra .7’ with coefficients in an .o/-module 4, is an even

linear map % : &/ — % such that

€ (Uav) = pu(E(v)) +(=1)"py (€(u)).

The dual space, &7*, is an .»7-module as well.

Theorem

With respect to the splitting, the expression

% (e(2)) = —€'(2)dz, € (w(z)dz‘1/2) - (V/’(z) - ;Ru/(z)> az%/2

defines an almost-graded local 1-cocycle on Zq4 n with coefficients in 7 ; .
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Algebras of Krichever-Noviki

Cocycles on £y y andon 7g

What does happen on %53 and _#g3?
We have a clear basis on these spaces, so that we can compute thanks to the

residues theorem the different cocycles on the elements of the basis.

A- {76} o

" s .
ouk paint

Scﬂmaﬂnq
e i (2
cyele
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Cocycles on £y y andon 7g

What does happen on %53 and _#g3?

Proposition
Up to isomorphy, the 2-cocycle on the Lie superalgebra 43 3, for all k,| € Z, is given by

(P ) = o(py) - 0
c((p2k+%,(p2,_%) = 4K(2k +1)8ks 10+ 802K(k — 1) s
c(Vok, Vor) = —2k(4k* —1)8k110 —80k(k —1)(2k —1)Sk111

—8at*k(k —1)(k —2) k12
C( Voki1, Vori1 ) = *8(X2(k+ 1 )k(k — 1)6k+/,0 — 4k(k +1 )(2k +1 )6[(_5_/,71

c(Vak, Vait1) 0.
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Cocycles on £y y andon 7g

What does happen on %53 and _#g3?
Proposition
Up to isomorphy, the 1-cocycle on the Lie superalgebra %, 3 is given by :

C(Vn)= —n(n—1)(n+1)V*,—2a®n(n—2)(n—1)V*,,

—a*n(n—2)(n—4)V* .,
C(Vm) = —(m+1)m(m—1)V*, —a®(m+1)(m—1)(m=3) V"o,
Cl@) = 2(i+3)(i—3)@*;+20%(i = 3)(i— 3)9% 115,

Cl@) = 20+ 3)(i—3)0*;+202(/+ 3) (i — 2)9* 10,

where i — %, n are even and j— %, m are odd.
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Cocycles on £y y andon 7g

What does happen on %53 and _#g3?

Proposition
Up to isomorphy, the 1-cocycle on the algebra %o 3 is given by
C(Gn) = —nG",,
C(Gm)= —mG',—a?(m—1)G" .2,
C(p) = 2(i+3)(i— 3)¢%;+20% (i — 3)(i = )07 2,

C(@) = 2(j+3)(— 3o +202(+ 3) (i — 2)*

where i — % and n are even and j— %, m are odd.
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Thank you for your attention

Reference : arXiv :1204.4338
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