MECAO0010 — Reliability and stochastic modeling of engineered systems

Reliability: nonhomogeneous Poisson process, point estimation, and
confidence-interval estimation

Maarten Arnst and Marco Lucio Cerquaglia

November 29, 2017

ULg, Liége, Belgium MECAO0010 — Lecture 7 1/27



Outline

B Models for minimal repair:

€ Poisson process.

€ Homogeneous Poisson process.

€ Nonhomogeneous Poisson process.

B Statistical inference:

€ Role of statistical inference.

€ Point estimation.

€ Confidence-interval estimation.
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Models for minimal repair
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Poisson process

B Poisson process { N (), t > 0} with mean function m:

X, X, X,

T, /

&—o

¢ N(0)=0.
¢ {N(t), t > 0} has independent increments.
¢ forany 0 < s <t, N(t) — N(s)isar.v. with Poisson distribution with mean m(t) — m(s).

ULg, Liége, Belgium MECAO0010 — Lecture 7 4/27



Homogeneous Poisson process

B The Poisson process { N (t), t > 0} is homogeneous if the mean function m is of the form
m(t) = At with \ a positive constant, that is, if the average number of failures occurring increases
linearly with the time interval under consideration.

B For a homogeneous Poisson process { N (t), t > 0} with mean function m, we have:

¢ the first time to failure obeys an exponential distribution with parameter \.

¢ more generally, the lengths of time between consecutive failures { X,,,n > 1} are statistically
independent and identically distributed with exponential distribution with parameter .

€ the conditional probability distribution of the instants (Tl, - ,Tn) at which the system
suffers its first n failures given { N (¢) = n} admits as a density

|
™

Py, T | N@) (E1s -+ 5 Tn|n) = ; O<ti<...<t, <)
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Nonhomogeneous Poisson process

B Let {N(¢), t > 0} be a Poisson process with mean function m. If m is not of the form m(t) = At
with A a positive constant, then { N'(¢), ¢ > 0} is a nonhomogeneous Poisson process.

B Let {N(t), t > 0} be a nonhomogeneous Poisson process with mean function m. If there exists a
continuous function A from R* into R™ such that

then this function A is called the (instantaneous) intensity.
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Nonhomogeneous Poisson process

HOMOGENEOUS NONHOMOGENEOUS
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Nonhomogeneous Poisson process

B For a nonhomogeneous Poisson process { N (¢), ¢ > 0} with (instantaneous) intensity ), the first
time to failure 77 admits as a probability density function

(i) =0 (~ [ A)is) A1)

Proof:
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Nonhomogeneous Poisson process

B It can be shown that for a nonhomogeneous Poisson process { IV (%), t > 0} with (instantaneous)
intensity \, the joint probability distribution of the instants (77, ..., T;,) at which the system
suffers its first n failures admits as a density

n

in
Py, ) (T, ) = exp (—/ A(s)ds) [)\ (t)1(0<ty <...<tn).
. 1

1=1

B It can be shown that for a nonhomogeneous Poisson process { IV (%), t > 0} with (instantaneous)
intensity \, the conditional probability distribution of the instants (77, ..., T}, ) at which the
system suffers its first » failures given { N () = n} admits as a density

n

Al A1 (0<t; <...<ty).
—f(f )\(s)ds) zl;ll

n!

P(Ty,...,.Ty|N(t)) (tl, . 7tn|n) — (
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Nonhomogeneous Poisson process

B Example: Duane’s power law model:

B -1
\(t) = Et :
where it should be noted that \ is continuous on R* only if 5 > 1.

The first time to failure obeys the probability density

pry (t1) = exp (—/Otl A(8)d8> At1)

that is, a Weibull probability density function with parameters o and (5.
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Statistical inference
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Role of statistical inference

B Previously, we looked at ways of stochastic modeling occurrences of failures, e.g., homogeneous
and nonhomogeneous Poisson processes.

B What if we have data measured from the system failures and must infer a description of the
occurrences of failures in terms of a stochastic model?

B This requires that we choose a stochastic model (e.g. homogeneous vs. nonhomogeneous
Poisson process) and determine the best choice of the parameters (e.g. parameter A of
homogeneous Poisson process or parameters v and 5 of Duane’s power law model for
nonhomogeneous Poisson process).
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Role of statistical inference

ULg, Liége, Belgium

(o |
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Calculate probabilities, . . .
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Role of statistical inference

B We will look at two parameter-estimation methods:

€ point estimation by using method of maximum likelihood,

€ confidence-interval estimation.

B We will look at two model-selection methods:

€ goodness-of-fit testing,

€ trend testing.
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Point estimation

B Within the following setting:

€ data: samples x¢,...,1,,

¢ candidate stochastic model: probability density function px (z;6+,...,60,,), where
01,...,0,, are the unknown parameters that must be estimated,

the method of maximum likelihood measures the plausability of the parameters given the data
samples by the likelihood

01, 0m) =] [ px (xis61,. .., 0m);
1=1

A A

the point estimate (91, Ce Om) is then the value of the parameters that maximizes the likelihood:

(01,...,0,) = arg o (01, 0m)
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Point estimation

A

B The maximume-likelihood point estimate (él, ..., 6.,) can be computed by solving

2N N
59_(91,...,%):0, 1<i<m:

sometimes, it is easier to maximize the "loglikelihood"

1 n A
aa(;%g(el,...,em):o, 1<i<m.

B It can be shown that the method of maximum likelihood has good properties in terms of
unbiasedness, consistency, efficiency, sufficiency, . . .
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Point estimation

B For example, let us consider the following setting:

€ data: samples x¢,...,1,,

€ candidate stochastic model: Gaussian probability density function with unknown mean (.
and standard deviation o that must be estimated ;

in this case, the likelihood reads as

(-3(%5))

so that the point estimate (1, o) is obtained by solving

1
o

to) =[] =

v

Ologl __ (x; — 1) dlog /¢ 1 < 2 U
0 = ~— 72 =0 and 1,0) = — i— ) — = =0,
5 (B:9) ; p 5o (1) =52 @i=i) 3
thus leading to /i = lix and o = li(x — )
" v v o
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Point estimation

B Suppose that we observe up to time ¢ a trajectory of a homogeneous Poisson process. Then, the
setting is as follows:

€ data: n, the number of failures in the interval [O, t], andtq,...,t,, the time instants at which
the system suffered these failures,

¢ candidate stochastic model: homogeneous Poisson process { N (¢),¢ > 0} with
unknown parameter \ to be estimated;

in this case, the likelihood reads as

t(A) = P(N@)=n)p,..T.N@) (15 taln)
)™ n!
= exp(—)\t)(n') ?—nl(o<t1<...<tn<t),

so that with log £(\) = —At + nlog (\t), the point estimate \ is obtained by solving

S )

dlogt /-
n (M) =5

O\ A

. L
thus leading to A = a
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Point estimation

B Suppose that we observe up to time ¢ a trajectory of a nonhomogeneous Poisson process
whose (instantaneous) intensity follows a Duane power law. Then, the setting is as follows:

€ data: n, the number of failures in the interval [O, t], andtq,...,t,, the time instants at which
the system suffered these failures,

€ candidate stochastic model: nonhomogeneous Poisson process with unknown
parameters « and [ to be estimated ;

in this case, the likelihood reads as

t(A) = P(N({) = n)p(Tl,...,Tn%V(t)) (t1s- -y taln)
t

A (5) SR
t Q n! B[t
- o ( (E) ) N 6n£[15 <5)
(5)
0log/t A 0log /¥ .
so that the point estimate is obtained by solving 05 (64, 6) =0 and o8 (éz, B) = 0,
Ja 0p
1

1 1
which ultimately leads to E = logt — — E logt; and loga = logt — E log n.
n
i=1
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Confidence interval estimation

B Within the following setting:

€ data: samples x¢,...,1,,

¢ candidate stochastic model: probability density function px (x; 61, ...,60,,), where
01, ...,0,, are the unknown parameters to be estimated,

the method of confidence interval estimation consists in setting a confidence level a and then
inferring from the data intervals

07, 0F] . |0, 07
which are such that if the data samples were independent and identically distributed samples from

px (x;01,...,0,) with "true values" 01, . . . , 8,,, of the parameters, then these intervals would be
more than ~-likely to contain 61, ..., 6,,, that is,

P(91 c {@f,@ﬂ e B, € {(:);L,(:);D > 7.

ULg, Liége, Belgium MECAO0010 — Lecture 7 20/27



Confidence interval estimation

B For example, let us consider the following setting:
€ data: samples x¢,...,1,,
€ candidate stochastic model: Gaussian probability density function with unknown

mean . and known standard deviation o;

in this case, the following interval is a y-confidence interval for the unknown mean:

[iﬁxi—c]\ﬂo_g ) 7 I/ZCI?Z+CN( Ol) ﬁ]

where cg,l (-;0,1) is the inverse of the cumulative distribution function of a Gaussian random
variable with mean 0 and standard deviation 1. Indeed, denoting v statistically independent copies
of a Gaussian random variable with mean p and standard deviation o by X4, ..., X,, we have

74

1 . . . , 0
that —Z X, is a Gaussian random variable with mean p and standard deviation —, so that

1=1 \/;

1 < 1 Y o 1 1 (Y o
_E _ _ L. < <_§ - L. | >~
p(V X; — Cy (1 2’071)ﬁ_ﬂ_u, X +cCy (2,0,1) ﬁ>7

1=1
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Confidence interval estimation

Probability density
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Confidence interval estimation

B Suppose that we observe up to time ¢ a trajectory of a homogeneous Poisson process. Then, the
setting is as follows:

€ data: n, the number of failures in the interval [O, t], andtq,...,t,, the time instants at which
the system suffered these failures,

¢ candidate stochastic model: homogeneous Poisson process { N (¢),t > 0} with
unknown parameter )\ to be estimated ;

in this case, the following intervals are y-confidence intervals:

0.5 (i20n+ 1)

1 —1
[2t X (1_7727?’)7—'_00] Y

it (=220, e (4 )220+ 1)

where 0;21 (-:m) is the inverse of the cumulative distribution function of a ' random variable with
n degrees of freedom.
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Confidence interval estimation

Proof:

y ; P <() <M< %0;21 (7; 2(N(t) + 1)))

v < p<c<N<t>;At)zc(N(t);z%C;zl(%Q(N(@+1>)))

o ; P (c(N(t); At) > 1 —cy2 (0;21 (’y; 2(N(t) + 1)); 2(N(t) + 1)))

7 < P(N@:M) = 1-7),

where c( - ; m) is the cumulative distribution function of a Poisson random variable with parameter m ;
please note that the passage from the first to the second inequality holds because c(n; - ) is
monotically decreasing.
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Confidence interval estimation

Proof (continued):

c(n;m) = P(X <n)
=1-P(X>n+1)

=1 __-[)(11v+1 < Tn)

m 1 "
=1- / — SXP (_tn—l—l) (tn—|—1> dtp41
o Ju

7

~"

gamma pdf with parameter n + 1 and 1

2m
1 1 Y
= / nl ont1 &P (_5) y"dy
0 .

=1—cp2(2m;2(n+1));

where X is a Poisson random variable with
parameter m,

where T}, 41 is the time of the (n 4 1)-th
failure in a homogeneous Poisson process
with parameter 1,

here, the fourth equality follows from the fact that the sum of n + 1 statistically independent exponential
random variables with parameter 1 is a gamma random variable with parameters n + 1 and 1.
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Confidence interval estimation

B Suppose that we observe up to time ¢ a trajectory of a nonhomogeneous Poisson process
whose (instantaneous) intensity follows a Duane power law. Then, the setting is as:

€ data: n, the number of failures in the interval [O, t], andtq,...,t,, the time instants at which
the system suffered these failures,

€ candidate stochastic model: nonhomogeneous Poisson process with unknown
parameters o and /3 to be estimated ;

in this case, the following intervals are y-confidence intervals for 3:

Y

B 1,
[07 _nCX2 (77 2n)

2
[icxl (1 —=7;2n),+o0]|,
[fncle (L =7)/2;2n), %c;% (1 +7)/2; 2%)] :

it is more difficult to establish similar intervals for c.

ULg, Liége, Belgium MECAO0010 — Lecture 7 26 /27



References

Suggested reading material

B L. Wehenkel. Eléments de statistiques. Université de Liege. Lecture notes.

Additional references also consulted to prepare this lecture

B A Angand W. Tang. Probability concepts in engineering. John Wiley & Sons, 2007.

B C. Cocozza-Thivent. Processus stochastiques et fiabilité des systémes. Springer, 1997.

B D. Foata and A. Fuchs. Processus stochastiques: processus de Poisson, chaines de Markov et
martingales. Dunod, 2004.

B H. Procaccia, E. Ferton, and M. Procaccia. Fiabilité et maintenance des matériels industriels
réparables et non réparables. Lavoisier, 2011.

B C. Soize. The Fokker—Planck equation for stochastic dynamical systems and its explicit steady state
solutions. World Scientific Publishing, 1994.

ULg, Liége, Belgium MECAO0010 — Lecture 7 27127



	Outline
	Models for minimal repair
	Poisson process
	Homogeneous Poisson process
	Nonhomogeneous Poisson process
	Nonhomogeneous Poisson process
	Nonhomogeneous Poisson process
	Nonhomogeneous Poisson process
	Nonhomogeneous Poisson process

	Statistical inference
	Role of statistical inference
	Role of statistical inference
	Role of statistical inference
	Point estimation
	Point estimation
	Point estimation
	Point estimation
	Point estimation
	Confidence interval estimation
	Confidence interval estimation
	Confidence interval estimation
	Confidence interval estimation
	Confidence interval estimation
	Confidence interval estimation
	Confidence interval estimation
	References


