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Context
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Context

Model problem

Y = g (z1,29,...,Ty, ) with g:R™ — R.
v v - ~ _
output variable function input variables
Let 1, xo,..., Z,, be uncertain (e.g., imperfect knowledge at design time, imperfect manufacturing

when compared to the design,...). Given a probabilistic characterization of the input variables x1,
T2,..., Ly, as a probability distribution, what is the probability distribution of the output variable y?
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Context

From the previous lecture: Functions of random variables

W If the function g is an affine function of a single input variable (m = 1),
y=g(x) =ax+b with aand b constants,

then, provided that the output variable is of the second order, we obtain for the mean ¥:

7= [ vy = [ (@@ +Vpx(@ide = [ apx()da+b [ px(@yis = a7 +b

and for the variance o3

0% = /R(y—g)pr(y)dy = /R (ax+b—(af—|—b))2px(x)dx = aQ/R(:J:—E)2pX(x)d:U = a*0%.

We can readily generalize these expressions to affine functions of multiple input variables. In
conclusion, for a transformation though an affine function, knowledge of the mean and variance of
the input variables suffices to determine the mean and variance of the output variable.
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Context

From the previous lecture: Functions of random variables (continued)

If the function g is a general function of a single input variable (" = 1), where we mean by
“general” that this function is not necessarily affine,
y =g(z),

then, provided that the output variable is of the second order, we obtain for the mean ¥:

7 :/ y Py (dy) :/ g(z)Px (dz), thatis, if Px admits PDF px, ¥ =/ g9(z)px (z)dz,
R R R

and for the variance o3

oy :/R(y—g)QPy(dy) :/R(g(:c)—y)QPX(d:c), that is, if Px admits PDF px, oy :/R(g(a:)—y)Q,oX (z)dx.

For a general function, we can no longer interchange the integral and this function. In conclusion,
for a transformation though a general function, knowledge of the mean and variance of the input
variables does not suffice to determine the mean and variance of the output variable! Knowledge of

the probability distribution of the input variables and an integration method are required!
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Context

Characterization

B The objective of the characterization of uncertainties is to assign an appropriate probability
distribution to the uncertain input variables.

B An appropriate probability distribution can be obtained by applying methods from mathematical
statistics to the available information. In engineering, this available information typically consists
not only of observed samples but also of applicable mechanical and physical laws.

€ Catalogs of probability distributions.

“Texts in Statistical Science
Mathematical

Statistics
Basic Ideas ani d
Selected Topics

Principles of construction.

nnnnnnnnnnnn

4

Methods for parameter estimation.

¢

Methods for model selection.

1111111

¢

B Current ressearch allows to consider as uncertain not only scalar input variables but also
geometries, fields of mechanical and physical properties, matrix-valued input variables, etc.
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Context

Characterization (continued)

x10°

0.5

Displacement [m]
o

0
Position [m]

Random geometry.

From: M. Arnst and R. Ghanem. Probabilistic electromechanical modeling of nanostructures with
random geometry. Journal of Computational and Theoretical Nanoscience, 6:2256—2272, 20009.
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Context
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Context

Characterization (continued)
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(@)
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Context

Characterization (continued)

x10°

0.5

Displacement [m]
T .% T

S -15 0 15 3
Position [m] < 16°

Random geometry.

From: M. Arnst and R. Ghanem. Probabilistic electromechanical modeling of nanostructures with
random geometry. Journal of Computational and Theoretical Nanoscience, 6:2256—2272, 20009.
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Context

Characterization (continued)

Random fields.

From: M. Arnst. Inversion of probabilistic models of structures using measured transfer functions.
Thése de Doctorat, Ecole Centrale Paris, France, 2007.
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Context

Characterization (continued)

K +iwD — w*Mu(w) = f(w).

Random matrices.

From: F. Nyssen, M. Arnst, and J.-C. Golinval. Experimental modal identification of mistuning in an
academic bladed disk and comparison with the blades geometry variations. ASME Turbo Expo, 2015.
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Context
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Context

Characterization (continued)
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Context

Deterministic quadrature

B 1D trapezoidal integration:

B 2D trapezoidal integration:

bl bg h,l h,2 nq no
/a1 /a2 g(xl,xg)dxld:@%??z:z.... e
k1=1ko=1

B The computational cost grows exponentially with the number of input variables.
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Context

Probabilistic quadrature quadrature

B Monte Carlo simulation is a method for numerically approximating integrals of the form

§=/ 9(T1, T2, s T) P(X1, X, X)) (X1, T2y oo T )dXydTy . dy,

2
0'12/:/ (g(a:l,xg,...,azm)—y) PX1, X5, X)) (L1, T2 o, T )dT1d Xy . . dXy,

B Monte Carlo simulation is based on sampling. It is supported by theorems from probability theory,
such as the law of large numbers and the central limit theorem.

B One of the main advantages of Monte Carlo simulation is that its computational cost is independent
of the number of input variables.
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Example: Rolling a die
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Example: Rolling a die

B Context:

€ Random variable Z.

Possible outcomes 1, 2, 3, 4, 5, and 6.

4
¢ Probability distribution such that P(Z
4

1
=1)=PZ=2)=...=P(Z=6)=3.
MeanvalueZ=1X £ +2x ¢ +...+6 x 3 = 2 = 3.5.
B Partial sum of sequence of samples of random variable Z:
1 2 3 4 5 6 7 8 9 10
4 3 1 1 5 4 4 1 4 6
=S y_1% | 40[35|26|22[28|30]31]28]30]33

€ “Convergence” of the partial sum of a sequence of samples of a random variable?

€ To what?

€ How fast?
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LLN and CLT
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LLN and CLT

Convergence of sequence of random variables

B Probability theory offers several ways in which a sequence of random variables can be considered
to converge, namely, convergence almost surely, convergence in distribution, convergence in
mean square, and convergence in probability, among other ways:

& limy oo Z, = Zifandonly if P(limy_eo Z¢ = Z) = 1.

& lim/,.o Z, < Zifandonlyif lim_,oc Pz, = Pz.

& limy .. Z, = Zifand only if limy_, [11Z¢— Z||*dP = 0.
& limy o Z, "2 Zitand only if limy_eo P(||Z¢ = Z|| > €}) = 0.

B These modes of convergence are related as follows:

convergence
almost surely

convergence . convergence
in probability in distribution

convergence
in mean square

ULg, Liege, Belgium Uncertainty quantification — Lecture 2 16 /39



LLN and CLT

Law of large numbers (LLN) and central limit theorem (CLT)

B Law of large numbers (LLN): Let {Z, } °° be a sequence of independent and identically
distributed (i.i.d.) Coples of a random varlable Z with values in R. If [ |Z|dP < 400, then the

sequence | S, = 1 Zg converges almost surelyto z = | ZdP, that is,
e 1

B Central limit theorem (CLT): Let {Zg}jzof be a sequence of i.i.d. copies of a random variable Z

with values in R. If [ |Z|2dP < +oo, then {/v(S, — %) = Vv (= Zz \ Z¢ — %) }jjj
converges in distribution to a Gaussian r.v. with mean 0 and variance 0%, that is,

. 1 - — d 2
] — E Zy — = N(0 :
V_lgiloo \/; (V (=1 e Z) ( 70-2)
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LLN and CLT

Law of large nhumbers (LLN) and central limit theorem (CLT) (continued)

B Example: Rolling a die:

1 | 2] 3| 4|5 | 6] 7| 8] 9]10
4 | 3 | 1 1 | 5 4| 41 4] 6
N1z | 40[35|26[22|28[30]31|28]30]33
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Monte Carlo simulation
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Monte Carlo simulation

Principle
B To numerically approximate an integral of the form

?Z/ 9(T1, 22, Tm)P(X1, X0, X)) (X1, T2y oo T ) Ay dTy . dT )y,

first, Monte Carlo simulation begins with simulating v independent samples of (X1, Xo, ..., X;):
{(@ 27, ), 1< <y

then, these independent samples of (X1, X5, ..., X,,) are transformed through g,
14 14 Y/
y =g(ai”, 28, 2l)),

to obtain the corresponding v independent samples of Y:
{y®, 1<t <v};

finally, the value taken by the integral is approximated as follows:
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Monte Carlo simulation

Principle (continued)

W By the LLN, provided that [, |g(21, %2, ..., Zm)|0(x, X0, X,) (@1, T2s - o T )d1dTs . .
dx.,, < 400, the approximation 77 will converge to ¥ as the number of samples is increased.

W By the CLT, provided that [, (9(@1, %2, ..., Zm))*P(x1 . Xa.... X,,) (T1, T2, - ., T )dz1dXs . ..
dx,, < +00, the accuracy of the approximation 7* will improve with the square root /v of the
number of samples v as this number of samples is increased.

B This can readily be extended to the numerical approximation of 0%/.
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Monte Carlo simulation

Principle (continued)

B Monte Carlo simulation has the following advantages:

€ itis nonintrusive, that is, it requires only the repeated solution of g for different values assigned
to its input variables; if the relationship g between the input variables and the output variable is
implemented in a computational model, then this computational model need not be modified.

€ it is adapted to embarrassingly parallel computation.
€ convergence can be monitored during the computation.

€ the rate of convergence is independent of the number of input variables.

B Note that Monte Carlo simulation can be improved using

€ advanced simulation procedures,
importance sampling,

4
€ multilevel approaches,
4
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Monte Carlo simulation

Sampling

B There exist many methods for numerically generating independent samples of a random variable:

€ Transformation methods. Monte Carlo

tistica

Methods
€ Accept-reject methods. ﬁ

¢

B The principle of transformation methods is that the probability distribution of a random variable
changes under a nonlinear transformation:

€ First, generation of an ensemble of independent samples of a uniform random variable,
{eW,. e
then, transformation into an ensemble of independent samples of the given random variable,
{a = fgW),..., 2 = (M),
¢ |t is not always easy to find an adequate transformation f.

€ This extends to generating ensembles of independent samples of random vectors, random
matrices, stochastic processes, eftc.
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Monte Carlo simulation

Sampling (continued)

B Generating a “good” ensemble of i.i.d. samples of a uniform random variable requires advanced
computational methods:

€ A deterministic, that is, repeatable, algorithm is generally used to generate a sequence of
values that “appear” to be i.i.d. samples of a uniform random variable. This “appearance” can
be rigorously defined with reference to various statistical tests.

€& Software for generating an ensemble of i.i.d. samples of a uniform random variable:

s  Matlab,
m Intel MKL,

m AMD GPUOpen,

€ The elementary rand functions provided by UNIX and C are not suitable for scientific computing.
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Monte Carlo simulation

Sampling (continued)

B For example,there are several methods for transforming independent samples of a uniform random
variable into independent samples of a random variable with a given probability distribution:

€ Box-Muller method,
€ isoprobability transform,

¢

B The Box-Muller method leads to independent samples from a Gaussian random variable:

¢ Generation of two sets of independent samples of a uniform r.v. with values in [0, 1]:
{f(@, 1</¢/<v} and {nw), 1 </?¢<v}.

€ Transformation into two sets of independent samples of zero-mean unit-variance Gaussian r.v.:

{2V = \/—210g(§(€)) cos(2mn®), 1 < ¢ < v},

{99 = \/~2log(€®) sin(2mn®), 1 < £ < v},

€ Refer, for example, to [Robert and Casella, 2010] for the proof.
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Monte Carlo simulation

Sampling (continued)
B Let = be a uniform random variable with values in [0, 1]. Then, the cumulative distribution function
is the nondecreasing function c= from [0, 1] into [0, 1] such that

)
c=(§)

3 3
B Let X be arandom variable with values in R. Then, the cumulative distribution function is the
nondecreasing function cx from R into [0, 1] such that

cx(z) = P(X < x). % A xf

B Generators using the isoprobability transform proceed as follows:

cx(z)

¢ Generation of a set of independent samples of a uniform r.v. = with values in [0, 1]:
(€W 1< <}
4 Transformation into a set of independent samples of a r.v. X with values in R:
¢ —1/¢(t
o ix():cX(ﬁ()),lgﬁgl/}.
¢ Proof: P(cy (2) <) = P(2<cx(x)) =cx(z).
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Example: Bending of a clamped beam
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Example: Bending of a clamped beam

Context

D [ u : tip displacement,
De? p : tip load,
?] u = —— with < £ :beam length,
3YJ
ﬁ / y : Young’s modulus,
¢ | J : moment of inertia.

Let y be uncertain (e.g., imperfect knowledge at design time, imperfect manufacturing when compared
to the design,...). Given a probabilistic characterization of the Young’s modulus in terms of a probability

distribution Py, what are the mean u and the variance 0(2] of the tip displacement?
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Example: Bending of a clamped beam

Case of Young’s modulus with Gaussian probability distribution

B Let the Young’s modulus be modeled as a Gaussian r.v. Y with mean 3 and variance o3,

prl) = e (- Y00,

B Then one could consider applying Monte Carlo simulation as follows:

® first, generation of independent samples of the Gaussian r.v. Y': {y(l), y(2), . ,y(’/)};
3
€ subsequently, transformation through the model: uw) = %;

€ finally, estimation of the mean value of the tip displacement: © ~ u” = % Zzzl u)

B However, although some value for ©* would be obtained, it cannot be interpreted as an
approximation of the mean of the tip displacement because this mean does not exist:
3
pl

/3 ?
/ p—,py(y)dy and/ (—) py (y)dy do not exist if py is Gaussian PDF.
R SYJ R \3YJ
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Example: Bending of a clamped beam

Case of Young’s modulus with gamma probability distribution

B LetY be modeled as a gamma r.v. with mean ¥ and dispersion level 0y = ay/y:
1 L 1
1/ 1\ 1 Y\ oy Y
py (y) = 1+ (k)= (—) (:) exp ( — —_)
PN ) TG\ 0%y

B We can run a Monte Carlo simulation as follows:

& first, generation of independent samples of the gammar.v. Y: {yM), 43 . 4.
3
€® subsequently, transformation through the model: uw) = %;

€ finally, estimation of the mean value of the tip displacement: © ~ u" = % ZZ:1 u®)

m Ifdy €[0,1/ ﬂ] we can interpret " as an approximation of u because

(3 3\
/ p—,py(y)dy and/ (p_) py (y)dy existif py is a gamma PDF with 8y € [0,1/v/2];
R 3YJ R \3YJ

the LLN and the CLT ensure that " converges to w and accuracy improves with increasing v.
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Example: Bending of a clamped beam

Case of Young’s modulus with gamma probability distribution (continued)

B Simple Matlab implementation:

ybar=1;
deltaY¥=0.1;
nu=10000;

xi=rand(nu,1);
y=gaminv(xi,1/delta¥Y"2,deltaY"2*ybar) ;
u=p*ell~3/3./y/j;

ubar=zeros(nu,1);

ubar (1)=u(l);

for k=2:nu

ubar (k)=(1/k) * (ubar (k-1) *(k-1)+u(k));
end

figure;hold on;

fill([1:nu nu:-1:1],[ubar’+1.96*std(u)./sqrt([1:nu])
ubar(end:-1:1)’-1.96*std(u) ./sqrt([nu:-1:1])],[0.5 0.5 0.5]);
plot (ubar) ;
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Example: Bending of a clamped beam

Case of Young’s modulus with gamma probability distribution (continued)

B Result provided by this simple Matlab implementation:

0.3

0.3

0.3
E - —
0.3

0.3

035 1000 2000 3000 4000 500C 035 1000 2000 3000 4000 5000
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Example: Metal forming
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Example: Metal forming

Manufacturing tolerances in metal forming

Product variability:
e Final dimensions.
e Springback.

Raw materials variability:
e Material properties.

Process variability:
e Blank holder force.
e |nitial dimensions.

e Friction.
— —
Modeling limitations: Prediction limitations:
e Constitutive model. e Numerical noise.
e FE discretization.
Input variables. Output variable.
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B Observed samples (hS, s9), (h

Springback angle

)

die

Material properties Model
(h, s) y = g(h,
sheet punch sheet punch
holder holder
y s S& ¥
sheet [t
2)

shee
}
—/
die

h[MPa] | s [MPa]
1488 375
1485 403
1514 407
1500 377

obs obs)’ . (hobs

2 59

Y

punch
f

springback angle

B Mechanics and physics impose that A and s be positive.

ULg, Liége, Belgium
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution

P(H,S)(haSS \Ev 0%{737 U%’afj) — \pF(haﬁ7 O-%{) IOF(S;EJ O%’ZO-<CF<I’L;EJ 0-%{>CF(S;§7 U%’)ap> .

/o N J
~ -~ -~

parameters of the PDF gamma marginal gamma marginal Gaussian copula

[N
(e}
o

=
~
o
(@)
g

[N
a1
o
(@]
C

Hardening modulus [MPa]

1193 0 35 500

0o 400 450
Yield stress [MPa]
B This probability distribution assigns vanishing probability to negative values of A and s.
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution
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/o N J
~ -~ -~

parameters of the PDF gamma marginal gamma marginal Gaussian copula

[N
(e}
o

=
~
o
(@)
g

[N
a1
o
(@]
C

Hardening modulus [MPa]

1193 0 35 500

0o 400 450
Yield stress [MPa]
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution
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/o N J
~ -~ -~

parameters of the PDF gamma marginal gamma marginal Gaussian copula

[N
(e}
o

=
~
o
(@)
g

[N
a1
o
(@]
C

Hardening modulus [MPa]

1193 0 35 500

0o 400 450
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution
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~ -~ -~
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution

P(H,S)(haSS \Ev 0?{737 U%’afj) — \pF(haﬁ7 O-%{) pF(S;Ea U%’ZU<CF<I’L;E7 0-%{>CF(S;§7 U%’)ap> .

/o N J
~ -~ -~

parameters of the PDF gamma marginal gamma marginal Gaussian copula
"© 190
ol
=,
A 1700
>
©
@)
& 1500
(@)]
=
C
@ 1300
©
S
©
= 11 :
93 0 35 500

0o 400 450
Yield stress [MPa]
B This probability distribution assigns vanishing probability to negative values of A and s.
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution
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~ -~ -~
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We select the bivariate gamma probability distribution
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B We estimate adequate values for the parameters of the bivariate gamma probability distribution by
using the method of maximum likelihood as follows:

(h,6%,5,6%,p) = solutionof  max  I(h,0%,5,0%,p),
(h,0%,5,0%,p)

where the likelihood of the parameters h, 0%, 5, 0, and p is given by

n
l(h7 0%{757 0-%’7 p) — H P(H,S) (hzbs’ Szbs; h, O-%I?§7 O'gv, p)
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B Monte Carlo method:
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B Monte Carlo method:
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B Monte Carlo method:
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B Monte Carlo method:
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B Monte Carlo method:
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B Monte Carlo method:
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B Monte Carlo method:
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B Monte Carlo method:
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Example: Metal forming

Manufacturing tolerances in metal forming (continued)

B Monte Carlo method:
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