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Abstract. Recent interferometric observations have drawn attention to the effects of rapid
rotation on stellar structure. Consequently, a number of 2D models and pulsation codes have
been and are being developed in order to gain a better understanding of such stars. These have
shed light on effects like centrifugal deformation, gravity darkening, differential rotation and
the transport of chemical elements and angular momentum. Pulsation modes within these stars
have a different geometrical structure, characterised by a new organisation of the frequency
spectrum, as shown by eigenmode calculations and ray dynamics.

1. Introduction
Recent observations have revealed the drastic effects of rapid rotation on stellar structure.
For instance, Domiciano de Souza et al. (1) have shown that Achernar is highly oblate due
to centrifugal deformation. Naturally, this caught the attention of those in the theoretical
community (2). Further observations have revealed more subtle effects like gravity darkening (3;
4; 5; 6). Also, various spectroscopic surveys have shown that many stars have large equatorial
velocities (c.f. 7, and references therein). This naturally leads to the question as to what is
involved when modelling and dealing with such stars.

In what follows, we will look at two themes, namely, modelling rapidly rotating stars and
understanding how they pulsate. Section 2 discusses some of the latest stellar models and the
complications introduced by rapid rotation. Section 3 describes recent progress in calculating
and understanding pulsation modes in such stars. This is then followed by a conclusion.

2. Stellar models
2.1. Physical phenomena
In order to be as realistic as possible, models of rapidly rotating stars need to include a number
of new phenomena which are not present in non-rotating stars. These include:

(i) Centrifugal deformation: the centrifugal force counteracts gravity, causing the equatorial
region to expand. Consequently, rapidly rotating stars are oblate and cannot be described
by a one-dimensional spherically symmetric model. If one introduces differential rotation,
it is possible to obtain highly deformed configurations, like the one shown in Figure 1, taken
from (8). The recent observations of Achernar (1; 9) have shown a degree of oblateness which
may be difficult to achieve using uniform rotation and thus require differential rotation (2).

(ii) Gravity darkening: according to the von Zeipel law, geff ∝ F ∝ T 4
eff where geff is the

effective gravity (which includes the centrifugal force), F the luminous flux and Teff the
effective blackbody temperature corresponding to F (10). As a result, since the effective



gravity is lower in the equatorial region, the luminous flux and the effective temperature
are also lower. Another, way of looking at this is that the poles are closer to the stellar
core and therefore hotter (6). More realistic models (11), as well as observations (6), do
not strictly obey the von Zeipel law as it was derived for a barotropic stellar structure1.

(iii) Baroclinic flows: in stellar radiative zones of rotating stars, it is not possible to satisfy
both the hydrostatic and energy equations. This was first indicated when von Zeipel
found that assuming a uniform rotation rate, which in the absence of other fluid flows
leads to a barotropic stellar structure, gives rise to an unusual (and unphysical) energy
generation rate (10). This problem arises because heat radiates in an isotropic manner
(i.e. isotherms tend to be spherical) which conflicts with the tendency to oblateness due
to the centrifugal force (12). As a result, the hydrostatic equation needs to be replaced
by a “hydro-stationary” equation, i.e. it must include a permanent baroclinic flow which
can incorporate differential rotation and meridional circulation. Furthermore, the stellar
structure cannot be barotropic. (13) gives a more detailed explanation of baroclinicity and
its historical development.

(iv) Transport processes: differential rotation resulting from baroclinicity most likely
leads to turbulence which will then play an important role in the different transport
processes (14). Over time, these modify the distribution of different chemical species and
angular momentum and, as a result, affect stellar evolution (15). Also, gravity waves are
expected to carry angular momentum and thus participate in the transport processes (c.f.
Mathis, these proceedings).

2.2. Recent models
In order to understand how the previously mentioned phenomena affect stars, their structure
and their evolution, a number of models have been and are being developed. In what follows we
will only look at recent models. For a review of older models, one can look at (16).

About 10 years ago, a series of seven articles (17; 18; 19; 20; 15; 21; 22) was started,
based on the ideas of Zahn (14). These articles assume that the rotation profile is shellular
(i.e. it is constant on equipotential surfaces) due to anisotropic turbulence which is stronger
in the horizontal direction. This allows them to investigate the effects of rotation using a 1D
formalism. They look at mass loss through anisotropic stellar winds and the transport of angular
momentum and chemical species, and see how it affects a star’s evolution in the HR diagram,
its lifetime and its chemical yields. Using their models, they explain abundance anomalies in
OBA stars, the ratio of blue supergiants to red ones in the Small Magellanic Cloud and several
other observations (c.f. 23, and references therein).

Prompted by the observations of Achernar, Jackson et al. (2) came up with models based
on a revised version of the Self-Consistent Field (SCF) method (24). This was followed by two
more articles which explain the method and its results in greater detail (25; 8). These models
are characterised by a conservative rotation law, i.e. a rotation profile which only depends on
the distance to the rotation axis. As a result, the centrifugal force derives from a potential which
can be grouped with the gravitational potential to form an effective or total potential. By also
assuming that there are no other fluid flows besides rotation, they obtain a barotropic structure
in which the different thermodynamic quantities only depend on the total potential. As a result,
the problem is essentially 1D like in the previous case, apart from the resolution of Poisson’s
equation. Using their models, they investigate how rotation alters stellar shape and structure
(c.f. Figure 1), deepens convective envelopes, shrinks convective cores and causes stars to mimic
lower mass non-rotating stars in the HR diagram.

1 A stellar structure is barotropic if isodensities, isobars and isotherms coincide.



Figure 1. Cross-section of a 2 M� ro-
tating star. Note the highly deformed
configuration due to differential rota-
tion. The shaded areas correspond to
convection zones. Taken from (8).

Other models of interest include those of Roxburgh (26; 27). The models in (26) are uniformly
rotating barotropic models, quite similar to those mentioned in the previous paragraph. In the
later article, Roxburgh takes a very different and original approach, in which a 1D model is
converted into 2D. This is done by imposing the density and composition profile from the
1D model along a radial cut, choosing an arbitrary 2D rotation profile (which can be non-
conservative), and propagating the solution to the rest of the 2D model by solving the hydrostatic
and Poisson’s equations. The drawback to this method is that the energy equation is not solved
and therefore the star is not necessarily in radiative equilibrium. Nonetheless, the acoustic
properties of such models can be investigated as they are governed by the hydrostatic structure.

Finally, there is the ESTER2 project which seeks to do 2D stellar evolution while fully taking
into account the effects of rotation. One of the first steps in this project was to investigate
the baroclinic flows which occur in a spherical boussinesq model (28) and to try to deduce
some general properties of such flows. This has then been followed by a more realistic model
which fully takes into account the compressibility of the fluid but is still confined to a spherical
container (11). Using this approach, Espinosa Lara and Rieutord are able to predict the
differential rotation profile deduced from the baroclinic flow (c.f. Figure 2). Further results
include a departure of the luminous flux and temperature from the von Zeipel law and the
appearance of a convectively unstable zone confined to the equatorial region.
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Figure 2. Differential rotation profile
resulting from baroclinic effects. The
lines correspond to iso-contours of the
rotation rate, the thick line being
the average rotation rate. The poles
rotate more slowly than the equator,
as indicated by the white dotted lines.
Taken from (11).
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Nonetheless many uncertainties remain in modelling such stars (c.f. 16, for a list of some of
these). This is illustrated by the fact that none of the preceding models implement the same
rotation rate. It is therefore necessary to obtain observational constraints in order to refine such
models. Asteroseismology places some of the strongest constraints on stellar structure and is
therefore the most logical place to look.

3. Stellar pulsations
The study of pulsation modes in rapidly rotating stars is rather difficult for several reasons.
Because of the loss of spherical symmetry, pulsation modes no longer reduce to a single spherical
harmonic but are the solution of a 2D eigenvalue problem, which make them much harder to
calculate. Furthermore, the geometry of modes and the pattern of frequencies in the pulsation
spectrum are quite different from the spherical (or slowly rotating) case and therefore poorly
understood. For these reasons, successful asteroseismic inferences have so far been limited
to slowly rotating stars. In order to go to higher rotation rates, much progress is needed in
understanding pulsation modes and their properties.

Historically, two main approaches have been used to study the effects of rotation on stellar
pulsations. The first is the perturbative method in which the effects of rotation are treated as a
correction to the non-rotating case. Naturally, this method is limited to relatively slow rotation
rates (29). The second method is the complete approach, in which the 2D problem is solved
directly. Consequently, it can be applied to arbitrary rotation rates. Due to its complexity
and the fact that it is numerically more demanding, it has not yet been used as a means of
interpreting pulsations in rapidly rotating stars. A more detailed explanation of both methods
as well as a list of key articles can be found in (7). In what follows we will focus on the latest
developments in the study of acoustic modes using the complete method.

3.1. The frequency spectrum
As was stated earlier, the spectrum of frequencies at rapid rotation rates is quite different than
what is obtained for slowly rotating stars. The frequency spectrum at slow rotation rates is
characterised by frequency multiplets and an asymptotic pattern based on the large and small
frequency separations. At rapid rotation rates, the frequency multiplets overlap and are therefore
no longer recognisable, and the small frequency separation is no longer small. Nonetheless, an
asymptotic pattern can be found for low degree modes of polytropic models, and is given by the
following formula, in a co-rotating frame (30; 31):

ωn, `, m = n∆n + `∆` + |m|∆m + α± (1)

The quantum numbers (n, `) are carried over from the non-rotating counterparts to these modes
but are not indicative of mode geometry (c.f. Section 3.2). This formula bears some resemblance
to Tassoul’s asymptotic formula (32) except that the ratio ∆n/∆` is no longer 2 (which explains
the loss of the small frequency separation), a supplementary term appears for non-axisymmetric
modes, and the constant α “splits” into 2 constants α+ and α−, one for modes which are
symmetric with respect to the equator, and the other for antisymmetric modes. The term
|m|∆m uses the absolute rather than algebraic value of m because it is primarily due to the
centrifugal force, which does not depend on the sign of m. Numerically, it turns out that the
increment ∆m is negative as opposed to ∆n and ∆`.

3.2. The geometry of pulsation modes
The departure of the frequency spectrum from the usual structure goes hand in hand with a
strong modification of mode geometry at rapid rotation rates. Low degree pulsation modes take
on an elongated shape which circumvents the equatorial regions, as can be seen in Figure 5.



Consequently, as shown in (33), a more appropriate set of quantum numbers is
(
ñ, ˜̀, m

)
where

ñ is the number of nodes along the mode’s elongated structure, ˜̀ the number of nodes parallel
to this structure and m the usual azimuthal order. This is illustrated in the last frame of
Figure 3. In what follows, we will call “pseudo-radial” the nodes along the mode’s structure and
“pseudo-latitudinal” the parallel nodes.

Figure 3. First frame in a sequence
which shows how the (n, `, m) =
(5, 3, 0) mode at Ω = 0 becomes the(
ñ, ˜̀, m

)
= (11, 1, 0) mode at

0.84 ΩK , where ΩK is the Keplerian
break-up rotation rate (the rest of the
sequence is available here). The first
and last frames indicate what the dif-
ferent quantum numbers represent.

In order to understand how
(
ñ, ˜̀, m

)
relate to (n, `, m), it is necessary to follow a mode’s

evolution from Ω = 0 to the rapid rotation regime. Figure 3 shows a sequence in which the
(n, l, m) = (5, 3, 0) mode transforms itself into the

(
ñ, ˜̀, m

)
= (11, 1, 0) mode. As can be

seen in the sequence, radial nodes transform themselves into pseudo-radial nodes. However,
since we’re counting the nodes from stellar surface to stellar surface, ñ is approximately twice
n. In the same way the latitudinal nodes become pseudo-latitudinal nodes, except for the
equatorial node which becomes a pseudo-radial node. These are half as numerous as their
non-rotating counterparts, since they span both hemispheres. These observations lead to the
following relationships between the different quantum numbers:

ñ = 2n+ ε, (2)

˜̀ =
`− |m| − ε

2
, (3)

ε = `+m mod 2 (4)

Using these new quantum numbers, Equation 1 can be rewritten as follows:

ωn, `, m = ñ∆̃n + ˜̀∆̃` + |m|∆̃m + α̃± (5)

where ∆̃n = ∆n/2, ∆̃` = 2∆`, ∆̃m = ∆`+∆m, α̃+ = α+ and α̃− = α−+∆`−∆n/2. Numerically,
it turns out that α̃+ ' α̃−, so that the distinction between symmetric and antisymmetric modes
is no longer necessary. Furthermore, ∆̃m is positive. Both of these observations suggest that
this alternate form is more relevant physically.

3.3. Ray dynamics
More insight can be gained into mode geometry and the frequency spectrum through ray
dynamics. Ray dynamics is an asymptotic approach which applies in the high frequency limit,
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when the mode varies on a much smaller length scale than the background equilibrium. Starting
with an initial point and direction, ray trajectories within the star are calculated much like in
geometric optics.

In order to study trajectories in a systematic way, it is useful to plot a Poincaré section.
Figure 4, which is taken from (34), contains the intersection points (cos θ, sinψ) between a
predefined surface (located just beneath the stellar surface) and 150 ray trajectories, where
θ is the colatitude, and ψ the angle between the ray and the normal to the surface at the
intersection point. It is possible to recognise different regions in this diagram. The regions
with large values of | sinψ| (located in the upper and lower parts of the diagram) correspond
to whispering gallery trajectories, like the one shown in the upper left corner. In between is a
region which corresponds to chaotic trajectories. Within this chaotic region, there are a number
of “islands” which correspond to periodic orbits like the ones shown in the lower left and upper
right corners.

Figure 4. Poincaré section made up of the intersection points (cos θ, sinψ) between a predefined
surface just below the stellar surface and 150 trajectories, where θ is the colatitude and ψ the
angle between the normal to the surface and the trajectory at the intersection point. Different
regions correspond to different types of trajectories which are illustrated in the four corners.
Taken from (34).

Of particular interest are the orbits with a period of two, like the one shown in the lower
left corner of Figure 4. As can be seen in Figure 5, which is adapted from (35), these are
the counterparts to the elongated modes discussed in the previous section. Lignières and
Georgeot (33) push the analysis further by finding analytical formulae for ∆̃n and ∆̃` based
on wave travel times along the ray’s path. By evaluating the analytical expression for ∆̃n and
comparing it with the value obtained numerically from the eigenfrequencies, they obtain an
agreement to within 2%.

The other types of trajectories also have corresponding modes, the frequencies of which
are given either by different asymptotic formulae or by a probability distribution in the case
of chaotic modes (33). This correspondence can be established by projecting modes onto the
Poincaré section by means of Husimi functions and seeing in which region they lie, thus providing



Figure 5. Ray trajectory superimposed on
a low degree, high order pulsation mode (the
mode is represented by a scaled version of the
pressure perturbation). As can be seen, the
trajectory overlaps very well with the mode’s
location. Taken and adapted from (35).

a means of mode classification. In the case of non-chaotic modes, a direct comparison between
the trajectories and mode geometry confirms this classification.

4. Conclusion
As can be seen, a lot of progress has been made in modelling the effects of rapid rotation
both in stellar structure and pulsations. Yet given the difficulty of the problem, much work still
remains before being able to accurately model such stars and correctly interpret their pulsations.
This need for a better understanding is all the more pressing as observations progress and
become more accurate. Spectacular advances in interferometry continue to challenge existing
models, and asteroseismology ground networks and space missions provide pulsation data of
unprecedented quality which require interpretation. Coming to grips with rapid rotation will
provide a key element in the understanding of stars and their evolution and will doubtless raise
many more questions.
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