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du Département de Mathématiques de l’ULg ainsi que plusieurs post-doctorants de
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Introduction (version française)

Cette thèse est principalement consacrée à l’étude du caractère reconnais-
sable d’ensembles d’entiers par automate fini. Nous nous intéresserons donc
aux représentations d’entiers dans différents types de sytèmes de numération.

Tout d’abord, les systèmes de numération de position, tels que le système
classique décimal, le système binaire ou encore la numération de Zecken-
dorf, ont été beaucoup étudiés. Citons par exemple [Fra85, Lot02, BBLT06].
Dans un tel système de numération, un entier positif n peut être décomposé
de manière unique par l’algorithme d’Euclide, également appelé algorithme
glouton, comme combinaison linéaire

N∑
i=0

diUN−i, d0, . . . , dN ∈ N, d0 6= 0

d’éléments d’une suite strictement croissante U = (Um)m≥0 d’entiers telle
que U0 = 1. La représentation de n est alors d0 · · · dN . Pour que l’alphabet
des chiffres di soit fini, on suppose le quotient Um+1

Um
borné. Si la suite U est

la suite (km)m≥0, on obtient les systèmes classiques de numération en base
entière k.

Pour la numération de Zeckendorf [Zec72], la suite U est la suite de
Fibonacci définie par

U0 = 1, U1 = 2, Un+2 = Un+1 + Un, ∀n ≥ 0.

Dans ce cadre, des questions comme les critères de divisibilité, triviales dans
le cas d’une base entière, demandent déjà des développements plus élaborés.
Par exemple, pour la numération de Zeckendorf, l’algorithme glouton impose
que les écritures gloutonnes soient les mots sur {0, 1} ne commençant pas par
0 et ne contenant pas deux 1 consécutifs. Fait qui pourrait s’avérer utile en
théorie des codes.

Lorsqu’on se donne un système de numération, le fait de représenter
les nombres permet de passer des entiers aux mots sur un alphabet fini et
donc, de transposer des questions issues de l’arithmétique à des problèmes

iii
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de théorie des langages formels. Dans ce contexte, les langages réguliers, i.e.,
acceptés par les “machines les plus simples de la hiérarchie de Chomsky”,
les automates finis, sont particulièrement intéressants. Les automates finis
sont des machines abstraites capables uniquement de lire des mots de façon
séquentielle et de décider, en un temps linéaire par rapport à l’entrée, si le
mot est accepté ou non. Ils sont également intéressants du point de vue de la
décidabilité, puisque bon nombre de leurs propriétés peuvent être testées al-
gorithmiquement : universalité, acceptation d’un langage vide ou fini, égalité
ou inclusion de langages, ... Alors que ces mêmes problèmes se révèlent le
plus souvent indécidables pour les langages algébriques.

Ainsi, si l’on veut tirer parti des langages réguliers, quand on s’intéresse
aux ensembles de nombres, il est naturel d’introduire la notion suivante. Un
ensemble d’entiers est dit reconnaissable selon un système de numération
donné si l’ensemble des représentations de ses éléments dans ce système
est régulier. En particulier, si l’ensemble des représentations des éléments
d’un ensemble d’entiers dans un système de numération de position U est
régulier, cet ensemble est dit U -reconnaissable. Les ensembles reconnais-
sables peuvent être étudiés sous plusieurs angles. En effet, si la suite U
satisfait une récurrence linéaire dont le polynôme caractéristique est le po-
lynôme minimum d’un nombre de Pisot, une généralisation d’un théorème
de Büchi montre que les ensembles U -reconnaissables sont aussi les en-
sembles définissables dans la logique de premier ordre 〈N,+, VU 〉 où on pose
VU (0) = U0 = 1 et où, pour tout entier strictement positif n, VU (n) est le
plus petit Ui apparaissant dans la décomposition gloutonne de n avec un co-
efficient non nul. Les ensembles U -reconnaissables sont encore les ensembles
dont la suite caractéristique est engendrée par un type particulier de substi-
tution [BH97].

En particulier, dans le cas de la base entière, A. Cobham a notamment
prouvé qu’un ensemble est reconnaissable en base k si et seulement si sa suite
caractéristique est l’image par un codage d’un point fixe d’un morphisme k-
uniforme [Cob72]. Il a également montré que le caractère reconnaissable d’un
ensemble d’entiers dépend de la base de numération envisagée et que les seuls
ensembles d’entiers reconnaissables dans toute base entière sont les ensembles
ultimement périodiques [Cob69]. Ce dernier résultat est connu sous le nom de
premier théorème de Cobham et a donné lieu à un grand nombre de travaux
dans le but d’étendre ce résultat à d’autres types de systèmes de numération
et à d’autres contextes, citons par exemple [Sem77, Vil92a, Vil92b, BHMV94,
Fab94, MV96, Bès97, PB97, Dur98, Han98, Bès00, Dur02a, Dur02b, RW06,
BB07, AB08, Dur08, BB09, AB11, Dur11].

Si on veut calculer de manière effective au sein d’une numération, la
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première des opérations réalisables par automate que l’on est en droit d’at-
tendre est de tester si un mot donné est une représentation valide d’un entier
ou non. Dès lors, il s’avère également intéressant de chercher des conditions
nécessaires ou suffisantes pour que l’ensemble N des entiers positifs ou nuls
soit reconnaissable. En effet, dans ce cas, on peut tester en un temps linéaire,
grâce à un automate fini, si un mot donné est une représentation valide ou
non.

Tous les systèmes de numération de position mentionnés ci-dessus sont
monotones, i.e., l’application qui associe à un entier sa représentation est
croissante pour l’ordre naturel sur N et pour l’ordre généalogique induit
par l’ordre des chiffres. Pour ces raisons, P. Lecomte et M. Rigo [LR01]
ont introduit les systèmes de numération abstraits S = (L,Σ, <) constitués
d’un langage régulier L sur l’alphabet fini Σ et d’un ordre total sur Σ.
Dans ces systèmes, un entier positif n est représenté par le (n + 1)-ème
mot du langage L. La notion de caractère reconnaissable peut être étendue
au cas des systèmes abstraits ainsi que le premier théorème de Cobham.
En effet, P. Lecomte et M. Rigo [LR01] ont prouvé que les ensembles ulti-
mement périodiques sont toujours S-reconnaissables, laissant entrevoir une
généralisation possible du premier théorème de Cobham. Ensuite, M. Rigo
et A. Maes [RM02] ont généralisé le second théorème de Cobham en prou-
vant qu’un ensemble est S-reconnaissable si et seulement si sa suite ca-
ractéristique est morphique. Une généralisation du premier théorème de Cob-
ham s’obtient alors grâce à ce dernier résultat et aux travaux de F. Du-
rand [Dur98, Dur02a, Dur02b, Dur08, Dur11].

Les ensembles reconnaissables peuvent être naturellement définis dans
un cadre multidimensionnel. Ainsi, O. Salon [Sal87] a montré que les parties
de Nd qui sont k-reconnaissables pour une base entière k sont celles dont la
suite caractéristique est générée par un morphisme k-uniforme. É. Charlier
et al. [CKR10] ont généralisé ce résultat aux systèmes de numération abs-
traits, démontrant que les parties de Nd qui sont S-reconnaissables pour un
système abstrait S sont celles dont la suite caractéristique est engendrée par
un morphisme multidimensionnel satisfaisant une propriété du type “shape-
symmetry” introduite par A. Maes [Mae99].

Cette thèse s’inscrit ainsi dans la lignée des travaux sur le caractère recon-
naissable menés à Liège depuis quinze ans. Nous y développons les résultats
obtenus dans [KLR09], [KLR10], [LRRV12], [LR13] et [CLR12] de la manière
suivante.

Dans le premier chapitre, nous rappelons les notions de base utiles à la
compréhension de cette dissertation. Tout d’abord, sont rappelés certaines
définitions et certains résultats utiles concernant les mots, les langages et
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les automates. Ensuite, nous introduisons les systèmes de numération de
position et les systèmes de numération abstraits ainsi que les notions de suites
automatique et régulière. Enfin, nous introduisons les premières définitions
relatives aux morphismes multidimensionnels.

Dans le deuxième chapitre, nous étudions le caractère reconnaissable des
ensembles auto-générés introduits initialement par C. Kimberling [Kim00].
Ces ensembles sont définis à partir d’un ensemble I d’entiers et d’un ensemble
fini F de fonctions affines ϕi : n 7→ kin + `i. Par exemple, si l’on considère
I = {1} et F = {ϕ0 : n 7→ n, ϕ1 : n 7→ 2n, ϕ2 : n 7→ 4n − 1}, on obtient
l’ensemble auto-généré K1 := Fω(I) = {1, 2, 3, 4, 6, 7, 8, 11, 12, 14, . . .}. Nous
montrons que, d’un point de vue technique, pour l’étude du caractère recon-
naissable, on peut considérer uniquement des ensembles d’entiers positifs et
se ramener au cas où ki ≥ 2 et `i ≥ 0 pour tout i. Nous prouvons que si
les constantes multiplicatives ki sont multiplicativement dépendantes, i.e., si
les ki sont tous puissance d’un même entier k, alors l’ensemble auto-généré
Fω(I) est reconnaissable pour le système de numération en base entière as-
socié à k. Avec nos techniques, nous redémontrons également un résultat ob-
tenu initialement par C. Kimberling [Kim00] et reprouvé par J.P. Allouche
et al. [ASS05], donnant un lien fort entre l’ensemble K1 et la suite de Fi-
bonacci définie comme le point fixe ϕω(0) = 01001010 · · · du morphisme
ϕ : 0 7→ 01, 1 7→ 0. Enfin, résolvant une conjecture de J.P. Allouche et al.
[ASS05], nous donnons une condition suffisante sur les constantes multipli-
catives ki pour que l’ensemble auto-généré Fω(I) ne soit reconnaissable pour
aucun système de numération en base entière.

Rappelons que le premier théorème de Cobham montre que les seuls
ensembles reconnaissables dans des bases multiplicativement indépendantes
sont les ensembles ultimement périodiques. Dans ce contexte, le problème
de décision suivant est naturel : étant donné un système de numération
abstrait S et un automate fini déterministe acceptant les représentations
d’un ensemble X dans le système S, décider si l’ensemble X est ultime-
ment périodique ou non. Au vu du second théorème de Cobham et de sa
généralisation par M. Rigo et A. Maes, ce problème se réénonce aussi en
termes de mots morphiques : étant donnés un morphisme et un codage
générant un mot infini, décider si ce mot est ultimement périodique ou non.
Ce problème de décision a reçu beaucoup d’attention, d’abord pour les bases
entières dès 1986 [HL86, Hon86, Pan86] et récemment, V. Marsault et J. Sa-
karovitch [MS13] ont donné une procédure de décision en O(n log n) dans
le cas de la base entière et le cas général a été résolu indépendamment par
F. Durand [Dur11, Dur12] et I. Mitrofanov [Mit11]. Ainsi, dans le troisième
chapitre, nous explorons une nouvelle piste afin de donner une procédure de
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décision alternative à ce problème. Cette voie pouvant à terme mener à des
procédures de décision efficaces, nous étudions la complexité syntaxique des
ensembles (ultimement) périodiques, i.e., le nombre de classes d’équivalence
de la congruence syntaxique du langage des représentations des éléments ces
ensembles. La congruence syntaxique d’un langage L sur Σ est définie par

u↔L v ⇔ (∀x, y ∈ Σ∗, xuy ∈ L⇔ xvy ∈ L).

Nous donnons tout d’abord une formule exacte pour la complexité syntaxique
de l’ensemble des représentations en base entière des éléments d’un ensemble
périodique de période m dans trois cas particuliers : lorsque la période m est
première avec la base, lorsque m est une puissance de la base et lorsque m
s’écrit comme le produit d’une puissance de la base et d’un entier premier
avec la base. Ensuite, nous donnons une borne inférieure pour la complexité
syntaxique de l’ensemble des représentations en base entière des éléments
d’un ensemble périodique d’entiers dans le cas général. Enfin, grâce à cette
borne inférieure pour la complexité syntaxique, nous obtenons des bornes
supérieures pour les possibles prépériode et période de l’ensemble considéré
dans le problème de décision et la procédure de décision consiste alors à
passer en revue les possibles combinaisons “prépériode-période” qui sont en
nombre fini.

Dans les premiers chapitres, les langages réguliers jouent un rôle pré-
pondérant puisqu’un ensemble est reconnaissable selon un système de numé-
ration donné si le langage de ses représentations dans ce système est régulier.
L’automaticité d’un langage permet de mesurer à quel point un langage
non régulier est “proche” ou non, en un certain sens, d’un langage régulier.
Cette notion a été introduite par B. Trakhtenbrot [Tra64] et a donné lieu à
plusieurs travaux dans le but de borner l’automaticité de certains langages
non réguliers. Par exemple, J. Shallit [Sha96] a donné une borne inférieure
pour l’automaticité des nombres premiers représentés en base entière, quelle
que soit la base. Dans le quatrième chapitre, nous étudions l’automaticité
de trois langages particuliers : les mots primitifs sur un alphabet fini, i.e.,
les mots qui ne s’écrivent pas comme une puissance d’un plus petit mot, les
mots sans bords sur un alphabet fini, i.e., les mots qui n’ont pas de période
non triviale, et les représentations des polynômes moniques irréductibles à
coefficients dans un champ fini. On peut montrer qu’une borne inférieure
pour l’automaticité d’un langage est donnée par le cardinal d’un ensemble
de mots non-semblables pour ce langage, où deux mots sont dits semblables
pour un langage L donné si, lorsqu’on leur ajoute le même suffixe, tous deux
appartiennent à L ou aucun n’appartient à L. Pour les trois langages que
nous étudions ici, la méthode consiste donc à construire un ensemble de
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mots non-semblables pour ces langages et à en déduire une borne inférieure
pour leur automaticité.

Dans le cinquième et dernier chapitre, répondant à une question de J. Sa-
karovitch, nous caractérisons les ensembles multidimensionnels qui sont re-
connaissables selon tout système de numération abstrait en montrant que
les parties de Nd reconnaissables selon tout système de numération abstrait
sont exactement les ensembles 1-reconnaissables, i.e., les ensembles recon-
naissables selon le système de numération abstrait construit sur le langage
a∗. Nous montrons par exemple qu’un ensemble 1-reconnaissable comme
X = {(n, 2m) : n,m ∈ N and n > 2m} dont les représentations unaires
sont données par ((a, a)2)∗(a,#)∗(a,#) et dont la suite caractéristique est
l’image par le codage σ : a, b, d 7→ 0, c 7→ 1 du point fixe

ϕω(a) =

... . .
.

b b b b b b a

b b b b b a d
b b b b a c c

b b b a d d d
b b a c c c c

b a d d d d d
a c c c c c c · · ·

du morphisme “shape-symmetric”

ϕ : a 7→ b a

a c
, b 7→ b b

b b
, c 7→ d d

c c
, d 7→ d d

c c

peut également s’écrire X = {(2m + k + 1, 2m) : m, k ∈ N}, ou encore
X = Y1 ∩ Y2 avec Y1 = {(n2 + n1 + 1)e1 + n2e2 : n1, n2 ∈ N} et Y2 =
{n1e1 + 2n2e2 : n1, n2 ∈ N}. Nous construisons alors un automate montrant
que les ensembles du type Yj sont reconnaissables pour tout système de
numération abstrait.

En conclusion, cette thèse approfondit les liens entre ensembles d’en-
tiers, mots morphiques, langages réguliers et procédures de décision, tant
pour les systèmes en base entière (dans le cas des ensembles auto-générés et
de la complexité syntaxique) que pour les numération abstraites. Elle laisse
également entrevoir plusieurs pistes à explorer. En particulier, dans la conti-
nuité du Chapitre 3, on peut envisager de poursuivre l’étude de la complexité
syntaxique dans un cadre plus général (systèmes de Bertrand, numérations
linéaires, numérations abstraites, ...), d’étudier les propriétés algébriques du
monöıde syntaxique associé, de tenter d’obtenir une procédure effective de
décision, ...
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This thesis is mainly dedicated to the study of the recognizability of integer
sets by finite automata. Then we will be interested in representations of
integers in different numeration systems.

First, positional numeration systems, such as the classical decimal sys-
tem, the binary system or the Zeckendorf numeration system, are well stud-
ied. Let us cite for example [Fra85, Lot02, BBLT06]. In such numeration
systems, a non-negative integer n can be uniquely decomposed by Euclid’s
algorithm, also called the greedy algorithm, as a linear combination

N∑
i=0

diUN−i, d0, . . . , dN ∈ N, d0 6= 0

of elements of an increasing sequence U = (Um)m≥0 of integers such that
U0 = 1. Then the representation of n is d0 · · · dN . To ensure that the
alphabet of the digits di is finite, we suppose that the quotient Um+1

Um
is

bounded. If the sequence U is the sequence (km)m≥0, we obtain the classical
integer base numeration systems.

For the Zeckendorf numeration [Zec72], the sequence U is the Fibonacci
sequence defined by

U0 = 1, U1 = 2, Un+2 = Un+1 + Un, ∀n ≥ 0.

In this case, questions, such as division criteria, that were trivial in the case
of integer bases, need more elaborate developments. For example, in the
Zeckendorf numeration, the greedy algorithm imposes that the greedy repre-
sentations are the words over {0, 1} not beginning with 0 and not containing
two successive 1’s. This could be useful in coding theory, for instance.

When we consider a numeration system, representing numbers allows us
to pass from integers to words over finite alphabets and then, to transpose
some questions from arithmetic to problems in formal language theory. In
this context, regular languages, i.e., languages accepted by the “simplest
machines of Chomsky’s hierarchy”, the finite automata, are of particular

ix
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interest. Finite automata are abstract machines only able to read words
sequentially and to decide, in linear time according to the input, whether
the word is accepted or not. They are also interesting from the point of view
of decidability, since many of their properties can be tested algorithmically:
universality, acceptance of an empty or finite set, equality or inclusion of
languages, ... Whereas these problems are generally undecidable for context-
free languages.

So if we want to take regular languages into account when we are inter-
ested in sets of numbers, it is natural to introduce the following notion. An
integer set is said to be recognizable for a given numeration system if the set
of representations of its elements in this system is regular. In particular, if
the set of representations of the elements of an integer set in a positional
numeration system U is regular, this set is said to be U -recognizable. The
recognizable sets can be studied from different points of view. Indeed, if the
sequence U satisfies a linear recurrence whose characteristic polynomial is
the minimal polynomial of a Pisot number, a generalisation of Büchi’s the-
orem shows that the U -recognizable sets are also the sets that are definable
in the first order logic 〈N,+, VU 〉 where VU (0) = U0 = 1 and where, for all
positive integers n, VU (n) is the smallest Ui appearing in the greedy decom-
position of n with a non-zero coefficient. The U -recognizable sets are also
the sets whose characteristic sequence is generated by a particular type of
substitution [BH97].

In particular, in the integer base case, A. Cobham proved that a set is
recognizable in base k if and only if its characteristic sequence is the image
under a coding of a fixed point of a k-uniform morphism [Cob72]. He also
proved that the recognizability of an integer set depends on the base of the
considered numeration and that the only integer sets that are recognizable
for all integer bases are the ultimately periodic sets [Cob69]. This result
is known as Cobham’s first theorem and gave rise to a lot of works whose
aim is to extend this result to some other numeration systems and other
contexts; let us cite for example [Sem77, Vil92a, Vil92b, BHMV94, Fab94,
MV96, Bès97, PB97, Dur98, Han98, Bès00, Dur02a, Dur02b, RW06, BB07,
AB08, Dur08, BB09, AB11, Dur11].

If we want to compute effectively in a numeration system, the first op-
eration realisable by an automaton that one is entitled to expect is to test
whether a given word is a valid representation of an integer or not. Then it
is also interesting to find some necessary or sufficient conditions under which
the whole set N of non-negative integers is recognizable. Indeed, in this case
we can test in linear time, thanks to an automaton, if a given word is a valid
representation or not.
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All positional numeration systems mentioned above are monotone, i.e.,
the application mapping an integer to its representation is increasing for the
natural order over N and for the genealogical order induced by the order
on the digits. For these reasons, P. Lecomte and M. Rigo [LR01] intro-
duced the abstract numeration systems S = (L,Σ, <) composed of a reg-
ular language L over the finite alphabet Σ and a total order over Σ. In
these numeration systems, an integer n is represented by the (n + 1)-th
word of the language L. The notion of recognizability can be extended
to the case of abstract numeration systems as well as Cobham’s first the-
orem. Indeed, P. Lecomte and M. Rigo proved that the ultimately pe-
riodic sets are always S-recognizable, suggesting a possible generalization
of Cobham’s first theorem. Then, M. Rigo and A. Maes [RM02] general-
ized Cobham’s second theorem by proving that a set is S-recognizable if
and only if its characteristic sequence is morphic. A generalization of Cob-
ham’s first theorem can be obtain thanks to this result and F. Durand’s
works [Dur98, Dur02a, Dur02b, Dur08, Dur11].

Recognizable sets can be naturally defined in the multidimensional case.
O. Salon [Sal87] proved that the subsets of Nd that are k-recognizable for
an integer base k are those whose characteristic sequence is generated by a
k-uniform morphism. É. Charlier et al. [CKR10] generalized this result to
the abstract numeration systems, proving that the subsets of Nd that are
S-recognizable for an abstract numeration system S are those whose char-
acteristic sequence is generated by a multidimensional morphism satisfying
a property of “shape-symmetry” introduced by A. Maes [Mae99].

This thesis is part of the works about recognizability carried out in
Liège for fifteen years. We develop results obtained in [KLR09], [KLR10],
[LRRV12], [LR13] and [CLR12] as follows.

In the first chapter, we recall basic notions that are useful for the com-
prehension of this dissertation. First, we recall some definitions and some
useful results about words, languages and automata. Then, we introduce
positional numeration systems, abstract numeration systems and notions of
automatic and regular sequences. Finally, we introduce the first definitions
about multidimensional morphisms.

In the second chapter, we study the recognizability of self-generating sets
that were initially introduced by C. Kimberling. These sets are defined by
a set I of integers and a finite set F of affine maps ϕi : n 7→ kin + `i.
For example, if we consider I = {1} and F = {ϕ0 : n 7→ n, ϕ1 : n 7→
2n, ϕ2 : n 7→ 4n − 1}, we obtain the self-generating set K1 := Fω(I) =
{1, 2, 3, 4, 6, 7, 8, 11, 12, 14, . . .}. We prove that, from a technical point of
view, for the study of recognizability, we only need to consider sets of non-
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negative integers and consider ki ≥ 2 and `i ≥ 0 for all i. We prove that
if the multiplicative constants ki are multiplicatively dependent, i.e., if all
the ki are powers of the same integer k, then the self-generating set Fω(I) is
recognizable for the integer base k numeration system. With our techniques,
we reprove a result initially obtained by C. Kimberling [Kim00] and reproved
by J.P. Allouche et al. [ASS05], giving a strong link between the set K1

defined above and the Fibonacci sequence defined as the fixed point ϕω(0) =
01001010 · · · of the morphism ϕ : 0 7→ 01, 1 7→ 0. Finally, answering a
conjecture of J.P. Allouche et al. [ASS05], we give a sufficient condition on
the multiplicative constants ki under which the self-generated set Fω(I) is
never recognizable for an integer base numeration system.

Recall that Cobham’s first theorem shows that the only sets that are
recognizable in multiplicatively independent bases are the ultimately peri-
odic sets. In this context, the following decision problem is natural: given
an abstract numeration system S and a deterministic finite automaton ac-
cepting the representations of elements of a set X in S, decide whether the
set X is ultimately periodic or not. Given Cobham’s second theorem and
its generalization by M. Rigo and A. Maes, this problem can be rewritten
in terms of morphic words: given a morphism and a coding generating an
infinite word, decide whether this word is ultimately periodic or not. This
decision problem has received lots of attention, first for integer bases since
1986 [HL86, Hon86, Pan86] and recently, V. Marsault and J.Sakarovitch
[MS13] gave a O(n log n) decision procedure in the case of integer bases
and the general case has been positively answered independently by F. Du-
rand [Dur11, Dur12] and I. Mitrofanov [Mit11]. Then, in the third chapter,
we explore a new approach to give an alternative decision procedure for this
problem. This way may eventually lead to efficient decision procedures, so
we study the syntactic complexity of any (ultimately) periodic set, i.e., the
number of equivalence classes of the syntactic congruence of the language of
representations of the elements of these sets. The syntactic congruence of a
language L over Σ is defined by

u↔L v ⇔ (∀x, y ∈ Σ∗, xuy ∈ L⇔ xvy ∈ L).

We first give an exact formula for the syntactic complexity of the set of
integer base representations of the elements of a periodic set of period m in
three particular cases: when the period m is coprime with the base, when
m is a power of the base and when m can be written as a power of the base
times an integer coprime with the base. Next, we give a lower bound for
the syntactic complexity of the sets of integer base representations of the
elements of a periodic set of integers in the general case. Finally, thanks to
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this lower bound on the syntactic complexity, we obtain upper bounds for
the possible preperiod and period of the set that is considered in the decision
problem. Then the decision procedure consists in testing the possible pairs
“preperiod-period” that are finite in number.

In first chapters, regular languages play a dominant role since a set is
recognizable for a given numeration system if the language of its representa-
tions in this system is regular. Automaticity of a language is a measure of
how close a non-regular language is to being regular. This notion has been
introduced by B. Trakhtenbrot [Tra64] and gave rise to several works whose
aim is to give bounds on the automaticity of some non-regular languages.
For example, J. Shallit [Sha96] gave a lower bound on the automaticity of
prime numbers represented in any integer base numeration system. In the
fourth chapter, we study the automaticity of three particular languages: the
language of primitive words over a finite alphabet, i.e., words that are not
powers of a smaller word, the language of unbordered words over a finite
alphabet, i.e., words that have no non-trivial period, and the language of
representations of monic irreducible polynomials over a finite field. It can be
proved that a lower bound on the automaticity of a language is given by the
size of a set of dissimilar words for this language, where two words are said
to be similar for a language L if, when we add the same suffix to them, either
they both belong to L or they both do not belong to L. For the three con-
sidered languages, the method consists of building a set of dissimilar words
for these languages and deducing a lower bound on their automaticity.

In the fifth and last chapter, answering a question of J. Sakarovitch, we
characterize the multidimensional sets that are recognizable in all abstract
numeration systems by proving that the subsets of Nd that are recognizable
in all abstract numeration systems are exactly the 1-recognizable sets, i.e.,
the sets that are recognizable in the abstract numeration system built on the
language a∗. We show for example that a 1-recognizable set such as X =
{(n, 2m) : n,m ∈ N and n > 2m} whose unary representations are given by
((a, a)2)∗(a,#)∗(a,#) and whose characteristic sequence is the image under
the coding σ : a, b, d 7→ 0, c 7→ 1 of the fixed point

ϕω(a) =

... . .
.

b b b b b b a

b b b b b a d
b b b b a c c

b b b a d d d
b b a c c c c

b a d d d d d
a c c c c c c · · ·
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of the shape-symmetric morphism

ϕ : a 7→ b a

a c
, b 7→ b b

b b
, c 7→ d d

c c
, d 7→ d d

c c

can also be written X = {(2m + k + 1, 2m) : m, k ∈ N}, or X = Y1 ∩ Y2

with Y1 = {(n2 + n1 + 1)e1 + n2e2 : n1, n2 ∈ N} and Y2 = {n1e1 + 2n2e2 :
n1, n2 ∈ N}. Then we build an automaton showing that the sets of type Yj
are recognizable in all abstract numeration systems.

In conclusion, this thesis deepens the links between sets of numbers,
morphic words, regular languages and decision procedures, for integer base
systems (in the case of self-generating sets and syntactic complexity) as well
as for abstract numeration systems. It also suggests several trails to explore.
In particular, in line with Chapter 3, we can continue the study of the syntac-
tic complexity in a more general case (Bertrand numeration systems, linear
numerations, abstract numerations, ...), study the algebraic property of the
associated syntactic monoid, obtain an effective decision procedure, ...



Chapter 1

Basics

In this chapter we introduce the basic notions that are needed in this thesis.

First, we recall some usual definitions and results about formal languages
and automata theory. The interested reader can find more details in [Eil74,
Sak03].

Next, we give definitions of positional numeration systems, as in particu-
lar the well-known integer base k numeration systems and we define abstract
numeration systems initially introduced by Lecomte and Rigo [LR01]. We
give some basic results about these two types of numeration systems. See
for instance [Lot02] for details about positional numeration systems.

We also define automatic and regular sequences. These notions are linked
to the numeration systems mentioned above. More details can be found
in [AS03].

Finally, we extend the notion of morphisms to the multidimensional case.
This notion will be useful for our last chapter about recognizability of sets
of Nd.

1.1 Words and languages

Definition 1.1.1. An alphabet is a non-empty finite set. The elements of
an alphabet are called letters. A word over an alphabet Σ is a (finite or
infinite) sequence of letters of Σ. The empty word , denoted by ε, is the empty
sequence. The length of a finite word w, denoted by |w|, is the number of
letters making up w. If w is a non-empty finite (resp. infinite) word, then for
any n ∈ {0, . . . , |w| − 1} (resp. n ∈ N), the (n+ 1)-th letter of w is denoted
by wn. If w = w0 · · ·wr, the mirror of w is the word w̃ = wr · · ·w0.

Example 1.1.2. Let Σ = {a, b} be an alphabet. The finite word w = abba

1
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over Σ is of length |w| = 4 and its 4th letter is w3 = a. Consider now an
infinite word v = ababbaab · · · . The 6th letter of v is v5 = a.

Definition 1.1.3. The set of finite (resp. infinite) words over an alphabet
Σ is denoted by Σ∗ (resp. Σω). For a unary alphabet {a}, we usually write
a∗ instead of {a}∗. A language (resp. ω-language) over an alphabet Σ is a
subset of Σ∗ (resp. Σω).

Definition 1.1.4. If u and v are two finite words over an alphabet Σ, then
the concatenation of u and v, denoted by u · v (or simply uv), is the finite
word w satisfying wn = un for all n ∈ {0, . . . , |u| − 1} and wn = vn−|u| for
all n ∈ {|u|, . . . , |u|+ |v| − 1}. For a finite word u over an alphabet Σ and a
non-negative integer n, we let un denote the concatenation of n copies of u,
which is defined inductively by u0 = ε and un+1 = unu for all n ∈ N.

Example 1.1.5. The concatenation of the words lady and bug gives the
word ladybug.

Definition 1.1.6. Let u be a finite word over an alphabet Σ and v be an
infinite word over Σ. The concatenation of u and v, denoted by u·v (or simply
uv), is the infinite word w satisfying wn = un for all n ∈ {0, . . . , |u| − 1} and
wn = vn−|u| for all n ≥ |u|.

Definition 1.1.7. Let L and M be two languages. The concatenation of L
and M is the language LM = {uv | u ∈ L, v ∈M}. For all n ∈ N, we let Ln

denote the concatenation of n copies of L, which is defined by

L0 = {ε}

and ∀n ∈ N\{0},

Ln = {u(1) · · ·u(n) | ∀i ∈ {1, . . . , n}, u(i) ∈ L}.

For all n ∈ N, we define L≤n =
⋃n
i=0 L

i. The Kleene closure of L is the
language L∗ =

⋃
n≥0 L

n. For a language L = {w} containing only one
element, we usually write w∗ instead of {w}∗.

Note that, equipped with the concatenation of words, Σ∗ is the free
monoid generated by Σ having ε as neutral element. We can thus define
morphisms from Σ∗ to ∆∗ for two alphabets Σ and ∆.
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Definition 1.1.8. Let Σ and ∆ be two alphabets. A morphism is a map
ϕ : Σ∗ → ∆∗ satisfying ϕ(uv) = ϕ(u)ϕ(v) for all u, v ∈ Σ∗. If Σ = ∆, we
say that ϕ is a morphism on Σ. If there is a constant k such that |ϕ(a)| = k
for all a ∈ Σ, then we say that ϕ is a k-uniform morphism. A 1-uniform
morphism is called a coding. If ϕ(a) 6= ε for all a ∈ Σ, then ϕ is nonerasing.
If ϕ(a) = ε for all a ∈ Σ, the we say that ϕ is trivial. If there exists an
integer j ≥ 1 such that ϕj(a) = ε, then the letter a is said to be mortal.
The set of mortal letters associated with a morphism ϕ is denoted by Mϕ.
A finite or infinite word w such that ϕ(w) = w is said to be a fixed point of
ϕ. If there exists a letter a ∈ Σ such that ϕ(a) = ax, and x /∈ M∗ϕ, we say
ϕ is prolongable on a. In this case, the sequence of words a, ϕ(a), ϕ2(a), . . .
converges1, in the limit, to the infinite word

ϕω(a) := lim
n→+∞

ϕn(a) = axϕ(x)ϕ2(x) · · · ,

which is a fixed point of ϕ, that is, ϕ(ϕω(a)) = ϕω(a). Furthermore, it is
easy to see that ϕω(a) is the unique fixed point of ϕ which starts with a. If
w = ϕω(a), then we call w a pure morphic sequence . If there is a coding
τ : Σ→ ∆ and w = τ(ϕω(a)), then we call w a morphic sequence.

Example 1.1.9. Let Σ = ∆ = {0, 1}. The Thue-Morse morphism is defined
as follows

µ :

{
0 7→ 01

1 7→ 10.

Then we have µ(0) = 01, µ2(0) = 0110, µ3(0) = 01101001, . . . and the
Thue-Morse word is the fixed point of the morphism µ starting with 0,

µω(0) = 0110100110010110 · · · .

The next theorem can be found in [AS03, Theorem 7.7.5] and has been
initially proved by Cobham [Cob68].

Theorem 1.1.10. The image of a morphic sequence by any morphism is
either finite or morphic.

Definition 1.1.11. Let w be a word over an alphabet Σ. A factor of w
is a finite word u such that there exist x ∈ Σ∗ and y ∈ Σ∗ ∪ Σω satisfying
w = xuy. For any non-negative integers m and n satisfying m ≤ n, we
let w[m,n] denote the factor wm · · ·wn of w. For any n ∈ N, the prefix

1for the product topology of the discrete topology over the alphabet
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of length n of w is the factor w[0, n − 1], where, by convention, if m > n
we set w[m,n] = ε. The suffix of length n of a finite word w is the factor
w[|w| − n+ 1, |w|]. We let Pref(w) denote the set of all prefixes of w:

Pref(w) = {x ∈ Σ∗ | ∃y ∈ Σ∗ ∪ Σω, w = xy}

and Suff(w) denotes the set of all suffixes of w.

Note that we have wn = w[n, n] for any non-empty word w and any
non-negative integer n.

Definition 1.1.12. Let u be a finite word over an alphabet Σ. We let uω

denote the concatenation of infinitely many copies of u, which is defined by
uω[n|u|, (n+ 1)|u| − 1] = u for all n ∈ N.

Definition 1.1.13. The prefix-closure of a language L over an alphabet Σ,
which is denoted by Pref(L), is the language of the prefixes of its words:

Pref(L) = {x ∈ Σ∗ | ∃y ∈ Σ∗, xy ∈ L}.

A language L is prefix-closed if it satisfies L = Pref(L).

Example 1.1.14. Let us consider the word w = abbaba over the alphabet
Σ = {a, b}. The prefix of length 3 of w is abb and its suffix of length 3
is aba. The set of its factors of length 3 is {abb, bba, bab, aba} and we have
Pref(w) = {ε, a, ab, abb, abba, abbab, abbaba}.

Definition 1.1.15. Let (Σ, <) be a totally ordered alphabet. The order <
on Σ extends to an order on Σω, called the lexicographical order , as follows.
If u and v are two distinct infinite words over Σ, then u is said to be lexico-
graphically less than v and we write u <lex v, if there exist p ∈ Σ∗, s, t ∈ Σω,
and a, b ∈ Σ such that we have u = pas, v = pbt, and a < b. This order
extends to Σω ∪Σ∗ by replacing finite words z over Σ by z#ω ∈ (Σ∪{#})ω,
where # is a letter not belonging to the alphabet Σ which is assumed to sat-
isfy # < a for all a ∈ Σ. We write u ≤lex v for two words u and v satisfying
either u <lex v or u = v.

Definition 1.1.16. Let (Σ, <) be a totally ordered alphabet. The order <
on Σ extends to a total order on Σ∗, called the genealogical order (or radix
order), as follows. If u and v are two finite words over Σ, then u is said to
be genealogically less than v, and we write u <gen v, if they satisfy either
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|u| = |v| and u <lex v or |u| < |v|. We write u ≤gen v for two words u and v
satisfying either u <gen v or u = v.

Example 1.1.17. Consider the alphabet Σ = {a, b, c} with a < b < c.
In the lexicographic order, the first words of Σ∗ are ε, a, a2, a3, . . .. In the
genealogical order, the first words of Σ∗ are ε, a, b, c, aa, ab, ac, ba, . . ..

1.2 Automata and regular languages

Definition 1.2.1. A deterministic finite automaton (or DFA) is a 5-tuple

A = (Q,Σ, δ, q0, F )

where

• Q is a non-empty finite set, called the set of states;

• Σ is an alphabet;

• δ : Q× Σ→ Q is the (possibly partial) transition function;

• q0 is a distinguished element of Q, called the initial state;

• F ⊆ Q is the set of final states.

The transition function δ naturally extends to a function on Q×Σ∗ as follows:

δ(q, ε) = q

and
δ(q, aw) = δ(δ(q, a), w), a ∈ Σ, w ∈ Σ∗.

If the function δ is total, the automaton is said to be complete.

If the set of states is infinite, we said that A is a deterministic infinite
automaton.

Remark 1.2.2. If the context is clear, we write q.w instead of δ(q, w).

Definition 1.2.3. The language accepted (or recognized) by the DFA A is

L(A) = {w ∈ Σ∗|δ(q0, w) ∈ F}.

If w ∈ L(A), we say that A accepts (or recognizes) the word w (or that w is
accepted by A).
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Automata can be represented by oriented graphs. The vertices are the
states of the automaton A and there is an edge labelled by a ∈ Σ between
two vertices q and q′ if the transition function δ of the automaton is such
that δ(q, a) = q′. The initial state is distinguished by an incoming arrow and
final states by an outgoing arrow.

Example 1.2.4. Consider the DFA A = ({I, II, III}, {0, 1}, δ, {I}, {II})
such that the transition function δ is given by the following table.

δ 0 1

I II I
II II III
III III III

This automaton is represented in Figure 1.1 and accepts the language
1∗0∗0.

I II III
0 1

1 0

0,1

Figure 1.1: DFA accepting 1∗0∗0.

Definition 1.2.5. Let A = (Q,Σ, δ, q0, F ) be a deterministic automaton. A
state q in Q is accessible if it can be reached from the initial state, i.e., if
there exists a word w ∈ Σ∗ such that we have δ(q0, w) = q and is coaccessible
if one can reach a final state from it, i.e., if there exists w ∈ Σ∗ such that we
have δ(q, w) ∈ F . The automaton A is accessible (resp. coaccessible) if all
its states are accessible (resp. coaccessible) and is trim if it is both accessible
and coaccessible.

Example 1.2.6. The automaton depicted in Figure 1.2 is a trim DFA recog-
nizing the same language as the DFA of Figure 1.1 . Note that its transition
function is partial : for instance, δ(II, 1) is not defined.

Definition 1.2.7. A non-deterministic finite automaton (or NDFA) is a
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I II
0

1 0

Figure 1.2: Trim DFA accepting 1∗0∗0.

5-tuple

A = (Q, I, F,Σ,∆)

where

• Q is a non-empty finite set, called the set of states;

• I ⊆ Q is the set of initial states;

• F ⊆ Q is the set of final states;

• Σ is the alphabet of the automaton;

• ∆ ⊂ Q× Σ∗ ×Q is a transition relation.

Definition 1.2.8. A word w is accepted by a NDFA A if there exists q0 ∈ I,
l ∈ N\{0}, v1, . . . , vl ∈ Σ∗, q1, . . . , ql ∈ Q such that

(q0, v1, q1), (q1, v2, q2), . . . , (ql−1, vl, ql) ∈ ∆,

w = v1 · · · vl and ql ∈ F,

i.e., there exists a path in the graph associated to A beginning in an initial
state and ending in a final state. The language accepted by a NDFA A is
the set of words accepted by A and is denoted by L(A).

Example 1.2.9. The NDFA A = ({I, II}, {I}, {II}, {0, 1},∆) where

∆ = {(I, 0, II), (I, 1, I), (I, 0, II), (II, 0, II)} ⊂ {I, II} × {0, 1} × {I, II}

is represented by the oriented graph of Figure 1.3. This automaton accepts
the language {0, 1}∗0.
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I II
0

0,1 0

Figure 1.3: NDFA accepting {0, 1}∗0.

The following result is well known.

Proposition 1.2.10 ([RS59]). Every language accepted by a NDFA is ac-
cepted by a DFA.

Definition 1.2.11. Let L ⊆ Σ∗ be a language. If w is a word over Σ,
we denote by w−1.L the set of words which belong to L when they are
concatenated with w, i.e.,

w−1.L = {u ∈ Σ∗|wu ∈ L}.

We define the Nerode congruence on Σ∗, denoted by ∼L, as follows: for all
x, y ∈ Σ∗,

x ∼L y ⇔ x−1.L = y−1.L.

Lemma 1.2.12. Let L ⊆ Σ∗ be a language and let u, v be two words over
Σ. We have

(uv)−1.L = v−1.(u−1.L).

Definition 1.2.13. The minimal automaton of L is the deterministic finite
automaton

AL = (QL,Σ, δL, q0,L, FL)

where

• QL = {w−1.L|w ∈ Σ∗},

• δL(q, a) = a−1.q, for all q ∈ QL, a ∈ Σ,

• q0,L = ε−1.L = L,

• FL = {w−1.L|w ∈ L} = {q ∈ QL|ε ∈ q}.
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The trim minimal automaton of a language L is the minimal automaton of
L from which the only possible non-coaccessible state, called the sink state,
is removed.

Example 1.2.14. The automata depicted in Figure 1.1 and Figure 1.2 are
the minimal automaton and the trim minimal automaton of the language
1∗0∗0.

The following result is clear.

Proposition 1.2.15. The minimal automaton of a language L ⊆ Σ∗ accepts
L.

The term “minimal automaton” is justified by the following proposition.

Proposition 1.2.16. Let L be a language over an alphabet Σ and let A be
a deterministic automaton accepting L and having Q as set of states. Then
we have a surjective morphism Φ : Q→ QL such that

• Φ(F ) ⊆ FL,

• Φ(q0) = q0,L,

• Φ(δ(q, w)) = δL(Φ(q), w).

The morphism Φ in Proposition 1.2.16 is called the canonical morphism
of automata.

Definition 1.2.17. A language is regular if it is accepted by a finite au-
tomaton.

The two following results give characterizations of regular languages.

Proposition 1.2.18 ([Kle56]). The set of regular languages over Σ is the
smallest family of languages containing the empty set and the singletons and
closed under union, concatenation and Kleene closure.

Theorem 1.2.19 ([Ner58]). A language L is regular if and only if the equiv-
alence ∼L is of finite index (i.e., has a finite number of equivalence classes),
i.e., if its minimal automaton AL is finite.
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The following result is often used to prove the non-regularity of a lan-
guage.

Lemma 1.2.20 (Pumping Lemma). Let L ⊆ Σ∗ be a regular language.
There exists an integer l such that for all words w of L satisfying |w| ≥ l,
there exist x, y, z ∈ Σ∗ such that w = xyz and

• |xy| ≤ l,

• y 6= ε,

• xy∗z ⊂ L.

Definition 1.2.21. A deterministic finite automaton with output (or DFAO)
is defined to be a 6-tuple

M = (Q,Σ, δ, q0,∆, τ)

where Q,Σ, δ and q0 are as in the definition of DFA, ∆ is the output alphabet,
and τ : Q → ∆ is the output function. In particular, the output for a word
w ∈ Σ∗ is τ(δ(q0, w)).

We can represent a DFAO in the same way we did for DFA. The only
difference is that a state labelled q/a indicates that the output associated
with the state q is the symbol a, i.e., τ(q) = a.

Example 1.2.22. Consider the DFAO defined by Q = {q0, q1}, Σ = ∆ =
{0, 1}, δ(q0, 0) = q0, δ(q0, 1) = q1, δ(q1, 0) = q1, δ(q1, 1) = q0, τ(q0) = 0 and
τ(q1) = 1. This deterministic finite automaton with output is depicted in
Figure 1.4.

q0/0 q1/1

1

1

0 0

Figure 1.4: A deterministic finite automaton with output.
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q0 q1

a/a

b/bc

b/b a/a

Figure 1.5: A finite-state transducer.

Another model of automata with output can be defined as follows.

Definition 1.2.23. A transducer T (from Σ∗ to ∆∗) can be viewed as an
automaton whose transitions are labelled by pairs of words (elements of
Σ∗×∆∗). The set of labels of successful computations is a subset of Σ∗×∆∗

and is called the relation realized by T . A letter-to-letter transducer is an
automaton whose transitions are labelled by elements of Σ×∆. If there exists
a path from the state q0 to a finite state and labelled by (w,w′) ∈ Σ∗ ×∆∗,
we say that w′ is an output for the word w.

Example 1.2.24. Consider the deterministic transducer depicted in Fig-
ure 1.5. This transducer inserts a c after every occurrence of ab in the input
string. For example, the output for the word aab is aabc.

A proof of the following result can be found in [AS03, Theorem 4.3.6].

Proposition 1.2.25. If a regular language is an input of a transducer then
the output language is also regular.

Corollary 1.2.26. Let L ⊆ Σ∗ be a regular language, and let ϕ : Σ∗ → ∆∗

be a morphism. Then ϕ(L) = {ϕ(w) : w ∈ L} is regular.

1.3 Positional numeration systems

Let 1 = u0 < u1 < · · · < uN < · · · be an increasing sequence of integers.
Every positive integer n can be decomposed as n = d0uN + · · ·+ dN−1u1 +
dNu0 where d0, . . . , dN are non-negative integers. The aim is to decompose
any positive integer as d0uN + · · · + dN−1u1 + dNu0 with some prescribed
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conditions like, for example, greediness.

Definition 1.3.1. A positional numeration system is a strictly increasing
sequence U = (um)m≥0 of integers such that u0 = 1 and the ratio um+1

um
is

bounded. If the sequence U satisfies a linear recurrence relation with integer
coefficients, the numeration system is said to be linear . Let Σ ⊂ Z be an
alphabet and w = d0 · · · dN be a word over Σ. We denote by valU (w) the
integer

n = d0uN + · · ·+ dN−1u1 + dNu0.

A U -representation of an integer n is a word d0 · · · dN such that

n =

N∑
i=0

diuN−i.

Note that an integer can have more than one U -representation. A special
representation of n can be obtained thanks to a greedy algorithm as follows.
Let N be such that uN ≤ n < uN+1 and let d0 and r0 be the quotient and the
remainder of the Euclidean division of n by uN . For i = 1, . . . , N , we denote
by di and ri respectively the quotient and the remainder of the Euclidean
division of ri−1 by un−i. As the ratio um+1

um
is bounded by a constant kU , the

di’s belong to the alphabet ΣU := {0, . . . , kU − 1}.

Definition 1.3.2. The word d0 · · · dN ∈ Σ∗U obtained by the greedy algo-
rithm is unique, with the condition that d0 6= 0, and is called the normal
U -representation (or greedy representation) of n and is denoted by repU (n).
The normal U -representation of 0 is repU (0) = ε. The elements of ΣU are
called the digits. The set repU (N) is called the numeration language.

Example 1.3.3. Consider the Fibonacci sequence F = (Fm)m≥0 defined
by F0 = 1, F1 = 2 and Fm = Fm−1 + Fm−2 for all m ≥ 2. Hence F =
(1, 2, 3, 5, 8, 13, . . .). The numeration system built on this sequence is called
the Fibonacci numeration system. Zeckendorf [Zec72] proved that ΣF =
{0, 1} and that the numeration language is the set repF (N) = 1{0, 01}∗∪{ε},
i.e., the set of words over {0, 1} not containing the factor 11 and not beginning
with 0. For instance, we have repF (17) = 100101 because 17 = 13 + 3 + 1
and valF (1010) = 5 + 2 = 7.

Definition 1.3.4. Let k ≥ 2 be an integer. If the sequence U is the sequence
(km)m≥0, the obtained numeration system is the integer base k numeration
system. The normal k-representation of an integer n is denoted by repk(n)
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and the value of a word w over Σk := {0, . . . , k − 1} is denoted by valk(w).
In this case, the numeration language is repk(N) = Σ∗k\0Σ∗k.

Example 1.3.5. If k = 3, we have Σ3 = {0, 1, 2}. Then rep3(17) = 122
because 17 = 9 + 2.3 + 2.1 and val3(1010) = 27 + 3 = 30.

Definition 1.3.6. Let Σ be a finite alphabet of integers that can be positive
or negative. The numerical value in base k on Σ∗ is the function

valk : Σ∗ → Z

that maps a word w = c0 · · · cN of Σ∗ onto
∑N

i=0 cik
N−i. Note that valk(uv) =

valk(u)k|v|+ valk(v) for all u, v ∈ Σk. The normalization on Σ∗ is the partial
function

νΣ : Σ∗ → Σ∗k

that maps a word w = c0 · · · cN of Σ∗, such that n = valk(w) is non-negative,
onto its normal representation repk(n).

As stated by Frougny’s normalization theorem [Lot02, Fro92], the nor-
malization is computable by transducer.

Theorem 1.3.7. In base k, for every finite alphabet Σ ⊂ Z, the normaliza-
tion on Σ∗ is computable by a finite transducer.

As stated by the next proposition, considering normal representations
allows us to work with order-preserving positional numeration systems. More
precisely, in this case, the natural order on the set of integers corresponds to
the genealogical order on the numeration language.

Proposition 1.3.8. Let U be a positional numeration system. For all non-
negative integers m and n, we have

m < n⇔ repU (m) <gen repU (n)

where the genealogical order <gen is induced by the natural order on the
alphabet ΣU .

Definition 1.3.9. Let U be a positional numeration system. A set X of N
is U -recognizable if the language repU (X) over ΣU is regular. In particular,
a set X of N is k-recognizable if the language repk(X) is regular.
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A similar definition can be given for the U -recognizable subsets of Z
using convenient conventions to represent negative numbers, like adding a
symbol “-” to the alphabet or considering the positive and negative elements
separately.

Example 1.3.10. The set X of powers of 2, whose normal representations
in base 2 are the words of the language 10∗, is 2-recognizable. Indeed the
numeration language rep2(X) is accepted by the automaton depicted in Fig-
ure 1.6.

1 1

0

0

0,1

Figure 1.6: DFA accepting rep2(X).

However we can prove that the set of powers of 2 is not 3-recognizable. So
the recognizability of a set depends on the base. Proofs of the two following
results can be found in [BHMV94].

Proposition 1.3.11. Let k ≥ 2 and l ≥ 1 be integers. A set X of integers
is k-recognizable if and only if X is kl-recognizable.

Proposition 1.3.12. Let k ≥ 2 and m ≥ 0 be integers. A set X ⊆ N is
k-recognizable if and only if X +m is k-recognizable.

Proposition 1.3.13. Let X ⊆ N be a k-recognizable set. Then the set bX
is k-recognizable for any integer b ≥ 0.

Definition 1.3.14. A set of integers X is ultimately periodic (or periodic)
if there exist a, p ∈ N with p > 0, such that, for all i ≥ a we have i ∈ X ⇔
i + p ∈ X. If the integers a and p are minimal for the latter property, then
we say that they are the preperiod and the period of X respectively.
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Proposition 1.3.15. If a set of integers X is ultimately periodic, X is k-
recognizable for all integers k ≥ 2.

The celebrated first theorem of Cobham can be stated as follows.

Theorem 1.3.16 ([Cob69]). Let k, l be two multiplicatively independent in-
tegers, i.e., log k

log l is irrational. If a set of integers X is both k-recognizable
and l-recognizable, then X is ultimately periodic.

Thanks to the previous two results, it is clear that the sets that are k-
recognizable for all integer base k ≥ 2 are exactly the ultimately periodic
sets.

1.4 Abstract numeration systems

Definition 1.4.1. An abstract numeration system (or ANS) is a triple S =
(L,Σ, <) where L is an infinite regular language over a totally ordered al-
phabet (Σ, <). The map repS : N → L is the one-to-one correspondence
mapping n ∈ N onto the (n+ 1)th word of L for the genealogical order. This
word is called the S-representation of n. The S-representation of 0 is the
first word in L. The inverse map is denoted by valS : L→ N. If w is a word
in L, valS(w) is its S-numerical value.

Example 1.4.2. Consider the abstract numeration system

S = (a∗b∗, {a, b}, a < b).

If we enumerate the words of a∗b∗ in the genealogical order we obtain the
following correspondence between words and integers.

w valS(w)

ε 0
a 1
b 2
aa 3
ab 4
bb 5
aaa 6
...

...
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Thanks to Proposition 1.3.8, positional numeration systems whose lan-
guage of numeration is regular are special cases of abstract numeration sys-
tems. However, abstract numeration systems are not always positional nu-
meration systems but we can define S-recognizability in a way similar to
U -recognizability.

Definition 1.4.3. Let X be a set of integers. We denote by repS(X) the
set of S-representations of the elements of X, i.e.,

repS(X) = {repS(n)|n ∈ X}.

A set X of integers is said to be S-recognizable if repS(X) is a regular lan-
guage. In particular, a set of non-negative integers is 1-recognizable if this
set is S-recognizable where S is the abstract numeration system built on the
language a∗. These sets will be of particular interest in the sequel .

We collect here some basic results on S-recognizable sets.

Theorem 1.4.4 ([LR01]). A set X ⊆ N is S-recognizable for all abstract
numeration systems S if and only if it is ultimately periodic.

Theorem 1.4.5 ([Eil74]). A set of non-negative integers is 1-recognizable
if and only if it is a finite union of arithmetic progressions, i.e., ultimately
periodic.

Proposition 1.4.6 ([LR01]). [Translation by a constant] Let S = (L,Σ, <)
be an abstract numeration system and t ∈ N. If X ⊆ N is S-recognizable,
then X + t is S-recognizable.

Theorem 1.4.7 ([Rig01]). Let L ⊆ Σ∗ be a regular language such that
uL(n) = Θ(nk) for some k ∈ N, where uL(n) denotes the number of words
of length n, and S = (L,Σ, <). Preservation of S-recognizability after mul-
tiplication by a constant λ holds only if λ = βk+1 for some β ∈ N.

Proposition 1.4.8 ([Rig00]). The set P of prime numbers is never S-
recognizable.

1.5 Automatic and regular sequences

Definition 1.5.1. Let u = (un)n∈N be an infinite sequence over a finite
alphabet Σ and k ≥ 2 be an integer. The sequence u is k-automatic if there
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exists a DFAO M = (Q,Σk, δ, q0,Σ, τ) such that un = τ(δ(q0, w)) for all
n ≥ 0 and all w with valk(w) = n.

Example 1.5.2. The Thue-Morse sequence µω(0) = 0110100110010110 · · ·
is 2-automatic. Indeed, the DFAO represented in Figure 1.4 of Exam-
ple 1.2.22 is the automaton generating this sequence.

The k-kernel of a sequence u is the set

Kk(u) = {ukin+j : i ≥ 0, 0 ≤ j ≤ ki}.

It is well known that the sequence u is k-automatic if and only if its k-kernel
is finite [Eil74].

Definition 1.5.3. A sequence u over a ring is k-regular if the Z-module
generated by its k-kernel is finitely generated.

It is clear that a k-automatic sequence is necessarily k-regular.

The notion of k-automatic sequence is also related to k-recognizable sets.
Recall that the characteristic sequence (cX(n))n≥0 of a set X ⊆ N is defined
by cX(n) = 1, if n ∈ X and cX(n) = 0, otherwise. In particular, X is
k-recognizable (resp. ultimately periodic) if and only if (cX(n))n≥0 is k-
automatic (resp. an ultimately periodic infinite word).

We give below some basic properties of automatic sequences. These re-
sults can be found in [AS03, Section 5.4].

Theorem 1.5.4. If a sequence v differs only in finitely many terms from a
k-automatic sequence u, then it is k-automatic.

This result is similar to the fact that adding or deleting a finite set of
words to a regular language gives again a regular language. The following
result is equivalent to Proposition 1.3.15

Theorem 1.5.5. If u is an ultimately periodic sequence, then this sequence
is k-automatic for all k ≥ 2.

Theorem 1.5.6. Let u be a k-automatic sequence, and let ρ be a coding.
Then the sequence ρ(u) is also k-automatic.

Let u = u0u1u2 · · · and v = v0v1v2 · · · be two sequences with values in Σ
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and Σ′. The product u× v is defined by

u× v = (u, v) = (u0, v0)(u1, v1)(u2, v2) · · · ∈ (Σ× Σ′)ω.

Theorem 1.5.7. Let u and v be two k-automatic sequences with values in
Σ and Σ′ respectively. Then u× v is k-automatic.

The following result is known as Cobham’s second theorem.

Theorem 1.5.8 ([Cob72]). Let k ≥ 2 be an integer. An infinite sequence is
k-automatic if and only if it is the image under a coding of a fixed point of
k-uniform morphism.

Allouche, Scheicher and Tichy [AST00] extended the notions of k-regular
and k-automatic sequences to number systems based on linear recurrence se-
quences. For example, if we consider the Fibonacci sequence F = (Fn)n∈N in-
troduced in Example 1.3.3, we can define Fibonacci-regularity and Fibonacci-
automaticity as follows. Let F be the set of F-representations, i.e., F =
repF (N). Shallit [Sha88] proved that this set is regular. For each word
v ∈ Σ∗2, consider Lv = {u ∈ Σ∗2 : uv ∈ F}. As F is regular there is a
finite number of Lv and it is easy to prove that for each v, Lv is either empty
or infinite. For each v such that Lv 6= ∅, let iv(n) be the sequence such
that {(iv(n)) : n ≥ 0} = valF (Lv) where the elements of Lv are sorted in
increasing order and iε(n) = 0.

Example 1.5.9. Consider the first F -representations of integers given in
the following table.

N repF (N)

0 ε
1 1
2 10
3 100
4 101
5 1000
6 1001
7 1010
8 10000
9 10001
10 10010
...

...
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Then to each suffix corresponds a subsequence and we have for example

{i0(n) : n ∈ N} = {2, 3, 5, 7, 8, 10, . . .}

and
{i10(n) : n ∈ N} = {7, 10, . . .}.

Definition 1.5.10. Let (un)n∈N be a sequence. The Fibonacci-kernel of u
is the set

KF (u) = {uiv(n) : v ∈ Σ∗2}.

A sequence u is Fibonacci-regular if the module generated by its Fibonacci-
kernel is finitely generated.
A sequence u is Fibonacci-automatic if un is a finite state function of the
Fibonacci-representations of n.

1.6 Multidimensional morphisms

In this section, we generalize words and morphisms to the case of multidimen-
sional sequences. These definitions will be useful in Chapter 5 which deals
with multidimensional sets recognizable in abstract numeration systems. For
i ≤ j, we denote by [[i, j]] the interval of integers {i, i+ 1, . . . , j − 1, j}.

Definition 1.6.1. Let s1, . . . , sd be positive integers or∞. A d-dimensional
array over the alphabet Σ is a map x with domain [[0, s1− 1]]× · · · [[0, sd− 1]]
taking values in Σ. By convention, if we have si = ∞ for some i, then
we set [[0, si − 1]] = N. If x is such an array, we write |x| for the d-tuple
(s1, . . . , sd) ∈ (N∪∞)d, which is called the shape of x. We let εd denote the
d-dimensional array of shape 0. Note that we have ε1 = ε. A d-dimensional
array x is said to be bounded if we have |x|i < ∞ for all i ∈ [[1, d]]. The set
of d-dimensional bounded arrays over Σ is denoted by Bd(Σ). A bounded
array x is a square of size c ∈ N if |x| = (c, . . . , c).

Let x be a d-dimensional array. If we have 0 ≤ s ≤ t ≤ |x| − 1, where
0 = (0, . . . , 0) and 1 = (1, . . . , 1), then x[s, t] is said to be a factor of x and
is defined as the array y of shape t− s + 1 given by y(n) = x(n + s) for all
n ∈ Nd such that n ≤ t− s. For any v ∈ Nd, the set of factors of x of shape
v is denoted by Factv(x).

Example 1.6.2. Consider the bidimensional bounded array of shape (2, 5),

x =
a b a a b

c d b c d
.
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We have

x[(0, 0)(1, 1)] =
a b

c d
and x[(0, 2)(1, 4)] =

a a b

b c d

We have also Fact1(x) = {a, b, c, d} and

Fact(2,3)(x) =

{
a b a

c d b
,
b a a

d b c
,
a a b

b c d

}
Definition 1.6.3. Let x be a d-dimensional array of shape s = (s1, . . . , sd).
For all i ∈ [[1, d]] and k < si, we let x|i,k denote the (d− 1)-dimensional array
of shape

|x|̂i = sî = (s1, . . . , si−1, si+1, . . . , sd)

defined by setting the ith coordinate equal to k in x, that is,

x|i,k(n1, . . . , ni−1, ni+1, . . . , nd) = x(n1, . . . , ni−1, k, ni+1, . . . , nd)

for all nj ∈ [[0, sj − 1]] with j ∈ [[1, d]]\{i}.

Definition 1.6.4. Let x, y be two d-dimensional arrays. If for some i ∈
[[1, d]], |x|̂i = |y|̂i = (s1, . . . , si−1, si+1, . . . , sd), then we define the concatena-

tion of x and y in the direction i to be the d-dimensional array x
⊙i y of

shape
(s1, . . . , si−1, |x|i + |y|i, si+1, . . . , sd)

satisfying

(i) x = (x
⊙i y)[0, |x| − 1]

(ii) y = (x
⊙i y)[(0, . . . , 0, |x|i, 0, . . . , 0), (0, . . . , 0, |x|i, 0, . . . , 0) + |y| − 1).

The d-dimensional empty word εd is a word of shape 0. We extend the
definition to the concatenation of εd and any d-dimensional word x in the
direction i ∈ [[1, d]] by

εd

i⊙
x = x

i⊙
εd = x.

In particular, εd
⊙i εd = εd.

Example 1.6.5. Consider the two bidimensional arrays

x =
a b

c d
and y =

a a b

b c d
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of shape respectively |x| = (2, 2) and |y| = (2, 3). Since |x|2̂ = |y|2̂ = 2, we
get

x

2⊙
y =

a b a a b

c d b c d
.

However x
⊙1 y is not defined because 2 = |x|1̂ 6= |y|2̂ = 3.

Definition 1.6.6. Let µ : Σ → Bd(Σ) be a map and x be a d-dimensional
array such that

∀i ∈ [[1, d]], ∀k < |x|i, ∀a, b ∈ Fact1(x|i,k) : |µ(a)|i = |µ(b)|i. (1.1)

Then the image of x by µ is the d-dimensional array defined by

µ(x) =

1⊙
0≤n1≤|x|1

· · ·
 d⊙

0≤nd≤|x|d

µ(x(n1, . . . , nd))

 · · ·
 .

Note that the ordering of the products in the different directions is unim-
portant.

Definition 1.6.7. Let µ : Σ → Bd(Σ) be a map. If for all a ∈ Σ and
all n ≥ 1, µn(a) is inductively well defined from µn−1(a), that is, µn−1(a)
satisfies (1.1), then µ is said to be a d-dimensional morphism. Let a be a
letter such that (µ(a))(0) = a. We say that µ is prolongable on a. Then the
limit

w = µω(a) := lim
n→+∞

µn(a)

is well defined and w = µ(w) is a fixed point of µ.
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Chapter 2

Self-generating sets

2.1 Introduction

Let I be a finite set of integers and F be a finite set of maps of the form
ϕi : n 7→ ki n + `i with integer coefficients. For an integer base k ≥ 2, we
study the k-recognizability of the minimal set X of integers containing I and
satisfying ϕ(X) ⊆ X for all ϕ ∈ F . The material of this chapter can be
found in [KLR09, KLR10] .

Self-generating sets of integers were introduced by Kimberling [Kim00].
They can be defined as follows. Let r ≥ 1, I be a finite set of integers and
G = {ϕ1, ϕ2, . . . , ϕr} be a set of affine maps where ϕi : n 7→ ki n + `i with
ki, `i ∈ Z and 2 ≤ k1 ≤ k2 ≤ · · · ≤ kr. The set generated by G and I is
the minimal subset X of Z containing I and such that ϕi(X) ⊆ X for all
i = 1, . . . , r. For any subset S ⊆ Z, we set G(S) := {ϕ(s) | s ∈ S, ϕ ∈ G},
G0(S) := S and Gm+1(S) := G(Gm(S)) for all m ≥ 0. Otherwise stated,
X =

⋃
m≥0G

m(I) is the set of all integers n such that there exist m ≥ 0,
a ∈ I and a finite sequence (ϕi1 , ϕi2 , . . . , ϕim) of maps in G such that

n = ϕim ◦ ϕim−1 ◦ · · · ◦ ϕi1(a) = ϕim(ϕim−1(· · ·ϕi1(a) · · · )). (2.1)

Example 2.1.1. Let G = {n 7→ 2n, n 7→ 4n − 1} and I = {1}. The
corresponding self-generating set is the set

K1 = {1, 2, 3, 4, 6, 7, 8, 11, 12, 14, 15, 16, . . .}

studied by Kimberling in [Kim00]. Notice that for I = {0}, we get a sub-
set containing negative integers: K0 = {0,−1,−2,−4,−5,−8,−9, . . .}. In
particular, for I = {0, 1}, the corresponding self-generating set is K0 ∪ K1.

23
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Kimberling [Kim00] asks the following question: How are the even num-
bers in K1 distributed among the odds ? To answer this question, Kimberling
considers the increasing sequence S of the elements of K1 and, numbering
the positions of these elements to the right of the initial 1, he constructs the
rank-past-1 sequences s1 and s2 given by the even numbers of S and the odd
numbers respectively as follows.

K1 1 2 3 4 6 7 8 11 12 14 15 16 . . .

s1 1 3 4 6 8 9 11 . . .
s2 2 5 7 10 . . .

Then Kimberling proves the following result.

Theorem 2.1.2. The rank-past-1 sequence for even terms of S is given by

s1(n) = bnτc

and the rank-past-1 sequence for odd terms of S is given by

s2(n) = n+ bnτc

where τ is the Golden mean.

This theorem proves that the set K1 is closely related to the Fibonacci
word defined as the fixed point ϕω(0) = 01ϕ(1)ϕ2(1) · · · = 01001010 · · · of
the morphism ϕ : 0 7→ 01, 1 7→ 0.

Corollary 2.1.3. The rank-past-1 sequences s1 and s2 give the position of
1’s and 0’s in the Fibonacci word.

A particular case of self-generated sets is studied by Kimberling [Kim04].
The set of initial integers I is the singleton {1} and the set of generating
functions G is a set of maps of the form ϕi : n 7→ ki n + `i, where ki, `i ∈ N
for i = 1, . . . , r. These sets are called affinely recursive sets. It is clear that
each x ∈ X =

⋃
m≥0G

m(I) except 1 is given by

x = ϕim(ϕim−1(· · ·ϕi1(1) · · · )) (2.2)

for some finite sequence i1 · · · im. Let s be the increasing sequence of elements
of X. The relation (2.2) induces a mapping from X\{1} to the language
L(Ar) of non-empty words i1 · · · im over Ar = {1, . . . , r}. Kimberling gives
some conditions under which the sets ϕi(X) are pairwise disjoint, inducing
that this mapping is a bijection, which in turn implies that the natural
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ordering on the integers induces an ordering on the set of non-empty words
over Ar providing a kind of abstract numeration system.

Example 2.1.4. Consider the self-generating set X =
⋃
m≥0G

m(I) defined
by G = {ϕ0 : n 7→ 2n, ϕ1 : n 7→ 4n+ 3} and I = {1}. It is clear that ϕ0(X)
and ϕ1(X) are disjoint. We can define a kind of abstract numeration system
S = (Σ∗2,Σ2, <X) where the order <X is induced by the natural order on X.
The first words of the language Σ∗2 with respect to the order <X are given
in the following array

X Σ∗2
1 ε
2 = ϕ0(1) 0
4 = ϕ0(ϕ0(1)) 00
7 = ϕ1(1) 1
8 = ϕ0(ϕ0(ϕ0(1))) 000
11 = ϕ1(ϕ0(1)) 10
14 = ϕ0(ϕ1(1)) 01
16 = ϕ0(ϕ0(ϕ0(ϕ0(1)))) 0000
17 = ϕ1(ϕ0(ϕ0(ϕ0(1)))) 1000
...

...

and are the S-representations of the first non-negative integers as follows.

N repS(N)

0 ε
1 0
2 00
3 1
4 000
5 10
6 01
7 0000
8 1000
...

...

Allouche, Shallit and Skordev [ASS05] consider a general framework for
self-generating sets. The k-ary representations of the elements in some self-
generating sets are related to words over Σk = {0, 1, . . . , k − 1} where some
fixed block of digits is missing. As an illustration, one can notice that the set
K1− 1 = {0, 1, 2, 3, 5, 6, 7, 10, . . .} introduced in Example 2.1.1 consists of all
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integers whose binary expansion does not contain “00” as factor. Allouche
et al. give some other examples and ask whether or not the sets of integers
with missing blocks are always particular cases of affinely recursive sets.

They also give a new proof of Kimberling’s result and they study self-
generating sets from the point of view of automatic and morphic sequences
as well as in relation to non-standard numeration systems. In particular,
they proved the following two results.

Proposition 2.1.5. The characteristic sequence of K1 − 1 is 2-automatic.
In other words, K1 − 1 is 2-recognizable.

Proposition 2.1.6. Let s be the increasing sequence of elements of K1 − 1.
The sequence s reduced modulo any integer greater or equal to 2 is morphic.

Similarly, they prove that s is Fibonacci-regular and that this sequence
reduced modulo any integer greater or equal to 2 is Fibonacci-automatic (for
the definitions, see Chapter 1 Section 1.5). Moreover, Allouche et al. ask the
following question: Under what conditions is the characteristic sequence of a
self-generating set k-automatic? They also present the following conjecture.

Conjecture 1. With “mixed base” rules, such asG = {n 7→ 2n+1, n 7→ 3n},
the set generated from I = {1} is not k-recognizable for any integer base
k ≥ 2.

Garth and Gouge [GG07] partially answer the previous question by study-
ing a particular case of self-generating sets. Let r and k be two positive
integers. Let I = {1} and G = {ϕ1, . . . , ϕr} be such that ϕi : n 7→ kei n+ `i
with 1 = e1 ≤ e2 ≤ · · · ≤ er, `1 = 0 and 0 ≤ `i ≤ kei − 1. Garth and Gouge
prove that the increasing sequence s of elements of the set X generated by
G and I reduced modulo a positive integer is the image under a coding of
an infinite word that is a fixed point of a morphism over a finite alphabet.
They also prove that the characteristic sequence of X is k-automatic.

Let us fix the notation once and for all.

Definition 2.1.7. In this chapter, instead of considering a set G of maps as
described above, we will consider the extended set of r + 1 ≥ 2 maps

F = G ∪ {ϕ0} = {ϕ0, ϕ1, . . . , ϕr}

where ϕ0 : n 7→ n and ϕi : n 7→ ki n+ `i with ki, `i ∈ Z and

2 ≤ k1 ≤ k2 ≤ · · · ≤ kr.
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Having the identity function ϕ0 at our disposal, for any set S ⊆ Z, we have
Fm(S) ⊆ Fm+1(S). Therefore, for any finite set I of integers, the set

Fω(I) := lim
m→∞

Fm(I)

is exactly the self-generating set with respect to G and I.

The content of the chapter is the following. In Section 2.2 we give some
simple observations on self-generating sets. For example, if we add to F an
extra map ψ : n 7→ n + ` with ` 6= 0, then the corresponding self-generating
set Fω(I) is ultimately periodic and therefore k-recognizable for all k ≥ 2.
We also show that we can restrict our considerations to subsets of N and
assume that all additive constants `i for the maps ϕi ∈ F are non-negative.

In sections 2.3 and 2.4 we consider the multiplicatively dependent case.
The results are based on Frougny’s normalization transducer. If all multi-
plicative constants ki are pairwise multiplicatively dependent, then we give a
general method to build a finite automaton recognizing repk(F

ω(I)) for any
k that is multiplicatively dependent on every ki. This allows us to generalize
a recognizability result considered in [GG07]. Moreover, a new proof of the
relation between the Kimberling set K1 and the infinite Fibonacci word is
given in Section 2.4; for other proofs, see [Kim00, ASS05].

In the multiplicatively independent case of Section 2.5 we study differ-
ences and ratios of consecutive elements in the considered self-generating set.
The results rely on a classical gap theorem; see Theorem 2.5.1. We prove
that if there exist i, j such that ki and kj are multiplicatively independent
and if

∑r
i=1 k

−1
i < 1, then Fω(I) is not k-recognizable for any k ≥ 2. In

particular, this condition always holds for sets F where r = 2 and k1 < k2

are multiplicatively independent, answering Conjecture 1 in the affirmative.

2.2 Some reductions

First we show that assuming ki ≥ 2 for every i = 1, 2, . . . , r is not a true
restriction from the point of view of recognizability.

Lemma 2.2.1. If we add to F in Definition 2.1.7 an extra map ψ : n 7→ n+`
with ` 6= 0, then the corresponding self-generating set Fω(I) is ultimately
periodic of period `.

Proof. Denote by F j(I) mod ` the set {n mod ` | n ∈ F j(I)}. Recall that
the identity function ϕ0 belongs to F . Since there are finitely many con-
gruence classes modulo ` and F j(I) mod ` ⊆ F j+1(I) mod `, there must
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exist an integer J such that F J+1(I) mod ` = F J(I) mod `. Moreover,
this means that F j(I) mod ` = F J(I) mod ` for every j ≥ J , and, conse-
quently,

Fω(I) mod ` = F J(I) mod `. (2.3)

On the other hand, if n ∈ Fω(I), then ψt(n) = n + t ` ∈ Fω(I). Since
n+ t ` ≡ n mod `, we conclude by (2.3) that, for any n ≥ maxF J(I),

cFω(I)(n) =

{
1, if n mod ` ∈ F J(I) mod `;
0, otherwise.

Hence, the characteristic sequence of Fω(I) is ultimately periodic with prepe-
riod maxF J(I) and period `.

Remark 2.2.2. In Definition 2.1.7 and in what follows, we always assume
that all multiplicative constants ki of the affine maps ϕ1, . . . , ϕr in F are
at least 2. This condition does not guarantee that the corresponding self-
generating set is not ultimately periodic. For example, if ϕi(x) = r x+ i for
i = 1, . . . , r, then we easily see that Fω({0}) = N.

The next lemma justifies that we may restrict our consideration to non-
negative integers.

Lemma 2.2.3. Let Fω(I) be a self-generating set as in Definition 2.1.7.
One can effectively construct two finite sets of non-negative integers I+ and
I− such that

Fω(I) ∩ N = Fω(I+) ∩ N and Fω(I) ∩ −N = −(F
ω
(I−) ∩ N),

where −N is the set of all non-positive integers and F = {ϕ0, ϕ1, ϕ2, . . . , ϕr}
with ϕi : n 7→ ki n− `i for i = 1, 2, . . . , r.

Proof. Let m = max{|`i| | i = 1, 2, . . . , r} and denote by M the interval of
integers [[−m,m]]. Define Ij := F j(I) ∩M for j ≥ 0. Since ki ≥ 2 for all
i ∈ {1, 2, . . . , r}, it follows that if n does not belong to M , then ϕi(n) 6∈ M
for all i ∈ {0, 1, . . . , r}. By this property and since F j(I) ⊆ F j+1(I), there
must exist an integer J such that Ij = IJ for all j ≥ J . Hence, the integers
of Fω(I) falling into the interval M are exactly the ones in IJ and we can
find the set I+ := ((Fω(I) ∩M) ∪ I) ∩ N effectively.

Next we show that Fω(I)∩N = Fω(I+)∩N. Since I+ ⊆ Fω(I), it is clear
by definition that Fω(I+)∩N ⊆ Fω(I)∩N. Assume now that there exists an
integer x belonging to (Fω(I)∩N)\ (Fω(I+)∩N). Since I+ contains all non-
negative elements of I, the element x must be generated from some negative
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element a ∈ I. In other words, there exists a finite sequence (ϕi1 , ϕi2 , . . . , ϕit)
of maps in F such that x = ϕit ◦ ϕit−1 ◦ · · · ◦ ϕi1(a). Since a is negative and
x is positive, there exists j such that ϕij−1 ◦ ϕij−2 ◦ · · · ◦ ϕi1(a) = y < 0 and
ϕij (y) = z ≥ 0. Hence, we have kijy < 0 and z = kijy+`ij < m. This means
that z ∈ (Fω(I) ∩M) ∩ N and therefore x = ϕit ◦ ϕit−1 ◦ · · · ◦ ϕij+1(z) ∈
Fω(I+) ∩ N. This is a contradiction.

Similarly, by defining I− := −(((Fω(I)∩M)∪I)∩−N), we obtain Fω(I)∩
−N = Fω(−I−) ∩ −N. If F = {ϕ0, ϕ1, ϕ2, . . . , ϕr}, where ϕi : n 7→ ki n − `i
for i = 1, 2, . . . , r, then we clearly have Fω(I)∩−N = −(F

ω
(I−)∩N), which

concludes the proof.

Let y ≥ 0. Recall that a set Y ⊆ N is k-recognizable if and only if
Y + y is k-recognizable (see Proposition 1.3.12 page 14). As explained by
the following lemma, from the point of view of recognizability of subsets of
N, one can also assume that all additive constants `i are non-negative.

Lemma 2.2.4. Let Fω(I) be a self-generating set as in Definition 2.1.7.
There exist a non-negative integer y and a self-generating set F̂ω(I−y) such
that Fω(I) = F̂ω(I − y) + y and F̂ = {ϕ0, ϕ̂1, . . . , ϕ̂r}, where ϕ̂i : n 7→ ki n+̂̀
i for every i = 1, 2, . . . , r with some non-negative constants ̂̀i completely

determined by F .

Proof. Assume that at least for some function ϕi ∈ F the constant `i is
negative. Otherwise, the claim is trivial. Let y = max{|`i| | `i < 0} and set

̂̀
i := `i + (ki − 1)y

for i = 1, 2, . . . , r. Since ki ≥ 2, the constants ̂̀i are non-negative for all i.
Let F̂ = {ϕ0, ϕ̂1, . . . , ϕ̂r} where ϕ̂i : n 7→ ki n + ̂̀i for i = 1, . . . , r. We show
by induction on the number of applied maps m that x belongs to Fm(I) if
and only if x− y belongs to F̂m(I − y).

First, for any x ∈ I, it is obvious that x − y belongs to I − y and vice
versa. Assume now that x ∈ Fm(I) for some m ≥ 1. In other words, there
exist z ∈ Fm−1(I) and i ∈ {0, . . . , r} such that x = ϕi(z). By the induction
hypothesis, z − y belongs to F̂m−1(I − y). If ϕi = ϕ0, then x = z and
x − y ∈ F̂m−1(I − y) ⊆ F̂m(I − y). Hence, assume that ϕi 6= ϕ0. We have
ϕi(z) = ki z + `i and ϕ̂i(z − y) = ki(z − y) + `i + (ki − 1)y = ϕi(z)− y. This
proves that x− y belongs to F̂m(I − y).

Next assume that x− y ∈ F̂m(I − y) for some m ≥ 1, i.e., x− y = ϕ̂i(z)
for some z ∈ F̂m−1(I− y) and i ∈ {0, . . . , r}. As above, we may assume that
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ϕi 6= ϕ0. Then we have

x = ϕ̂i(z) + y

= kiz + ̂̀
i + y

= kiz + `i + (ki − 1)y + y

= ki(z + y) + `i

= ϕi(z + y),

where z + y belongs to Fm−1(I) by induction hypothesis. Hence, x belongs
to Fm(I).

Example 2.2.5. Consider the set K1 of Example 2.1.1 generated from {1}
by the maps n 7→ 2n and n 7→ 4n−1. Applying the construction given in the
previous proof, set y = 1 and consider the maps n 7→ 2n+ 1 and n 7→ 4n+ 2.
These two maps generate from {1}−1 = {0}, the set {0, 1, 2, 3, 5, 6, 7, 10, . . .}
which is equal to K1 − 1.

2.3 The Multiplicatively Dependent Case

In this section we assume that the multiplicative coefficients ki appearing
in Definition 2.1.7 are all pairwise multiplicatively dependent, i.e., for every
pair (i, j), there exist positive integers ei and ej such that keii = k

ej
j . Note

that ki and kj are multiplicatively dependent if and only if there exists an
integer n ≥ 2 and two integers di, dj ≥ 1 such that ki = ndi and kj = ndj . By
this characterization, it is easy to see that if the coefficients ki are pairwise
multiplicatively dependent, then there exists an integer k such that every ki
is a power of k. Our aim is to build a finite automaton showing that the set
Fω(I) is k-recognizable.

Theorem 2.3.1. Let F given in Definition 2.1.7 be such that the multiplica-
tive coefficients k1, . . . , kr are all pairwise multiplicatively dependent. Let k
be such that ki is a power of k for every i = 1, 2, . . . , r. For any finite I ⊂ Z,
the self-generating set Fω(I) is k-recognizable.

We give two proofs for this theorem. First we give a proof relying on
Frougny’s normalization theorem, then we give an effective proof.

Proof 1 (relying on Frougny’s normalization theorem). Let us assume that
the maps in F are of the kind ϕi : n 7→ kei n + `i with ei ≥ 1 for all
i ∈ {1, . . . , r}. Since in the constructions of F and F̂ of Lemma 2.2.3 and
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Lemma 2.2.4 in Section 2.2 the multiplicative constants ki are not modified,
it suffices to consider only non-negative elements of Fω(I) and, moreover, we
may assume that all initial values in I and all additive constants `i are non-
negative. Thus, we assume Fω(I) ⊆ N and show that this self-generating set
is k-recognizable.

Let n be an element of Fω(I). In other words, there exists a finite
sequence (ϕi1 , ϕi2 , . . . , ϕim) of maps in F such that

n = ϕim(ϕim−1(· · ·ϕi1(a) · · · ))

for some a ∈ I. With that integer, we associate the word

w = a 0ei1−1`i1 · · · 0eim−1`im

over the finite alphabet Σ = I ∪ {0, `1, . . . , `r} ⊂ N. One can notice that
valΣ,k(w) = n and valΣ,k(I{0e1−1`1, . . . , 0

er−1`r}∗) = Fω(I). Frougny’s nor-
malization theorem says that normalization over Σ is computable by a finite
transducer T . By Proposition 1.2.25, if a regular language L is an input of
a transducer then the output language is also regular. Hence, feeding the
transducer T with the language I{0e1−1`1, . . . , 0

er−1`r}∗ gives us the regular
language repk(F

ω(I)), which proves the claim.

We give below another proof which is independent from Frougny’s nor-
malization theorem. It describes a way to build an automaton recognizing
the k-ary representations of Fω(I).

Proof 2. From Lemma 2.2.3, we may assume without loss of generality that
I and X are subsets of N. To preserve the effectiveness of the proof, we
do not restrict the constants `i to be non-negative integers. Let k be an
integer such that all the coefficients ki are powers of k. Note that val−1

k (n)
contains all the representations of the integer n in base k over Σ∗k, including
those with leading zeros. We define a non-deterministic finite automaton
A = (Q, {q0},Σk,∆, T ) accepting the mirror of the elements in val−1

k (Fω(I)),
so we may allow leading zeros in front of the most significant digit. The
transition relation ∆ is a finite subset of Q × Σ∗k × Q. If (p, w, q) belongs

to ∆, we write p
w−→ q. An input x ∈ Σ∗k is accepted if and only if there

is a sequence of states q0, q1, . . . , qi such that qi ∈ T , x can be factorized as
u1 · · ·ui and (q0, u1, q1), (q1, u2, q2), . . . (qi−1, ui, qi) ∈ ∆.

Let M be the maximal element in I ∪ {k1, . . . , kr, |`1|, . . . , |`r|} and m =
| repk(M)|. Define Q = {q0} ∪ ({−1, 0,+1} × Σm+1

k ). A state q = (c, x) ∈
Q \ {q0} is final if and only if c = 0 and x ∈ val−1

k (I). From the initial state
q0, we have all the transitions

q0
w−→ (0, w̃)
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where w ∈ Σm+1
k and w̃ is the mirror of w. Recall that entries are read in A

the least significant digit first, that is from right to left. This explains why
we consider the mirrors in the encoding. From each state Q \ {q0} there are
transitions corresponding to the maps ϕi, i = 1, 2, . . . , r. The idea is to guess
the sequence of maps (ϕi1 , ϕi2 , . . . , ϕim) that was used to obtain the integer
corresponding to the input belonging to val−1

k (Fω(I)) and apply the inverses
of these maps in reversed order to get back the representation of one of the
initial values in I. The first component of a state q = (c, xmxm−1 · · ·x0)
corresponds to a carry bit and the second component represents the last
m+ 1 digits of a number, x0 being the least significant one. We show how to
simulate the multiplications and additions in the successive applications of
the affine functions ϕi using only the carry bit c and the digits xmxm−1 · · ·x0.

First consider a state p = (0, xmxm−1 · · ·x0) and ϕi-transitions, where
ϕi : n 7→ ki n + `i and `i ≥ 0. For the inverse of ϕi, we want to subtract `i
and then divide by ki = kt for some positive integer t. We do this using the
classical paper-and-pencil method as illustrated in Figure 2.1(a),

xxmxm−1· · ·x1x0

− ymym−1 · · · y1y0

zm zm−1 · · · z1 z0

(a) subtraction

xmxm−1· · ·x1x0

+ ymym−1 · · · y1y0

zzm zm−1 · · · z1 z0

(b) addition

Figure 2.1: The paper-and-pencil subtraction and addition.

where valk(ymym−1 · · · y0) = `i and x = 1, if valk(xmxm−1 · · ·x0) < `i and
x = 0, otherwise. Note that, by definition of m, we have ym = 0. Hence, a
“carry” bit x might be needed only if xm = 0. Multiplying an integer n by
kt corresponds to adding t zeros at the end of the k-ary representation of n.
Hence, if ϕi is the correct guess, zmzm−1 · · · z0 should have at least t zeros
as suffix. If this is not the case, we choose to have no ϕi-transitions starting
from p. If x = 0, then ϕi-transitions are of the form

p
w−→ (0, w̃zm · · · zt), (2.4)

where w is any word over Σk of length t. If x = 1, then we have two cases
depending on the form of w ∈ Σt

k:

1. If w = 0t, then the transition is

p
w−→
(
−1, (k − 1)tzm · · · zt

)
, (2.5)

where the first component −1 indicates that a carry was needed in a
“previous” subtraction and it must be borrowed from the first non-zero
digit of the input that will be read in the future.
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2. Otherwise w̃ = vu0s, where s < t, u ∈ {1, 2, . . . , k−1} and v ∈ Σt−s−1
k ,

then the transition is

p
w−→ (0, v(u− 1)(k − 1)szm · · · zt) . (2.6)

Here the carry x = 1 was borrowed from u and no carry is postponed
to future calculations.

Consider next a state p = (0, xmxm−1 · · ·x0) and ϕi-transitions, where ϕi :
n 7→ ki n + `i and `i < 0. Instead of subtraction, we consider now addition
by the paper-and-pencil method where valk(ymym−1 · · · y0) = |`i|. This is
illustrated in Figure 2.1(b). Note that since ym = 0 by the definition of m, a
carry z = 1 can occur only if xm = k − 1. As above, the ϕi-transitions exist
only if the last t digits of zmzm−1 · · · z0 are zeros. This holds also for any
transition considered in the sequel. If z = 0, then we have the transitions of
the form (2.4). If z = 1 we have again two cases depending on the digits of
w ∈ Σt

k:

1. If w = (k − 1)t, then the carry is shifted to future calculations.

p
w−→
(
+1, 0tzm · · · zt

)
. (2.7)

2. If w̃ = vu(k − 1)s, where s < t, u ∈ {0, 1, . . . , k − 2} and v ∈ Σt−s−1
k ,

then

p
w−→ (0, v(u+ 1)0szm · · · zt) . (2.8)

Here the carry is added to the digit u and no carry is postponed to
future calculations.

Secondly, consider a state of the form p = (−1, xmxm−1 · · ·x0) and as-
sume that `i ≥ 0. The carry component −1 means that we have borrowed
a carry in a subtraction and after the subtraction we have read only zeros,
which have been turned into digits k − 1. Otherwise, if non-zero digits were
read, there would be no longer a carry −1. Hence, we can be sure that
xm = k− 1 in Figure 2.1(a), and consequently, we have x = 0, since ym = 0.
This is important, since it means that no “new” carry is borrowed. Again,
assume that zt−1 · · · z0 = 0t. If w = 0t, then the transition is of type (2.5).
Otherwise, the transitions are of type (2.6).

If `i < 0, then we perform addition as in Figure 2.1(b) and assume
zt−1 · · · z0 = 0t. If z = 0 and w = 0t, no new carries occur and the transition
is again of type (2.5). If z = 0 and w 6= 0t, then the transitions are of
type (2.6). If z = 1, then this positive carry and the negative carry borrowed
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in a previous calculation annihilate each other. Hence, the transition is of
type (2.4).

Finally, consider the states of the form p = (+1, xmxm−1 · · ·x0). The
carry component +1 means that we obtained a carry in an addition and
after the addition we have read only digits k − 1, which have been turned
into zeros. Otherwise, if a digit u 6= k−1 were read, it would have been turned
into u + 1 and there would be no longer a carry +1. Hence, we conclude
that xm = 0 in Figure 2.1(a) and Figure 2.1(b). If `i ≥ 0, then consider
Figure 2.1(a) and assume zt−1 · · · z0 = 0t. If x = 0 and w = (k − 1)t, then
the transition is of type (2.7). If x = 0 and w 6= (k−1)t, then the transitions
are of type (2.8). If x = 1, then the negative and positive carry annihilate
each other and the transitions are of type (2.4). Assume now that `i < 0
and zt−1 · · · z0 = 0t. In Figure 2.1(b) no new carry z = 1 can occur, since
both xm = 0 and ym = 0. Hence, we have only two cases. If w = (k − 1)t,
then the transition is of type (2.7). Otherwise, it is of type (2.8).

If n = ϕim(ϕim−1(· · ·ϕi1(a) · · · )) for some a ∈ I, then using the above
transitions and k-ary representations, we are able to correctly simulate the
calculation n 7→ ϕ−1

im
(n) 7→ ϕ−1

im−1
(ϕ−1

im
(n)) 7→ · · · 7→ a as long as the k-ary

representation of n given as input contains enough leading zeros. However,
we may fix this by replacing the set of final states T by an enlarged set T ′. A
state q′ ∈ Q belongs to T ′ if there exists a path with label 0t, t ≥ 0, from q′

to some state q ∈ T . Hence, with the modified final states the automaton A
accepts all the mirrors of the words in val−1

k (Fω(I)). On the other hand, it
cannot accept any other word. Namely, for any word w accepted by A there
is a sequence (ϕi1 , ϕi2 , . . . , ϕim) such that (2.1) holds for n = valk(w). It is
well known that any non-deterministic finite automaton can be turned into
a DFA, e.g., by the subset construction. Hence, Fω(I) is k-recognizable.

Example 2.3.2. If we consider the set K1 − 1 introduced in Example 2.1.1
and studied by Allouche et al. [ASS05], we have

G = {ϕ1 : n 7→ 2n+ 1, ϕ2 : n 7→ 4n+ 2} and I = {0}

and we obtain k = 2, M = max{I∪{k1, k2, |`1|, |`2|} = 4, m = | rep2(4)| = 3,
Q = {q0} ∪ ({−1, 0,+1} × Σ4

2), ∆ ⊆ Q× Σ∗2 ×Q.

To construct the automaton accepting the mirror of val−1
2 (K1 − 1) we

have first transitions from q0 to (0, wR) labelled by w for all w ∈ Σ4
2. These

first transitions are depicted in Figure 2.2.

Next we simulate the inverse of ϕ1 : n 7→ 2n+ 1 on each state. Consider
first the state (0, 0001). Subtracting 1 from 0001 gives (0)0000 (where (0)
means that there is no carry) and dividing 0000 by 2 gives 000. Then we
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q0 0, 0001

0, 0000

0, 1111

0, 1000

0, 0111

0, 0100

0, 1011

0, 1100

0, 0011

0, 0010

0, 1101

0, 1010

0, 0101

0, 0110

0, 1001

0, 1110
1000

0000

0001

0010

0011

0100
0101

0110

0111

1111

1110

1101

1100
1011

1010 1001

Figure 2.2: Transitions from q0.

have two transitions simulating the inverse of ϕ1 from (0, 0001). However,
if we consider (0, 0000) and subtract 1 from 0000 we obtain (−1)1111 and
it is not possible to divide 1111 by 2. So there is no transition simulating
ϕ1 from the state (0, 0000). The transitions simulating ϕ1 are represented in
Figure 2.3.

Then we simulate the inverse of ϕ2 on each state in a similar way and,
since a state q = (c, s) is final if and only if c = 0 and s ∈ val−1

k (I), the
unique final state is (0, 0000). Then the automaton accepting the mirror of
val−1

2 (K1 − 1) is the automaton depicted in Figure 2.4.

Remark 2.3.3. The set Fω(I) in the above theorem is k-recognizable and
therefore kn-recognizable for all n ≥ 1; again, see Proposition 1.3.11. But
usually this set is not ultimately periodic and therefore, by Cobham’s first
Theorem, not `-recognizable for any ` ≥ 2 such that k and ` are multiplica-
tively independent. Indeed, if Theorem 2.5.3 described below can be applied,
then Fω(I) contains arbitrarily large gaps.
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Figure 2.3: Transitions simulating ϕ1.

Remark 2.3.4. Garth and Gouge [GG07] consider the sequence SF which is
the increasing sequence of the elements in Fω(I) in the case where I = {1},
ki = kei , 1 = e1 ≤ e2 ≤ · · · ≤ er, `1 = 0 and −kei < `i ≤ 0 for each
i = 1, 2, . . . , r. They prove that this sequence reduced modulo a positive
integer m is morphic. In other words, there exists a morphism f satisfying
f(a) = ax for some letter a and some word x 6= ε such that SF mod m is
the image under a coding of the infinite word

fω(a) = lim
n→∞

fn(a) = axf(x)f2(x) · · · ,

which is a fixed point of f . Moreover, they show that the characteristic
sequence of Fω(I) is k-automatic.

We explain below that these results follow easily from Theorem 2.3.1
for Fω(I) ⊆ N with arbitrary additive constants `i and any multiplicative
constants ki which are powers of some k. Namely, as mentioned in the
introduction, the set of non-negative integers Fω(I) is k-recognizable if and
only if its characteristic sequence (cFω(I)(n))n≥0 is k-automatic. Note that
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in the general case Fω(I) ⊆ Z we should consider two-sided k-automatic
sequences and two-sided infinite fixed points (see [AS03, Section 5.3 and
Section 7.4] for more information) or consider non-negative and non-positive
integers separately. In any case, by Lemma 2.2.3, the general case can be
reduced to subsets of N.

Hence, let us consider a self-generating set Fω(I) ⊆ N where the mul-
tiplicative constants ki are powers of some k. By Theorem 2.3.1, the char-
acteristic sequence (cFω(I)(n))n≥0 is k-automatic. Since (n mod m)n≥0 is
clearly k-automatic for any k ≥ 2, then also the sequence

u = ([cFω(I)(n), n mod m])n≥0

over the alphabet Σ2 × Σm is k-automatic. Thus, by Cobham’s second the-
orem (Theorem 1.5.8), it is the image under a coding of a fixed point of a
k-uniform morphism. Define a morphism f : (Σ2 × Σm)∗ → Σ∗m by

f([a, b]) =

{
ε, if a = 0;
b, otherwise.

Since the image of a morphic sequence by any morphism is either finite
or morphic [Cob68] (see also [AS03, Corollary 7.7.5]) and (cFω(I)(n))n≥0

contains infinitely many ones, we conclude that f(u) is morphic. Since f(u)
is clearly the sequence SF reduced modulo m, we have answered an open
question in [GG07] by generalizing the result of Garth and Gouge for any
additive constants `i.

Remark 2.3.5. Sequences with missing blocks are considered in [ASS05,
GG07, Kim04]. For example, if ϕ1 : n 7→ 2n+1, ϕ2 : n 7→ 4n+2 and I = {0},
then the set Fω(I) is the set of integers that do not contain the block “00”
in their normalized binary expansion. Recall that this set is K1 − 1; see
Example 2.2.5. In [ASS05] the authors ask whether or not the sequences
with missing blocks are always particular cases of affinely recursive sets. Ob-
serve that, if Fω(I) is a sequence with missing blocks, then all constants ki
must be multiplicatively dependent. Otherwise, assume that k1 and k2 are
multiplicatively independent. Consider now the subset Xi ⊆ Fω(I) gener-
ated from I by only applying the map ϕi. By Theorem 2.3.1, this subset is
ki-recognizable. Consider now the language 0∗ repk(Xi), where k is multi-
plicatively independent to ki. It is known that this language is right dense
meaning that every word over the alphabet Σk appears as a prefix of some
word in 0∗ repk(Xi); for a proof, see [AS03, Lemma 11.1.1]. Hence, it follows
that any block of digits over Σk is a factor of repk(n) for some integer n ∈ Xi.
For any integer k ≥ 2, either k1 or k2 is multiplicatively independent with k,
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and therefore the set X1 or X2, and consequently also Fω(I), cannot be a set
of integers that do not have a particular block of digits in their normalized
base k representation.

2.3.1 A close inspection of Frougny’s normalization trans-
ducer

In order to obtain a self-contained proof for Theorem 2.3.1, we may tailor
Frougny’s normalization transducer for the language

0∗I{0e1−1`1, . . . , 0
er−1`r}∗

and directly conclude that the output language over Σk is regular. Next we
describe this in more detail. The following construction is needed to prove
the result relating K1 and the infinite Fibonacci word in the next section.
By Lemma 2.2.3, it suffices to consider the set Fω(I) ∩ N.

Let C ⊂ Z be a finite input alphabet and let Σk be the output alphabet.
Denote m = max{|c − a| | c ∈ C, a ∈ Σk} and let γ = m/(k − 1). Note
that by the Euclidean division, for every s ∈ Z and c ∈ C, there exists
a unique a ∈ Σk and s′ ∈ Z such that s + c = s′k + a. Moreover, if
|s| < γ, then |s′| ≤ (|s| + |c − a|)/k < (γ + m)/k = γ. This justifies
that we may define a finite right subsequential transducer, where the set of
states Q = {s ∈ Z | |s| < γ} corresponds to possible carries, the initial state
is 0 and the set of edges is

E = {s c/a−→ s′ | s+ c = s′k + a}. (2.9)

A right subsequential transducer is a transducer that reads the input from
right to left and the underlying automaton where only inputs are considered
is deterministic. Moreover, we have a partial terminal function ω : Q → Σ∗k
mapping a state s ≥ 0 onto its normalized representation repk(s). Let w =
cncn−1 · · · c0 ∈ C∗ \0C∗ be a representation of an integer N = valC,k(w) ≥ 0.
If we enter w into the transducer, there is a unique path

0 = s0
c0/a0−→ s1

c1/a1−→ s2
c2/a2−→ · · · cn/an−→ sn+1

such thatN =
∑n

i=0 cik
i =

∑n
i=0 aik

i+sn+1k
n+1. Hence, ω(sn+1)anan1 · · · a0

is the normalized representation in base k of the integerN . This transducer is
Frougny’s normalization transducer for an input that do not contain leading
zeros.

Next we adapt the previous construction to our specific case of self-
generating sets. Let C = I ∪ {0, `1, . . . , `r} be the input alphabet. We want
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to restrict the accepted input to the words w ∈ 0∗I{0e1−1`1, . . . , 0
er−1`r}∗

such that valC,k(w) ≥ 0. As shown in the proof of Theorem 2.3.1, these words
represent exactly the numbers in Fω(I)∩N. Hence, we build a transducer T
such that from each carry state q ∈ Q = {s ∈ Z | |s| < γ} we may read only
words of the form 0ei−1`i from right to left, output the corresponding output
of Frougny’s transducer and end up in some carry state q′ ∈ Q. This can be
achieved by introducing chains of intermediate states where each state has
only one incoming and outgoing edge simulating the behavior of Frougny’s
transducer. For example, assume that k = 2, q = 1 and we want to read
003 from right to left. This corresponds to the map ϕ : n 7→ 8n+ 3. By the
construction, in our modified transducer there is a path

1
3/0−→ 2̂

0/0−→ 1̂
0/1−→ 0,

where 2̂ and 1̂ are additional intermediate states and the starting state 1 and
the ending state 0 belong to the original set Q. From each state q ∈ Q there
are exactly r paths of this kind corresponding to the r maps ϕi ∈ F .

In addition, we need transitions corresponding to the initial values I.
Thus, for each q ∈ Q and a ∈ I such that q + a ≥ 0 we make a path from
q to a unique final state qf such that it simulates Frougny’s transducer with
input 0ia, where i is the maximum integer satisfying ki ≤ q + a. Padding
with sufficiently many zeros insures that the carry is 0 after entering the final
state qf . Here, if needed, intermediate states are added as above. Note that
since we consider only non-negative elements of Fω(I), there is no path from
q to the final state qf for a ∈ I such that q+a < 0. For example, in the case
k = 2, q = 1 and a = 5 we have i = 2, since k2 < q + a = 6 < k3, and the
path from q to qf is

1
5/0−→ 3̂

0/1−→ 1̂
0/1−→ qf ,

where 3̂ and 1̂ are new intermediate states. There is also a loop from the final
state qf onto itself with input 0 and output 0. This corresponds to allowing
leading zeros after the most significant non-zero digit.

By our construction, each path from the initial state 0 to the final state qf
corresponds to reading some word of the language 0∗I{0e1−1`1, . . . , 0

er−1`r}∗.
Therefore, the output of such accepted path in our transducer T corresponds
to some normalized representation (with possibly leading zeros) of a number
in the self-generating set Fω(I). Conversely, the normalized representation
of a number in Fω(I) padded with sufficiently many zeros corresponds to the
input of some accepted path in our transducer T . Therefore, we may forget
the input and consider a finite automaton A where the edges are labelled
only with the output. Moreover, let us define that if in A there is a path
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from a state q to the state qf with a label belonging to 0∗, then the set q is
an accepting state. This allows us to accept all normalized representations
with an arbitrary number of leading zeros. We may also change the reading
direction by turning the arrows and changing the roles of the initial and final
states. Of course, the automaton obtained this way does not need to be
complete and deterministic, but it can be made complete by adding missing
edges which end up in a sink state and it can be made deterministic by the
subset construction. Hence, we have constructed in this way a deterministic
finite automaton B which recognizes 0∗ repk(F

ω(I)∩N) and, by Lemma 2.2.3,
we conclude that Fω(I) is k-recognizable.

2.4 The Kimberling set and the Fibonacci word

In this section we show a result connecting the Kimberling set K1 considered
in Example 2.1.1 and the infinite Fibonacci word. Recall that K1 = Fω(I),
where F = {ϕ0, ϕ1, ϕ2}, ϕ1 : n 7→ 2n, ϕ2 : n 7→ 4n− 1 and I = {1}.

Theorem 2.4.1. Let S be the increasing sequence of elements of K1. Omit-
ting the first term, the sequence S reduced modulo 2, is the Fibonacci word
ϕω(0).

This is the main result in [Kim00] and it is reproved in [ASS05]. Here
we give a third proof based on the transducer construction of the previous
section and on some technical manipulation of morphisms.

Proof. Let us first build the transducer T for the set K1 = Fω(I) as explained
at the end of Section 2.3. This transducer and the corresponding reduced
automaton A are illustrated in Figure 2.5. Using the same notation as above,
we have k = 2, C = {1, 0,−1}, m = 2 and γ = 2. Since we never reach a
carry state 1 from the initial state 0, our set Q = {−1, 0, 1} can be reduced
to {−1, 0}. The input 0 corresponds to the map ϕ1 and the input 0(−1)
corresponds to the map ϕ2. When we read 0(−1) from right to left starting
from either state 0 or −1, we introduce an intermediate state −̂1. Namely,
for s = 0 and c = −1, we have s+c = (−1)·k+1 and, for s = −1 and c = −1,
we have s + c = (−1) · k + 0. Then from the state −̂1 we must read 0 and,
since −1 + 0 = −1 · k+ 1, we output 1 and end up in −1 ∈ Q. Moreover, we
can read the initial value 1 ∈ I starting from any state in Q. For example,
there is an edge with label 1/0 from −1 to qf , since −1 + 1 = 0 · k + 0.

Using standard techniques we may easily build from A a deterministic
automaton B accepting 0∗ rep2(K1) when reading digits from left to right.
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Figure 2.5: Transducer T and automaton A corresponding to the Kimberling
set.

This automaton is described in Figure 2.6. A number in K1 such that its
binary representation is accepted by b (the corresponding path ends in the
final state b) must be odd, since all incoming edges of b are labeled by 1.
Similarly, we conclude that a number having a binary representation accepted
by c or d must be even. Hence, with an output function τ : A∗ 7→ Σ∗2, where
A denotes the set of states of B and

τ(x) =


1, if x = b;
0, if x = c or x = d;
ε, otherwise,

the automaton Bτ generates the sequence S mod 2, where S is the increasing
sequence of elements of K1.

b e
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1
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1
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0,1

1

0

Figure 2.6: A finite deterministic automaton B accepting 0∗ repk(K1).
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The 2-uniform morphism corresponding to B is σ : A∗ → A∗ defined by

a 7→ ab, b 7→ cb, c 7→ de, d 7→ dg, e 7→ fb, f 7→ ge, g 7→ gg.

By the above reasoning, it is clear that τ(σω(a)) = S mod 2. Let B be the
set {a, b, c, d, e, f, g, h}. Using the techniques described in the proof of [AS03,
Theorem 7.6.1 and Theorem 7.7.4], we obtain a coding ν : B∗ → Σ∗2 and a
nonerasing morphism µ : B∗ → B∗ such that ν(µω(a)) = S(τ(σω(a))), where
S is the shift function deleting the first element of the infinite word. The
morphism µ is defined by

a 7→ abcdbeb, b 7→ cdb, c 7→ fgb, d 7→ eb, e 7→ fh,

f 7→ f, g 7→ gbeb, h 7→ hcdb

and

ν(x) =

{
1, if x = b or x = h;
0, otherwise.

Our aim is to show that ν(µω(a)) is the infinite Fibonacci word. For this
purpose, let us first simplify the morphism µ. Since µ(fgb) = fgbebcdb =
µ(cdb), we conclude that ν(µi(fgb)) = ν(µi(cdb)) for every i ≥ 0 and, con-
sequently, we may set µ(c) = cdb without changing ν(µω(a)). Similarly,
µ(fh) = fhcdb = µ(eb) and therefore ν(µi(e)) = ν(µi(d)) for i ≥ 0. Thus,
we may set e = d and replace the morphism µ by a simpler morphism on a
four-letter alphabet {a, b, c, d}:

a 7→ abcdbdb, b 7→ cdb, c 7→ cdb, d 7→ db.

Note that b and c have a different role with respect to the coding, i.e.,
ν(b) 6= ν(c). Since b is always preceded by d except at the very beginning,
we finally redefine the morphism µ : {a, b, c, d}∗ → {a, b, c, d}∗ by

a 7→ abcdbdbc, b 7→ db, c 7→ cdb, d 7→ dbc.

Hence, the sequence obtained by reducing S modulo 2 and omitting the first
element can be obtained as the image of a coding ν of the fixed point µω(a).

Let us next modify the morphism generating the Fibonacci word. First,
note that we may replace ϕ by ϕ2, since clearly

lim
n→∞

ϕn(0) = lim
n→∞

(ϕ2)n(0).

Since ϕ2(0) = 010 and ϕ2(1) = 01, we notice that there are two types of
zeros in the Fibonacci word: those followed by 0 will be denoted by c and
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those followed by 1 will be denoted by d. Let us also replace every 1 by b.
Hence, we have ϕω(0) = ν(φω(d)), where ν is the coding defined above and
φ : {b, c, d}∗ → {b, c, d}∗ is a morphism such that

b 7→ db, c 7→ dbc, d 7→ dbc.

We denote
(fn)n≥0 = φω(d) = dbcdb · · ·

and
(sn)n≥0 = µω(a) = abcdbdbcdb · · · .

In order to prove the result of Kimberling, we have to show that ν(φω(d)) =
ν(µω(a)). Since ν(f0) = ν(d) = 0 = ν(a) = ν(s0), it suffices to show that
fn = sn for all n ≥ 1. We do this by induction.

First observe that if sn = fn for all n = 1, 2, . . . , k, then

|µ(s0 · · · sk)| = |φ(f0 · · · fk)|+ 5. (2.10)

This holds because |µ(x)|y = |φ(x)|y for every x and y in {b, c, d} and
|µ(s0)| = |µ(a)| = |φ(f0)| + 5. Here |w|y denotes the number of letters y
occurring in the word w.

Now assume that sn = fn for 1 ≤ n ≤ l and l is such that φ(f0 · · · fk) =
f0f1 · · · fl for some k > 1 satisfying fk = b. This implies that φ(f0 · · · fk) =
ufl−1fl = udb and, by (2.10) and by the assumption, we have

µ(s0 · · · sk) = udbsl+1sl+2sl+3sl+4sl+5 = udb · dbc · db, (2.11)

where sl+4sl+5 = µ(sk) = µ(b) and sl+1sl+2sl+3 = µ(sk−1) = µ(d), since
sk = b must be preceded by d if k > 1. We have two possibilities, either
fk+1fk+2 = db or fk+1fk+2fk+3 = cdb.

If fk+1fk+2 = db, then φ(f0 · · · fk+2) = udbφ(fk+1)φ(fk+2) = udb ·dbc ·db
and, by comparing this to (2.11), we conclude that the claim sn = fn holds
for 1 ≤ n ≤ l + 5.

Assume next that fk+1fk+2fk+3 = cdb. Now f1 · · · fk+3 = s1 · · · sk+3,
since we must have k + 3 ≤ l. Hence, we obtain

φ(f0 · · · fk+3) = udb · dbc · dbc · db,
µ(s0 · · · sk+3) = udb · dbc · db · cdb · dbc · db,

which implies that sn = fn for 1 ≤ n ≤ l + 8.
Since in the first case fk+2 = b and in the second case fk+3 = b, we may

proceed by induction. This concludes the proof, since the claim clearly holds
for small values of n ≥ 1.
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2.5 The Multiplicatively Independent Case

In this section our aim is to show that Fω(I) ⊆ N given in Definition 2.1.7
is not recognizable in any base k ≥ 2 provided that

∑r
i=1 k

−1
i < 1 and that

there are at least two multiplicatively independent coefficients ki. For the
proof, we introduce the following notation. Let X = {x0 < x1 < x2 < · · · }
be an infinite ordered subset of N. Then we denote

RX = lim sup
i→∞

xi+1

xi
and DX = lim sup

i→∞
(xi+1 − xi),

where for a sequence (ui)i∈N, lim supi→∞ ui = limi→∞ sup{uj : j ≥ i}. In
order to prove that a set is not k-recognizable for any base k ≥ 2, we use the
following result from [Cob72], see also Eilenberg’s book [Eil74, Chapter V,
Theorem 5.4].

Theorem 2.5.1 (Gap Theorem). Let k ≥ 2. If X is a k-recognizable infinite
subset of N, then either RX > 1 or DX <∞.

Example 2.5.2. Consider the set X = {n2 : n ∈ N}. We have

DX = lim sup
n→∞

((n+ 1)2 − n2) =∞

and

RX = lim sup
n→∞

(n+ 1)2

n2
= 1.

Then, by Theorem 2.5.1, X is never k-recognizable.

Note that DX <∞ means that X is syndetic, i.e., there exists a constant
C such that the gap xi+1−xi between any two consecutive elements xi, xi+1

in X is bounded by C. Let us first show that if
∑r

i=1 k
−1
i < 1, then the set

Fω(I) given in Definition 2.1.7 contains arbitrarily large gaps.

Theorem 2.5.3. Let X = Fω(I) be a self-generating subset of N given in
Definition 2.1.7. If

∑r
i=1 k

−1
i < 1, then X is not syndetic.

Proof. Let n ≥ 1 and K = k1k2 · · · kr. Let

g = g1 ◦ g2 ◦ · · · ◦ gn (2.12)

be a composite function, where gj belongs to {ϕ1, ϕ2, . . . , ϕr} for every
j = 1, 2, . . . , n and ni is the number of indices j ∈ {1, . . . , n} such that
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gj = ϕi in (2.12). Note that n1 + n2 · · · + nr = n. By definition, we have
g(x) = kn1

1 kn2
2 · · · knr

r x+ cg, where cg is some constant depending on g. Since
kn1

1 kn2
2 · · · knr

r divides Kn, we get

#{g(x) mod Kn | x ∈ Z} = kn−n1
1 kn−n2

2 · · · kn−nr
r .

The set Fn(I) contains exactly the integers obtained by at most n appli-
cations of maps in F . For any interval of integers [[N,N + Kn − 1]] where
N > maxFn(I), the elements of X belonging to this interval have been ob-
tained by applying at least n+1 maps. Hence, in the interval [[N,N+Kn−1]]
there can be at most kn−n1

1 kn−n2
2 · · · kn−nr

r integers x ∈ X such that the last n
maps which produce x correspond to the composite function g, i.e., such that
there exists y ∈ X satisfying g(y) = x. For fixed numbers ni, i = 1, 2, . . . , r,
there are n!/(n1!n2! · · ·nr!) functions g of the type described above. Thus,
the number of integers in X ∩ [[N,N +Kn− 1]] for any large enough N is at
most

∑
n1,n2,...,nr

(
n!

n1!n2! · · ·nr!

)
kn−n1

1 kn−n2
2 · · · kn−nr

r

= Kn

(
1

k1
+

1

k2
+ · · ·+ 1

kr

)n
.

where the sum is over n1, n2, . . . , nr ≥ 0 satisfying n1 + n2 + · · · + nr = n.
Hence, the biggest gap xi+1−xi between two consecutive elements xi, xi+1 ∈
X in the interval [[N,N +Kn − 1]] is at least

d(n) =
Kn

Kn
(

1
k1

+ 1
k2

+ · · ·+ 1
kr

)n =

(
1

k1
+

1

k2
+ · · ·+ 1

kr

)−n
.

Since
∑r

i=1 k
−1
i < 1, the function d(n) tends to infinity as n tends to infinity.

This means that there are arbitrarily large gaps in X. In other words, the
self-generating set X is not syndetic.

Before showing that RX = 1 let us first recall a density property of
multiplicatively independent integers. A set S is dense in an interval I ⊆ R
if every subinterval of I contains an element of S.

The following result is a consequence of Kronecker’s theorem, which states
that for any irrational number θ the sequence ({nθ})n≥0 is dense in the
interval [0, 1). Here {x} denotes the fractional part of the real number x.
The proof of Kronecker’s theorem as well as the proof of Theorem 2.5.4 can
be found in [AS03, Section 2.5] or [HW79].
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Theorem 2.5.4. If k, ` ≥ 2 are multiplicatively independent, the set

{kp/`q | p, q ≥ 0}

is dense in [0,∞).

Proof. We show how to get arbitrarily close to any x > 0. Let θ = log k
log ` =

log` k. It is easy to prove that log` k is rational if and only if k and `
are multiplicatively dependant. Then θ is irrational. Let α = log x

log ` . By
Kronecker’s theorem, for all ε > 0 there exist integers a, c ≥ 0 with |aθ −
α − c| < ε. Hence |a log k − log x − c log l| < ε log `, or a log k − c log ` ∈
] log x − ε log `, log x + ε log `[. Thus ka/`c ∈]x`−ε, x`ε[, which can fit inside
any open interval around x by taking ε sufficiently small.

As an easy consequence of the previous theorem, we obtain the following
result.

Corollary 2.5.5. Let α > 0 and β be two real numbers. If k and ` are
multiplicatively independent, then the set {(αkp + β)/`q | p, q ≥ 0} is dense
in [0,∞).

Proof. We show how to get arbitrarily close to any positive real number x.
Let ε > 0. By Theorem 2.5.4, there exist integers p and q such that∣∣∣∣xα − kp

`q

∣∣∣∣ < ε

2α
and

∣∣∣∣ β`q
∣∣∣∣ < ε

2
.

Hence, it follows that∣∣∣∣x− αkp + β

`q

∣∣∣∣ ≤ ∣∣∣∣x− αkp

`q

∣∣∣∣+

∣∣∣∣ β`q
∣∣∣∣ < ε

2α
α+

ε

2
= ε.

Let us next consider the ratio RX of a self-generating set X.

Theorem 2.5.6. For any self-generating set X = Fω(I) ⊆ N given in Defi-
nition 2.1.7 where ki and kj are multiplicatively independent for some i and
j, we have RX = 1.

Proof. Without loss of generality, we may assume that F = {ϕ0, ϕ1, ϕ2},
where ϕ1 : n 7→ k1 n+`1, ϕ2 : n 7→ k2 n+`2, and k1 and k2 are multiplicatively
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independent. Namely, for F ⊆ F ′, it is obvious that Fω(I) ⊆ F ′ω(I) and
consequently, RFω(I) = 1 implies RF ′ω(I) = 1. By Lemma 2.2.4, we may also
assume that `1 and `2 are non-negative.

Let a ∈ X be a positive integer and set Xn := X ∩ [ϕn−1
1 (a), ϕn1 (a)] for

all n > 0. Note that ∪n∈NXn = X ∩ [a,∞). Recall that X = {x0 < x1 <
x2 < · · · } and define

rn := max

{
xi+1 − xi

xi
| xi+1, xi ∈ Xn

}
.

Note that, for all x and for j = 1, 2, if we set bj := `j/(kj − 1), then we have

ϕnj (x) = knj x+ `j

n−1∑
i=0

kij = (x+ bj) k
n
j − bj . (2.13)

Let m ≥ 0 and xi, xi+1 be two consecutive elements belonging to the
set Xm. By Corollary 2.5.5, there exist infinitely many positive integers p

and q such that
ϕp
2(a)

kq1
is equal to

(a+ b2)kp2 − b2
kq1

∈
[
xi+1 + b1 −

3

4
(xi+1 − xi), xi + b1 +

3

4
(xi+1 − xi)

]
.

Therefore ϕp2(a) is an element of X belonging to the interval

[c, d] :=

[
kq1(xi+1 + b1)− 3

4
kq1(xi+1 − xi), kq1(xi + b1) +

3

4
kq1(xi+1 − xi)

]
,

which is a sub-interval1 of the interval [ϕq1(xi), ϕ
q
1(xi+1)]. In other words, we

have
ϕq1(xi) < c < ϕp2(a) < d < ϕq1(xi+1).

Hence, for all t > q, the difference xj+1−xj of any two consecutive elements
xj , xj+1 of X in the interval [ϕt1(xi), ϕ

t
1(xi+1)] is at most

max{ϕt−q1 (ϕq1(xi+1))− ϕt−q1 (ϕp2(a)), ϕt−q1 (ϕp2(a))− ϕt−q1 (ϕq1(xi))}

≤ max{ϕt1(xi+1)−ϕt−q1 (c), ϕt−q1 (d)−ϕt1(xi)} =
3

4
kt1(xi+1−xi)+b1kt−q1 .

Thus, the ratio (xj+1 − xj)/xj is at most

3 kt1(xi+1 − xi)
4ϕt1(xi)

+
b1k

t−q
1

ϕt1(xi)
=

3 kt1(xi+1 − xi)
4ϕt1(xi)

+
1

kq1

b1k
t
1

(xi + b1)kt1 − b1
. (2.14)

1c − ϕq
1(xi) = 1

4
kq
1(xi+1 − xi) + b1 and ϕq

1(xi+1) − d = 1
4
kq
1(xi+1 − xi) − b1 which is

positive for large enough q.
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The latter term in this sum can be taken as small as possible for q and t
large enough (1/kq1 tends to 0 and the other factor tends to the constant
b1/(xi + b1)). In particular, for q and t large enough, we have

b1k
t−q
1

ϕt1(xi)
<
xi+1 − xi

12xi
.

Moreover, we have

3 kt1(xi+1 − xi)
4ϕt1(xi)

=
3 (xi+1 − xi)

4 (xi + b1 − b1/kt1)
<

3 (xi+1 − xi)
4xi

<
10 (xi+1 − xi)

12xi
.

Thus, by (2.14), we obtain

xj+1 − xj
xj

<
11 (xi+1 − xi)

12xi
. (2.15)

Since the above inequality holds for any consecutive elements xi and xi+1

in Xm and since there are only finitely many such pairs, we conclude that
there exists an integer N1 such that (2.15) holds for any consecutive elements
xj , xj+1 ∈ Xn where n ≥ N1. Hence, we obtain rn <

11
12 rm for every n ≥ N1.

Moreover, by repeating this procedure, we conclude that there exists an
integer Nk such that

rn <

(
11

12

)k
rm

for every n ≥ Nk. This implies that lim supn→∞ rn = 0 and, consequently,

RX = 1 + lim sup
n→∞

rn = 1.

Our main result is a straightforward consequence of the previous theo-
rems.

Theorem 2.5.7. Let X = Fω(I) ⊆ N be a self-generating set as in Def-
inition 2.1.7. If

∑r
t=1 k

−1
t < 1 and there exist i, j such that ki and kj are

multiplicatively independent, then Fω(I) is not k-recognizable for any integer
base k ≥ 2.

Proof. Let X = Fω(I) satisfy the assumptions of the theorem. By Theo-
rem 2.5.3, we have DX =∞ and, by Theorem 2.5.6, we have RX = 1. Thus,
Theorem 2.5.1 implies that X is not k-recognizable for any k ≥ 2.
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As a corollary, we have solved Conjecture 1 presented in [ASS05].

Corollary 2.5.8. Let F = {ϕ0, n 7→ k1 n + `1, n 7→ k2 n + `2}, where k1

and k2 are multiplicatively independent. Then any infinite self-generating
set Fω(I) given in Definition 2.1.7 is not k-recognizable for any k ≥ 2.

Proof. This follows directly from Theorem 2.5.7. Namely, if k1 and k2 are
multiplicatively independent, then k1 ≥ 2 and k2 ≥ 3 and k−1

1 + k−1
2 ≤

1/2 + 1/3 = 5/6 < 1.

The condition
∑r

t=1 k
−1
t < 1 is not needed in a very special case of self-

generating sets where `i = 0 for every i = 1, 2, · · · , r. This situation is related
to the so-called y-smooth numbers.

Definition 2.5.9. An integer is y-smooth if it has no prime factors greater
than y.

The analysis of many number theoretic algorithms turns on the role
played by integers which have only small prime factors. To be able to de-
termine which algorithm is faster than the others, it turns out to be im-
portant to have accurate estimates for the number of smooth numbers in
various sequences. A survey of important estimates has been written by
Granville [Gra08]. Smooth numbers also appear in other contexts: for exam-
ple, integers that we know we can factorize in polynomial time are typically
smooth, or a smooth number times a prime.

Theorem 2.5.10. Let X = Fω(I) be as in Definition 2.1.7. If `i = 0 for ev-
ery i = 1, 2, · · · , r and if there exist i, j such that ki and kj are multiplicatively
independent, then Fω(I) is not k-recognizable for any integer base k ≥ 2. In
particular, for y ≥ 3, the set of y-smooth numbers is not k-recognizable for
any k ≥ 2.

Proof. Assume that ϕi : n 7→ kin for i = 1, 2, . . . , r and denote X = Fω(I).
Let x ≥ 2 be an integer and consider n ∈ X ∩ [[0, x]]. By the definition
of X, the integer n must be of the form ke11 · · · kerr a, where a ∈ I. Since
the exponent ei is at most log2(x) for every i = 1, 2, . . . , r, the number of
integers in X∩[[0, x]] is at most (1+log2(x))r#I = O(logr(x)). It follows that
x/#(X ∩ [[0, x]]) tends to infinity when x tends to infinity. This implies that
Fω(I) cannot be syndetic, i.e., DX = ∞. If there are two multiplicatively
independent constants k1 and k2, then RX = 1 by Theorem 2.5.6. Hence,
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by Theorem 2.5.1, the self-generating set X is not k-recognizable for any
k ≥ 2. The second claim follows, since the set of y-smooth numbers can be
represented as a self-generating set Fω(I), where I = {1} and ϕi : n 7→ pin
for i = 1, 2, . . . , r. Here pi is the ith smallest prime and pr is the largest
prime less than or equal to y.
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Chapter 3

Syntactic complexity

3.1 Introduction

In this chapter, we estimate the syntactic complexity, i.e., the cardinality
of the syntactic monoid, of the language 0∗ repk(mN) consisting of base k-
representations of the multiples of the integer m. Next, we study the syn-
tactic complexity of any (ultimately) periodic set of integers written in base
k. We apply our results to a special case of the following decision problem.
Hence, syntactic complexity could possibly serve as a new tool to deal with
this general problem.

Problem 1. Given

• an abstract numeration system S,

• a DFA accepting some S-recognizable set X ⊆ N.

Decide whether or not the set X is ultimately periodic.

The material of this chapter can be found in [RV11] where partial results
were given and in [LRRV12] where a complete decision procedure when S is
the usual k-ary system is developed.

A typical technique to decide if a k-recognizable set X is ultimately pe-
riodic is the following.

• Prove that if a set X ⊆ N is periodic of period P (resp. of preperiod
I), then

#AX ≥ f(P ) (resp. #AX ≥ g(I))

53
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with limx→∞ f(x) = ∞ (resp. limx→∞ g(x) = ∞) and where #AX is
the number of states of the minimal automaton recognizing X.

• These lower bounds on the state complexity of X give some upper
bounds on the possible period and preperiod of X. Then, as we know
AX , there is only a finite number of possible ultimately periodic sets
Y to compare with X. In order to test whether X = Y , we construct
the language L′ = repk(Y ). Since

valk(L) = valk(L
′)⇔ 0∗((0∗)−1.L) = 0∗((0∗)−1.L′),

we only have to test if 0∗((0∗)−1. repk(X)) = 0∗((0∗)−1.L′).

This technique was used by Honkala [Hon86] to settle Problem 1 pos-
itively for integer base numeration systems. In particular, the following
result of Alexeev [Ale04] gives exactly the state complexity of the language
0∗ repk(mN). As usual (m,n) denotes the greatest common divisor of m and
n.

Theorem 3.1.1 ([Ale04]). Let k,m ≥ 2 be integers. Let N,M be such that
kN < m ≤ kN+1 and (m, 1) < (m, k) < · · · < (m, kM ) = (m, kM+1) =
(m, kM+2) = · · · . The minimal automaton of 0∗ repk(mN) has exactly

m

(m, kN+1)
+

inf{N,M−1}∑
t=0

kt

(m, kt)
states.

Recall that a sequence (xn)n≥0 is ultimately periodic if there exist integers
P ≥ 1 and I ≥ 0 such that xn = xn+P for all n ≥ I. Allouche, Rampersad
and Shallit [ARS09] also answered the integer base k decision problem by
constructing an NDFA accepting a pair (I, P ) of preperiod and period if and
only if cX(n) = cX(n + P ) for all n ≥ I, where cX is the characteristic
sequence of X.

Using Büchi’s theorem [Büc60], a first order logic approach to this prob-
lem can be considered, see for instance [BHMV94] when the base is an integer
or [BH97] when the base is a Pisot number. Indeed, they proved that a set X
is k-recognizable if and only if X is k-definable, i.e., if there exists a formula
ϕ in 〈N,+, Vk〉 such that

ϕ(n) is true ⇔ n ∈ X.

Then X is ultimately periodic if the formula

ψ ≡ ∃P∃I∀n ≥ I, ϕ(n)⇔ ϕ(n+ P )
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is true. For instance, Bruyère et al. show how to construct an automaton
Aψ accepting the set Tψ of pairs (I, P ) such that ψ is true. The emptiness
of the set Tψ is decidable.

Very recently, giving a structural description of minimal automata accept-
ing an ultimately periodic set of integers, Marsault and Sakarovitch [MS13]
gave a O(n log n) decision procedure to this problem in the integer base case.

This decision problem was settled positively in [BCFR09], using the same
kind of decision procedure as Honkala, for linear numeration systems U =
(Ui)i≥0 satisfying some weak assumptions: limi→+∞ Ui+1 − Ui = +∞, N is
U -recognizable and limm→+∞NU (m) = +∞, where NU (m) ∈ {1, . . . ,m}
denotes the number of values that occur infinitely often in the sequence (Ui
mod m)i≥0.

Considering this decision problem for any abstract numeration system
turns out to be equivalent to the so-called ω-HD0L ultimate periodicity de-
cision problem [BR10, HR04]:

Problem 2. Given a coding and a morphism generating an infinite word w.
Decide whether or not w is ultimately periodic.

For instance, the pure morphic case, i.e., the ω-D0L ultimate periodic-
ity decision problem, was solved by Harju and Linna [HL86] and indepen-
dently by Pansiot [Pan86]. Relying on combinatorics on words techniques,
the general case has very recently received a positive answer thanks to Du-
rand [Dur12, Dur11] and Mitrofanov [Mit11] independantly.

In the framework of numeration systems, syntactic complexity has an
advantage in comparison to left or right quotients: we have the opportunity
to work simultaneously on prefixes and suffixes of base k-expansions, that
is on most and least significant digits. See for instance [BY11] for some
background. Since syntactic complexity provides an alternative measure for
the complexity of a regular language, one could try to develop new decision
procedures based on the syntactic complexity instead of the state complexity
of the corresponding languages. A step in that direction is to first consider
integer base numeration systems. As a consequence of our results, we present
such a procedure in Section 3.5, using a similar approach as in [Hon86].

In the next section, we recall basic definitions, fix notation and discuss
the case of n-definite languages. In Section 3.3, we compute the syntactic
complexity of the set mN written in base k, i.e., the cardinality Mk,m of the
syntactic monoid of the language 0∗ repk(mN). For the binary system, the
first few values of M2,m are given in Table 3.1. Let k ≥ 2. An explicit formula
for Mk,m is obtained as a consequence of Theorems 3.3.1, 3.3.4 and 3.3.8 for
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m 2 3 4 5 6 7 8 9 10 11 12

M2,m 3 6 5 20 13 21 7 54 41 110 20

m 13 14 15 16 17 18 19 20 21 22 23 24

M2,m 156 43 60 9 136 109 342 62 126 221 253 27

m 25 26 27 28 29 30 31 32 33 34 35 36

M2,m 500 313 486 65 812 121 155 11 330 273 420 164

Table 3.1: The first values of the syntactic complexity in the base 2 case.

the following three cases:

• the constant m and the base k are coprime

• m is a power of k

• m = knq with (q, k) = 1, q ≥ 2 and n ≥ 1.

Next, we provide a lower bound on the number of infinite classes of the
syntactic monoid of a periodic set of period m = knq with (q, k) = 1. In
Section 3.4, we provide such a lower bound in the general case where the
period m is of the kind dknq with (q, k) = 1 and the set of prime factors of
d is a subset of that of k.

We end the chapter with a procedure for the decision problem described
above.

3.2 Definitions and basic properties

3.2.1 Periodic sets

Recall that a set X ⊆ N is periodic of period p if for all n ∈ N, n ∈ X ⇔
n+ p ∈ X. The period is always understood to be the minimal period of X.
In particular, if X ⊆ N is periodic of period p, then for all i, j ∈ N,

i 6≡ j mod p⇒ ∃r ∈ [[0, p−1]] : (i+r ∈ X, j+r 6∈ X) or (i+r 6∈ X, j+r ∈ X).
(3.1)

A set X ⊆ N is ultimately periodic of period p and preperiod I > 0 if, for all
n ≥ I, n ∈ X ⇔ n+p ∈ X and exactly one of the two elements I−1, I+p−1
is in X. Again, preperiod and period are always understood to be minimal.
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3.2.2 Syntactic complexity and n-definite languages

In the theory of regular languages, there are two fundamental congruences.
The first one has already been introduced in Chapter 1, Definition 1.2.11.

Definition 3.2.1. Let L be a language over the finite alphabet Σ. The
Nerode congruence of L is defined as follows. Let u, v ∈ Σ∗. We have

u ∼L v ⇔ (ux ∈ L⇔ vx ∈ L, ∀x ∈ Σ∗)

⇔ u−1.L = v−1.L.

Each equivalence class is the set of words that reach the same state from
the initial state in the minimal automaton of L. The number of these classes
is equal to the number of states of AL which is exactly the state complexity
of the language L.

Definition 3.2.2. Let L be a language over the finite alphabet Σ. The
context of a word u ∈ Σ∗ with respect to L is given by the set of pairs

CL(u) = {(x, y) ∈ Σ∗ × Σ∗ | xuy ∈ L}.

If L is clearly understood, we will simply write C(u).

The Myhill congruence (or syntactic congruence) of L is defined as fol-
lows. Let x, y ∈ Σ∗. We set

x↔L y ⇔ (uxv ∈ L⇔ uyv ∈ L ∀u, v ∈ Σ∗)

⇔ CL(x) = CL(y).

As stated by the following proposition, each equivalence class is the set
of words that perform the same transformation on the set of states of the
minimal automaton of L.

Proposition 3.2.3. Let L be a language over Σ. Two words u, v ∈ Σ∗ are
such that u ↔L v if and only if they perform the same transformation on
the set of states of the minimal automaton AL = (QL, q0,L, FL,Σ, δL) of L,
i.e., for all r ∈ QL, δL(r, u) = δL(r, v). In particular, if u, v are such that
δL(q0,L, u) 6= δL(q0,L, v), then u 6↔L v.

Definition 3.2.4. Let QL = {q1, . . . , qn} be the set of states of the minimal
automaton of L. The transformation automaton of L has (QL)n as set of
states, (q1, . . . , qn) as initial state and for all w ∈ Σ∗, (r1, . . . , rn) ∈ (QL)n,
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its transition function τ : (QL)n×Σ∗ → (QL)n is given by τ((r1, . . . , rn), w) =
(δL(r1, w), . . . , δL(rn, w)). We will only consider the accessible part of this
automaton. Thanks to Proposition 3.2.3,

u↔L v if and only if τ((q1, . . . , qn), u) = τ((q1, . . . , qn), v).

Example 3.2.5. Consider the set X = 3N in base 2. The minimal au-
tomaton of L = 0∗ rep2(X) is depicted in Figure 3.1 and its transformation
automaton is given in Figure 3.2.

a b c

1

1

0

0

0 1

Figure 3.1: The minimal automaton of 0∗ rep2(3N).

abc

acb

bac

bca

cab

cba

0 0

1

1

0

0
11

0

0

1

1

Figure 3.2: The transformation automaton of 0∗ rep2(3N).

Remark 3.2.6. Note that if the transformation automaton of L has a
strongly connected component containing l states, we can find l infinite
equivalence classes for ↔L. Indeed, if there is a path labelled by u ∈ Σ∗

from the initial state (q1, . . . , qn) to a state (r1, . . . , rn) belonging to this
strongly connected component, there is a cycle on (r1, . . . , rn) labelled by
some v ∈ Σ+. Then, if u belongs to an equivalence class for↔L, uvi belongs
to the same class for all i > 0 and this class is infinite.
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Let X be an ultimately periodic set of preperiod I. This remark ensures
that we can find elements greater than I in each class. Then if we find a
lower bound on the number of infinite equivalence classes of a periodic set,
it is still valid in the ultimately periodic case.

The monoid Σ∗/↔L consisting of the equivalence classes of the relation
↔L is the syntactic monoid of L. It is well known that L is a regular
language if and only if Σ∗/↔L is finite. The syntactic complexity of L is
the cardinality of its syntactic monoid. If X ⊆ N is a k-recognizable set of
integers, by extension we define the syntactic complexity of X (w.r.t. k) as
the syntactic complexity of the language 0∗ repk(X).

Example 3.2.7. Consider the automata depicted in Figure 3.3. These two
automata have the same alphabet, are minimal and have the same state
complexity. However, the syntactic complexity of L(A1) is 3 and that of
L(A2) is 9 and the multiplication table of the syntactic monoid of L(A1)
and L(A2) are given in Table 3.2 and Table 3.3 respectively where each
equivalence class is given by one of its representatives.

A1

a b

c

1

2

1

2

1

2

0 0

0

A2

a b

c

0

0, 1

2

1, 2

0, 1, 2

Figure 3.3: Automata A1 and A2.

ε 1 2

ε ε 1 2
1 1 2 ε
2 2 ε 1

Table 3.2: The multiplication table of the syntactic monoid of L(A1).



60 CHAPTER 3. SYNTACTIC COMPLEXITY

ε 0 1 2 02 10 20 020 102

ε ε 0 1 2 02 10 20 020 102
0 0 ε 1 02 2 10 020 20 102
1 1 10 1 1 102 10 10 102 102
2 2 20 1 2 102 20 20 102 102
02 02 020 02 02 102 020 020 102 102
10 10 1 102 102 1 10 102 10 102
20 20 2 2 102 2 20 102 20 102
020 020 02 02 102 02 020 102 020 102
102 102 102 102 102 102 102 102 102 102

Table 3.3: The multiplication table of the syntactic monoid of L(A2).

As shown by Example 3.2.7, two languages can have same state complex-
ity but different syntactic complexity. Then the syntactic complexity gives
an alternative measure to the state complexity. The following result gives a
link between these two quantities.

Proposition 3.2.8. For each language L ⊆ Σ∗ of state complexity c > 1,
we have

c ≤ µ(L) ≤ cc

where µ(L) is the syntactic complexity of L.

We now give basic definitions and properties about the so-called n-definite
languages. This kind of languages will be of particular interest in estimating
the syntactic complexity of periodic sets when the period is a power of the
base.

Definition 3.2.9. A language L ⊆ Σ∗ is weakly n-definite , if for any x, y ∈
Σ∗ satisfying |x| ≥ n, |y| ≥ n and having the same suffix of length n, x ∈ L
if and only if y ∈ L. In other words, L can be written as G ∪ Σ∗F where F
(resp. G) is finite and contains only words of length n (resp. less than n). For
more about weakly n-definite languages, see [PRS63, Brz63]. Let n ≥ 1. A
language is n-definite if it is weakly n-definite and not weakly (n−1)-definite.
One also finds the terminology suffix testable in the literature [Pin97].

Example 3.2.10. Consider the language L = 0∗ rep2(4N) ⊆ Σ∗2 of base 2-
representations of the multiples of 4. This language is weakly 2-definite since
L = {ε} ∪ Σ∗2{00} but is not weakly 1-definite since 100 and 110 have the
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same suffix of length 1 but 100 ∈ L and 110 /∈ L. Then, by definition, the
language L is 2-definite.

The following proposition is well known and gives a lower bound on the
state complexity of a n-definite language.

Proposition 3.2.11 ([PRS63]). If a language L is n-definite, then its min-
imal automaton has at least n+ 1 states .

The original arguments of Perles, Rabin and Shamir involved in the proof
of Proposition 3.2.11 are of the same kind as the one that we will be devel-
oping. This is why we have decided to include the proof.

Proof. Let AL = (QL,Σ, q0,L, FL, δL) the minimal automaton of L such that
L is n-definite. We must prove #QL ≥ n+ 1.

If n = 0, there is nothing to prove since we always have #QL ≥ 1.
Therefore, assume n ≥ 1. Define, for q, q′ ∈ QL and i ≥ 0,

Ei(q, q
′)⇔ (∀x ∈ Σ)[|x| ≥ i⇒ (δL(q, x) ∈ FL ⇔ δL(q′, x) ∈ FL)].

Ei(q, q
′) means that no word x satisfying |x| ≥ i distinguishes the states q and

q′. Each Ei is an equivalence relation on QL and induces a partition Pi of QL
into #Pi equivalence classes. The relation Ei(q, q

′) always implies Ei+1(q, q′);
the partition Pi is therefore a refinement of Pi+1 hence, #Pi ≥ #Pi+1.

Since L is n-definite and n ≥ 1, L is weakly n-definite but not weakly
(n − 1)-definite. Therefore, there exist three words x, y and y′ (y and y′

possibly empty) such that |x| = |x0 · · ·xn−2| = n − 1, yx ∈ L and y′x 6∈ L.
Define, for 0 ≤ i ≤ n− 1,

qi = δL(q0,L, yx0 · · ·xi−1) = δL(δL(q0,L, y), x0 · · ·xi−1)

and
q′i = δL(q0,L, y

′x0 · · ·xi−1) = δL(δL(q0,L, y
′), x0 · · ·xi−1).

Let z ∈ Σ∗ such that |z| ≥ n− i. Then we have

δL(qi, z) = δL(δL(q0,L, yx0 · · ·xi−1), z) = δL(q0,L, yx0 · · ·xi−1z)

and similarly

δL(q′i, z) = δL(δL(q0,L, y
′x0 · · ·xi−1), z) = δL(q0,L, y

′x0 · · ·xi−1z).

Now, |x0 · · ·xi−1z| = i+ |z| ≥ n. The words yx0 · · ·xi−1z and y′x0 · · ·xi−1z
agree in their last n symbols. Since L is n-definite, yx0 · · ·xi−1z ∈ L if
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and only if y′x0 · · ·xi−1z ∈ L. In other words, δL(qi, z) ∈ FL if and only if
δL(q′i, z) ∈ FL, i.e.,

En−i(qi, q
′
i). (3.2)

On the other hand, since |xi · · ·xn−2| = n− 1− i, we get

δL(qi, xi · · ·xn−2) = δL(δL(q0,L, yx0 · · ·xi−1), xi · · ·xn−2)

= δL(q0,L, yx) ∈ FL.

In a similar way, it follows from y′x 6∈ L that

δL(q′i, xi · · ·xn−2) = δL(q0,L, y
′x) 6∈ FL.

This implies that

q and q′ do not satisfy En−i−1(q, q′). (3.3)

Relations (3.2) and (3.3) show that, for 0 ≤ i ≤ n − 1, there exists q, q′

such that we have En−i(q, q
′) and not En−i−1(q, q′). The partition Pn−i−1

is therefore a proper refinement of Pn−i, which implies #Pn−i < #Pn−i−1.
Thus, we have

1 ≤ #Pn < #Pn−1 < · · · < #P1 < #P0;

hence #P0 ≥ n+ 1.
Since each equivalence class in the partition P0 contains at least one state,

we finally get
#QL ≥ #P0 ≥ n+ 1.

In particular, the syntactic monoid of an n-definite language also has at
least n+ 1 elements. We adapt the previous result to get extra information
about such a monoid in the case of sets of integers.

Lemma 3.2.12. Let X be a set of integers. If L = 0∗ repk(X) is n-definite,
then there exist arbitrarily large integers t1, . . . , tn+1 such that the n+1 words
repk(t1), . . . , repk(tn+1) belong to different equivalence classes of ↔L.

Proof. Note that there exist ` words s1, . . . , s` of length n such that a word
of length at least n belongs to L if and only if it belongs to Σ∗k{s1, . . . , s`}.
Define an accessible DFA A = (Q, qε, F,Σk, δ) where

Qn = {qw | |w| = n} and Q = Qn ∪ {qw | |w| < n}
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and for all u ∈ Σ∗k such that |u| < n and a ∈ Σk, we have δ(qu, a) = qua.
Now if |u| = n, then u = cx for some c ∈ Σk, |x| = n − 1 and we have
δ(qu, a) = qxa. Notice that A restricted to the states in Qn is a strongly
connected component isomorphic to the de Bruijn graph of order n over Σk.
The set of final states of A is easily defined in such a way that the language
accepted by A is L. In particular, a state in Qn is final if and only if it is of
the form qsi for i ∈ [[1, `]].

Let AL = (QL, q0,L, FL,Σk, δL) denotes the minimal automaton of L and
let Φ be the canonical morphism of automata Φ : Q→ QL from A to AL such
that Φ(δ(r, w)) = δL(Φ(r), w) for all r ∈ Q and w ∈ Σ∗k. Let R := Φ(Qn). In
other words, R is the set of states of AL reached by words of length at least
n. Using the same arguments as in [PRS63], let us show that #R ≥ n + 1.
For all r, r′ ∈ R and i ≥ 0, define

Ei(r, r
′)⇔ (∀x ∈ Σ∗k)

[
|x| ≥ i⇒ (δL(r, x) ∈ FL ⇔ δL(r′, x) ∈ FL)

]
.

This equivalence relation Ei over R induces a partition Pi of R into #Pi
equivalence classes. It is clear that Ei(r, r

′) implies Ei+1(r, r′) and thus
#Pi ≥ #Pi+1.

Since L is n-definite, there exists a word V = v1 · · · vn−1 of length n− 1
and two symbols σ, τ ∈ Σk such that σV ∈ L and τV 6∈ L. Let T ≥ n
and i ∈ [[0, n − 1]]. Take the two states r = Φ(δ(qε, 10Tσv1 · · · vn−i−1)) and
r′ = Φ(δ(qε, 10T τv1 · · · vn−i−1)) in R. By considering the word vn−i · · · vn−1

of length i, the states r and r′ do not satisfy Ei(r, r
′) but for all words u of

length at least i+ 1, we have

δ(qε, 10Tσv1 · · · vn−i−1u) = qS = δ(qε, 10T τv1 · · · vn−i−1u)

where S is the suffix of length n of v1 · · · vn−i−1u and thus Ei+1(r, r′). We
have just shown that Ei is a refinement of Ei+1 and

#P0 > #P1 > · · · > #Pn−1 > #Pn ≥ 1.

Consequently, #R ≥ #P0 ≥ n+ 1.
The minimal automaton AL of L contains at least n + 1 distinct states

of the kind Φ(qu1), . . ., Φ(qun+1) ∈ R for some words u1, . . . , un+1 ∈ Σ∗k of
length n. Let I > 0. Take a large enough T such that, for all i ∈ [[1, n+ 1]],
valk(10Tui) > I and observe that

Φ(δ(qε, 10Tui)) = Φ(qui) = δL(q0,L, 10Tui) ∈ R.

The words 10Tui, i = 1, . . . , n+ 1, perform pairwise distinct transformations
on the set of states of the minimal automaton AL and the syntactic monoid
of L contains at least n+ 1 classes (see Proposition 3.2.3).
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Example 3.2.13. Consider the ultimately periodic set X = 4N + 3 with
preperiod 3 and period 4. The language L = 0∗ rep2(X) is 2-definite since
we have

w ∈ L⇔ w ∈ Σ∗2{11}.

With the notation of the previous proof, we have n = 2 and the automaton
A = (Q, qε, F,Σ2, δ) with Q2 = {q00, q01, q10, q11}, Q = Q2 ∪ {qε, q0, q1} and
F = {q11} is represented in Figure 3.4.

qε

q0

q1

q01

q00

q10

q11

0

1

0

1

0

1

1

0

0 1

0

1

0

1

Figure 3.4: A DFA accepting rep2(4N + 3).

The minimal automaton of the language L is represented in Figure 3.5
and we have R = {qA, qB, qC}. So #R = 3 = n + 1 and R contains Φ(q00),
Φ(q01) and Φ(q11).

Let I = 3 be the preperiod of X and take for instance T = 0. Then we
have val2(100) = 4 > 3, val2(110) = 6 > 3 and val2(111) = 7 > 3 and the
words 100, 110 and 111 perform pairwise distinct transformations on the set
of states. Hence 100, 110 and 111 belong to different classes of ↔L.



3.3. FIRST RESULTS ON THE SYNTACTIC COMPLEXITY 65

qA qB qC
1 1

0

0

0 1

Figure 3.5: The minimal DFA accepting rep2(4N + 3).

3.3 First results on the syntactic complexity

Let m,x ≥ 2 be integers such that (m,x) = 1. We denote by ordm(x) the
order of x in the multiplicative group U(Z/mZ) consisting of the invertible
elements in Z/mZ, that is, ordm(x) is the smallest positive integer j such
that xj ≡ 1 mod m. In particular, ordm(x) is the period of the sequence
(xn mod m)n≥0.

In the sequel, the integer m ≥ 2 will denote the period of the considered
periodic set and the integer k ≥ 2 will denote the base of the representations.

Case 1 : (m, k) = 1

We first consider the case where the base and the period are coprime. In-
terestingly, the syntactic complexity only depends on the period and not on
the structure of the periodic set. As in Remark 3.2.6, the second part of the
following result ensures that we can find elements greater than the preperiod
of an ultimately periodic set and will be useful to transpose our decision
procedure from periodic sets to ultimately periodic sets.

Theorem 3.3.1. Let m, k ≥ 2 be integers such that (m, k) = 1. If X ⊆ N is
periodic of (minimal) period m, then the syntactic complexity of 0∗ repk(X) is
given by m. ordm(k). In particular, this result holds for X = mN. Moreover,
for each class of ↔0∗ repk(X), there exists an arbitrarily large integer ` such
that repk(`) belongs to this class.

Proof. Let X ⊆ N be a periodic set of period m. Let u, v ∈ Σ∗k. Let us first
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show that we have

u↔0∗ repk(X) v ⇔ C(u) = C(v)

⇔
{

valk(u) ≡ valk(v) mod m,
|u| ≡ |v| mod ordm(k).

(3.4)

Let α be a multiple of ordm(k) such that kα > m. Since (ki mod m)i≥0 is
a purely periodic sequence of period ordm(k), it follows that valk(u0α) ≡
valk(u) mod m. Indeed we have

valk(u0α) = valk(u).kα + valk 0α

= valk(u).kα

≡ valk(u).1 mod m.

Assume that valk(u) 6≡ valk(v) mod m. Since X is periodic of period m,
using (3.1) there exists r ∈ [[0,m−1]] such that valk(u)+r ∈ X and valk(v)+
r 6∈ X (the other case is treated similarly). So (ε, 0α−| repk(r)| repk(r)) belongs
to C(u) and not to C(v) and we have u 6↔0∗ repk(X) v.

Now assume that valk(u) ≡ valk(v) mod m and |u| 6≡ |v| mod ordm(k).
In that case, we have

valk(1u)− valk(1v) = k|u| + valk(u)− (k|v| + valk(v))

≡ k|u| − k|v| mod m.

and

|u| 6≡ |v| mod ordm(k)

⇔ ∃` ≥ 0, r ∈ [[0, ordm(k)]] such that |u| = |v|+ ` ordm(k) + r

⇔ ∃` ≥ 0, r ∈ [[0, ordm(k)]] such that k|u| = k|v|k` ordm(k)kr

⇔ ∃r ∈ [[0, ordm(k)]] such that k|u| ≡ k|v|kr mod m

⇔ k|u| 6≡ k|v| mod m

as 0 < r < ordm(k). Thus we obtain that valk(1u) 6≡ valk(1v) mod m and
we can proceed as in the first situation. There exists some r ∈ [[0,m − 1]]
such that (1, 0α−| repk(r)| repk(r)) belongs to C(u) and not to C(v). So we have
u 6↔0∗ repk(X) v.

Now proceed to the converse and assume that u, v are such that valk(u) ≡
valk(v) mod m and |u| ≡ |v| mod ordm(k). We have k|u| ≡ k|v| mod m and
for all x, y ∈ Σ∗k,

valk(xuy) = valk(x) k|u|+|y| + valk(u) k|y| + valk(y)

≡ valk(x) k|v|+|y| + valk(v) k|y| + valk(y) mod m

≡ valk(xvy) mod m.
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So we have u↔0∗ repk(X) v and we have again used the fact that the sequence
(ki mod m)i≥0 is purely periodic of period ordm(k).

To conclude the proof, by considering words of the kind

ur,j = 0α−| repk(r)|+j repk(r),

for r ∈ [[0,m − 1]] and j ∈ [[1, ordm(k)]], it follows from (3.4) that we have
m. ordm(k) non-empty classes of↔0∗ repk(X). Indeed, for all r, r′ ∈ [[0,m−1]]
and i, j ∈ [[1, ordm(k)]] such that r 6= r′ and i 6= j, we have

|ur,i| 6≡ |ur,j | mod ordm(k)

and

valk(ur,j) = valk(r)

6≡ valk(r
′) mod m

6≡ valk(ur′,j) mod m.

Moreover each class contains representations of arbitrarily large integers.
For all T ≥ 0 and for all u ∈ Σ∗k, using (3.4) we have

u↔0∗ repk(X) (1 0ordm(k)−1)Tm u.

Indeed we have

valk(1 0ordm(k)−1)Tm u) = valk(u) + T
m∑
j=1

kj ordm(k)+|u|−1

≡ valk(u) + T

m∑
j=1

k|u|−1 mod m

≡ valk(u) + Tmk|u|−1 mod m

≡ valk(u) mod m.

Remark 3.3.2. Note that the characterization of Equation (3.4) implies
that two periodic sets of minimal period m coprime with k have isomorphic
syntactic monoids.

Example 3.3.3. Consider the set X = 3N in base 2 as in Example 3.2.5.
The minimal automaton of L = 0∗ rep2(X) is depicted in Figure 3.1 on
page 58 and Table 3.4 gives the corresponding multiplication table of the
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syntactic monoid of 0∗ rep2(X) where each class is given by one of its repre-
sentatives.

In this case, with the previous notation, we have k = 2, m = 3 and
ordm(k) = ord3(2) = 2. It is clear that the syntactic complexity of L is
m. ordm(k) = 3.2 = 6.

ε 0 1 01 10 101

ε ε 0 1 01 10 101
0 0 ε 01 1 101 10
1 1 10 ε 101 0 01
01 01 101 0 10 ε 1
10 10 1 101 ε 01 0
101 101 01 10 0 1 ε

Table 3.4: The multiplication table of the syntactic monoid of 0∗ rep2(3N).

Case 2 : m = kn

Now consider the case where the period is a power of the base.

Theorem 3.3.4. Let k ≥ 2 and m = kn with n ≥ 1. Then the syntactic
complexity of 0∗ repk(mN) is given by 2n+ 1.

Proof. The words ε, 0, . . . , 0n, 1, 10, . . . , 10n−1 have pairwise different con-
texts with respect to the language 0∗ repk(mN). For i = 0, . . . , n, (10n−i, ε)
belongs to C(0i+`), for all ` ≥ 0, since valk(10n+l) = knkl ≡ 0 mod m but
does not belong to C(0j) for j < i nor to C(10r), for 0 ≤ r ≤ n− 1. Indeed,
we have

valk(10n−i0j) = valk(10n+j−i)

= kn+j−i

6≡ 0 mod m

since n+ j − i < n, and

valk(10n−i10r) = kn−i+r+1 + kr

= kr(kn−i+1 + 1)

6≡ 0 mod m

since r < n. Then, for i, j ∈ [[0, n]], i 6= j, we have C(0i) 6= C(0j) and for
i ∈ [[0, n]] and j ∈ [[0, n− 1]], we have C(0i) 6= C(10j)
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In the same way, for i = 1, . . . , n, (ε, 0i) belongs to C(10n−j), for 0 ≤ j ≤ i,
because

valk(10n−j0i) = valk(10n+i−j)

= kn+i−j

≡ 0 mod m

since n+i−j > n. But (ε, 0i) does not belong to C(10j) for j < n−i because

valk(10j0i) = kj+i

6≡ 0 mod m

since j + i < n. Then, for i, j ∈ [[0, n − 1]], i 6= j, we have C(10i) 6= C(10j).
So the syntactic monoid of 0∗ repk(mN) has at least 2n+ 1 elements.

Now consider some word u ∈ Σ+
k . Write u = v0i where v is either empty

or ends with a non-zero digit.

If i ≥ n, then u↔0∗ repk(mN) 0n. Indeed, we have

valk(v0i) = valk(v)ki

= valk(v)kn+i′

= m valk(v)ki
′
.

If v 6= ε and i < n, then u↔0∗ repk(mN) 10i. Indeed, we have

xuy = xv0iy ∈ 0∗ repk(mN)⇔ (x ∈ Σk and y = 0l for l ≥ n− i).

If v = ε and i < n, the case u = 0i was already considered.

Hence the syntactic monoid of 0∗ repk(mN) has exactly 2n+ 1 elements.

As in Theorem 3.3.1, the second part of the following result will be of
particular interest in the decision procedure and ensures that we can find
elements greater than the preperiod of the ultimately periodic set in each
equivalence class.

Proposition 3.3.5. Let k ≥ 2. If X ⊆ N is a periodic set of (minimal)
period m = kn with n ≥ 1, then the syntactic complexity of L = 0∗ repk(X)
is greater than or equal to n+ 1. Moreover there exist arbitrarily large inte-
gers t1, . . . , tn+1 such that the n+ 1 words repk(t1), . . . , repk(tn+1) belong to
different equivalence classes of ↔L.
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Proof. Let X ⊆ N be a periodic set of period kn, n ≥ 1. By minimality of the
period there exist V ∈ Σ∗k, σ, τ ∈ Σk such that σ 6= τ , |V | = n−1, and for all
u ∈ Σ∗k, we have valk(uσV ) ∈ X and, for all u ∈ Σ∗k, valk(uτV ) 6∈ X. If that
was not the case, the fact that a word w belongs to L would only depend on
its suffix of length n− 1, so in particular, we would have valk(w) ∈ X if and
only if valk(w) + kn−1 ∈ X for all words w. This contradicts the fact that
kn is the period of X. Then, in other words, L is a n-definite language. One
can conclude using Lemma 3.2.12.

Remark 3.3.6. The bound in Proposition 3.3.5 is tight. One can for in-
stance consider the set 5 + 8N written in base 2. The minimal automaton
of 0∗ rep2(5 + 8N) is depicted in Figure 3.6. The corresponding transforma-

a b c d

0 1

1 0 1

0
0

1

Figure 3.6: The minimal automaton of 0∗ rep2(5 + 8N).

tion automaton (see Definition 3.2.4) is given in Figure 3.7 displaying one
strongly connected component with four elements and the syntactic monoid
has exactly four infinite equivalence classes as explained in Remark 3.2.6.

Case 3 : m = knq

For convenience, we set s = ordq(b) in all what follows.

Remark 3.3.7. The sequence (bi mod m)i≥0 is ultimately periodic of period
ordq(b) and preperiod n. For instance, the sequence

(2i mod 24)i≥0 = (1, 2, 4, (8, 16)ω)

has preperiod 3 = log2 8 and period ord3(2). Indeed, (bi mod q)i≥0 is purely
periodic of period ordq(b) and

(bi mod bn)i≥0 = (1, b, b2, . . . , bn−1, 0, 0, . . .)
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bdbd aaaa bbbb cccc

acac bbdbabcd

dddd
0

1
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1

0
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0
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1 0 1 0

Figure 3.7: The transformation automaton of 0∗ rep2(5 + 8N).

is ultimately periodic with preperiod n and period 1.

For the sake of completeness, we restate the following result. See [RV11,
Theorem 4].

Theorem 3.3.8. Let k ≥ 2 and m = knq where n ≥ 1 and (q, k) = 1
and q ≥ 2. Then the syntactic complexity of 0∗ repk(mN) is given by (n +
1).q. ordq(k) + n.

Before giving the proof of Theorem 3.3.8, we need to recall the following
results that were proved in [RV11]. Arguments of the proof of Lemma 3.3.9
are similar to the ones developed in the proof of Theorem 3.3.1 and the proofs
of the other results are straightforward.

Lemma 3.3.9 ([RV11]). Let k ≥ 2 and m = knq where n ≥ 1 and (q, k) = 1
and q ≥ 2. Let X ⊆ N be a periodic set of (minimal) period m. For any
words two u, v ∈ Σ∗k of length at least n, the following implications hold

((|u| ≡ |v| mod s) ∧ (valk(u) ≡ valk(v) mod m))⇒ u↔0∗ repk(X) v, (3.5)

((|u| 6≡ |v| mod s) ∨ (valk(u) 6≡ valk(v) mod q))⇒ u 6↔0∗ repk(X) v. (3.6)
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Corollary 3.3.10 ([RV11]). Let k ≥ 2 and m = knq where n ≥ 1 and
(q, k) = 1 and q ≥ 2. If X ⊆ N is a periodic set of (minimal) period m and
u, v ∈ Σ∗k are two words of length at least n, then u↔0∗ repk(X) v implies that
the following conditions hold

i) |u| ≡ |v| mod s

ii) either, valk(u) ≡ valk(v) mod m or, there exists a unique i ∈ [[0, n− 1]]
such that (valk(u) ≡ valk(v) mod kiq)∧ (valk(u) 6≡ valk(v) mod ki+1q).

Remark 3.3.11. The converse does not hold. Consider X = 12N and k = 2,
one can check with u = 100 and v = 10110 that i) and ii) are fulfilled but
(1, ε) belongs to C(u) but not to C(v).

A word u ∈ Σ∗k of length at least n has three features: its length modulo
s, |u| mod s, its value modulo q, valk(u) mod q, and its suffix of length n
(i.e., its value modulo kn). Observe that if we know valk(u) mod q and
valk(u) mod kn, then we obtain valk(u) mod knq.

Lemma 3.3.12 ([RV11]). Let q, k ≥ 2 be two coprime integers, w ∈ Σ∗k and
i ∈ [[0, q − 1]]. There exists some word x ∈ (0s−11)∗0∗ such that valk(xw) ≡
i mod q.

Corollary 3.3.13 ([RV11]). For all words w ∈ Σ∗k of length at least n,
i ∈ [[0, q − 1]], ` ∈ [[0, s − 1]] and I > 0, there exists a word u having w as
suffix and such that valk(u) ≡ i mod q, |u| ≡ ` mod s and valk(u) > I.

We are now ready to give the proof of Theorem 3.3.8 from [RV11].

Proof of Theorem 3.3.8. Let X = mN. Notice that d ∈ N is a multiple of
m if and only if repk(d) = x0n and valk(x) is a multiple of q. We get the
first term in the formula. Let u, v be two words of length at least n. From
(3.6), if |u| 6≡ |v| mod s or valk(u) 6≡ valk(v) mod q, then u and v belong to
two different classes for ↔0 repk(mN). Now assume that |u| ≡ |v| mod s and
valk(u) ≡ valk(v) mod q. Observe that if u ends with exactly i ∈ [[0, n− 1]]
zeroes and v ends with j zeroes with j > i, then u 6↔0 repk(mN)v. With
the same construction as in the proof of Lemma 3.3.12, there exists some
word x ∈ (0s−11)0 such that valk(xu) ≡ valk(xv) ≡ 0 mod q and we can
conclude that (x, 0maxn−j,0) belongs to C(v) and not to C(u). This proves
with Corollary 3.3.13 that words of length at least n provide the syntactic
monoid of 0 repk(mN) with at least (n+ 1).q.s classes.
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Now observe that for any two words u, v of length at least n such that
|u| ≡ |v| mod s, valk(u) ≡ valk(v) mod q, and u, v either end with exactly
the same number i of zeroes with i < n, or both end with at least n zeroes,
then u↔0 repk(mN) v. This proves that words of length at least n provide the
syntactic monoid of 0 repk(mN) with no more than (n+ 1).q.s classes. Now
we take into account words of length less than n and show that they provide
the syntactic monoid of 0 repk(mN) with n new classes giving the second
term in the expression of Mk,m. The n words ε, 0, . . . , 0n−1 have pairwise
different contexts: for all ` ∈ [[0, n− 1]],

C(0`) ∩ {(repk(q), 0
r) | r ≥ 0} = {(repk(q), 0

r) | r ≥ n− `}.

Let ` ∈ [[0, n − 1]]. We show by contradiction that they are indeed n new
classes. Assume that there exists u ∈ Σk such that |u| ≥ n and u↔0 repk(mN)

0`. Since (ε, ε) belongs to C(0`), we deduce that valk(u) ≡ 0 mod m. We
have

valk(1u) ≡ k|u| mod m and valk(10`) ≡ k` mod m

but since the sequence (kr mod m)r≥0 is ultimately periodic with period s
and preperiod n, from ` < n ≤ |u| we conclude that

valk(1u) 6≡ valk(10`) mod m.

Let t ≥ n be a multiple of s. We have

valk((0
t−11)mu) ≡ valk(u) ≡ 0 mod m

and

valk((0
t−11)m0`) = k` +

m−1∑
r=1

k`+rt ≡ k` + (m− 1)k`+t mod m.

Since ` < n ≤ `+ t, we have k` 6≡ k`+t mod m. We conclude that

valk((0
t−11)m0`) 6≡ 0 mod m

proving that ((0t−11)m, ε) belongs to C(u) and not to C(0`).
To conclude the proof, we have to consider some word u 6∈ 0 of length

less than n and prove that u does not provide any new equivalence class.
This comes from the fact that u ↔0 repk(mN) 0rsu where r is chosen large
enough such that rs + |u| ≥ n. It is enough to show that u ↔0 repk(mN)

0su. Let x, y ∈ Σ∗k. If |uy| ≥ n then valk(xuy) ≡ valk(x0suy) mod m and
|xuy| ≡ |x0suy| mod s and we can use (3.5). Otherwise |uy| < n and since
u 6∈ 0, this means that we simultaneously have valk(xuy) 6≡ 0 mod m and
valk(x0suy) 6≡ 0 mod m. This means that xuy ∈ 0 repk(mN) if and only if
x0suy ∈ 0 repk(mN).
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3.4 Lower bound in the general case

In this section, we give a lower bound on the syntactic complexity of a
periodic set X in a case that did not appear in [RV11]. Indeed, we consider
the case where the period m is a power of the base times any integer, i.e.,
not necessarily an integer coprime with the base b. Recall that such a case
is needed to get a decision procedure to test periodicity.

Let k ≥ 2. Notice that any integer m can be uniquely written as

m = dknq with (q, k) = 1 (3.7)

such that n ≥ 0 and q ≥ 1 are chosen maximal. Hence, if pα1
1 · · · p

α`
` denotes

the prime decomposition of k with αi > 0, for all i ∈ [[1, `]], then d = pδ11 · · · p
δ`
`

with δi ≥ 0, for all i ∈ [[1, `]] and there exists r such that δr < αr. For
convenience, we set s := ordq (k) in all what follows. Let

η := min{j ∈ N | ∀i ∈ [[1, `]], nαi + δi ≤ jαi}.

In other words, η is the smallest j such that dkn|kj . Note that η ≥ n.

Remark 3.4.1. Since dkn|k`, for all ` ≥ η, a word has its numerical value
modulo dkn completely determined by its suffix of length η. Indeed, the digits
written to the left of this suffix add to its numerical value a multiple of kη

which is a multiple of dkn. In particular, if two words u, v ∈ Σ∗k of length at
least η have same suffix of length η and are such that valk(u) ≡ valk(v) mod q,
then valk(u) ≡ valk(v) mod m since q and dkn are coprime.

Lemma 3.4.2. Let k ≥ 2 and m = dknq be given as in (3.7). Let X ⊆ N
be a periodic set of (minimal) period m. For any words u, v ∈ Σ∗k of length
at least η, we have

((|u| ≡ |v| mod s) ∧ (valk(u) ≡ valk(v) mod m))⇒ u↔0∗ repk(X) v. (3.8)

Proof. Let u, v ∈ Σ∗k be two words of length at least η. Using the fact that
k` ≡ k`+s mod q, for all ` ≥ 0 and k` ≡ k`+s mod dkn, for all ` ≥ η, we
have that k` ≡ k`+s mod m, for all ` ≥ η. Notice that if u, v are such
that |u| ≡ |v| mod s and valk(u) ≡ valk(v) mod m, then, for all x, y ∈ Σ∗k,
valk(xuy) ≡ valk(xvy) mod m which means that u↔0∗ repk(X) v. Indeed, we
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have

valk(xuy)− valk(xvy)

= valk(x)k|u|+|y| + valk(u)k|y| + valk(y)

− valk(x)k|v|+|y| − valk(v)k|y| − valk(y)

= valk(x)(k|u|+|y| − k|v|+|y|) + k|y|(valk(u)− valk(v))

≡ valk(x)(k|u|+|y| − k|v|+|y|) mod m

≡ valk(x)(k|u|+|y| − k|u|+ts+|y|) mod m for t ≥ 0

≡ valk(x)k|u|(k|y| − kts+|y|) mod m

≡ 0 mod m.

Lemma 3.4.3. Let k ≥ 2 and m = dknq given as in (3.7). Let X ⊆ N be a
periodic set of (minimal) period m. For any two words u, v ∈ Σ∗k, we have

((|u| 6≡ |v| mod s) ∨ (valk(u) 6≡ valk(v) mod q))⇒ u 6↔0∗ repk(X) v. (3.9)

One may notice that the main difference between (3.8) and (3.9) is that
congruences of numerical values are considered modulo m and q respectively.

Proof. As a first case, suppose that valk(u) 6≡ valk(v) mod q. Take α ∈ N
such that kα > m. Since (k, q) = 1, we get that valk(u)kα 6≡ valk(v)kα mod
q. Hence valk(u) kα 6≡ valk(v) kα mod m and, using (3.1), there exists r ∈
[[0,m−1]] such that valk(u)kα+r ∈ X and valk(v)kα+r 6∈ X (the other case
is treated similarly). We can conclude that (ε, 0α−| repk(r)| repk(r)) belongs
to C(u) and not to C(v). So we have u 6↔0∗ repk(X) v.

As a second case, suppose that valk(u) ≡ valk(v) mod q but that |u| 6≡
|v| mod s. This implies that k|u| 6≡ k|v| mod q. Thus valk(1u) 6≡ valk(1v) mod
q and we can proceed as in the first case to prove that 1u 6↔0∗ repk(X) 1v. So

there exists r ∈ [[0,m − 1]] such that (1, 0α−| repk(r)| repk(r)) belongs to C(u)
and not to C(v) and we have u 6↔0∗ repk(X) v.

In the following lemma, the integer I will play the role of the preperiod of
the ultimately periodic set we will consider. Again, it permits us to extend
the lower bound of the periodic case to the ultimately periodic case.

Lemma 3.4.4. For all words w ∈ Σ∗k, i ∈ [[0, q−1]], ` ∈ [[0, s−1]] and I > 0,
there exists a word u having w as suffix and such that valk(u) ≡ i mod q,
|u| ≡ ` mod s and valk(u) > I.
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Proof. Let L ≥ |w| be a multiple of s. We set z = valk(w) mod q. Using the
periodicity of (kr mod q)r≥0, we have kL+rs ≡ 1 mod q, for all r ≥ 0, and

valk[(0
s−11)i+q−z 0L−|w|w] =

i+q−z−1∑
r=0

kL+rs + valk(w)

≡
i+q−z−1∑
r=0

1 + z mod q

≡ i mod q

since kL+rs ≡ 1 mod q.
To conclude the proof, set v := (0s−11)i+q−z 0L−|w|w and consider u =

0`(0s−11)tqv. We have

valk(u) ≡ valk(v) ≡ i mod q

and
|u| = l + stq + s(i+ q − z) + L ≡ l mod s.

To obtain valk(u) > I, it suffices to take t sufficiently large.

Definition 3.4.5. Take a periodic set X ⊆ N of period m = dknq given
as in (3.7). Consider the characteristic word (xt)t≥0 ∈ {0, 1}ω of X where
xt = 1 if and only if t ∈ X. This infinite word is periodic of period m. The q
infinite words (xqt)t≥0, (xqt+1)t≥0, . . . , (xqt+q−1)t≥0 are periodic and each
of their periods divides dkn. As m is the minimal period of X, there exists a
non-empty set J ⊆ [[0, q − 1]] such that, for all j ∈ J , (xqt+j)t≥0 has exactly
period Pj satisfying

Pj := p
βj,1
1 · · · pβj,`` where max

r∈[[1,`]]
βj,r = max

r∈[[1,`]]
(nαr + δr). (3.10)

Indeed, assume without loss of generality that maxr∈[[1,`]](nαr+δr) = nα1+δ1.
Using the same arguments as in [Hon86], set u = maxj∈[[0,q−1]] βj,r and assume

u < nα1 + δ1. Then Pj divides pu1p
nα2+δ2
2 · · · pnα`+δ`

` for all j ∈ [[0, q− 1]] and
we have that

m = q. max
j∈[[0,q−1]]

Pj divides q.pu1p
nα2+δ2
2 · · · pnα`+δ`

` < m.

This leads to a contradiction and ensures that the assertion (3.10) is true.
We set

γj := min{g ∈ N | ∀r ∈ [[1, `]], gαr ≥ βj,r}. (3.11)
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In other words, γj is the smallest g such that Pj |kg. Now choose i ∈ J such
that the corresponding γi is maximal (if several i’s fulfill this condition, to
avoid ambiguity, we take the smallest such i) and we will denote by P and
γ the corresponding Pi and γi. Clearly, γ is a function of d, n and q. In
particular, kγ−1 6≡ 0 mod P .

Remark 3.4.6. Note that if n→ +∞ or d→ +∞, then γ → +∞.

Example 3.4.7. Let k = 75, i.e., p1 = 3, p2 = 5, α1 = 1 and α2 = 2.
Consider two infinite words over {0, 1}, v having a 1 at multiples of 9, w at
multiples of 25. We define x by interleaving these two words. This word x has
period 2.9.25, i.e., d = 3, n = 1 and q = 2. Hence δ1 = 1, δ2 = 0 and we get
nα1 + δ1 = nα2 + δ2 = 2. Observe that (x2t)t≥0 = v (resp. (x2t+1)t≥0 = w)
has period P0 = 32 (resp. P1 = 52) which satisfies condition (3.10). We get
J = {0, 1}, γ0 = 2 and γ1 = 1. So we choose i = 0 and set P = 32 and γ = 2.

Proposition 3.4.8. Let k ≥ 2 and m = dknq be given as in (3.7). If
X ⊆ N is a periodic set of (minimal) period m, then the syntactic complexity
of 0∗ repk(X) is greater than or equal to M = max{q.s, γ+1

q.s }. Moreover
there exist arbitrarily large integers t1,. . .,tM such that repk(t1), . . . , repk(tM )
belong to different equivalence classes of ↔0∗ repk(X).

Proof. Thanks to Lemma 3.4.4, for all i ∈ [[0, q− 1]], ` ∈ [[0, s− 1]] and I > 0,
we can construct a word u ∈ Σ∗k such that valk(u) ≡ i mod q, |u| ≡ ` mod s
and valk(u) > I. Thus, by (3.9), any two such words are in different classes
for↔0∗ repk(X). Hence we have at least q.s different classes and each of them
contains representations of arbitrary large elements.

Consider i ∈ [[0, q − 1]], P and γ given in Definition 3.4.5 such that
(xqt+i)t≥0 has exactly period P . Take T ≥ 0 such that | repk(qT + i)| ≥ γ.
Note that if j 6≡ j′ mod P , then repk(q(T + j) + i) and repk(q(T + j′) + i)
have different suffixes of length γ. Indeed, assume that repk(q(T + j) + i)
and repk(q(T + j′) + i) have the same suffix of length γ, then q(T + j) + i ≡
q(T + j′) + i mod kγ and we have q(j′− j) ≡ 0 mod kγ . Since (q, k) = 1, we
get j′ ≡ j mod kγ . As P divides kγ , we have j′ ≡ j mod P .

Since (xqt+i)t≥0 has (minimal) period P and kγ−1 6≡ 0 mod P , then T 6≡
T+kγ−1 mod P and there exists j ∈ [[0, P−1]] such that g1 := q(T+j)+i ∈ X
and g2 := q(T + j + kγ−1) + i 6∈ X (or equivalently g1 6∈ X and g2 ∈ X).
Since g2 = g1 + qkγ−1, then repk(g1) and repk(g2) have the same suffix
V = v1 · · · vγ−1 of length γ − 1. But since g1 6≡ g2 mod P and P |kγ , g1 6≡
g2 mod kγ . Thus repk(g1) and repk(g2) do not have the same suffix of length
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γ. We can assume that there exist some prefixes p, p′ ∈ Σ∗k and two distinct
symbols σ, τ ∈ Σk such that

repk(g1) = pσV ∈ 0∗ repk(X) and repk(g2) = p′τV 6∈ 0∗ repk(X).

We are now ready to show that the minimal automaton of 0∗ repk(X∩(qN+i))
has at least γ + 1 states reached by words of length at least η (this last
requirement is always fulfilled by adding leading zeroes if necessary). Let
L = 0∗ repk(X) and L′ = 0∗ repk(qN + i) having respectively AL and AL′ as
minimal automaton. We proceed as in the proof of Lemma 3.2.12. On the
set of states of the minimal automaton AL∩L′ of L ∩ L′, for all s ≥ 0, we
define the relation

Es(r, r
′)⇔ (∀x ∈ Σ∗k)

[
|x| ≥ s⇒ (δL∩L′(r, x) ∈ F ⇔ δL∩L′(r

′, x) ∈ F )
]

where F is the set of final states of AL∩L′ . Let s ∈ [[0, γ − 1]]. Consider
the states r and r′ reached when reading respectively pσv1 · · · vγ−s−1 and
p′τv1 · · · vγ−s−1. They do not satisfy Es(r, r

′) but we can observe that they
satisfy Es+1(r, r′). Indeed, take any x ∈ Σ∗k of length s+1. Since valk(pσV ) ≡
valk(p

′τV ) mod q, subtracting valk(V ) on both sides, we get valk(pσ0|V |) ≡
valk(p

′τ0|V |) mod q. Since (q, k) = 1, we can multiply or divide a conve-
nient number of times by k and get valk(pσ0|W |) ≡ valk(p

′τ0|W |) mod q.
Hence, one adds valk(W ) to both sides and, for all words W ∈ Σ∗k, we have
valk(pσW ) ≡ valk(p

′τW ) mod q.
So, in particular,

Xs := pσv1 · · · vγ−s−1x and Ys := p′τv1 · · · vγ−s−1x

have the same value modulo q and the same suffix of length γ. This means
that either they both belong to L∩L′, or they both do not belong to L∩L′.
Indeed, if valk(Xs) and valk(Ys) are both congruent to a value not equal to
i modulo q, then Xs and Ys do not belong to L′. As a second case, we may
assume that Xs, Ys ∈ L′, i.e., valk(Xs) and valk(Ys) are respectively of the
form q(T + j) + i and q(T + j′) + i for some j, j′. As discussed in the second
paragraph of this proof, since Xs and Ys have the same suffix of length γ,
then j ≡ j′ mod P which means that q(T + j) + i ∈ X ⇔ q(T + j′) + i ∈ X,
or Xs ∈ L⇔ Ys ∈ L.

Following the same lines as in the proof of Lemma 3.2.12 we conclude
that the minimal automaton of L ∩ L′ has at least γ + 1 states.

For any DFA A having Q as set of states and δ as transition function,
we set

Tη(A) = {fw : Q→ Q, q 7→ δ(q, w) | w ∈ Σ∗k, |w| ≥ η}
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as the set of actions on Q derived from words of length at least η. Con-
sider the product automaton P = AL ×AL′ recognizing L ∩ L′. We clearly
have #Tη(P) ≤ #Tη(AL).#Tη(AL′). Since there is a canonical morphism of
automata from P onto AL∩L′ , we get #Tη(AL∩L′) ≤ #Tη(P).

Using Proposition 3.2.3 and Theorem 3.3.1, we get #Tη(AL′) = q.s. With
the above discussion about the number of states of AL∩L′ , we have

#Tη(AL∩L′) ≥ γ + 1.

Putting all of this together, we obtain

γ + 1 ≤ #Tη(AL∩L′) ≤ #Tη(P) ≤ #Tη(AL).q.s.

Therefore, #Tη(AL) ≥ γ+1
q·s . Since Tη(AL) is isomorphic to a subset of the

syntactic monoid of L, this monoid has at least γ+1
q·s classes, each one contain-

ing a word of length at least η. Since for all words w of length at least η, we
can use Lemma 3.4.2 to get w ↔0∗ repk(X) (0s−11)mw, integers correspond-
ing to elements of the different equivalence classes can be chosen arbitrarily
large.

3.5 Application to a decision procedure

Let X ⊆ N be a k-recognizable set of integers such that L = 0∗ repk(X) is
accepted by some DFA AL. As explained in Section 3.1, a typical technique
to decide whether or not X is ultimately periodic is to prove that whenever
X is ultimately periodic, then its period and its preperiod must be bounded
by some quantities depending only on the size of the DFA A. Therefore, one
has a finite number of admissible periods and preperiods to test, leading to
a decision procedure. In particular, the following result [BCFR09, Prop. 44]
stated in full generality for any abstract numeration system shows that we
only have to obtain an upper bound on the admissible periods.

Proposition 3.5.1. Let S = (L,Σ, <) be an abstract numeration system.
If X ⊆ N is an ultimately periodic set of period pX such that repS(X) is
accepted by a DFA with d states, then the preperiod of X is bounded by an
effectively computable constant C depending only on d and on pX .

The following result is a consequence of Proposition 3.4.8.

Theorem 3.5.2. Let k ≥ 2. If X ⊆ N is an ultimately periodic set of period
pX = dknq given as in (3.7), then the syntactic complexity of 0∗ repk(X) is
greater than or equal to max{q.s, γ+1

q.s } where γ is defined as in (3.11).
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Proof. Let I be the preperiod of X. Even though Proposition 3.4.8 is about
(purely) periodic sets of integers, if we consider instead an ultimately periodic
set, since we can choose words belonging to different equivalence classes in
such a way that their numerical value is greater than I, then the lower bound
on the number of classes is still valid for the ultimately periodic case.

Assume that k ≥ 2. Therefore, given a DFA A accepting 0∗ repk(X) and
so the corresponding syntactic monoid, if X is ultimately periodic, then we
get an upper bound on its period. Indeed, if m written dknq as in (3.7) tends
to infinity, then at least one of the three quantities d, n or q tends to infinity
and thanks to Remark 3.4.6, the corresponding function max{q.s, γ+1

q.s } tends
to infinity. As soon as a bound on the possible period is obtained, one can use
Proposition 3.5.1 to get a bound on the possible preperiod. It suffices then
to test a finite number of admissible preperiod/period pairs or, equivalently,
a finite number of ultimately periodic sets Y and compare those with the
given set X. In order to test if X = Y we construct L′ = 0∗ repk(Y ) and we
have

X = Y ⇔ L = L′.

So we only have to test whether L\L′ = ∅ and L′\L = ∅. Then our problem
is decidable since the emptiness problem of the languages L\L′ and L′\L is
decidable.



Chapter 4

Automaticity

4.1 Introduction

In previous chapters, regular sets play a somehow crucial role since a set is
recognizable for a numeration system if the language of its representations
in this system is regular. But what happens if we deal with non-regular
languages? Recall that some properties that can be tested algorithmically
for regular sets become undecidable for context-free languages. Then it is
quite natural to introduce the following notion. Automaticity is a measure
of how close a non-regular language is to being regular. We can approximate
a non-regular language L by considering a regular language L′ such that
the words of length at most n in L are exactly the words of length at most
n in L′. The automaticity AL(n) of L is the number of states of a small-
est deterministic finite automaton accepting some n-th order approximation
L′ to L, i.e., the words of length at most n of L′ are exactly those of L.
Non-deterministic automaticity can be defined similarly. In this chapter, we
study the automaticity of the language of primitive words, the language of
unbordered words and the set of representations of irreducible polynomials
over a finite field. The material of this chapter can be found in [LR13].

Automaticity was first introduced by Trakhtenbrot [Tra64] who gives
some upper and lower bounds on the automaticity with a slightly different
definition than the one considered in this chapter. His results were improved
by Grinberg and Korshunov [GK66]. Karp [Kar67] is the first person who
studied the concept of automaticity exactly as we have defined it; he proved
Theorem 4.2.9 given page 88. Breitbart [Bre71] studied the automaticity of
the set of k-th powers in prime base p and proved that AL(n) = Ω(pn/k).
Dwork and Stockmeyer [DS89] introduced what they call a “measure of non-
regularity”. Their measure, as a function of n, is defined to be the maximum

81
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number of distinct words that are pairwise n-dissimilar (see Definition 4.2.4
page 86). As proved by Kaneps and Freivalds [KF90], this measure coincides
with AL(n) (see Theorem 4.2.6). In 1996, Shallit and Breitbart [SB96] wrote
a survey of the basic results concerning automaticity known at that time and
gave some bounds on the deterministic and non-deterministic automaticity
of non-regular languages on alphabets Σ such that |Σ| ≥ 2. The unary
case was studied in [PRS97] by Pomerance, Robson and Shallit. In [GS98],
Glaister and Shallit studied the closure properties of languages with polyno-
mial automaticity and showed how to construct a context-free language of
automaticity arbitrarily close to the maximum possible. In [Sha96], Shallit
introduced the k-automaticity Aks(n) of a sequence s over a finite alphabet,
which is the smallest possible number of states in any DFA that for all i ∈ N,
takes repk(i) as input and computes s(i).

For instance, consider the self-generating set

X = Fω(I) = {0, 1, 3, 7, 9, 15, 19, 21, 27, 31, . . .}

generated by I = {0} and F = {ϕ0 : x 7→ x, ϕ1 : x 7→ 2x + 1, ϕ2 : x 7→ 3x}
(see Definition 2.1.7 page 26). By Corollary 2.5.8 page 50, we know that X
is not k-recognizable for any integer base k ≥ 2. In particular, the language
L = rep2(X) is not regular and the first words of L in genealogical order are
given by

rep2(X) = {ε, 1, 11, 111, 1001, 1111, 10011, 10101, 11011, 11111, . . .}.

The automata represented in Figure 4.1 show that AL(3) ≤ 2 and AL(4) ≤ 5.

0

1

0,1
1 0 0

0

1

0,1

1 1 0

Figure 4.1: Automata accepting some 3rd and 4th approximations to
rep2(X).

In the first part of this chapter, we give bounds for the non-deterministic
automaticity of the language of primitive words and the language of unbor-
dered words. A word is primitive if it is not a power of a smaller word. A
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word is unbordered if it has no non-trivial period. The first words of the
languages Q2 of primitive words over Σ2 and UB2 of unbordered words over
Σ2 are given in Table 4.1.

Q2 UB2

0
1
01 01
10 10
001 001
010
011 011
100 100
101
110 110
...

...

Table 4.1: First primitive and unbordered words over Σ2.

The language of primitive words has been well studied (see the survey by
Lischke [Lis11], for example). It is not difficult to show that the language
of primitive words is not regular, but it is a long-standing open problem to
show that this language is not context-free. It is also not difficult to show
that the language of unbordered words is not regular. For a proof that this
language is not context-free see [RSW11].

The set of base k representations of the prime numbers is not a regular
language for any base k. Shallit [Sha96] gave a lower bound on the auto-
maticity of the set of prime numbers in any base.

Theorem 4.1.1 ([Sha96]). The set P of base k representations of the prime
numbers has automaticity

AP (n) = Ω(n1/43)

for all integers k ≥ 2.

In the second part of the chapter, we consider a similar problem in the
setting of polynomials over a finite field and, using the same kind of argu-
ments as Shallit, we give a bound on the automaticity of the set of irreducible
polynomials over a finite field. Given a fixed non-constant polynomial b, one
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can also define the base b representation for such polynomials (see for ex-
ample [Rig08]). Rigo and Waxweiler [RW11] proved that the set of base b
representations of the irreducible polynomials is again a non-regular language
for any base b. We obtain our bound for the automaticity using arguments
similar to those of [Sha96].

There is an interesting connection between primitive words and irre-
ducible polynomials over a finite field. The number of primitive words of
length n over an alphabet of size q is∑

d|n

µ(d)qn/d, (4.1)

where µ is the Möbius function defined as follows (see [Lot83, Section 1.3])

• µ(n) = 1 if n is a square-free positive integer with an even number of
prime factors;

• µ(n) = −1 if n is a square-free positive integer with an odd number of
prime factors;

• µ(n) = 0 if n is not square-free.

Similarly, the number of monic irreducible polynomials of degree n over the
finite field with q elements is (see [LN83], p.91)

1

n

∑
d|n

µ(d)qn/d.

This is equal to the number of equivalence classes of primitive words of length
n under the conjugacy relation x ∼ y if x is a cyclic shift of y. For an explicit
bijection between the set of irreducible polynomials and the set of primitive
necklaces, see [Reu93, Section 7.6.2].

4.2 Definitions and basic properties

Definition 4.2.1. Let L be a language over a finite alphabet Σ. A language
L′ is an n-th order approximation to L if

L′ ∩ Σ≤n = L ∩ Σ≤n,

i.e., the words of L′ of length at most n are exactly those of L. We define the
automaticity AL(n) of a language L to be the number of states of a smallest
DFA accepting some n-th order approximation to L. Similarly, the non-
deterministic automaticity NL(n) of a language L is the number of states of
a smallest NDFA accepting some n-th order approximation to L.
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Example 4.2.2. Let L = {0n1n : n ≥ 0}. The automaton in Figure 4.2
shows that AL(6) ≤ 8 (In fact, one can show that AL(6) = 7.).

0 0 0

1 1 1 1

0,1 1 1

0

0

0

0,1

Figure 4.2: DFA accepting a 6-th order approximation of L = {0n1n : n ≥ 0}.

The proofs of the following properties come easily from the previous def-
inition.

Theorem 4.2.3. Let L be a language over a finite alphabet Σ.

1. For all n ≥ 0, we have AL(n) ≤ AL(n+ 1) and NL(n) ≤ NL(n+ 1).

2. [DS89, KF90] The language L is regular if and only if AL(n) = O(1).
The same statement holds for NL(n).

3. For all n ≥ 0, we have NL(n) ≤ AL(n) ≤ 2NL(n).

4. For all n ≥ 0, we have AL(n) = AL̄(n) where L̄ denotes the complement
of L.

5. For all n ≥ 0, we have

AL(n) ≤ 2 +
∑

w∈L∩Σ≤n

|w| ≤ 2 + n#(L ∩ Σ≤n)

and
NL(n) ≤ 1 +

∑
w∈L∩Σ≤n

|w| ≤ 1 + n#(L ∩ Σ≤n)
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Definition 4.2.4. Let x, y ∈ Σ∗. We say that x and y are n-similar for L
if for all z ∈ Σ∗ with |xz|, |yz| ≤ n, we have xz ∈ L if and only if yz ∈ L. If
x and y are n-similar for L, we write x ∼L,n y, or x ∼n y if the context is
clear. If x and y are not n-similar, then they are n-dissimilar for L.

Example 4.2.5. Consider the alphabet Σ = {a, b} and the language L =
a∗b∗. The words b and a are 2-dissimilar for L since ba /∈ L and aa ∈ L but
ab and abb are n-similar for L for all n.

Theorem 4.2.6 ([KF90]). Let L ⊆ Σ∗. For all n ≥ 0, AL(n) is the maxi-
mum possible cardinality of a set of pairwise n-dissimilar words for L.

Proof. Let dL,n denote the maximum possible cardinality of a set of pairwise
n-dissimilar words for L.

We consider the case n = 0 separately. Evidently, dL,0 = 1. On the other
hand, the minimal automaton recognizing the 0-th order approximation to
L (either containing ε or not containing it) needs no more than one state.
Hence, Theorem 4.2.6 holds for n = 0.

Let n > 0. A word w ∈ Σ≤n is called short if there exists no word
w′ ∈ Σ≤n such that |w′| < |w| and w′ ∼n w. Since L and n are fixed for the
rest of the proof, we denote dL,n by d. We take d pairwise n-dissimilar words
w1, w2, . . . , wd ∈ Σ≤n (Their existence is implied by the definition of d). For
every i ∈ [[1, d]] we fix a word w′i as the shortest word with the property
wi ∼n w′i. (If several words of the same minimum length exist, we take for
instance the lexicographically smallest). Clearly |w′i| < |wi|.

Now we prove that w′i is short. Assume the contrary. Then there exists
w′′i ∈ Σ≤n such that |w′′i | < |w′i| and w′′i ∼n w′i. Since |w′i| ≤ max{|wi|, |w′′i |},
w′i ∼n wi, w′i ∼n w′′i , we have that wi ∼n w′′i and we get a contradiction,
since w′i is the shortest word n-similar to wi. Hence, all the words w′i (i =
1, 2, . . . , d) are short.

Now we prove that for distinct i, j the words w′i and w′j are n-dissimilar.
Assume the contrary, namely, assume w′i ∼n w′j . From this and |w′i| ≤
max{|wi|, |w′j |} it follows that w′j ∼n wi. Now we obtain the same type of
conclusion from w′j ∼n wj and |w′j | ≤ max{|wi|, |wj |}. We get wi ∼n wj and
then a contradiction. Thus all the words w′1, w

′
2, . . . w

′
d are short and pairwise

n-dissimilar with respect to L.

Assume to the contrary that there is a deterministic finite automaton
with less than d states recognizing an n-th order approximation to L. Then
there are distinct i, j such that w′i and w′j move the automaton from the
initial state to the same current state. But then the automaton cannot
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distinguish between w′i and w′j . Hence for arbitrary w ∈ Σ∗ either both w′iw
and w′jw are accepted or the two words are both rejected. We have

(∀w ∈ Σ∗) (w′iw ∈ Σ≤n and w′jw ∈ Σ≤n)⇒ (w′iw ∈ L⇔ w′jw ∈ L).

Hence w′i ∼n w′j and we get a contradiction.

To conclude the proof it remains to construct a deterministic finite au-
tomaton with d states recognizing an n-th order approximation to L. Since
{w′1, w′2, . . . , w′d} is a maximal set of pairwise n-dissimilar words, for arbitrary
w ∈ Σ≤n there is an i such that w ∼n w′i. Hence, for some i, we have ε ∼n w′i.
From the shortness of w′i if follows that w′i = ε. For the sake of brevity, we as-
sume w′1 = ε. We define the function δ : {q1, q2, . . . , qd}×Σ→ {q1, q2, . . . , qd}
as follows. If i ∈ [[1, d]], |w′i| < n − 1, v ∈ Σ then δ(qi, v) is defined to be
qj such that w′iv ∼n w′j (Such a value j exists because w′v ∈ Σ≤n). If sev-
eral distinct j with this property are found, we take one of them. For those
pairs (i, v) where |w′i| = n, the value δ(qi, v) is not really needed and we
define, for example, δ(qi, v) = q1. We consider the automaton A with the
set of states Q = {q1, . . . , qd}, the initial state q1, the set of accepting states
F = {qi : w′i ∈ L} and the transition function δ. We extend the function δ
to the domain Q × Σ∗ in the standard way. Let δ(qi, w) be used to denote
the state of A into which A is moved after reading w, provided it has been
in qi initially.

By induction on the length of w we prove

(∀w ∈ Σ≤n) δ(q1, w) = qi ⇒ w ∼n w′i. (4.2)

Since δ(q1, ε) = q1 and ε = w′1 ∼n ε then for w = ε the property holds.
Let (4.2) hold for the words of length k (k < n). We will prove (4.2) for an
arbitrary word wv ∈ Σ≤n where w ∈ Σk and v ∈ Σ. Let δ(q1, w) = qi. By
the induction hypothesis, w ∼n w′i. Since the word w′i is short, |w′i| < |w| =
k < n. Hence, w′iv ∈ Σ≤n. It follows that wv ∼n w′iv. Let δ(qi, w) = qj ,
i.e., w′iv ∼n w′j . Since w′iv ∼n wv, w′iv ∼n w′j and |w′iv| ≤ max{|wv|, |w|}, it
follows that wv ∼n w′j . Taking into consideration δ(q1, wv) = δ(δ(q1, w), v) =
δ(qi, v) = qj we have the property (4.2) for the word wv.

Let w ∈ Σ≤n and δ(q1, w) = qj . It follows from (4.2) that w ∼n w′j and
this implies w ∈ L ⇔ w′j ∈ L. Hence, qj ∈ F ⇔ w′j ∈ L ⇔ w ∈ L. Hence,
the automaton A recognizes a n-th order approximation of the language L.

Example 4.2.7. Let L = {0n1n : n ≥ 0}. Then AL(n) ≥ m + 1 for
n = 2m, 2m + 1, since {ε, 0, 00, . . . , 0m} is a set of pairwise 2m-dissimilar
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words for L. To see this, consider 0j and 0k for 0 ≤ j < k ≤ n. Then
0j1j ∈ L and 0k1j /∈ L.

Let U be a finite set of words. We say that U is a set of uniformly
n-dissimilar words for L if for each x ∈ U there exists z such that

(i) |xz| ≤ n and xz ∈ L and

(ii) for each y ∈ U such that x 6= y, we have |yz| ≤ n and yz /∈ L.

Theorem 4.2.8 ([GS98]). Let L ⊆ Σ∗ and let U be a set of uniformly n-
dissimilar words for L. Then NL(n) ≥ |U |.

Proof. Consider a word u ∈ U . By definition, there exists a witness word
w satisfying conditions (i) and (ii). Let A = (Q,Σ, δ, q0, F ) be any non-
deterministic finite automaton that accepts an n-th order approximation to
L. Now uw ∈ L, and since A accepts all words in L of length at most n, we
have δ(q0, uw) ∩ F 6= ∅. Hence, there exists at least one state q ∈ δ(q0, u)
such that p ∈ δ(q, w), where p ∈ F .

However, for every other word v ∈ U , with v 6= u, we must have q /∈
δ(q0, v), since if q ∈ δ(q0, v), we would have p ∈ δ(q0, vw) and so vw ∈ L,
a contradiction (since |vw| ≤ n). Hence, every set δ(q0, u) contains a state
q which does not appear in any other set δ(q0, v) for u 6= v. It follows that
there must be at least |U | different states in Q.

The following theorem from Karp gives a lower bound on the determin-
istic automaticity of non-regular languages.

Theorem 4.2.9 ([Kar67]). Let L be a non-regular language over a finite
alphabet Σ. Then AL(n) ≥ n+3

2 for infinitely many n.

Breitbart and Shallit proved that the bound given by Karp is tight.

Theorem 4.2.10 ([SB96]). The bound in Theorem 4.2.9 is best possible in
the sense that the result is not true if the “2” in the denominator is replaced
by any smaller positive real number, nor if the “3” is replaced by any larger
real number.
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4.3 Primitive and unbordered words

In this section, we study the non-deterministic automaticity of the languages
of primitive words and unbordered words over a finite alphabet.

Definition 4.3.1. Let k ≥ 2 be an integer. A word y is a k-power if y can
be written as y = xk for some non-empty word x. If y cannot be so written
for any k ≥ 2, then y is primitive.

It is easy to prove the following property.

Proposition 4.3.2. The language of primitive words over a finite alphabet
is not regular.

Definition 4.3.3. Bordered words are generalizations of powers. We say
that a word x is bordered if there exist words u, v, w ∈ Σ+ such that x =
uv = wu. In this case, the word u is said to be a border for x. Otherwise, x
is unbordered.

Let w = w0 · · ·w`−1 and let p < `. The word w has a period p if wi = wi+p
for all 0 ≤ i ≤ `− p− 1. Note that a word is unbordered if it has no period.

Example 4.3.4. The word w = church is primitive and bordered. Its period
is 4 since wi = wi+4 for all 0 ≤ i ≤ 1.

The following property is well known.

Proposition 4.3.5. The language of unbordered words over a finite alphabet
is not regular.

Indeed this language is not context-free (see [RSW11] or [Sha09, Exercise
16,p.134]), and thus not regular.

We recall the notation O(·) and Ω(·). Let f and g be functions from N
to R. The function f is O(g) if there exist C > 0 and n0 such that, for all
n > n0, we have f(n) ≤ C · g(n). The function f is Ω(g) if there exist C > 0
and n0 such that for all n > n0 we have f(n) ≥ C · g(n).

The following theorem gives a lower bound on the non-deterministic au-
tomaticity of the set of primitive words over Σk.

Theorem 4.3.6. Let ε > 0 be a real number. The non-deterministic auto-
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maticity of the set Qk of primitive words over the alphabet Σk = {0, . . . , k−1}
is such that

NQk
(n) ≥ βkkbn/2c +O((k + ε)n/4),

where βk is a constant that depends only on k.

Proof. For n ≥ 0, we will define a set of uniformly n-dissimilar words as
follows. Let

Dn = {w ∈ Σ
bn/2c
k | w is unbordered }.

To show that the words in Dn are uniformly n-dissimilar, let x, y ∈ Dn,
x 6= y. Observe that xx is not primitive, but yx is, for if yx were not
primitive, then yx = z` for some word z and some ` ≥ 3. In this case |yx|/`
is a period of y, and hence y is bordered, which contradicts the definition of
Dn.

Guibas and Odlyzko [GO81, Theorem 7.2] gave the following formula for
the size of Dn (see also [Nie73]): there exists a constant βk such that

#Dn = βkk
bn/2c +O((k + ε)n/4).

By Theorem 4.2.8 we have NQk
(n) ≥ #Dn, which is the desired result.

Note that Guibas and Odlyzko gave an explicit formula for the βk, which
permits one to calculate βk to any desired degree of accuracy. For example,
if k = 2, we have β2 = 0.26771654 · · · .

Next we give an upper bound on the non-deterministic automaticity of
Qk.

Theorem 4.3.7. The non-deterministic automaticity of the set Qk of prim-
itive words over the alphabet Σk = {0, . . . , k − 1} is such that

NQk
(n) ≤

(
2k3/2

(k − 1)(
√
k − 1)

)
kn/2 + n3kn/3

Proof. For each n ≥ 0 we construct a deterministic automaton that accepts
all words of length at most n in the complement of Qk. The automaton
is constructed as follows. First consider the language of square words (2-
powers) of length i. We can construct an automaton accepting this language
by first constructing the complete k-ary tree with ki/2 leaves so that each
path from the root to a leaf is labeled by a different word of length i/2.
We then make a copy of this tree, but reflected, so that the arrows are
directed away from the leaves towards the root of the tree. The leaves of the
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Figure 4.3: An automaton accepting binary squares of length 6.

first tree are identified with the leaves of the second tree. This construction
is illustrated in Figure 4.3, which shows the automaton accepting all binary
squares of length 6. In the figure, dotted lines connect states to be identified,
and transitions not shown go to a sink state.

The left tree has

k(i/2)+1 − 1

k − 1

states, so the automaton for the squares of length i has at most

2

(
k(i/2)+1 − 1

k − 1

)

states.

For each d > 2, to accept d-powers of length i we simply construct a tree
with ki/d leaves so that each path from the root to a leaf is labeled by a
different d-power of length i. This tree has at most iki/d states.

To create the automaton accepting all non-primitive words of length i, we
can combine all of these automata, sharing edges and transitions whenever
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possible. The resulting automaton has at most

2

(
k(i/2)+1 − 1

k − 1

)
+
∑
d|i
d>2

iki/d

≤
(

2k

k − 1

)
ki/2 +

∑
d|i
d>2

iki/d

≤
(

2k

k − 1

)
ki/2 +

∑
d|i
d>2

iki/3

≤
(

2k

k − 1

)
ki/2 + i2ki/3

states.

We can therefore construct an automaton accepting all non-primitive
words of length at most n using at most

n∑
i=1

((
2k

k − 1

)
ki/2 + i2ki/3

)

≤ 2k

k − 1

n∑
i=1

ki/2 +

n∑
i=1

i2ki/3

≤ 2k

k − 1

(
k(n+1)/2 −

√
k√

k − 1

)
+

n∑
i=1

i2ki/3

≤ 2k

k − 1

(
k(n+1)/2 −

√
k√

k − 1

)
+ n3kn/3

≤

(
2k3/2

(k − 1)(
√
k − 1)

)
kn/2 + n3kn/3

states. Since this automaton is deterministic, the automaton accepting Qk
has at most this many states as well.

Next we consider the language of unbordered words and we first need the
following lemma.

Lemma 4.3.8 ([FS09]). For each ε > 0 there exists j such that the number
of words of length m over a k-letter alphabet that avoid 1j is Ω((k − ε)m).



4.4. IRREDUCIBLE POLYNOMIALS 93

We can now prove the following theorem about the non-deterministic
automaticity of the set of unbordered words over Σk.

Theorem 4.3.9. Let ε > 0. The non-deterministic automaticity of the set
UBk of unbordered words over the alphabet Σk is

NUBk
(n) = Ω((k − ε)n/2).

Proof. Fix a j as in Lemma 4.3.8. For n ≥ 2(j + 2) we define

Dn = {0w01j : |w| = bn/2c − (j + 2) and w does not contain 1j}.

To show that the words in Dn are uniformly n-dissimilar, let x, y ∈ Dn,
x 6= y. Since x, y ∈ Dn, there exist w1 and w2 such that

x = 0w101j and y = 0w201j .

Clearly xx is bordered; however, xy is not bordered. If xy were bordered,
then either w2 contains 1j or y = x, both of which are contradictions. By
Lemma 4.3.8, we have

#Dn = Ω((k − ε)n/2−(j+2))

= Ω((k − ε)n/2).

Then we have the result by Theorem 4.2.8.

4.4 Irreducible polynomials

In this section we consider the automaticity of the language of representations
of irreducible polynomials over a finite field with respect to some base b.

Let Fq be a field with q elements. Let Fq[X] be the polynomial ring over
Fq. If f ∈ Fq[X] we denote its degree by deg f . Let B be an integer and let
Fq[X]<B denote the set of polynomials over Fq of degree strictly less than
B. If b is a fixed non-constant polynomial, then any polynomial f can be
uniquely written as

f =
∑̀
i=0

cib
`−i, c0 6= 0,

where each ci has degree less than deg b.
We define a function Ψ : Fq[X]<B → FBq by

Ψ(f) := (0, . . . , 0︸ ︷︷ ︸
B−N−1

, F0, . . . , FN )
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if f = F0X
N + · · ·+ FN , i.e., Ψ(f) is the vector containing coefficients of f

with leading zeros if necessary. The word repb(f) := Ψ(c`)Ψ(c`−1) · · ·Ψ(c0)
over the alphabet FBq is the b-representation of f . By convention, the repre-

sentation of the zero polynomial is ε. Given a b-representation w ∈ (FBq )∗,
we denote its value in Fq[X] by valb(w). Note that we have chosen to write f
starting with the least significant “digit” and ending with the most significant
“digit”.

A set T ⊆ Fq[X] is b-recognizable if the language

repb(T ) = {repb(f) : f ∈ T } ⊆ (FBq )∗

is regular. Rigo and Waxweiler [RW11] proved that for any base b, the set
of irreducible polynomials over Fq is not b-recognizable.

Let b be a non-constant polynomial and T ⊂ Fq[X]. The b-automaticity
of T is denoted by AbT (n) and is defined as the automaticity AbL(n) of the
language L = {repb(f) | f ∈ T }.

If f is a polynomial over Fq, let Φ(f) denote the number of polynomials
of degree less than deg f that are relatively prime with f .

Let m be a non-constant polynomial over Fq. We recall the notion of a
Dirichlet character modulo m, which is defined in the same manner as in the
classical case of the integers. A Dirichlet character modulo m is a function
χ : Fq[X]→ C such that

(a) χ(a+ bm) = χ(a) for all a, b ∈ Fq[X],

(b) χ(a)χ(b) = χ(ab) for all a, b ∈ Fq[X],

(c) χ(a) 6= 0 if and only if (a,m) = 1.

A Dirichlet character modulo m induces a homomorphism from the set1

(Fq[X]/mFq[X])? to C?, and hence for all a, the value of χ(a) is either 0 or
a root of unity. The trivial Dirichlet character χ0 is defined by χ0(a) = 1
if (a,m) = 1 and χ0(a) = 0 otherwise. There are Φ(m) Dirichlet characters
modulo m.

Let χ̄ be defined by χ̄(a) = χ(a), where z denotes the complex conjugate
of z. Let a and b be elements of Fq[X] relatively prime with m. We have the
following orthogonality relation:

∑
χ

χ(a)χ̄(b) =

{
Φ(m) if a = b,

0 otherwise.

1Here, X? denotes the set of invertible elements of the set X.
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Let χ be a Dirichlet character modulo m. Let L(s, χ) be the Dirichlet
L-series corresponding to χ, that is,

L(s, χ) =
∑

f monic

χ(f)

qsdeg f
, s ∈ C,

where the sum converges absolutely for R(s) > 1. We also have the Euler
product representation

L(s, χ) =
∏
P

(1− χ(P )q−sdegP )−1,

where the product is over all monic irreducible polynomials P . We also have

L(s, χ0) =
∏
P |m

(1− q−sdegP )
1

1− q1−s . (4.3)

Let a and m be polynomials over F such that (a,m) = 1. Let #SN (a,m)
denote the number of monic irreducible polynomials of degree N congruent
to a modulo m and let M = degm. Rosen [Ros02] proved that

#SN (a,m) ≥ qN

NΦ(m)
+O

(
qN/2

N

)
.

This result is a refinement of the analogue of Dirichlet’s theorem on primes in
arithmetic progressions due to Kornblum and Landau. However, this result
is not sufficiently precise for our purposes. In particular, we need to know
explicitly the constants hidden in the big-Oh term. We therefore prove a
slightly more precise version of this result below. We follow Rosen’s proof,
but we replace all big-Oh terms with explicit bounds.

Theorem 4.4.1. Let a and m be polynomials over F such that (a,m) = 1.
The number of monic irreducible polynomials of degree N congruent to a
modulo m is such that

#SN (a,m) ≥ qN

NΦ(m)
− (M + 1)qN/2

N
− MqM

NΦ(m)
.

Proof. We can rewrite (4.3) in terms of the variable u = q−s as

L∗(u, χ0) =
∏
P |m

(1− udegP )
1

1− qu
. (4.4)
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For χ 6= χ0, the series L(s, χ) is a polynomial in q−s of degree at most M−1,
and hence we have

L∗(u, χ) =

M−1∏
i=1

(1− αi(χ)u), (4.5)

where the αi(χ) are complex numbers.

We can also rewrite the Euler product representation of L as

L(s, χ) =
∞∏
d=1

∏
P -m

deg(P )=d

(1− χ(P )q−ds)−1,

and make the substitution u = q−s to obtain

L∗(u, χ) =

∞∏
d=1

∏
P -m

deg(P )=d

(1− χ(P )ud)−1. (4.6)

We will take the logarithmic derivatives of (4.4)–(4.6), express the results
as series in u,

u
d

du
log(L∗(u, χ)) =

∞∑
k=1

Ck(χ)uk,

and examine the coefficients CN (χ) of uN in these series. To perform these
calculations we will make frequent use of the identity

u
d

du
(log(1− αu)−1) =

∞∑
k=1

αkuk,

where α is a complex number. This identity is valid for all u such that
|u| < |α|−1.

Taking the logarithmic derivative of (4.4), we obtain

u
d

du
logL∗(u, χ0) = u

∑
P |m

−degP
udegP−1

1− udegP
+ u

d

du
log

1

1− qu

= −
∑
P |m

degP
udegP

1− udegP
+
∞∑
k=1

qkuk

= −
∑
P |m

degP

 ∞∑
j=0

uj degP+1

+
∞∑
k=1

qkuk
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The coefficient of uN in the first sum is at most MqM and is exactly qN in
the second sum. Hence

CN (χ0) ≥ qN −MqM . (4.7)

Taking the logarithmic derivative of (4.5), we obtain

u
d

du
logL∗(u, χ0) =

M−1∑
i=1

u
d

du
log(1− αi(χ)u)

= −
M−1∑
i=1

∞∑
k=1

αi(χ)kuk.

By Weil’s analogue of the Riemann Hypothesis for function fields, we have
that |αi(χ)| is either 1 or

√
q. Hence, the coefficient of uN in the above sum

is
CN (χ) ≥ −(M − 1)qN/2. (4.8)

Since there are Φ(m) Dirichlet characters modulo m, applying (4.7) and
(4.8) gives∑

χ

χ̄(a)CN (χ) ≥ qN −MqM − (Φ(m)− 1)(M − 1)qN/2. (4.9)

Taking the logarithmic derivative of (4.6), we obtain (after some calcu-
lation)

CN (χ) = N
∑
k,P

k degP=N

degP χ(P )k

= N
∑

degP=N

χ(P ) +
∑
d|N

d≤N/2

d
∑

degP=d

χ(P )N/d.

The absolute value of the sum ∑
degP=d

χ(P )N/d

is at most the number of monic irreducible polynomials P of degree d, which
is at most qd/d. Hence,

∑
d|N

d≤N/2

d
∑

degP=d

χ(P )N/d ≤
bN/2c∑
d=1

qd ≤ 2qN/2,
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and

CN (χ) ≤ N
∑

degP=N

χ(P ) + 2qN/2.

This gives the inequality

∑
χ

χ̄(a)CN (χ) ≤
∑
χ

χ̄(a)

N ∑
degP=N

χ(P ) + 2qN/2


= N

∑
χ

χ̄(a)
∑

degP=N

χ(P ) + 2qN/2
∑
χ

χ̄(a)

= NΦ(m)#SN (a,m) + 2qN/2Φ(m), (4.10)

where we have applied the orthogonality relations for Dirichlet characters in
the last step.

From (4.9) and (4.10), we obtain

qN −MqM − (Φ(m)− 1)(M − 1)qN/2 ≤ NΦ(m)#SN (a,m) + 2Φ(m)qN/2,

whence

#SN (a,m) ≥ qN

NΦ(m)
− (M + 1)qN/2

N
− MqM

NΦ(m)
.

The following corollary is the main tool for the proof of Theorem 4.4.5.
A similar result has been proved by Hsu [Hsu96, Corollary 3.4].

Corollary 4.4.2. There exists a constant C such that for all N ≥ CM , the
quantity #SN (a,m) is positive.

Proof. Since Φ(m) ≤ qM , we have

#SN (a,m) ≥ 1

N
(qN−M − (M + 1)qN/2 −MqM ),

and the result follows.

Remark 4.4.3. Since there exist irreducible polynomials of all degree, there
exist monic irreducible polynomials f ∈ Fq such that deg c0 = 0 with the
notation introduced above. In this case, note that we have

deg f = deg(b| repb(f)|−1) = (| repb(f)| − 1) deg b.
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The proof of the following lemma is similar to that of [Sha96, Lemma 6],
which is in turn based on an idea found in [HS68] and [All68].

Lemma 4.4.4. Let d ∈ Fq[X] such that deg d > 0 and let f, g ∈ Fq[X]<deg d

such that f 6= g and (d, f) = (d, g) = 1. Then there exists a constant Cq and
a polynomial h such that hd+ f is irreducible and hd+ g is not irreducible,
where deg h ≤ Cq deg d.

Proof. By Corollary 4.4.2 there exists a polynomial h0 and a constant C such
that r = h0d+ f is irreducible, with deg r > C deg d.

Furthermore, we have

deg r > C deg d ⇔ deg h0 + deg d > C deg d

⇔ deg h0 > (C − 1) deg d.

Then there exists h0 such that r is irreducible, where deg h0 ≤ C deg d. If
s = h0d+ g is reducible, we are done.

Otherwise, since (sd, sd+ r) = 1, by Theorem 4.4.2 again, there exists h1

such that h1(sd)+(sd+r) = ((h1+1)s+h0)d+f is irreducible, where deg h1 ≤
C(deg sd) = C(deg s+deg d). However, h1(sd)+(sd+s) = ((h1+1)s+h0)d+g
is a multiple of s and hence is reducible. Therefore we set h = s(h1 +1)+h0.
Furthermore, we have

deg h ≤ max{deg h1 + deg s, deg h0}
≤ max{C(deg s+ deg d) + deg s, C deg d}
≤ (C + 1)(deg h0 + deg d) + C deg d

≤ (2C + 1) deg d+ (C + 1)C deg d

≤ (C2 + 3C + 1) deg d.

Then we set Cq = C2 + 3C + 1 and this concludes the proof.

Theorem 4.4.5. Let b be a fixed non-constant polynomial and let

B(n) :=

(
n− 1

1 + Cq
− 1

)
deg b

where Cq is as in Lemma 4.4.4. Then the set S of monic irreducible polyno-
mials over Fq has b-automaticity

AbS(n) ≥ qB(n)/B(n) +O(qB(n)/2/B(n)).
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Proof. To prove Theorem 4.4.5 we will contruct a set Dn of n-dissimilar
words for repb(S). Let Cq be as in Lemma 4.4.4. Let

Dn = {[f ]b | f ∈ S, (f, b) = 1, deg f =

(
n− 1

1 + Cq
− 1

)
deg b}.

By Remark 4.4.3, note that all words in Dn are of length n−1
1+Cq

. Consider two

distinct elements x, y ∈ Dn. Let f = valb(x), g = valb(y). We have (f, b) =
1 = (g, b) thus (f, b|x|) = 1 = (g, b|x|) and deg f = deg g < deg b|x|. Then, by
Lemma 4.4.4, there exists h such that hb|x|+ f is irreducible and hb|x|+ g is
not, where deg h ≤ Cq deg b|x|. Let z = valb(h). Then xz = repb(hb

|x| + f) ∈
repb(S) and yz = repb(hb

|x| + g) /∈ repb(S). Since deg b|z|−1 ≤ deg h ≤
Cq deg b|x|, we have

(|z| − 1) deg b ≤ Cq|x|deg b ⇔ |z| − 1 ≤ Cq|x|
⇔ |z| ≤ Cq|x|+ 1

Hence |xz| ≤ n−1
1+Cq

+ Cq
n−1

1+Cq
+ 1 = n.

We now estimate the size of Dn. Let B(n) =
(
n−1

1+Cq
− 1
)

deg b. Note

that there are qB(n)/B(n) +O(qB(n)/2/B(n)) monic irreducible polynomials
in Fq[X] of degree B(n). Since deg b is a constant, there are at most a
constant number of polynomials f that divide b. Hence #Dn = qB(n)/B(n)+
O(qB(n)/2/B(n)).



Chapter 5

Multidimensional sets

5.1 Introduction

In this chapter we characterize the subsets of Nd that are simultaneously
recognizable in all abstract numeration systems. Lecomte and Rigo [LR01]
provided such a characterization for the case d = 1 based on the well-known
correspondence between unary regular languages and ultimately periodic
subsets of N. When d > 1 we no longer have such a nice correspondence and
the situation becomes somewhat more complicated. To obtain our charac-
terization we instead use a classical decomposition theorem due to Eilenberg,
Elgot, and Shepherson [EES69]. The motivation for studying such sets comes
from the well-known result of Cobham (see Theorem 1.3.16) (and its multi-
dimensional generalization due to Semenov) concerning the sets recognizable
in integer bases. The material of this chapter can be found in [CLR12].

5.1.1 Recognizability in N

Let k ≥ 2 be an integer. Recall that a set X ⊆ N is k-recognizable (or
k-automatic) if the language repk(X) = {repk(x) : x ∈ X} is regular or,
equivalently, if the characteristic sequence of X is k-automatic (see Defini-
tion 1.5.1). Cobham proved that a sequence is k-automatic if and only if it
is the image under a coding of a fixed point of a k-uniform morphism and
that the sets that are k-recognizable for all integer bases k ≥ 2 are exactly
the ultimately periodic sets.

In particular, recall that we say that a set X ⊆ N is 1-recognizable if the
language {an : n ∈ X} consisting of the unary representations of the elements
of X is accepted by a finite automaton. It is well known that a set of integers
is 1-recognizable if and only if it is ultimately periodic.

101
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Let S = (L,Σ, <) be an abstract numeration system. Lecomte and Rigo
[LR01] introduced the concept of S-recognizable sets, that is a generaliza-
tion of k-recognizable sets (see Definition 1.4.1 and Definition 1.4.3) and they
proved that any ultimately periodic set is S-recognizable for any abstract nu-
meration system S. Suppose on the other hand that X ⊆ N is S-recognizable
for every abstract numeration system S. Then, in particular, the set X must
be 1-recognizable, and hence must be ultimately periodic. We therefore have
that the sets of integers that are S-recognizable for all abstract numeration
systems S are exactly the ultimately periodic sets.

The notion of automatic sequence can also be extended to the abstract
numeration systems.

Definition 5.1.1. Let u = (un)n∈N be an infinite sequence over a finite
alphabet Σ′ and S = (L,Σ, <) be an abstract numeration system. The
sequence u is S-automatic if there exists a DFAO M = (Q,Σ, δ, q0,Σ

′, τ)
such that un = τ(δ(q0, w)) for all n ≥ 0 and where valS(w) = n.

Rigo and Maes [RM02] extended Theorem 1.5.8 to the case of abstract
numeration systems by proving that a sequence is S-automatic if and only
if it is morphic.

5.1.2 Recognizability in Nd

For the formal definitions we need to introduce the following “padding” func-
tion.

Definition 5.1.2. If w1, . . . , wd are finite words over the alphabet Σ, the
padding map

(·)# : (Σ∗)d → ((Σ ∪ {#})d)∗

is defined by

(w1, . . . , wd)
# := (w1#m−|w1|, . . . , wd#

m−|wd|)

where m = max{|w1|, . . . , |wd|}. Here we write (ac, bd) to denote the con-
catenation (a, b)(c, d).

If R ⊆ (Σ∗)d, then

R# = {(w1, . . . , wd)
# : (w1, . . . , wd) ∈ R}.

Note that R is not necessarily a language, whereas R# is; that is, the set R
consists of d-tuples of words over Σ, whereas R# consists of words over the
alphabet (Σ ∪ {#})d.
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Definition 5.1.3. Let k ≥ 2 be an integer and X ⊆ Nd. The set X is
k-recognizable (or k-automatic) if the language repk(X)# is regular, with

repk(X) = {(repk(n1), . . . , repk(nd)) : (n1, . . . , nd) ∈ X}

or, equivalently, if the characteristic sequence of X is k-automatic. Here
the characteristic sequence cX of X is defined by cX(n1, . . . , nd) = 1, if
(n1, . . . , nd) ∈ X and cX(n1, . . . , nd) = 0, otherwise.

Definition 5.1.4. Let k ≥ 2 be an integer and ϕ be a multidimensional
morphism. This morphism is k-uniform if all images are squares with side k
(see Definition 1.6.7 and Definition 1.6.1).

The following result extends Theorem 1.5.8 to the multidimensional case.

Theorem 5.1.5 ([Sal87]). Let k ≥ 2 and d ≥ 1 be integers. A sequence u
over Nd is k-automatic if and only if u is generated by a k-uniform morphism.

Example 5.1.6. Consider the set X ⊂ N defined as

X = {(n,m) : ∀k ≥ 0, the same power 2k of 2 does not occur

in both binary expansions of n and m}.

This set is 2-recognizable as X# is accepted by the automaton depicted in
Figure 5.1.

(1, 1)

(0,#)
(0, 0) (1,#)
(1, 0) (#, 0)
(0, 1) (#, 1)

(0, 0) (0,#)
(1, 0) (1,#)
(0, 1) (#, 0)
(1, 1) (#, 1)

Figure 5.1: DFA accepting the set X of Example 5.1.6.

The characteristic sequence of the set X is defined by
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cX(n,m) =


0 if , for some k ≥ 0, the same power 2k of 2 occurs in the

binary expansions of n and m,

1 otherwise.

and cX is generated by the 2-uniform morphism ϕ defined by

ϕ(1) =
1 0

1 1
, ϕ(0) =

0 0

0 0
.

Indeed, we have

cX = ϕω(1) =

... . .
.

1 0 0 0
1 1 0 0

1 0 1 0
1 1 1 1 · · ·

Definition 5.1.7. Let S = (L,Σ, <) be an abstract numeration system.
Let X ⊆ Nd. The set X is S-recognizable (or S-automatic) if the language
repS(X)# is regular, where

repS(X) = {(repS(n1), . . . , repS(nd)) : (n1, . . . , nd) ∈ X}

or, equivalently, if the characteristic sequence of X is S-automatic. Let
k ≥ 2 be an integer. Observe that the notions of k-recognizability and
1-recognizability are special cases of S-recognizability. The set X is k-
recognizable (or k-automatic) if it is S-recognizable for the abstract numera-
tion system S built on the language consisting of the base k representations
of the elements of X. The set X is 1-recognizable (or 1-automatic) if it is
S-recognizable for the abstract numeration system S built on a∗.

Now we need the property of shape-symmetry that was first introduced
by Maes and that is a natural generalization of uniform morphisms.

Definition 5.1.8. Let µ : Σ→ Bd(Σ) be a d-dimensional morphism having
the d-dimensional infinite word x as a fixed point (See Definition 1.6.7). If
the images µ(x(n, . . . , n)), for all n ∈ N, of the letter on the diagonal of x
are squares then x is said to be shape-symmetric (with respect to µ).

Example 5.1.9. Consider the morphism µ defined by

µ(a) = µ(f) =
c d

a b
, µ(b) =

c

e
, µ(c) = e b , µ(d) = f ,
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µ(e) =
g d

e b
, µ(g) = h b , µ(h) =

c d

h b
.

This morphism has a fixed point µω(a) which is shape-symmetric.

µω(a) =

... . .
.

h b f e b e b f h b

g d c g d c d c g d
e b e e b a b e e b

e b e e b e b e a b
g d c g d g d c c d

g d c c d g d c c d
e b e a b e b e h b

e b f e b h b f h b

c d c g d g d c g d
a b e e b e b e e b · · ·

Rigo and Maes [RM02] considered S-recognizability in a multidimen-
sional setting. This concept was further studied by Charlier, Kärki, and
Rigo [CKR10] who proved the following result, extending Theorem 1.4.4 to
the multidimensional sequences.

Theorem 5.1.10. Let d ≥ 1 be an integer. The d-dimensional infinite word
x is S-automatic for some abstract numeration system S = (L,Σ, <) where
ε ∈ L if and only if x is the image under a coding of a shape symmetric
infinite d-dimensional word.

The multidimensional analogue of Theorem 1.3.16 is due to Semenov
[Sem77] and requires an analogous notion of ultimate periodicity in the mul-
tidimensional setting.

Definition 5.1.11. A set X ⊆ Nd is linear if there exists v0,v1, · · · ,vt ∈ Nd
such that

X = {v0 + n1v1 + n2v2 + · · ·+ ntvt : n1, . . . , nt ∈ N}.

A set X ⊆ Nd is semi-linear if it is a finite union of linear sets.

For more on semi-linear sets, see [GS66]. We can now state the multidi-
mensional version of Cobham’s first theorem.
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Theorem 5.1.12 ([Sem77]). Let k, ` ≥ 2 be two multiplicatively independent
integers and let X ⊆ Nd. The set X is both k-recognizable and `-recognizable
if and only if it is semi-linear.

In other words, the semi-linear sets are precisely the sets recognizable
in all integer bases k ≥ 2. One might therefore expect that, as in Theo-
rem 1.4.4, the semi-linear sets are recognizable in all abstract numeration
systems. However, this fails to be the case, as the following example shows.

Example 5.1.13. The semi-linear set X = {n(1, 2) : n ∈ N} = {(n, 2n) :
n ∈ N} is not 1-recognizable. Consider the language {(an#n, a2n) : n ∈
N}, consisting of the unary representations of the elements of X. An easy
application of the pumping lemma shows that this is not a regular language.

Observe that in the one-dimensional case, we have the following equiva-
lences:

semi-linear ⇔ ultimately periodic ⇔ 1-recognizable.

However, Example 5.1.13 shows that these equivalences no longer hold in
a multidimensional setting. In order to get a multidimensional analogue of
Theorem 1.4.4, we must consider the class of 1-recognizable sets, which forms
a proper subclass of the class of semi-linear sets.

Another well-studied subclass of the class of semi-linear sets is the class
of recognizable sets. A subset X of Nd is recognizable if there exists a finite
monoid M , a monoid homomorphism ϕ : Nd →M , and a subset B ⊆M such
that X = ϕ−1(B). When d = 1, we have again the following equivalences:
recognizable ⇔ ultimately periodic ⇔ 1-recognizable. However, for d >
1 these equivalences no longer hold. An unpublished result of Mezei (see
[Eil74, Proposition III.12.2]) demonstrates that the recognizable subsets of
N2 are precisely finite unions of sets of the form Y × Z, where Y and Z
are ultimately periodic subsets of N. In particular, the diagonal set D =
{(n, n) : n ∈ N} is not recognizable [Eil74, Exercise III.12.7]. However,
the set D is clearly a 1-recognizable subset of N2. So we see that for d >
1, the class of 1-recognizable sets corresponds neither to the class of semi-
linear sets, nor to the class of recognizable sets. For further information on
recognizable sets, their different characterizations and the classical Cobham–
Semenov Theorem, see [BHMV94].

Our main result is the following, which generalizes the result of Lecomte
and Rigo (Theorem 1.4.4).
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Theorem 5.1.14. Let X ⊆ Nd. Then X is S-recognizable for all abstract
numeration systems S if and only if X is 1-recognizable.

To illustrate this theorem, we give the following example.

Example 5.1.15. Let

X = {(2n, 3m+ 1) : n,m ∈ N and 2n ≥ 3m+ 1} ∪
{(n, 2m) : n,m ∈ N and n < 2m}.

0
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• •

•

•

•

•

•

•

Figure 5.2: The set X of Example 5.1.15

It is clear that X is 1-recognizable. Let S = (L,Σ, <) be an abstract
numeration system. By Theorem 1.4.4, the sets {2n : n ∈ N} and {3m+ 1 :
m ∈ N} are both S-recognizable, and so the set {(2n, 3m + 1) : n,m ∈ N}
is also S-recognizable. In other words, the set {(repS(2n), repS(3m+ 1))# :
n,m ∈ N} is accepted by a finite automaton. Furthermore, the set {(x, y)# :
x, y ∈ L and x ≥ y} is also accepted by a finite automaton, and so by taking
the product of these two automata we obtain an automaton accepting

{(repS(2n), repS(3m+ 1))# : n,m ∈ N and 2n ≥ 3m+ 1}.

In the same way we can construct an automaton to accept the set

{(repS(n), repS(2m))# : n,m ∈ N and n < 2m}.
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Since the union of two regular languages is regular, we see that X is S-
recognizable.

5.2 Proof of our main result

In order to obtain our main result, we will need a classical result of Eilen-
berg, Elgot, and Shepherdson [EES69, Theorem 11.1] (see also [Rub04, The-
orem C.1.1]). We first need the following definition.

Definition 5.2.1. Let A be a non-empty subset of {1, . . . , d}. Define the
subalphabet

ΣA = {x ∈ (Σ ∪ {#})d : the i-th component of x is # exactly when i /∈ A}.

Example 5.2.2. Let Σ = {a, b} and d = 4. If A = {1, 2, 3, 4}, then
ΣA = {(σ1, σ2, σ3, σ4) : σi ∈ Σ for i = 1, 2, 3, 4}. If A = {2, 3}, then
ΣA = {(#, σ2, σ3,#) : σi ∈ Σ for i ∈ {2, 3}}. If A = {3}, then ΣA =
{(#,#, a,#), (#,#, b,#)}.

Theorem 5.2.3 (Decomposition [EES69]). Let R ⊆ (Σ∗)d. The language
R# ⊆ ((Σ∪ {#})d)∗ is regular if and only if it is a finite union of languages
of the form

R0 · · ·Rt, t ∈ N,

where each factor Ri ⊆ (ΣAi)
∗ is regular and At ⊆ · · · ⊆ A0 ⊆ {1, . . . , d}.

Remark 5.2.4. Theorem 5.2.3 does not hold if R# is replaced by an arbi-
trary language over (Σ ∪ {#})d. It is only valid due to the definition of the
map (·)#.

Example 5.2.5. Let R = {(a5n, a6m) : n,m ∈ N}. Then R# is regular,
since one can easily construct an automaton that simultaneously checks that
the length of the first component of its input is a multiple of 5 and that the
length of the second component is a multiple of 6. Moreover, we have

R# =
5⋃
`=0

(a30, a30)∗(a5`#`, a6`)(#6, a6)∗ ∪

4⋃
`=0

(a30, a30)∗(a5(`+1), a6`#5−`)(a5,#5)∗.
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Observe that each of the languages appearing in the unions above are prod-
ucts of the form described in Theorem 5.2.3.

Lemma 5.2.6. Let X ⊆ Nd. Then X is 1-recognizable if and only if X is a
finite union of sets of the form{

t∑
`=0

(c`(n`,1, . . . , n`,d) + (b`,1, . . . , b`,d)) : (∀`)(∀i) n`,i ∈ N and

(∀`)(∀i) (i /∈ A` ⇒ n`,i = 0) and (∀`)(∀i)(∀j)(i, j ∈ A` ⇒ n`,i = n`,j)

}
(5.1)

where

• t ∈ N,

• At ⊆ · · · ⊆ A0 ⊆ {1, . . . , d},

• c0, . . . , ct ∈ N,

• (∀`)(∀i) b`,i ∈ N,

• (∀`)(∀i) (i /∈ A` ⇒ b`,i = 0), and

• (∀`)(∀i)(∀j) (i, j ∈ A` ⇒ b`,i = b`,j).

Proof. Let Σ = {a} and let S = (Σ∗,Σ, <). We define

R := repS(X) = {(an1 , . . . , and) : (n1, . . . , nd) ∈ X}.

The set X is 1-recognizable if and only if the language R# is regular. By
Theorem 5.2.3, the language R# is regular if and only if it is a finite union
of languages of the form

R0 · · ·Rt, t ∈ N,

where each factor R` ⊆ (ΣA`
)∗ is regular and At ⊆ · · · ⊆ A0 ⊆ {1, . . . , d}.

Since |Σ| = 1, we have |ΣA`
| = 1. Let ΣA`

= {x}. It is well known [Eil74,
Proposition V.1.1] that R` is a finite union of languages of the form {xpi+q :
i ∈ N}, where p, q ∈ N. Without loss of generality we can assume that R` is
exactly of this form. Hence, the language R` consists of the representations
of a set of the form

{c`(n`,1, . . . , n`,d) + (b`,1, . . . , b`,d) : (∀i)(n`,i ∈ N)}.
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The conditions At ⊆ · · · ⊆ A0 ⊆ {1, . . . , d} impose the restrictions on the
n`,i’s and the constants b`,i in the statement of the lemma. The concatenation
of the R`’s gives the sum described above.

Remark 5.2.7. We can give an alternative description of the 1-recognizable
sets. Let v = (v1, . . . , vd) ∈ Nd. We define Supp(v) = {i ∈ {1, . . . , d} : vi 6=
0}. Let X ⊆ Nd. Then X is a finite union of sets of the form described in
Lemma 5.2.6 if and only if X is a finite union of sets of the form

(b0 + c0N)v0 + · · ·+ (bt + ctN)vt,

where

• t ∈ N,

• bi, ci ∈ N for i = 1, . . . , t,

• vi ∈ {0, 1}d for i = 1, . . . , t,

• Supp(vt) ⊆ · · · ⊆ Supp(v0).

Example 5.2.8. Let X = {(5n, 5n + 4m + 6` + 1, 5n + 4m + 6` + 3, 5n) :
n,m, ` ∈ N}. The unary representation of X is

R# = ((a, a, a, a)5)∗((#, a, a,#)4)∗((#, a, a,#)6)∗(#, a, a,#)(#,#, a,#)2.

Since R# is regular the set X is 1-recognizable. The set X can be written as

X = {5(n, n, n, n) + 4(0,m,m, 0) + 6(0, `, `, 0)

+ (0, 1, 1, 0) + (0, 0, 2, 0) : n,m, ` ∈ N}, (5.2)

which is an expression of the form (5.1) where t = 3; A0 = {1, 2, 3, 4},
A1 = A2 = {2, 3}, A3 = {3}; c0 = 5, c1 = 4, c2 = 6, c3 = 0; and b0,i = b1,i = 0
for all i, (b2,1, b2,2, b2,3, b2,4) = (0, 1, 1, 0), (b3,1, b3,2, b3,3, b3,4) = (0, 0, 2, 0).

Alternatively, by Remark 5.2.7 we can write

X = 5N(1, 1, 1, 1) + 4N(0, 1, 1, 0) + (1 + 6N)(0, 1, 1, 0) + (2 + 0N)(0, 0, 1, 0).

Furthermore, we have a factorization of R# as given in Theorem 5.2.3:
that is, R# = R0R1R2R3, where R0 = ((a, a, a, a)5)∗, R1 = ((#, a, a,#)4)∗,
R2 = ((#, a, a,#)6)∗(#, a, a,#), and R3 = (#,#, a,#)2, with the same A`’s
as those defined above. The term 5(n, n, n, n) corresponds to R0, the term
4(0,m,m, 0) corresponds to R1, the term 6(0, `, `, 0)+(0, 1, 1, 0) corresponds
to R2, and the term (0, 0, 2, 0) corresponds to R3.
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We need the following classical number-theoretical result (see [RA05,
Theorem 1.0.1]).

Theorem 5.2.9. Let a1, . . . , an be integers with ai ≥ 2 for i = 1, . . . , n. If

gcd(a1, . . . , an) = 1,

then there exists a positive integer F (a1, . . . , an) such that F (a1, . . . , an) can-
not be expressed as a non-negative linear combination of a1, . . . , an, but all
integers greater than F (a1, . . . , an) can be so expressed.

In the sequel we write ei to denote the element of Nd that contains a 1
in its i-th component and 0’s in all others.

Lemma 5.2.10. A set X ⊆ Nd of the form (5.1) can be written as a union
A ∪B, where A is made up of finite unions and intersections of sets having
one of the forms (5.3)–(5.6) below and B is a finite intersection of sets of
the form (5.3) or (5.4) below:

d∑
i=1
i 6=j

niei + (rnj + s)ej : n1, . . . , nd ∈ N, nj ≥ N

 (5.3)

where 1 ≤ j ≤ d, and r, s,N ∈ N;
d∑
i=1
i 6=j

niei + (nk + rnj + s)ej : n1, . . . , nd ∈ N, nj ≥ N

 (5.4)

where 1 ≤ j, k ≤ d, j 6= k, and r, s,N ∈ N;
d∑
i=1
i 6=j

niei + (rnj + s)ej : n1, . . . , nd ∈ N, nj ∈ C

 (5.5)

where 1 ≤ j ≤ d, r, s ∈ N, and C ⊆ N is a finite set; or
d∑
i=1
i 6=j

niei + (nk + rnj + s)ej : n1, . . . , nd ∈ N, nj ∈ C

 (5.6)

where 1 ≤ j, k ≤ d, j 6= k, and r, s ∈ N, and C ⊆ N is a finite set.
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Proof. Let X be a set of the form (5.1) where t, the A`’s, the c`’s, and the
b`,i’s are fixed and satisfy the conditions listed in Lemma 5.2.6. We will write
X = A ∪B, where

B =
d⋂
j=1

Yj ,

where each Yj is either of the form (5.3) or (5.4), and A is made up of finite
unions and intersections of sets of the forms (5.3)–(5.6).

First observe that if j ∈ {1, . . . , d} \ A0 the set X contains only vectors
whose j-th component is always 0. For each such j, we define

Yj =


d∑
i=1
i 6=j

niei + 0ej : n1, . . . , nd ∈ N

 ,

which is of the form (5.3).
First consider the case where A0 = · · · = At. Define j1 < · · · < j|A0| to

be the elements of A0. Define

Yj1 =


d∑
i=1
i 6=j1

niei + (rnj1 + s)ej1 : n1, . . . , nd ∈ N, nj1 ≥ N

 ,

where r = gcd(c0, . . . , ct), s =
∑t

`=0 b`,j1 , and N − 1 is the largest integer n
such that rn cannot be written as a non-negative integer linear combination
of c0, . . . , ct (note that by Theorem 5.2.9, N exists and is finite). Note that
Yj1 is of the form (5.3).

Define

Y ′j1 =


d∑
i=1
i 6=j1

niei + (rnj1 + s)ej1 : n1, . . . , nd ∈ N, nj1 ∈ C

 ,

where C is the set of all non-negative integers n < N such that rn can be
written as a non-negative integer linear combination of c0, . . . , ct. Note that
Y ′j1 is of the form (5.5).

For k ∈ {2, . . . , |A0|}, define

Yjk =


d∑
i=1
i 6=jk

niei + njk−1
ejk : n1, . . . , nd ∈ N

 ,



5.2. PROOF OF OUR MAIN RESULT 113

which is of the form (5.4).

The set X can be written as the union A ∪B where

B =
⋂

j∈{1,...,d}\A0

Yj ∩
⋂

k∈{1,...,|A0|}

Yjk

and

A =
⋂

j∈{1...,d}\A0

Yj ∩
⋂

k∈{2...,|A0|}

Yjk ∩ Y ′j1 .

Now consider the case where there is at least one index ` such that A` \
A`+1 6= ∅. Define `1 < · · · < `t′ to be the indices of the sets A` satisfying
A`k \ A`k+1 6= ∅ for each k ∈ {1, . . . , t′}. We clearly have 1 ≤ t′ ≤ t and
0 ≤ `t′ < t.

Define d1 = |A`1 \ A`1+1| and j1,1 < · · · < j1,d1 to be the elements of
A`1 \A`1+1. Define

Yj1,1 =


d∑
i=1
i 6=j1,1

niei + (r1nj1,1 + s1)ej1,1 : n1, . . . , nd ∈ N, nj1,1 ≥ N1

 ,

where r1 = gcd(c0, . . . , c`1), s1 =
∑`1

`=0 b`,j1,1 , and N1 − 1 is the largest
integer n such that r1n cannot be written as a non-negative integer linear
combination of c0, . . . , c`1 . Note that Yj1,1 is of the form (5.3).

Define

Y ′j1,1 =


d∑
i=1
i 6=j1,1

niei + (r1nj1,1 + s1)ej1,1 : n1, . . . , nd ∈ N, nj1,1 ∈ C1

 ,

where C1 is the set of all non-negative integers n < N1 such that r1n can
be written as a non-negative integer linear combination of c0, . . . , c`1 . Note
that Y ′j1,1 is of the form (5.5).

For k ∈ {2, . . . , d1}, define

Yj1,k =


d∑
i=1
i 6=j1,k

niei + nj1,k−1
ej1,k : n1, . . . , nd ∈ N

 ,

which is of the form (5.4).
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Define d2 = |A`2 \ A`2+1| and j2,1 < · · · < j2,d2 to be the elements of
A`2 \A`2+1. Define

Yj2,1 =


d∑
i=1
i 6=j2,1

niei + (nj1,1 + r2nj2,1 + s2)ej2,1 : n1, . . . , nd ∈ N, nj2,1 ≥ N2

 ,

where r2 = gcd(c`1+1, . . . , c`2), s2 =
∑`2

`=`1+1 b`,j2,1 , and N2− 1 is the largest
integer n such that r2n cannot be written as a non-negative integer linear
combination of c`1+1, . . . , c`2 . Note that Yj2,1 is of the form (5.4).

Define

Y ′j2,1 =


d∑
i=1
i 6=j2,1

niei + (nj1,1 + r2nj2,1 + s2)ej2,1 : n1, . . . , nd ∈ N, nj2,1 ∈ C2

 ,

where C2 is the set of all non-negative integers n < N2 such that r2n can be
written as a non-negative integer linear combination of c`1+1, . . . , c`2 . Note
that Y ′j2,1 is of the form (5.6).

For k ∈ {2, . . . , d2}, define

Yj2,k =


d∑
i=1
i 6=j2,k

niei + nj2,k−1
ej2,k : n1, . . . , nd ∈ N

 ,

which is of the form (5.4).
We continue in this way to define dp, Yjp,k , and Y ′jp,1 for all p ∈ {1, . . . , t′}

and k ∈ {1, . . . , dp}. Finally observe that we have A`t′ \ A`t′+1 6= ∅ and
A`t′+1 = · · · = At. Define dt′+1 = |At| and jt′+1,1 < · · · < jt′+1,dt′+1

to be
the elements of At. Define

Yjt′+1,1
=

{
d∑
i=1

i 6=jt′+1,1

niei + (njt′,1 + rt′+1njt′+1,1
+ st′+1)ejt′+1,1

:

n1, . . . , nd ∈ N, njt′+1,1
≥ Nt′+1

}
,

where rt′+1 = gcd(c`t′+1, . . . , ct), st′+1 =
∑`t

`=`t′+1 b`,jt′+1,1
, and Nt′+1 − 1 is

the largest integer n such that rt′+1n cannot be written as a non-negative



5.2. PROOF OF OUR MAIN RESULT 115

integer linear combination of c`t′+1, . . . , ct. Again note that Yjt′+1,1
is of the

form (5.4).
Define

Y ′jt′+1,1
=

{
d∑
i=1

i 6=jt′+1,1

niei + (njt′,1 + rt′+1njt′+1,1
+ st′+1)ejt′+1,1

:

n1, . . . , nd ∈ N, njt′+1,1
∈ Ct′+1

}
,

where Ct′+1 is the set of all non-negative integers n < Nt′+1 such that rt′+1n
can be written as a non-negative integer linear combination of c`t′+1, . . . , ct.
Note that Y ′jt′+1,1

is of the form (5.6).

For k ∈ {2, . . . , dt′+1}, define

Yjt′+1,k
=


d∑
i=1

i 6=jt′+1,k

niei + njt′+1,k−1
ejt′+1,k

: n1, . . . , nd ∈ N

 ,

which is of the form (5.4).
The set X can be written as the union A ∪B where

B =
⋂

j∈{1,...,d}\A0

Yj ∩
⋂

p∈{1,...,t′+1}
k∈{1,...,dp}

Yjp,k

and

A =
⋂

j∈{1,...,d}\A0

Yj ∩

⋃
p∈{1,...,t′+1}

Y ′jp,1 ∩
⋂

q∈{1,...,t′+1}\{p}
k∈{1,...,dq}

Yjq,k ∩
⋂

k∈{2,...,dp}

Yjp,k

 .

Example 5.2.11. We continue Example 5.2.8. We will write X = A ∪ B
as in Lemma 5.2.10. The A`’s are not all the same, so we can define t′ = 2,
`1 = 0 < `2 = 2 as in the proof of Lemma 5.2.10.
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We have d1 = |A0 \ A1| = 2, j1,1 = 1 and j1,2 = 4. We also have
r1 = gcd(c0) = gcd(5) = 5 and s1 = 0, and hence N1 = 0. Therefore,

Y1 = {n2e2 + n3e3 + n4e4 + (5n1 + 0)e1 : n1, n2, n3, n4 ∈ N, n1 ≥ 0},

Y ′1 = {n2e2 + n3e3 + n4e4 + (5n1 + 0)e1 : n2, n3, n4 ∈ N, n1 ∈ C1} = ∅,

since C1 = ∅, and

Y4 = {n1e1 + n2e2 + n3e3 + n1e4 : n1, n2, n3 ∈ N}.

Next we have d2 = |A2 \ A3| = 1 and j2,1 = 2. We also have r2 =
gcd(c1, c2) = gcd(4, 6) = 2 and s2 = b1,2 + b2,2 = 0 + 1 = 1, and hence
N2 = 2. Therefore,

Y2 = {n1e1 + n3e3 + n4e4 + (n1 + 2n2 + 1)e2 : n1, n2, n3 ∈ N, n2 ≥ 2},

and

Y ′2 = {n1e1 + n3e3 + n4e4 + (n1 + 2n2 + 1)e2 : n1, n3 ∈ N, n2 ∈ C2}
= {n1e1 + n3e3 + n4e4 + (n1 + 1)e2 : n1, n3 ∈ N},

since C2 = {0}.
Finally, we have d3 = |A3| = 1 and j3,1 = 3. We also have r3 = gcd(c3) =

gcd(0) = 0 and s3 = b3,3 = 2, and hence N3 = 0. Therefore,

Y3 = {n1e1 + n2e2 + n4e4 + (n2 + 0n3 + 2)e3 : n1, n2, n3 ∈ N, n3 ≥ 0},

and

Y ′3 = {n1e1 + n2e2 + n4e4 + (n2 + 0n3 + 2)e3 : n1, n2 ∈ N, n3 ∈ C3} = ∅,

since C3 = ∅.
Hence A = Y1 ∩ Y ′2 ∩ Y3 ∩ Y4 and B = Y1 ∩ Y2 ∩ Y3 ∩ Y4.

We now need to introduce the notion of synchronous transducers and
synchronous relations.

Definition 5.2.12. Let Σ and ∆ be two finite alphabets. A synchronous
transducer (from (Σ ∪ {#})∗ to (∆ ∪ {#})∗) is a letter-to-letter transducer
respecting the padding condition, that is no letter can appear after the
padding symbol on the same component. Synchronous transducers realise
synchronous relations obtained by the projection which erases the padding
symbol #.



5.2. PROOF OF OUR MAIN RESULT 117

The two following results will be useful for the proof of Lemma 5.2.16.

Definition 5.2.13. Let i be a non-negative integer. The (i+ 1)-th word of
a language L in the genealogical order is denoted by 〈i〉L. The successor of
a word x in L is the unique word y of L such that

(x <gen y) ∧ (∀z ∈ L)((x <gen z)⇒ ((y = z) ∨ (y <gen z))).

The successor function1 on L is the function SuccL : Σ∗ → Σ∗ that maps a
word x = 〈i〉L of L onto its successor y = 〈i+ 1〉L in L.

Proposition 5.2.14 ([BFRS07, BR10]). Let L be a regular language. The
successor function SuccL is a synchronous relation.

Theorem 5.2.15 ([FS93, BR10]). The family of synchronous relation is
closed under composition.

We are ready to prove the following lemma.

Lemma 5.2.16. Let k ∈ N and let S be an abstract numeration system.
The set X = {(n, n+ k) : n ∈ N} is S-recognizable.

Proof. The proof follows easily from known results and so we only give a
sketch of the proof. Let R = repS(X). To show that X is S-recognizable
we must show that R# is a regular language. Consider first the set Y =
{(repS(n), repS(n+ 1)) : n ∈ N}. If we interpret Y as the function mapping
repS(n) to repS(n + 1), then Y is the so-called successor function. From
Proposition 5.2.14, we have that Y is a synchronous relation. Synchronous
relations are defined in terms of letter-to-letter transducers, but this defini-
tion is equivalent to the fact that the language Y # is accepted by a finite
automaton. Moreover, from Theorem 5.2.15, we have that the composition
of synchronous relations is again a synchronous relation. Hence R, which
is the k-fold composition of Y with itself, is a synchronous relation. We
conclude that R# is a regular language, as required.

Lemma 5.2.17. A set X ⊆ Nd having one of the forms (5.3)–(5.6) defined
in Lemma 5.2.10 is S-recognizable for any abstract numeration system S.

Proof. We will give the proof for the cases where X is either of the form
(5.3) or (5.4) (the other two cases are similar).

1See [AS10] or [LR01] for more on the successor function.
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Let S = (L,Σ, <) be an abstract numeration system and let A be a finite
automaton accepting L. Let R = repS(X). We will show that R# is regular.
That is, we will define a (non-deterministic) finite automatonM that accepts
R#. Let (w1, . . . , wd)

# be an arbitrary input to the automaton M.
Suppose that X is of the form (5.3). That is,

X =


d∑
i=1
i 6=j

niei + (rnj + s)ej : n1, . . . , nd ∈ N, nj ≥ N

 ,

where 1 ≤ j ≤ d, and r, s,N ∈ N. Suppose first that r = 0. In this case, the
automaton M simulates A on w1, . . . , wj−1, wj+1, . . . , wd. The automaton
M accepts its input if and only if A accepts w1, . . . , wj−1, wj+1, . . . , wd and
wj = repS(s).

Now suppose that r > 0. By increasing the value of N , we may, with-
out loss of generality, assume that s < r. By Theorem 1.4.4 the language
{repS(rnj + s) : nj ≥ N} is regular. Let A′ be an automaton accepting
{repS(rnj + s) : nj ≥ N}. As before, the automaton M simulates A on
w1, . . . , wj−1, wj+1, . . . , wd, but now also simulates A′ on wj . The automa-
ton M accepts its input if and only if A accepts w1, . . . , wj−1, wj+1, . . . , wd
and A′ accepts wj .

Next suppose that X is of the form (5.4). That is,
d∑
i=1
i 6=j

niei + (nk + rnj + s)ej : n1, . . . , nd ∈ N, nj ≥ N

 ,

where 1 ≤ j, k ≤ d, j 6= k, and r, s,N ∈ N. Again, suppose first that r = 0.
By Lemma 5.2.16, the language {(repS(nk), repS(nk + s))# : nk ∈ N} is reg-
ular. Let A′′ be a finite automaton accepting this language. The automaton
M simulates A on each of the words in {w1, . . . , wd} \ {wj , wk}. Simultane-
ously, the automatonM simulates A′′ on the pair (wk, wj)

#. The automaton
M accepts its input if and only if A accepts {w1, . . . , wd} \ {wj , wk} and A′′
accepts (wk, wj)

#.
Now suppose that r > 0. Again, without loss of generality, we may

assume that s < r. Using the same ideas as in the proof of [BR10, Theo-
rem 3.3.1], it is not hard to see that the language

{(repS(m), repS(n))# : m,n ∈ N and (n−m) ≡ s (mod r)}

is regular. Let Z be an automaton accepting this language. Let Z ′ be an
automaton accepting the language {(repS(nk), repS(nk+rN+s))# : nk ∈ N}
(since rN + s is a constant, we may apply Lemma 5.2.16).
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The automaton M simulates A on each of the words in {w1, . . . , wd} \
{wj , wk}. Simultaneously, M simulates Z on the pair (wk, wj)

#. The au-
tomaton M also non-deterministically “guesses” a word v = b1 · · · b|v| and

simulates Z ′ on the pair (wk, v)#. This “guess” works as follows. Let
wk = a1 · · · a|wk|, where each ai ∈ Σ. For each i = 1, . . . , |wk|, we simu-
late Z ′ by non-deterministically choosing to follow one of the transitions of
Z ′ labelled (ai, bi), where bi ∈ Σ; and for i > |wk| (i.e., wk has been com-
pletely read), the simulation may make a non-deterministic choice among
transitions of the form (#, bi), where bi ∈ Σ. This non-deterministic choice
of bi at each step of the simulation is what defines the “guessed” word v.
Note that if Z ′ accepts (wk, v)#, then vals(v) = valS(wk) + rN + s. As this
non-deterministic simulation is performed, the automaton M also simulta-
neously verifies that wj is greater than or equal to (in the radix order) the
guessed word v.

The automaton M accepts its input if and only if

• A accepts each of the words in {w1, . . . , wd} \ {wj , wk},

• Z accepts (wk, wj)
# (and hence valS(wj)− valS(wk) ≡ s (mod r)),

• Z ′ accepts (wk, v)# for some guessed word v as described above (and
hence valS(v) = valS(wk) + rN + s), and

• wj is greater than or equal to v in the radix order (and hence valS(wj) ≥
valS(v)).

The last three of these conditions guarantee that valS(wj) = valS(wk)+rnj+
s for some nj ≥ N .

This completes the proof for the cases where X is either of the form (5.3)
or (5.4). As previously stated, we omit the details for the other two cases
since they are similar.

We are ready for the proof of Theorem 5.1.14.

Proof of Theorem 5.1.14. One direction is clear: if X is S-recognizable for
all abstract numeration systems S, then it is certainly 1-recognizable.

To prove the other direction, suppose that X is 1-recognizable. The result
now follows from Lemmas 5.2.6, 5.2.10, and 5.2.17.

Remark 5.2.18. Thanks to Theorem 5.1.14, the set X = {(n,m) : n ≤
m,n,m ∈ N} is S-recognizable for all abstract numeration systems S. In-
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deed, we have

{(n,m) : n ≤ m,n,m ∈ N} = {(n, n+ k) : n, k ∈ N}
= N(1, 1) + N(0, 1)

and by Lemma 5.2.6, X is 1-recognizable.
However, the set Y = {(n,m) : 2n ≤ m,n,m ∈ N} is not always S-

recognizable. Otherwise, the set {(n, 2n) : n ∈ N} would be S-recognizable
but, as shown by Theorem 1.4.7, multiplication by a constant does not pre-
serve S-recognizability.
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