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1 Asteroseismology and White Dwarf Stars
The te hnique of asteroseismology exploits the information ontained in the
normal modes of vibration that may be ex ited during parti ular phases in
the evolution of a star. Su h modes modulate the emergent ux of a pulsating
star and manifest themselves primarily in terms of multiperiodi luminosity variations. In its simplest form, observational asteroseismology onsists
in gathering light urves, i.e., monitoring the (variable) brightness of pulsating stars as a fun tion of time. Standard signal pro essing methods, su h
as Fourier te hniques for example, are then used to extra t the periods (or,
equivalently, frequen ies), the apparent amplitudes, and the relative phases of
the dete ted pulsation modes.
The next step { in essen e the most basi omponent of the asteroseismologi al approa h as a whole { onsists in omparing the observed pulsation
periods with periods omputed from stellar models with the hope of nding
an optimal model that provides a good physi al des ription of the real pulsating star under s rutiny. To insure that the sear h for the optimal model in
parameter spa e is done obje tively and automati ally requires good modelbuilding apabilities, eÆ ient period-mat hing algorithms, and onsiderable
omputing power. Otherwise, with simpler trial-and-error sear h methods,
there always remains a doubt about the uniqueness and validity of the best
period-mat hing model that omes out of the exer ise, a weakness that has
plagued most of asteroseismology so far.
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The periods of pulsation modes of stellar models an generally be omputed quite a urately and reliably within the framework of the linear theory
of stellar pulsations in its adiabati version (see below). The same framework
(although omplementary nonadiabati al ulations are then ne essary) may
be used to ompute rst-order orre tions to the unperturbed emergent ux,
an approa h that is fundamental in the exploitation of the additional information ontained in the observed amplitudes and relative phases of the dete ted
pulsation modes. And indeed, onstraints on the angular geometry of a given
observed pulsation mode may be obtained by omparing theoreti al amplitude ratios and phase di eren es with those observed in di erent wavebands
through multi olor photometry and/or time-resolved spe tros opy. The same
is true when exploiting the relative amplitudes of modes in a given waveband
in onjun tion with those of their harmoni s and ross-frequen y omponents
in the Fourier domain. When available, su h inferen es on the angular geometry of pulsation modes may provide extremely valuable onstraints in the
sear h for the optimal model in parameter spa e. In the end, if su essful, an
asteroseismologi al exer ise leads to the determination of the global stru tural
parameters of a pulsating star and provides unique information on its internal
stru ture and evolutionary state. An outstanding example of su h a su essful
exer ise is that provided re ently by [11℄ for the pulsating sdB omponent of
the lose e lipsing binary system PG 1336 018.
The te hnique of asteroseismology has found parti ularly fertile grounds
at the bottom of the HR diagram where several distin t types of pulsating
stars have been dis overed. These are generally referred to as the ompa t
> 5). Figure 1 illustrates
pulsators (i.e., those with surfa e gravities log g 
that portion of the surfa e gravity-e e tive temperature plane where these
families are found. Those in lude the ZZ Ceti stars whi h are H-atmosphere
white dwarfs with Te ' 12,000 K ( rst dis overed by [26℄), the V777 Her stars
whi h are He-atmosphere white dwarfs with Te ' 25,000 K ([45℄), and the
GW Vir pulsators whi h are He/C/O-atmosphere white dwarfs with Te '
120,000 K ([28℄). Figure 1 also indi ates the lo ations of two other ategories of
pulsators whi h were dis overed more re ently. These are the V361 Hya stars
whi h are short-period pulsating hot B subdwarf (sdB) stars ([24℄), and the
long-period V1093 Her pulsators whi h are ooler and less ompa t sdB stars
([21℄). In addition, short-period pulsations have also been reported in the, so
far, unique obje t SDSS J1600+0748 ([46℄), a very hot sdO subdwarf with log
g  5.9 and Te  71,000 K ([19℄). This obje t may or may not be related to a
group of four sdO subdwarfs found in the luster ! Cen, and lustered around
Te  50,000 K, for whi h pulsational instabilities were re ently dis overed
([35℄). Moreover, [30℄ have found the presen e of at least one pulsation mode
in SDSS J1426+5752, a member of an entirely new and unexpe ted kind of
very rare white dwarfs, those of the so- alled Hot DQ spe tral type, whi h
are relatively ool (Te ' 20,000 K) stars with atmospheres dominated by
arbon ([13℄). At the time of this writing, four more pulsating Hot DQ white
dwarfs have been found (see, e.g., [14℄). In all ases, the pulsators that we

Basi Prin iples of White Dwarf Asteroseismology

3

Region of the log g log Te plane where the ompa t pulsators are found.
Ea h of ve distin t families is identi ed by its oÆ ial IAU name, and the year of
the report of the dis overy of the prototype of ea h lass is also indi ated. Two
more ategories are identi ed by the year of their dis overy, 2006 2011 and 2008,
respe tively. Typi al evolutionary tra ks are plotted showing 1) the tra k followed
by a 0.6 M post-AGB, H-ri h star whi h be omes a H-atmosphere white dwarf
(dashed urve), 2) the path followed by a 0.6 M post-AGB, H-de ient star whi h
be omes a He-atmosphere white dwarf (solid urve), and 3) the path followed by a
0.478 M post-EHB model whi h leads to the formation of a low-mass H-atmosphere
white dwarf (dotted urve).

Fig. 1.

refer to are isolated stars or omponents of non-intera ting binaries, and their
luminosity variations are aused by internal partial ionization me hanisms.
For ompleteness, we further point out that pulsational instabilities have also
been dis overed in several a reting white dwarfs in ata lysmi variables
([43℄; [1℄ and referen es therein).
In the rest of this paper, we fo us ex lusively on the four kinds of isolated
pulsating white dwarfs that we urrently know of. Representative light urves,
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Fig. 2. Segments of typi al opti al light urves for ea h of the four known types of
isolated pulsating white dwarfs. The urves referring to PG 0122+200, GD 358, and
G207 9 were obtained with LAPOUNE, the Montreal portable 3- hannel photometer atta hed to the 3.6 m CFHT teles ope. This photometer uses photomultiplier
tubes as dete tors. No lter was used, so these are integrated \white light" data.
In omparison, the urve for the mu h fainter star SDSS J2200 0741 was obtained
by Betsy Green and Patri k Dufour using the Mont4K CCD amera mounted on
the Steward Observatory 1.6 m Kuiper teles ope through a S hott 8612 broadband
lter.
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one ea h for ea h of the di erent kinds, are shown in Figure 2. They are typi al
in that they all show multiperiodi variations and a lear tenden y to exhibit
in reasingly nonlinear behavior with in reasing amplitude (as exempli ed by
the ase of the large-amplitude pulsating DB white dwarf GD 358 shown
here). Pulsating white dwarfs generally have light urves that show peak-topeak amplitudes in the range from 0.4 millimag in the lowest amplitude
pulsators known to upward of 0.3 mag in the largest amplitude ones. The
luminosity variations are due to the presen e of low-degree (l=1 and l=2)
and low- to medium-order gravity modes that are ex ited through a partial
ionization me hanism (see below). The observed periods generally lie in the
range from about 100 s to some 1400 s, although the upper limit an extend
to several thousand se onds in low-gravity GW Vir pulsators.
The properties of the pulsating white dwarfs have been extensively reviewed re ently by [17℄ and we refer the reader to that paper for the relevant
details. In addition, [44℄ have provided another review on these stars. Given
the availability of those papers, we felt that it would be more useful to dis uss
the topi from another point of view rather than provide what would ne essarily amount to a shortened version of those manus ripts. Hen e, in a pedagogi al spirit, we de ided to use our allo ated spa e to present a dis ussion
of the prin iples underlying the theory of pulsating stars as applied to white
dwarfs. Our target audien e is therefore resear hers not ne essarily familiar
with pulsation theory and those that are but may not be well-a quainted with
the pe uliarities of white dwarf physi s.

2 Normal Modes of Vibration in a Homogeneous
Continuous Elasti Medium
It is useful to rst re all some elementary physi s on erning normal modes of
vibration in simple me hani al systems. Thus, under the spe i assumption
that the displa ements of matter have small amplitudes ompared to the dimensions of the system (this is the realm of the linear approa h), the spatial
and temporal behaviors of perturbations in a homogeneous elasti medium
are governed by the lassi al wave equation,

 2 (r; t) (k)2 2
= 2 r (r ; t) ;
t2
k

(1)

where (r; t) is, in general, a ontinuous fun tion of spa e and time. This
wave fun tion ould represent, for example, the (small) displa ement of an
element of matter with respe t to its equilibrium position. In this equation,
(k) is the angular frequen y and k is the wave number.
The general solution to this equation orresponds to an a ousti or sound
wave whi h propagates with a speed = =k , a onstant hara teristi of
the spe i elasti medium of interest. In an in nite medium, a ontinuum of
frequen ies is allowed, 0    1, in prin iple. For nite dimensions, however,
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there are boundary onditions to be respe ted at the frontiers of the domain,
where waves are re e ted. Only the waves with the \ orre t" wavelength or
frequen y (generally those with a node or an extremum at the boundaries)
will resonate, the others disappearing through destru tive interferen e after
several re e tions. The normal modes of vibration are the solutions of the
lassi al wave equation in presen e of boundary onditions (whi h transform
the problem into an eigenvalue problem). Only ertain solutions are allowed
(the normal modes or eigenfun tions), orresponding to a dis rete spe trum of
possible values of the angular os illation frequen y (the eigenvalues 0 < 1 <
2 ; :::). In a normal mode, all moving parts os illate at the same frequen y
and go through their equilibrium positions at the same time.
As a spe i example, onsider the simple ase of the transverse os illations
of an ideal elasti re tangular membrane of dimension X  Y that is atta hed
at the edges. In that ase, the wave fun tion is a simple s alar, (x; y; t),
and the appropriate boundary onditions are spe i ed by (x = 0; y; t) =
(x = X; y; t) = (x; y = 0; t) = (x; y = Y; t) = 0. The solution of the
lassi al wave equation for this simple problem is well known. Spe i ally, the
eigenfun tions are given by,
t:
(2)
(x; y; t)  sin(kn x)sin(kn y )ei
Note that the amplitude remains unde ned (as in any linear problem) and
is usually normalized to some onvenient arbitrary onstant. Likewise, the
eigenvalues are given by,

n

x

;ny

=

nx ;ny

y

x

q

kn2 + kn2 ;

(3)

y

x

where is the ( onstant) speed of sound, and


kn = (nx + 1) ; nx = 0; 1; 2; :::;
X



and kn = (ny + 1) ; ny = 0; 1; 2; ::::
Y
(4)
Hen e, in our 2D system, there are 2 \quantum" numbers , nx and ny , to
spe ify a mode. These numbers orrespond, respe tively, to the number of
nodal lines that ut the x and y axis. Note that if there are symmetries
(e.g., a square membrane), then di erent modes may have the same os illation
frequen y. Su h modes are alled degenerate modes. It is easy to infer that an
eigenmode in 3D should be spe i ed by three quantum numbers representing
the number of nodal surfa es that ut a ross the system. Furthermore, if
there are symmetries su h as that found in a spheri al model of a star, then
degenerate eigenmodes are automati ally present.
x

y

3 Normal Modes of Vibration in Stars
Stars are not homogeneous systems. They an be generally onsidered, in a
rst approximation, as self-gravitating uid spheres with a depth-dependent
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hemi al omposition. The speed of sound is not uniform (it depends on depth)
and, furthermore, the uid elements in a star are subje ted to a variable
gravitational a eleration from g = 0 at the enter to g = gs at the surfa e.
The waves that propagate inside a star are no longer pure a ousti (or sound)
waves, but they are of the gravito-a ousti type. Su h waves are subje ted to
spe i boundary onditions at the enter and at the surfa e of the star. The
waves are re e ted there and one often speaks of a gravito-a ousti avity to
des ribe a star in relation to its normal modes of vibration.
In its most basi form (see, in this ontext, the ex ellent textbook by
[40℄), the linear theory of nonradial stellar os illations uses as a starting point
three well-known hydrodynami equations that govern the behavior of a uid
in presen e of gravity: the equation of motion, the equation of ontinuity,
and Poisson's equation that relates the gravitational potential with the density distribution of matter. In this version, the ex hange of energy between
the thermal bath (the internal energy of the gas/ uid) and the os illations
(the kineti energy of the ma ros opi uid motions) is negle ted. This is the
adiabati approximation whi h only allows a des ription of the me hani al
behavior of the os illations and does not address the question of the stability of the modes (whi h involves thermal properties and the question of
energy ex hange). However, it turns out that nonadiabati e e ts generally
only marginally in uen e the value of the os illation frequen y of a pulsation
mode in a stellar model, so the adiabati version an be used with on den e for omputing frequen ies (periods) to suÆ ient a ura y to be of use
in asteroseismologi al exer ises.
The next step is to onsider only small perturbations in order to be able
to linearize the basi hydrodynami equations. The unperturbed equilibrium
on guration is usually that of a purely spheri al stellar model. In keeping
with the fundamental properties of a normal vibration mode, all perturbed
quantities of interest are assumed to os illate in phase and go through their
equilibrium positions at the same time. Hen e, the dependent variables that
appear in the linearized equations are assumed to have a temporal dependen e
given by the standard os illatory term in linear physi s, i.e., eit , where  is
the frequen y and t is the time. The te hnique of separation of variables is then
used to hara terize the spatial behavior of a mode in terms of a radial part
and an angular part. For unperturbed spheri al models, the angular behavior
of a mode omes out, not unexpe tedly, to be given by a spheri al harmoni
fun tion Ylm (; ). One ends up with a system of 4 linear di erential equations
with real variables (depending now only on the radial oordinate) whi h, beause of boundary onditions to be respe ted at the enter and at the surfa e
of the star model, permits only ertain solutions (the modes) orresponding
to spe i values of the os illation frequen y  (the eigenvalues).
A stellar pulsation mode is de ned in terms of 3 dis rete numbers, k , l,
and m, the rst one giving the number of nodes in the radial dire tion of
the eigenfun tion, and the others (l and m) being the indi es of the spheri al
harmoni fun tion that spe i es the angular geometry of the mode. The index
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k is termed the \radial order" and may take on all positive integer values,
i.e., k = 0, 1, 2, et . The index l is alled the \degree" of the mode and
gives the total number of nodal planes that divide the stellar sphere (l =
0, 1, 2,...). The number m is alled the \azimuthal order" and its absolute
value jmj gives the number of nodal planes that divide the stellar sphere
perpendi ular to the equator while going through the poles. There are 2l + 1
possible values for m ( l; l + 1; :::0; :::l 1; l). Non-rotating (spheri al) stars
have eigenfrequen ies that are (2l + 1)-fold degenerate in m. In that ase, the
period of a pulsation mode is trivially related to its angular frequen y through
the expression Pkl = 2=kl , independent of m.
It should be pointed out that there exist two distin t but omplementary
behaviors of gravito-a ousti waves in a spheri al star, one fundamentally of
a ousti origin (as in a homogeneous sphere), and the other related to the
a tion of gravity. In terms of normal modes of vibration, these behaviors
are respe tively referred to as \pressure modes" (or p-modes) and \gravity
modes" (or g -modes).1 These di erent behaviors are related to two fundamental quantities that appear in the linearized pulsation equations: the so- alled
Brunt-Vaisala frequen y N de ned by,
N2



g



1 d ln P
1

dr



d ln 
;
dr

(5)

and the Lamb frequen y Ll de ned by,

L2l



l(l + 1)
r2

2

with

2

=

1P



;

(6)

where is the lo al adiabati sound speed and the other symbols have their
standard meaning.
Consider in this ontext an element of uid in equilibrium with its environment at some arbitrary depth in a star. If a perturbation is applied to this
element su h that it is ompressed without hanging position in the star, a
restoring for e proportional to the ontrast in density (or, equivalently, to the
pressure gradient) between the perturbed element and its environment will
establish itself. Freed of the initial onstraint, the element will rea t to the
restoring for e by os illating in volume (density, pressure) about its equilibrium on guration. These os illations will o ur at a hara teristi frequen y,
the Lamb frequen y, whi h is intimately related to the lo al speed of sound
at the equilibrium point in the star. These os illations are then essentially
a ousti in nature, and one speaks of a ousti waves or, equivalently be ause
the restoring for e is due to a pressure gradient, pressure waves. In normal
situations (e.g., in stable stars), the os illations are ultimately damped.
Consider again an element of uid in equilibrium with its environment
at some arbitrary depth in a star. This time, the perturbation onsists in
1

The gravity waves should not be onfused with the gravitational waves of general
relativity.
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displa ing the uid element in the verti al dire tion, say above its equilibrium position. The element is then heavier than it should be (its density is
higher than that of its new surroundings), and, freed of its initial onstraint,
will return toward its equilibrium position, and will os illate up and down
about it. Normally, the os illations generated by the initial perturbation are
damped over a hara teristi times ale that depends on the lo al vis osity.
These os illations will o ur at a hara teristi frequen y whi h depends on
the lo al physi al onditions at the point of equilibrium, the Brunt-Vaisala
frequen y. In that ase, it is buoyan y that provides the restoring for e and
sin e buoyan y is dire tly related to the magnitude of the lo al gravitational
a eleration, one speaks of gravity waves.
It should be lear that one annot separate ompletely the e e ts of pressure from those of gravity. For instan e, in the last example, the ontrast in
density (pressure) betwen the displa ed element and its surroundings should
also play a role. Hen e, even though it is ustomary to divide the gravitoa ousti waves in two separate bran hes (one speaks of pressure modes and of
gravity modes in stellar pulsation theory), the eigenfrequen ies of the normal
pulsation modes of a star depend at the same time on both the variation of
the Lamb frequen y with depth and on that of the Brunt-Vaisala frequen y.
It is possible to derive a useful dispersion relation for gravito-a ousti
waves by making two simplifying assumptions. The rst one is the so- alled
Cowling approximation whi h onsists in negle ting the perturbation of the
gravitational potential. In that approximation, the adiabati pulsation equations redu e to a system of 2 linear di erential equations. Although the Cowling approximation is not very good for modes with low values of k and l and,
more generally, for p-modes (it is not used in detailed numeri al al ulations),
it is suÆ ient in the ontext of the present dis ussion.
The se ond approximation, termed the lo al approximation, fo usses on
an arbitrary shell in a stellar model in whi h most of the quantities appearing
in the two remaining pulsation equations (speed of sound, Lamb frequen y,
Brunt-Vaisala frequen y, lo al gravitational a eleration) an be seen as not
varying very mu h in the radial dire tion over the shell region whi h, at the
same time, overs a large number of radial wavelengths. This is possible only
for modes with large values of the radial order k . If the radial variations are
ompletely negle ted, then one nds that the eigenfun tions have a behavior of
the type exp(ikr r), where kr is a radial wave number that obeys the following
dispersion relation,

kr2 =

1

2 2

2



L2l 2



N2 :

(7)

This indi ates that the os illations propagate radially (os illatory behavior)
if kr is a real quantity or are evanes ent (exponential behavior) if kr is an
imaginary quantity.
A ording to the dispersion relation, there exist two propagation zones
in a stellar model orresponding to two distin t types of pulsation modes.
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Spe i ally, kr2 is positive (and kr is thus real) when  2 > L2l , N 2 . This
orresponds to the p-modes. Likewise, kr2 is again positive when  2 < L2l , N 2 ,
and this o urs for the g -modes. In the regions of the star where L2l <  2 < N 2
or N 2 <  2 < L2l , kr2 is negative (kr is imaginary), and the gravito-a ousti
waves are evanes ent.
It is possible to obtain further qualitative information as to the behaviors
of the eigenfrequen ies (periods) of both p-modes and g -modes by onsidering
two limiting ases. Spe i ally, in the limit where  2  L2l ; N 2 , the above
dispersion relation leads to,

2 = p2

'

2 k2
r

.

(8)

This is the limit where essentially pure a ousti or pressure modes are found
sin e only the speed of sound is involved in the right hand side term of equation
(8). One an see that the frequen y (period) of a p-mode in reases (de reases)
when kr (i.e, the number of nodes in the radial dire tion) in reases.
In the opposite limit where  2  L2l ; N 2 , equation (7) redu es to,

2 = g2

'

l(l + 1)N 2
.
kr2 r2

(9)

This is the limit of pure gravity modes sin e only the Brunt-Vaisala frequen y
(and no a ousti term) is involved in the expression. One an infer that the
frequen y (period) of a g -mode de reases (in reases) when the radial order
in reases. In addition, the frequen y (period) of a g -mode of given radial
order in reases (de reases) when the degree index l in reases. Furthermore,
g-modes with a degree index l = 0 { these would be radial modes { do not
exist as they have a frequen y of zero.
In brief, gravito-a ousti modes behave as almost pure pressure modes at
very high frequen ies, while they behave as almost pure gravity modes at very
low frequen ies. In both ases, these limits orrespond to very large values of
the radial order, i.e., k  1, sometimes referred to as the \asymptoti limit".
As indi ated above, it is important to realize that for gravito-a ousti modes
of low radial order (su h as those generally observed in white dwarf stars
for instan e), the eigenfrequen ies depend at the same time on both a ousti
and gravity e e ts. Despite this, the usual nomen lature in stellar pulsation
theory is to keep the terms p-modes and g -modes for all modes with radial
order k  1.
Figure 3 summarizes these onsiderations on the basis of an exa t al ulation of the low-order, low-degree period spe trum of a typi al model of a ZZ
Ceti pulsator. This model is hara terized by a total mass M = 0:6 M and an
e e tive temperature Te = 11,800 K. It has a pure arbon ore surrounded by
a helium mantle ontaining 10 3 of the total mass of the star, itself surrounded
by a hydrogen outer layer ontaining 10 6 of the total mass of the star. The
hemi al pro le in the ompositional transition layers has been omputed under the assumption of di usive equilibrium. The model-de ning parameters
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Fig. 3. Low-order and low-degree period spe trum for a representative model of a
ZZ Ceti star. Results are shown for values of the degree index l = 0, 1, 2, and 3.
The values of the radial order k are also indi ated up to k = 5. The two families
of gravito-a ousti modes, the p-modes and the g -modes, are learly illustrated.
Sometimes, depending on the onvention adopted, the radial indi es of g -modes are
assigned negative values, so that, on a frequen y s ale, the values of k in rease with
in reasing frequen y over the full spe trum.

are fully representative of a ZZ Ceti star. This equilibrium stru ture will be
used again below as a referen e model.
We omputed all pulsation modes with values of l = 0, 1, 2, and 3 in the
period window 1 1000 s for our referen e model. Figure 3 neatly illustrates the
p-mode and g-mode bran hes of the gravito-a ousti period spe trum, as well
as the so- alled \fundamental mode" for modes with l  2. The fundamental
mode has no node in the radial dire tion (k = 0) and falls between the p- and
g-bran h. In white dwarfs, that mode is more akin to a p-mode than a g-mode,
although, on e again, it does depend on both a ousti and gravity e e ts. It
is noteworthy that an isolated star annot have a fundamental mode if the
degree value is l = 1 sin e this would imply a motion of the enter of mass
during a pulsation y le, an impossibility for a star subje t to no external
for es. Also, as indi ated earlier, g -modes with l = 0 do not exist. Modes
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with l = 0 are known as radial modes be ause all motions are restri ted to
the radial dire tion as there is no angular dependen e (Y00 (; ) = onstant).
They are simply a parti ular ase of nonradial p-modes. Their eigenperiod
spe trum does ontain a fundamental mode.
It should be pointed out that a stellar atmosphere loses its apa ity to
re e t ba k toward the interior outgoing gravito-a ousti waves in the limit
of very high radial order k . Indeed, in this limit, pulsation eigenmodes are
strongly damped by outwardly propagating waves in the atmosphere and are
not expe ted to belong to the gravito-a ousti avity mentioned above. In
other words, high radial order modes \leak through" the atmosphere and their
energy is lost to the outside. A method for estimating these uto { or riti al
{ periods in a white dwarf ontext has been developed by [23℄. Applying this
approa h to the representative ZZ Ceti star model used in Figure 3, we nd
that p-modespwith periods less than 0.1 s and g -modes with periods larger
than 6000/ l(l + 1) s are not expe ted to be of interest in that model.

4 Properties of Pulsation Modes in White Dwarfs
In the adiabati approximation, there are four distin t eigenfun tions that
ome out of the numeri al eigenvalue problem and whi h spe ify a given pulsation mode. It is possible to express two of those2 dire tly in terms of r (r)
and h (r), the radial and horizontal omponent of the Lagrangian displa ement ve tor, respe tively. The latter is given by,
 =



r (r); h (r)



1 

Y m (; )eit ;
; h (r)

sin   l

(10)

and has an obvious physi al interpretation. In the following, we use the two
distin t (radial) eigenfun tions, r (r) and h (r), to illustrate some interesting
properties of pulsation modes in white dwarfs. Note that, for a given mode,
both r (r) and h (r) have, of ourse, the same number of nodes in the radial
dire tion (that is the radial order k of the mode), but those nodes do not overlap in spa e. For g -modes, the nodes of the r eigenfun tion are systemati ally
higher in the star than the orresponding nodes of the h eigenfun tion. The
opposite is true for p-modes.
4.1 Propagation diagram

Figure 4 is known as a \propagation diagram" and illustrates the behavior of
the modes in relation to the pro les of the Brunt-Vaisala frequen y and of the
Lamb frequen y as fun tions of depth. The plot refers to our representative
2

In pra ti e, at the numeri al level, the a tual eigenfun tions are onveniently expressed in terms of dimensionless quantities su h as the well-renowned \Dziembowski variables" ([16℄).
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Propagation diagram for quadrupole (l = 2) modes omputed using a representative model of a ZZ Ceti pulsator. The solid urve shows the pro le of the
logarithm of the square of the Brunt-Vaisala frequen y as a fun tion of fra tional
mass depth. The value of log q = 0 orresponds to the enter of the stellar model.
The lo ations of two atmospheri layers, those with R = 10 2 and R = 1, are
also indi ated by the verti al dotted lines on that s ale. Likewise, the dashed urve
gives the logarithmi pro le of the square of the Lamb frequen y for modes with l
= 2. The labelled horizontal dotted lines show the low-order frequen y spe trum,
again on a s ale involving the logarithm of the square of the frequen y. The dots
give the lo ations of the nodes of the (radial) eigenfun tion r (r) for the di erent
modes illustrated.
Fig. 4.

ZZ Ceti star model and features an abs issa de ned by the logarithm of the
fra tional mass depth, a s ale hosen to emphasize the outer layers where
most of the \a tion" goes on in terms of modal behavior in white dwarfs.
This s ale is used repeatedly below in other gures. The solid urve shows the
distribution of the logarithm of the square of the Brunt-Vaisala frequen y.
The well in the pro le is due to the presen e of a super ial onve tion zone
aused by H partial ionization in the model. In addition, there are two bumps
in the distribution of the Brunt-Vaisala frequen y, one entered around log q
' 6 and asso iated with the H/He ompositional transition zone, and the
other entered around log q ' 3 and asso iated with the He/C transition
zone. The former feature is stronger than the latter be ause there is a larger
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ontrast in mean mole ular weight between H and He than between He and
C.
The dashed urve in Figure 4 shows the pro le of the logarithm of the
square of the Lamb frequen y for quadrupole (l = 2) modes, the ones hosen
for this illustrative example. Bumps due again to the presen e of ompositional
transition zones are present, but the one asso iated with the He/C transition
region is quite weak and is hardly visible in the plot. These ompositional
features are signi ant as they \pin h" the eigenfun tions and produ e mode
trapping and mode on nement, ultimately leading to a nonuniform period
distribution. The e e t is parti ularly important in g -modes as an be seen
in the low-order modes of the kind illustrated in Figure 3 above.
The horizontal dotted lines give the values of the logarithm of the square
of the eigenfrequen ies for quadrupole modes in a range overing from the k =
6 g -mode (termed g6 ) at the low-frequen y end to the k = 6 p-mode (termed
p6 ) at the high-frequen y end of the retained interval. Note, in passing, the
nonuniform distribution of eigenfrequen ies that is parti ularly evident for the
low-order g -modes onsidered here, a hara teristi that was mentioned just
above in the previous paragraph. The dots in the gure give the lo ations of
the nodes in the radial dire tion for ea h of the modes illustrated. Hen e, the
f -mode shows no node, onsistent with its radial order k = 0. The lo ations
of the nodes indi ate where, in a stellar model, a given pulsation mode has
an os illatory behavior in the radial dire tion, a region where the mode is
said to propagate. Figure 4 then learly reveals that p-modes propagate when
2 > L2l , N 2 , while g-modes do when 2 < L2l , N 2 . This result, oming from
detailed numeri al omputations, is entirely onsistent with the onsiderations
presented in the previous se tion. In addition, Figure 4 shows that low-order
p-modes in white dwarfs propagate in mu h deeper layers than low-order gmodes, whi h instead propagate in the outermost layers. Quite interestingly,
this is the exa t opposite of the behavior en ountered in main sequen e stars
and in all nondegenerate stars in general.
We note, in this ontext, that the sear h for g -modes in the Sun is onsidered of fundamental interest in helioseismology, as a su essful dete tion
would allow the extension of asteroseismologi al probing of the solar interior
to mu h deeper regions than is urrently possible on the basis of the observed
p-modes. In white dwarfs, only low- to medium-order g-modes have been observed so far, and it is the low-order p-modes that would allow to probe the
ore best. Although the presen e of ex ited p-modes is expe ted from nonadiabati pulsation theory, su h modes have yet to be found in white dwarfs.
The latest (unsu essful) attempt to dete t p-modes in white dwarfs using the
VLT has been reported by [39℄.
4.2 Angular modal dependen e

In a nonradially pulsating star in general, the luminosity variations are due to
super ial temperature waves, hanges of volume, and hanges of shape, all
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of whi h an be modeled in terms of temperature, radius, and surfa e gravity perturbations. In pulsating white dwarfs, it was rst shown by [36℄ that
the luminosity variations are ompletely dominated by temperature perturbations, a result that has been formally on rmed by [34℄, although the latter
authors pointed out that this is not ne essarily true in the ores of absorption
lines. Hen e, to a good approximation, the luminosity variations of a pulsating
white dwarf may be visualized solely in terms of temperature waves a ross a
disk that otherwise does not hange in shape or surfa e area.
Figure 5 illustrates typi al angular geometries for nonradial pulsation
modes expe ted in white dwarfs, given that the modes for whi h the degree
index has been identi ed so far have values of l = 1 or l = 2. One re ognizes,
of ourse, the geometries of spheri al harmoni fun tions. Ea h olumn refers
to a mode with xed angular indi es l and m, and shows the instantaneous
temperature distribution on the visible disk over half a pulsation y le overed by ve distin t phases. For ea h of the ve di erent modes depi ted (the
ve olumns), it is assumed that the stellar sphere is in lined su h that the
angle between the line-of-sight and the symmetry axis of the pulsation mode
is equal to 1 radian (to be regarded as a representative value).
The rst two olumns refer to dipole (l = 1) modes, i.e., to a geometry in
whi h there is one nodal plane that divides the stellar sphere into two equal
hemispheres. The ase m = 0 ( rst olumn) orresponds to a nodal plane
that is the same as the equatorial plane (i.e., the ut is perpendi ular to the
symmetry axis), while the ase jmj = 1 (se ond olumn) orresponds to a nodal
plane that is akin to a great meridian plane (i.e., the ut is along the symmetry
axis). It should be understood that, at any given time, all eigenfun tions of
interest have zero amplitude on an angular nodal plane, from the enter to
the surfa e of the model.
The last three olumns refer to quadrupole (l = 2) modes, i.e., they involve
two nodal planes. The ase m = 0 (third olumn) orresponds to two nodal
planes parallel to the equatorial plane, the ase jmj = 1 (fourth olumn) to
one nodal plane fused into the equatorial plane and one nodal plane along the
symmetry axis, and the ase jmj = 2 ( fth olumn) to two nodal planes going
through the pulsation axis and perpendi ular to ea h other. It is interesting to
point out that modes with m = 0 have nodal planes that do not hange with
time, whereas modes with jmj 6= 0 have jmj planes that \rotate"about the
symmetry axis. From that point of view, the angular omponent of a m = 0
mode may be onsidered as a standing wave, while that of a jmj 6= 0 mode may
be onsidered as a running wave. Note that the two modes with the same value
of jmj but with di erent signs have similar temperature distributions (or other
eigenfun tions of interest) that \rotate" at the same absolute speed about the
symmetry axis, but one lo kwise and the other ounter lo kwise. It should
be noted that the \rotation speed" is dire tly related to the eigenfrequen y
.
Figure 5 shows further that for standing angular waves (m = 0 modes),
the instantaneous temperature distribution be omes uniform a ross the visible
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Instantaneous temperature distributions on the visible disk of a white dwarf
model for di erent modal angular geometries. Ea h olumn refers to a given pair
(l,m), and overs half a pulsation y le in ve phases. The pulsation frequen y is
arbitrary and remains unde ned in this plot. In ea h ase, the angle of in lination
between the line-of-sight and the axis of symmetry of the pulsation has been xed
to 1 radian. The olor ode is su h that the deepest blue may orrespond to the
highest lo al temperature (above the average one), the deepest red may orrespond
to the lowest lo al temperature (below the average), and purple orresponds to the
average unperturbed temperature.
Fig. 5.

Basi Prin iples of White Dwarf Asteroseismology

17

disk twi e during a pulsation y le. This is well illustrated in the rst and
third olumn for the phase orresponding to 1/4 of a full y le. In ontrast,
running angular waves (jmj 6= 0) never show a phase when the temperature
distribution is uniform a ross the visible disk. Finally, for ompleteness, it
should be remembered that pulsation modes with a value of the azimuthal
order m = 0 are sometimes referred to as \zonal modes", while those with
l = jmj are alled \se torial modes".
4.3 Radial modal dependen e

Figure 6 illustrates the typi al radial dependen e of the r and h eigenfun tions orresponding, respe tively, to the radial and horizontal omponent of
the displa ement ve tor in a pulsating white dwarf. We again refer to our representative ZZ Ceti star model, and we onsider the lowest order quadrupole
modes from g5 to p5 , in luding the f -mode.
The upper panel of the gure depi ts the pro le of r as a fun tion of
depth for the f -mode, three low-order p-modes (p1 , p3 , and p5 ), and the three
orresponding low-order g -modes (g1 , g3 , and g5 ). The modes with radial order
k = 2 and k = 4 were not plotted in order to not lutter the diagram too mu h.
In keeping with our remark above in Se tion 2 related to the linear approa h,
the amplitudes of the eigenfun tions in the linear theory of stellar pulsations
have to be arbitrarily normalized at some onvenient value and lo ation. Here,
the amplitude of the r eigenfun tion has been normalized to the value of one
at the surfa e of the model for ea h mode onsidered, i.e., r (r = R) = 1.
Hen e, a omparison of the r pro les for various modes be omes meaningful
if one understands that the amplitudes of all the modes are normalized to be
the same at the surfa e of the star.
One an see that the amplitudes of the low-order p-modes are generally
mu h larger than those of the low-order g -modes in the deeper layers. The
latter exhibit nodes mu h higher in the star than the former (these nodes
are, of ourse, the same as those shown in Figure 4 above). It is interesting
to observe that the f -mode keeps the largest amplitude over the full stellar
model. Also, the g3 mode behaves di erently from the g1 and g5 modes in that
its amplitude in the stellar ore remains omparatively large, whereas the two
other modes show very small amplitude values at these depths. This is be ause
the g3 mode is partially on ned below the H/He transition layer due to a
resonan e ondition: the se ond node in r ( ounting from the surfa e inward)
falls just below the H/He ompositional transition zone, while, at the same
time, the rst node in h falls just above. The orollary ondition for trapping
of a g -mode above a ompositional transition zone is that the nth node of the
r eigenfun tion falls just above the transition region, while the nth node of the
h eigenfun tion falls just below. This notion of mode on nement and mode
trapping for g -modes in white dwarfs aused by the onion-like ompositional
strati ation has thoroughly been dis ussed by [4℄, in luding these onditions
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Fig. 6. Upper panel: Pro le of the radial eigenfun tion r as a fun tion of depth
for the lowest order quadrupole modes in our referen e ZZ Ceti star model. Lower
panel: Absolute ratio of the horizontal to the radial omponent of the displa ement
ve tor for the same modes.

of resonan e. The reader is referred to that paper for more details. We brie y
revisit the on ept of mode on nement/trapping below.
The lower panel of Figure 6 shows the absolute ratio of the horizontal to
radial omponents of the displa ement ve tor as a fun tion of depth for the
same modes. This is a parti ularly interesting plot as the results are independent of the a tual normalization adopted. That is, whatever the a tual
amplitude of a mode, linear theory predi ts a given amplitude ratio between
jh j and jr j as shown in the gure. The maxima in the urves orrespond to
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the nodes in the r eigenfun tion, while the minima orrespond to the nodes
in the h eigenfun tion. As indi ated above, the number of nodes for a given
mode is the same for the radial and horizontal displa ement eigenfun tions,
but they do not fall at the same lo ations in the star.
It is quite instru tive to fo us on the amplitude ratio at the surfa e of
the model. Thus, in the observable atmospheri layers of a pulsating white
dwarf, matter is displa ed mu h more horizontally than verti ally during the
pulsation y le of a g -mode. Indeed, a ording to the lower panel of the gure,
the ratio of the horizontal to radial omponents of the displa ement ve tor
already ex eeds 100 for a k = 3 mode, and it in reases rapidly with in reasing
radial order. Conversely, the ratio of the radial to horizontal displa ement
in reases rapidly with in reasing radial order for p-modes, rea hing nearly
100 for the p5 mode illustrated in Figure 6. The ontrast between horizontal
and radial displa ements is even larger for l = 1 modes, being some three
times larger for the k = 3 g -mode than the g3 quadrupole mode shown in the
gure. It is therefore ertain that the g -modes observed in pulsating white
dwarfs orrespond to material motions that are essentially horizontal in the
super ial layers. The very large surfa e gravity hara teristi of white dwarfs
(log g  8) is at the origin of this phenomenon.
4.4 Kineti

energy

An interesting global property of a pulsation mode is its kineti energy de ned
by the general relation,
Z

1
v2 dV
,
(11)
2 V
where the integration is arried out over the total volume o upied by the star.
If one negle ts the rotation of the star and any other possible ma ros opi
velo ity eld (su h as onve tion or meridional ir ulation), one an express
the kineti energy in terms of a radial integral involving the two eigenfun tions
r and h ,

Ekin 

Ekin 

2
2

ZR

0





r (r)2 + l (l + 1) h (r)2 r2 dr

.

(12)

Given the arbitrary normalization of the eigenfun tions in linear theory,
the kineti energy of a mode is known only to within a multipli ative fa tor. In
pra ti e, this means that only relative omparisons between the kineti energies of di erent modes have a physi al sense. Hen e, to ex ite a mode with the
same observable amplitude at the surfa e of a star as that of a referen e mode
requires (more or less) energy, and that in rement is given by the di eren e,
Ekin , between the kineti energies of the two modes.
Figure 7 shows the distribution of the kineti energy as a fun tion of
the period for the series of quadrupole modes with periods falling between
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Kineti energy as a fun tion of period for the family of quadrupole modes
with periods in the range from 1 s to 1000 s as omputed using our referen e ZZ
Ceti model.

Fig. 7.

1 s and 1000 s as omputed on the basis of our representative ZZ Ceti star
model. Given the behavior of its displa ement eigenfun tions { as an be
observed in Figure 6 { in onjun tion with equation (12), it is not surprising
that the f -mode omes out with the largest kineti energy of the lot. Indeed,
the amplitude of the fundamental mode (both in r and h ) is basi ally larger
than any other mode over the whole stellar model. This means that the f mode requires the most energy to be ex ited to a given surfa e amplitude.
Sometimes, su h a mode is referred to as the one with the most \inertia".
The fa t that the low-order p-modes have signi antly larger amplitudes
than their g -mode ounterparts in the deeper regions of a white dwarf (see
again Figure 6), ombined with the large values of the density  at these depths
ompared to its envelope values, readily explains why the kineti energies of
the p-modes are mu h larger than those of the g -modes. This is an important
hara teristi of white dwarf stars. In addition, the eigenfun tions depi ted in
Figure 6 for both p-modes and g -modes exhibit an outward \migration" with
in reasing radial order in the sense that their amplitudes tend to drop to very
small values in an outwardly growing region from the enter. This explains
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the signi ant drop of the kineti energy with in reasing radial order along
the two bran hes of nonradial modes.
The ase of g -modes merits further dis ussion as these are the modes
observed in real pulsating white dwarfs. For instan e, a mode like g3 in Figure
7 shows a lo al maximum in kineti energy along the g -bran h. As brie y
alluded to above, su h a mode an be seen as partially on ned below the
H/He transition zone. It exhibits the larger amplitudes below that region
as ompared to other g -modes and, therefore, it has a larger kineti energy.
Conversely, the g6 mode shows a lo al minimum in kineti energy due to the
fa t that it tends to be partially trapped above the H/He transition zone, with
the onsequen e that it has lower amplitudes below that region as ompared
to its immediate adja ent modes.
4.5 Weight fun tion

It has been shown by [27℄ (and see also [7℄) that the eigenvalues of the adiabati
pulsation equations an be estimated from a variational approa h. For a purely
spheri al model, the square of an eigenfrequen y is given by,

2 =

D
A

,

(13)

where D and A are two integral expressions involving the eigenfun tions of
that eigenfrequen y. This expression an be used, after the solution of the
eigenvalue problem has been obtained, to derive a variational estimate of the
eigenfrequen y. While this is generally less a urate than the result provided
by the eigenvalue itself, in part due to the fa t that the boundary onditions
used in the variational approa h are not exa tly the same as those used in
the eigenvalue problem, the approa h is often used as a measure of internal
onsisten y. Of greater interest, however, is the fa t that equation (13) involves
integral expressions over the stellar model. While the integral A appearing in
the denominator is simply proportional to the kineti energy de ned above,
the integrand of the integral D appearing in the numerator provides a measure
of the ontribution of ea h shell in the stellar model to the overall integral.
As su h, the integrand of the integral D for a given pulsation mode is often
referred to as the \weight fun tion" of the mode. This on ept is very useful
for inferring whi h regions of a stellar model ontribute most to the formation
of a mode. The integral D may be written,

D=

ZR 

r2 N 2 +
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r2 dr

,

(14)

where two other adiabati eigenfun tions expli itly appear: 0 (the Eulerian
perturbation of the gravitational potential), and P 0 (the Eulerian perturbation
of the pressure).
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Fig. 8. Upper panel: Normalized weight fun tion as a fun tion of depth for a few
low-order quadrupole modes in our referen e ZZ Ceti star model. The normalization
insures that the area under ea h urve is the same. Lower panel: Normalized weight
fun tion for a on ned mode (g3 ) and a trapped mode (g6 ).

Figure 8 illustrates the weight fun tions for a few of the low-order quadrupole
pulsation modes that have been dis ussed above for our representative white
dwarf model. The weight fun tion of ea h mode is normalized su h that the
area under ea h urve is the same. In keeping with our previous dis ussion, it
is not surprising to observe in the upper panel that a p-mode of a given radial
order has a weight fun tion indi ating a sensitivity to mu h deeper layers than
its orresponding g -mode. Again, this indi ates that p-modes depend more on
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the physi al onditions in the interior than g -modes do. The latter are mostly
envelope modes in ool pulsating white dwarfs su h as ZZ Ceti stars.
The lower panel of Figure 8 shows the weight fun tions of the quadrupole
modes g3 and g6 that have been dis ussed above. The former is partially
on ned below the H/He transition zone entered on log q ' 6, while the
latter is partially trapped above that ompositional transition region. Clearly,
their weight fun tions re e t this state of a air. It should be evident that
this on ept of mode on nement/trapping must be seen as the result of a
(relatively weak) partial wave re e tion in the transition layers, allowing the
on ned mode to extend above the transition region, and the trapped mode to
extend below that region. The modes remain global (as always), but they are
more sensitive to the onditions found above or below, depending on whether
or not they are trapped or on ned.
It is very instru tive to investigate the evolution of the weight fun tion
of a pulsation mode along the evolutionary tra k followed by a ooling white
dwarf. In this way, one an appre iate the hange of regime from the GW Vir
hot phase of evolution to the ool ZZ Ceti phase (whi h has been emphasized
through the use of our referen e model in the illustrative examples presented
so far). Along the ooling tra k (see, e.g., the urves shown in Figure 1), the
overall degenera y of a white dwarf model in reases and this pushes the region
of g -mode formation outwards. This implies that mode sensitivity to model
parameters hanges from the GW Vir phase to the V777 Her phase and the
ZZ Ceti regime.
This notion of hanging mode sensitivity along the white dwarf ooling
tra k is well illustrated in the top panel of Figure 9. In order to avoid the
ompli ations aused by hemi al layering, i.e., mode on nement and trapping whi h would ause the weight fun tion not to behave monotoni ally and
onfuse the plot, the evolution of a pure C model was onsidered. The gure
shows the weight fun tion of the lowest-order (k =1) dipole g -mode in terms
of depth, and in terms of di erent phases of ooling as quanti ed by the effe tive temperature. The weight fun tion is again normalized so that the area
under ea h urve is the same. Figure 9 learly reveals the outward migration
of the region of g -mode formation with ooling. This implies that the pulsation modes of a white dwarf (the g -modes as observed) progressively lose their
ability to probe the deep interior (GW Vir regime) and be ome more sensitive
to the details of the outermost layers (ZZ Ceti regime) as ooling pro eeds.
It is parti ularly obvious here that the k =1, l = 1 g -mode in the 10,117 K
model does not probe the ore very well.
The panel at the bottom of Figure 9 illustrates, in ontrast, the fa t that
there is little migration of the region of mode formation for a p-mode in an
evolving white dwarf. There is some outward migration, parti ularly below
30,000 K, but the e e t remains mild. Hen e, even at Te = 10,117 K, the p1
mode still probes the deep ore as it did at mu h higher e e tive temperatures.
The g -modes are thus mu h more sensitive to the outward progression of the
degenera y boundary in an evolving white dwarf than p-modes an be. The
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Evolution of the normalized weight fun tion for the lowestorder dipole g -mode in a series of models ulled from an evolutionary sequen e of
pure C white dwarfs. Lower panel: Similar, but for the lowest-order dipole p-mode.
Fig. 9. Upper panel:

reason for this is to be found in the di erent behavior of the Brunt-Vaisala
frequen y ompared to that of the Lamb frequen y.
4.6 Rotational splitting

The variational approa h put forward by [27℄ is again of great use for estimating the e e ts of slow rotation on the eigenfrequen y spe trum of a pulsating
star. In pra ti e, \slow rotation" means that   , where is the rotation
frequen y of the star. The variational method allows the treatment of slow ro-
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tation as a perturbation and leads to orre tions to the eigenfrequen ies that
are given in terms of integral expressions involving the unperturbed eigenfun tions, i.e., those oming out of the solution of the eigenvalue problem for
purely spheri ally symmetri models (su h as r and h en ountered above).
The main e e t of slow rotation is to destroy the spheri al symmetry of
the star and, as a onsequen e, the (2l + 1)-fold degenera y that exists for
the eigenfrequen ies of modes with di erent values of m but belonging to the
same pair (k ,l) in a nonrotating model is lifted. Under the assumption that the
angular rotation frequen y is a simple fun tion of depth, (r), the frequen y
of a mode, now de ned by the three indi es k , l, and m, is given through
rst-order perturbation theory by,

klm ' kl

m

Z R

0

(r)Kkl (r)dr

,

(15)

where kl is the frequen y of the degenerate modes (k ,l) in the absen e of
rotation, and the se ond term on the right side is the rst-order orre tion to
that frequen y, with m taking on the values l; l + 1; :::; l 1; l. The quantity Kkl (r) appearing in the orre tion term is referred to as the rst-order
rotation kernel. It obviously plays the role of a weight fun tion, very mu h
similar to the weight fun tion dis ussed above for the eigenfrequen y, but,
this time, referring to the regions ontributing to the frequen y splitting due
to rotation. It is given by the following expression involving the unperturbed
eigenfun tions,

Kkl (r) =

fr2 + [l(l + 1) 1℄h2 2r h gr2
RR
2
2
2
0 fr + l(l + 1)h gr dr

.

(16)

If the star is further assumed to rotate as a solid body ( =
6 (r)), equation
(15) redu es to,

klm ' kl

m (1

Ckl )

,

(17)

where is the (uniform) angular rotation frequen y, and Ckl is a dimensionless quantity named the rst-order solid body rotation oeÆ ient (or Ledoux
oeÆ ient). It is given by,

Ckl =
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0 2r h + h r dr
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f
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g

.

(18)

Given the solution of the eigenvalue problem for a mode, equation (18) allows
the evaluation of the Ckl oeÆ ient for that mode. Note that rst-order solid
body rotation leads to a set of equally-spa ed frequen ies with a splitting
between adja ent frequen y omponents given by,

 =

(1

Ckl )

.

(19)
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Figure 10 shows the values of the rst-order solid body rotation oeÆ ient
for a series of quadrupole modes (the same as those illustrated in Fig. 7)
overing the period interval 1 1000 s, and referring to our representative
white dwarf model. As is the ase for all types of stars, the values of Ckl for
p-modes tend to be ome very small ompared to 1 in the asymptoti limit
of high radial order. In ontrast, the values of Ckl for g -modes tend towards
a nonzero value, 1=(l(l + 1)), in the same limit, as an be seen in the gure
for l = 2. Note that the lowest-order g -modes { of most interest for pulsating
white dwarfs { show signi antly di erent values of Ckl from one mode to
another, a good thing be ause this may help in onstraining the radial order
of a mode versus another one in presen e of observed rotational splitting.

Fig. 10. First-order solid body rotation oeÆ ient as a fun tion of period for the
family of quadrupole modes with periods in the range from 1 s to 1000 s as omputed
on the basis of our referen e ZZ Ceti star model. The format is similar to that of
Fig. 7 above, and the modes onsidered are the same.

Figure 11 shows examples of frequen y spe tra, with and without rotation,
obtained from our referen e white dwarf model. A relatively small value of 3
h was assumed for the rotation period of the model in order to learly see the
split omponents in frequen y spa e. Note that su h a value is \slow" from a
dynami al point of view for a ompa t star su h as a white dwarf. In pra ti e,
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rotational splitting has been dete ted and used to infer the rotation period
of some 14 pulsating white dwarfs so far (see Table 4 of [17℄). The inferred
rotation periods vary from 5 h to 55 h, whi h is again quite slow.

Fig. 11. Rotational splitting in our representative ZZ Ceti star model. The loworder g -mode frequen y spe tra for both dipole and quadrupole modes, with and
without rotation turned on, are illustrated. It is assumed that the star rotates as a
solid body and with a (relatively) short period of 3 h. Degenerate dipole modes split
into triplets, while quadrupole modes split into quintuplets. The spa ings between
adja ent omponents within a given multiplet are the same in frequen y spa e as
shown here.

5 Period Evolution
Another observable of high potential interest for white dwarf asteroseismology
is the rate of period hange of a mode in a given pulsating star. If the period
hange is due primarily to the se ular evolution of the star, and not to external
auses su h as, e.g., the y li orbital motion in a lose binary or planetharboring star, then adiabati asteroseismology an be used to infer additional
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properties or on rm/test the properties derived from using the period data
in a standard asteroseismologi al exer ise.

Representative examples of period evolution for dipole g -modes during
the GW Vir, V777 Her, and ZZ Ceti phases. Note the o set in age between these
di erent phases of evolution. The radial order k is indi ated for some of the modes
depi ted here.

Fig. 12.

Figure 12 is meant to illustrate how pulsation periods typi ally evolve for
the three main ategories of pulsating white dwarfs that are known: the GW
Vir, V777 Her, and ZZ Ceti stars. In ea h ase, the evolving model is spe i ed
by a total mass of 0.6 M and a uniform ore omposition made of arbon and
oxygen in the same proportions by mass fra tion. The envelope in the GW
Vir model is made of a representative PG1159 omposition (X (He)=0.38,
X (C)=0.40, and X (O)=0.20) and ontains 10 2 of the total mass of the star.
The envelope of the V777 Her model also has an envelope representing 10 2
of the total mass of the star, but it is made of pure helium. In the ase of
the ZZ Ceti model, there is a pure helium mantle ontaining a mass fra tion
of 10 2 surrounded by a pure hydrogen envelope ontaining 10 4 of the total
mass. Given the di erent times ales involved { the evolution of a white dwarf
onsiderably slows down with de reasing luminosity { and our desire to plot
the results in the same gure, we used the logarithm of the ooling time (with
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respe t to some arbitrary zero point) as the abs issa and we introdu ed a shift
of 0.80 ( 1.45) dex for the V777 Her (ZZ Ceti) model.
For ea h type of pulsator of interest, the lower part of the dipole g -mode
spe trum (starting with k = 1) was omputed for several equilibrium ongurations mapping the instability strip. In the ase of the GW Vir phase,
the equilibrium models onsidered over the \turning of the bend" in the HR
diagram (see, e.g., Fig. 1) orresponding to the nal ontra tion phase during
whi h the star gets hotter and more ompa t and the pulsation period of a
mode de reases, followed by the beginning of the ooling phase during whi h
the star gets ooler and (slightly) more ompa t and the pulsation period inreases. The period of a g -mode in a GW Vir model goes through a minimum
pra ti ally when the model rea hes its maximum e e tive temperature in its
ex ursion in the HR diagram. Things are simpler for the V777 Her and ZZ
Ceti families whi h orrespond to purely ooling phases and, therefore, su h
stars exhibit pulsation periods that in rease monotoni ally with passing time,
although not at the same rate from one mode to another as an be appre iated
in Figure 12. The in rease of the pulsation period of a g -mode in a ooling
white dwarf is intimately related to the outwardly growing degenerate region
whi h has the e e t of lowering the value of the Brunt-Vaisala frequen y.3
It should be noted that the phases overed in Figure 12 en ompass the
empiri al instability strips and are meant to be primarily illustrative. For instan e, the oolest model onsidered in the GW Vir phase is somewhat ooler
at Te ' 77,000 K than the a tual observed red edge. Also, the V777 Her
phase maps a range of e e tive temperatures from about 28,000 K to 21,000
K, while the ZZ Ceti phase overs an interval from about 13,000 K to about
10,300 K, somewhat larger than the widths of the observed instability strips.
It should further be noted that the gure reveals signi ant wavy stru tures
in the omputed period distributions, most obvious for the GW Vir phase.
These stru tures, sometimes referred to as \mode bumpings" and \avoided
rossings", are due to the phenomenon of mode trapping/ on nement at ompositional transition layers in our white dwarf models. Purely radiative models
with a uniform hemi al omposition would not show these wavy features.
In the ase of the GW Vir model, in parti ular, the nodes of a given radial
overtone rst migrate inwards and then outwards as the model turns around
the bend in the spe tros opi HR diagram. These nodes su essively pass
through the omposition transition region at the interfa e of the C/O ore
and the envelope, where onditions for partial mode on nement or trapping
are met. Hen e, a given mode is alternatively partially trapped and partially
on ned as a fun tion of time, and this produ es the period variations that
an be seen in Figure 12. For higher order modes, the nodes are more numerous and loser together, so there are more \waves" in their temporal period
distribution as an also be observed in the gure.
3

For a ompletely degenerate, zero-temperature stellar on guration, the BruntVaisala frequen y is stri tly equal to zero.
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Fig. 13. Upper panel: Evolution of the rates of period hange for three representative
dipole modes (k = 1, k = 20, and k = 40) a ross the GW Vir instability strip. The
evolutionary paths are shown by the solid urves and start with a dot. The dotted
urves show the values of dP=dt for the 40 overtones at three distin t epo hs during
the evolution. Middle panel: Similar, but for the k = 1, k = 14, and k = 27 overtones
a ross the V777 Her instability strip. Also, only the initial and nal distributions for
the 27 modes are shown by the dotted urves. Lower panel: Similar to the middle
panel, but for the k = 1, k = 13, and k = 25 modes in the ZZ Ceti strip.

Figure 13 shows some results for values of the rates of period hange omputed from these evolutionary sequen es. As expe ted from the wavy stru ture
illustrated in the previous gure, the behavior of dP=dt as a fun tion of time
for a given mode, and as a fun tion of radial order for a given epo h, is rather
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ompli ated. For instan e, in the upper panel of Figure 13, the evolutionary
paths followed by dP=dt for dipole g -modes with k = 1, k = 20, and k = 40 are
illustrated by the solid urves. The starting point for ea h path is indi ated
by a small dot, and this orresponds to an early epo h when the model enters
the GW Vir region at low gravity and (relatively) low e e tive temperature,
still ontra ting and getting hotter. The dotted urve onne ting the three
\starting" points shows the spe trum of dP=dt values for the rst 40 dipole
overtones when the model enters the strip. The quasi-periodi behavior along
the spe trum is again due to mode trapping/ on nement e e ts. The spe trum is equivalent to measuring the slope for ea h of the 40 modes on the
left side of the 40 urves shown in Figure 12 and referring to the GW Vir
regime. In this early phase, all slopes are negative and the dP=dt values for a
ontra ting model of a pre-white dwarf are all negative.
In ontrast, by the time the model exits the GW Vir domain as a highgravity ooling white dwarf with Te ' 80,000 K, all values of dP=dt are
positive (top dotted urve in the upper panel of the gure). In between, there
exist epo hs when, in a given model, one an nd both modes with positive
values of the rate of period hange and modes with negative values, depending
on their radial order. This is illustrated by the middle dotted urve in that
same panel, whi h orresponds to an evolutionary phase near the turning of
the bend in the HR diagram. This parti ular ir umstan e, if observed, may
be of high value for pinning down the pre ise evolutionary status of a GW
Vir pulsator.
The evolutionary paths shown in Figure 13 are ompli ated in that they
again re e t the e e ts of mode trapping/ on nement. For instan e, the path
for the k = 40 mode rosses the zero value several times, meaning that the rate
of period hange for that parti ular mode is initially negative, then hanges
sign a few times around the turning of the bend, and nally takes on a positive
value by the time the star leaves the GW Vir region. This path is equivalent
to measuring the slope along the GW Vir k = 40 urve in Figure 12.
For their part, dP=dt values for g -modes due to se ular evolution are
always positive for V777 Her and ZZ Ceti pulsators as an be seen in both
Figures 12 and 13. This is due to the fa t that white dwarfs in these evolutionary phases are purely ooling bodies and that the overall de rease of the
Brunt-Vaisala frequen y in their internal regions due to the growing degenera y pushes the periods of g -modes to higher values. Of notable interest, Figure
13 also reveals that the values of dP=dt for modes of omparable radial order
de rease substantially along the white dwarf ooling sequen e. For instan e,
the typi al order of magnitude for the rate of period hange for a GW Vir
pulsator is dP=dt  10 11 s/s, for a V777 Her star it is dP=dt  10 13 s/s,
and for a ZZ Ceti pulsator it drops to the low value of dP=dt  10 14 s/s.
These numbers simply re e t the very di erent evolutionary times ales that
hara terize these three phases. The numbers show that it is mu h more difult to measure the rate of period hange of a mode in a ZZ Ceti star than
it is in a GW Vir pulsator.
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It should be realized that the measurement of dP=dt for a mode in a pulsating white dwarf, assuming that su h measurement is available and redible,
is not easy to interpret without having rst derived a reliable seismi model
for the pulsator under s rutiny. Su h a model, obtained from the analysis of
the period data (and additional input su h as multi olor photometry as may
be the ase), provides estimates of the stru tural parameters of the pulsator
and a mode identi ation. These are essential ingredients required for interpreting the measurement of the rate of period hange. And indeed, it an be
shown that a given value of dP=dt may be shared by modes with di erent
radial order or degree index, or by models with di erent masses, envelope
layerings, ore ompositions, and e e tive temperatures. Hen e, it is absolutely ne essary to know these parameters to a good level of a ura y before
attempting to exploit the dP=dt data.
Figure 14 summarizes the results of numeri al experiments featuring representative modes of interest (dipole g -modes with k = 1, 8, and 15) for models
of ZZ Ceti stars. It shows how the values of dP=dt for these modes hange
as the models ool through the ZZ Ceti instability strip. In the upper panel,
two similar models are used: they both have a total mass of 0.6 M , a uniform ore omposition made of arbon and oxygen in the same proportions by
mass fra tion, and a pure helium mantle ontaining a mass fra tion of 10 2 ,
but they di er in that one (dashed urves) has a pure H outermost envelope
ontaining a mass fra tion of 10 4 (let us all it the \referen e model" in this
Se tion), while the other (solid urves) has a mu h thinner hydrogen layer of
mass fra tion 10 10 . In the same spirit, the middle panel of the gure refers
to the referen e evolutionary model (dashed urves) and a similar one (solid
urves) di ering only in its total mass, now equal to 0.9 M . Likewise, the
lower panel refers to additional models similar to the referen e model (dashed
urves), but one having a pure C ore omposition (solid urves), and the
other a pure O ore omposition (dotted urves).
There are some di eren es between the values of dP=dt for the lowest-order
(k = 1) mode onsidered in Figure 14 depending on the model parameters,
but these di eren es remain small on the s ales used here, and they are mu h
smaller than those found for the higher order modes. Generally speaking, the
rates of period hange are highly dependent on modal and model parameters. It should therefore be lear from this that the interpretation of a dP=dt
measurement must rest on the availability of a reliable seismi model.

6 The Nonadiabati Approa h
6.1 Basi

onsiderations

In its full version, the linear theory of nonradial stellar pulsations takes into
a ount the energy ex hanges between the environment and the ma ros opi
uid motions during a pulsation y le. Two more hydrodynami equations, the
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E e ts of varying the envelope layering, the total mass, and the ore
omposition on the rates of period hange for representative dipole g -modes (k = 1,
8, and 15) in evolving ZZ Ceti star models.
Fig. 14.

energy onservation equation and the energy transfer equation, are thus alled
upon at the outset. After linearization, one ends up with a system of 6 linear
di erential equations with 6 dependent omplex eigenfun tions.4 As ompared
to the adiabati approximation (whi h leads to a set of 4 linear equations
4

This is true for models in whi h only radiative (and ondu tive) transport is taken
into a ount, although the one extreme treatment of onve tion that has been
used most often for white dwarfs, the so- alled frozen onve tion approximation,
does not require additional equations. A time-dependent version of onve tive
transport does, however.
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with real variables), the full approa h be omes a mu h more ompli ated
problem from a numeri al point of view. This is the pri e to pay, however, to
verify if a pulsation mode is ex ited or not in a stellar model. Likewise, the
full nonadiabati approa h is ne essary to understand why a pulsating star
pulsates, and to map instability strips, among other things.
In the full nonadiabati version, the eigenfrequen y  of a mode is a omplex number and its temporal dependen e takes on the form,

eit = ei(

R

+iI )t

= ei t e
R

I t

,

(20)

where R is the (angular) os illation frequen y of the mode, and I (also
expressed in rad s 1 ) is dire tly related to the so- alled e-folding time of the
mode de ned by e = 1=I . (In some referen es, the term \growth rate"
is also de ned by the expression = I =R ). When I is positive, the
amplitude of the initial perturbation de ays a ording to equation (20), and
the mode is said to be stable, damped, or not ex ited, and the mode is not
expe ted to be observable. Conversely, when I is negative, the amplitude of
the initial perturbation blows up exponentially (this is linear theory), and the
mode is said to be unstable, driven, or ex ited. Su h a mode may grow to an
observable amplitude in a real pulsator. Note that, quite generally in stellar
models and espe ially for low-order modes, jR j  jI j, whi h partly explains
why the adiabati approximation is usually justi ed for omputing os illation
frequen ies (periods) at a suÆ ient level of a ura y.
In nonadiabati pulsation theory, one very useful on ept is that of a \work
integral" whi h may be evaluated from the (nonadiabati ) eigenfun tions after
the solution of the eigenvalue problem has been obtained. In a way similar
to the weight fun tion dis ussed in Subse tion 4.5 above, the integrand of
the work integral indi ates whi h regions of a stellar model ontribute to the
driving of a pulsation mode, and whi h regions ontribute to damping. The
integrand of the work integral may be written in the form,
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(21)

where the terms have their standard meaning. The nu lear term, ÆN , has
yet to prove its relevan e for pulsating white dwarfs, although it ould drive,
through the appropriately named -me hanism, short-period g -modes in some
models of GW Vir stars with residual He shell burning a ording to [37℄ (and
see also [12℄). Short period pulsations of the type have yet to be dis overed in
GW Vir stars, however, and it is now generally a knowledged that the modes
observed in the pulsators of the kind are driven by the so- alled -me hanism
involving the modulation of the radiative ux FR around an opa ity bump
in the envelope (see, e.g., [31℄, and referen es therein). The -me hanism,
this time based on H shell burning, ould also drive short-period (40 125 s)
g-modes in some low-mass DAO white dwarfs whi h result from post-EHB
evolution as demonstrated by [9℄. In this ontext, the heavy solid segment of
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the dotted urve shown in Figure 1 indi ates the predi ted instability region.
No low-mass DAO white dwarf has been found to pulsate yet (see, in parti ular, [22℄), but these obje ts are quite rare and the jury is still out about the
possibility. This is parti ularly true in the light of the re ent study of [20℄ who
have shown that the presumed post-EHB DAO white dwarfs studied for variability by [22℄ are, in fa t, post-AGB white dwarfs. In the ases of the V777
Her and ZZ Ceti stars, residual shell burning is ompletely negligible and the
-me hanism annot operate. Instead, the modulations of both the radiative
and onve tive ux must be taken into a ount in the driving pro ess as these
ooler white dwarfs have developed extensive super ial onve tion zones that
intera t with the pulsations. For la k of a better approa h, stability studies
of white dwarfs of the kind have largely been based on the so- alled frozen
onve tion approximation, whi h onsists in negle ting the perturbations of
the onve tive ux. Fortunately, progress has been made re ently on this front
by implementing, for the rst time, an approa h based on a time-dependent
treatment of onve tion in a white dwarf ontext ([15℄, [33℄, [42℄)
The sign of the integrand dW=dMr indi ates if, lo ally, a region of the
star has a stabilizing or destabilizing e e t on a mode. If dW=dMr < 0, the
region will be short of energy after a pulsation y le and that energy will
be taken from the kineti energy of the mode. The amplitude of the mode
tends then to de rease lo ally, and the region ontributes to damping of the
mode. If, on the other hand, dW=dMr > 0, the region ends up with a positive
energy in rement after a y le, whi h is transfered as extra kineti energy
to the mode. The amplitude has then a tenden y to grow lo ally, and the
region ontributes to driving. The global stability of a mode is determined by
summing over the ontributions of all regions in a model, and this is the work
integral given by,

W =

ZM

0

dW
dM .
dMr r

(22)

If W < 0, damping dominates over driving and the mode is globally stable.
Conversely, if W > 0, the mode is globally ex ited.
6.2 Ex itation of pulsation modes in white dwarfs

The phenomenon ultimately responsible for driving pulsation modes in white
dwarfs is the partial ionization of the main envelope onstituents. Indeed,
the K-shell ele trons of arbon and oxygen ionize and then re ombine during
the ex ursion around the bend in the GW Vir phase of the evolution of a
H-de ient, post-AGB star, helium re ombines in the stri ly ooling phase of
a He-atmosphere white dwarf orresponding to the V777 Her regime, and so
does hydrogen in the even ooler phase of a H-atmosphere star orresponding
to the ZZ Ceti regime. Both the re ombination of helium and arbon ontribute to the ex itation of g -modes in models of ooling Hot DQ stars. In
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ea h ase, partial ionization leads to a very important in rease of the envelope opa ity, and this tends to hoke the outgoing energy ux. In the ase of
V777 Her models, and even more so in Hot DQ models and ZZ Ceti stars,
the opa ity bump be omes so large that a super ial onve tion zone develops as a result of the buildup of a superadiabati temperature gradient, and
this signi antly a e ts the me hani s of the a tual pro ess responsible for
the ex itation of pulsation modes. Conve tive energy transport must then be
taken into a ount in addition to the usual radiative hannel. Figure 15 illustrates some opa ity pro les and onve tive ux pro les in the envelopes
of typi al models of pulsating white dwarfs. The monotoni in rease of the
opa ity maximum with de reasing e e tive temperature (GW Vir, V777 Her,
Hot DQ, ZZ Ceti) is noteworthy.

Opa ity pro les (heavy urves) in the envelopes of representative models
of the four types of pulsating white dwarfs. The ratio of the onve tive to total ux
is also plotted (thin urves), ex ept for the GW Vir model in whi h there is no
onve tion.

Fig. 15.

Figure 16 illustrates the details of the driving/damping region in a representative model of a GW Vir pulsator. In this diagram, the abs issa orre-
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Details of the driving/damping pro ess for a typi al g -mode ex ited in a
model of a GW Vir star.

Fig. 16.

sponds to the logarithm of the fra tional mass above the depth of interest, the
same as used in our Figure 4 above, for example. On this s ale, the enter of
the star would be at a log q value of 0.0.5 However, be ause all of the \a tion"
in terms of driving/damping is going on only in the outer envelope of the
model, it is appropriate to emphasize only that part of the star in the plot.
The rst verti al dotted line when moving into the star from the right gives
the lo ation of the photosphere ( orresponding to opti al depth R = 2/3),
and the se ond verti al dotted line indi ates the position of the base of the
atmosphere (R = 100). The dotted urve shows the pro le of the Rosseland
opa ity { to be read on the right-hand ordinate axis { as a fun tion of depth.
5

Contrary to most asteroseismologists who work on nondegenerate stars, we prefer
in the white dwarf eld to use log q as the ab issa in this type of diagram instead
of the temperature. This is be ause elements su h as H, He, or C do not ionize
at the known \ anoni al" values of the temperature in white dwarfs be ause of
pressure e e ts on the ionization balan e.

38

G. Fontaine et al.

One an noti e two maxima in the opa ity pro le: the larger one nearer to
the surfa e is the usual \Z-bump", while the deeper one orresponds to the
partial ionization of the K-shell ele trons in arbon and oxygen. Note that the
envelope hemi al omposition of this model is uniform and made of a mixture
of He, C, and O in proportions typi al of those observed in the atmospheres
of real GW Vir pulsators (X (He) = 0.38, X (C) = 0.40, X (O) = 0.20, Z =
0.02).
Of the many g -modes found ex ited in this model, a representative one
with indi es k = 7 and l = 1 has been singled out. It has a period of 296.6
s. For this parti ular mode, the solid urve shows the arbitrarily normalized
integrand dW /dlog q of the work integral dis ussed in Subse tion 6.1 above.
This derivative is obtained with respe t to the independent variable log q instead of Mr as given in equation (21), but it will be understood that this boils
down to an arbitrary hoi e for the abs issa variable. As dis ussed previously,
a negative value of dW /dlog q at a given depth means that the mode is loally damped. Conversely, a positive value implies that the mode is lo ally
driven. The dashed urve is related and illustrates the running work integral
W , from left to right, i.e, from the enter toward the surfa e of the model.
This quantity is also arbitrarily normalized. A nal positive value of the work
integral at the surfa e { as is the ase illustrated here { means that the mode
is globally ex ited and is potentially observable. Conversely, a negative value
of the work integral at the surfa e would imply that the mode is globally
damped and should not be seen.
Figure 16 learly reveals that maximum driving orresponds to the opa ity bump asso iated with the partial ionization of the K-shell ele trons in
C and O. Of prime interest, the work integral urves bear the telltale signature of a lassi -me hanism. Note that there is no ontribution to the
driving/damping pro ess oming from the region asso iated with the higher
maximum in the opa ity pro le in the gure, and this is simply be ause it is
lo ated in the atmospheri layers where there is pra ti ally no mass.
Figure 17 is similar, but it refers to a representative model of a V777 Her
pulsator. It has the same format as the previous plot, ex ept for the addition
of the pro le of the ratio of the onve tive to the total ux, F =Ft (long-dashed
urve). The g -mode with k = 7 and l = 1 is again ex ited in this model and was
pi ked as an illustrative example. Here, the envelope is onstituted of pure He,
and one an observe a large opa ity peak aused by the partial ionization of
He I near the photosphere and, more importantly, that of He II in the deeper
layers where the opa ity rea hes a maximum around log q  12.7. The two
partial ionization zones of helium are pra ti ally fused together in this 25,000
K white dwarf model be ause of pressure e e ts. This leads to the formation
of a signi ant onve tion zone extending from above the photosphere well
into the driving/damping region below. Quite importantly, this onve tion
zone arries up to 98% of the total ux at maximum eÆ ien y.
One an noti e from the gure that maximum driving does not o ur at
the depth where the opa ity rea hes its maximum value, but somewhat below.
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Fig. 17. Details of the driving/damping pro ess for a typi al g -mode ex ited in a
model of a V777 Her star.

Also, driving (dW /d|log q | > 0) is on entrated in a broad region near the
base of the onve tion zone, a region in whi h the fra tion of the ux arried by
onve tion varies from zero at the base to its maximum value near the top of
that region. Contrary to GW Vir pulsators then, onve tion has a signi ant
role to play in the pulsation of V777 Her white dwarfs. Its presen e in the
driving region implies that it is not the lassi -me hanism that is at work
in these stars be ause that me hanism only operates in a purely radiative
environment.
A very similar situation is en ountered in ZZ Ceti stars, but the physi al
onditions are even more extreme in these ooler obje ts than in V777 Her
pulsators. This is illustrated in Figure 18 whi h now refers to the ase of a
typi al model of a pulsating DA white dwarf. Taking into a ount the di erent
s ale used for the opa ity axis as ompared to the previous gure for example,
one an noti e the huge opa ity peak in the pure H envelope of this model. This
bump is due to the partial ionization of neutral hydrogen. It is appropriate
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to re all in this ontext the gradual in rease of the opa ity maximum from
Figure 16 to Figure 18 (as des ribed as well in Fig. 15).

Fig. 18. Details of the driving/damping pro ess for a typi al g -mode ex ited in a
model of a ZZ Ceti star.

The onve tion zone asso iated with this opa ity feature extends all the
way from the photosphere to the base of the driving region. It is more important than in the DB model in the sense that up to 99.9% of the total ux an
be arried onve tively in this zone. The driving region is again on entrated
at the base of the onve tion zone, but in a narrower domain than in the V777
Her ase. Moreover, maximum driving is learly more separated from maximum opa ity than in the previous ase. We an see, from both Figures 17 and
18, that pulsation driving in V777 Her and ZZ Ceti stars is intimately assoiated with the physi al onditions near the base of the super al onve tion
zone.
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Fig. 19. Details of the driving/damping pro ess for a typi al g -mode ex ited in a
model of a Hot DQ star.

The physi s is essentially the same for the Hot DQ model depi ted in
Figure 19, although the mixed envelope omposition leads to two distin t
regions of driving in the model. The envelope omposition is again assumed
to be uniform, and is made of a mixture de ned by X (C) = X (He) = 0.5.
The maximum in the opa ity pro le, lo ated at log q ' 12.4 is aused by
the partial ionization of He II, CIII, and CIV in the envelope mixture. The
se ondary maximum, lo ated at log q ' 9.0 is aused instead by the partial
ionization of CV and CVI. Those two opa ity bumps are \a tive" in the sense
that both ontribute to the driving/damping pro ess. It an be observed in
the gure that the regions on the des ending side (going in from the surfa e)
of an opa ity bump ontribute lo ally to driving, while the deeper adja ent
zones, where the opa ity de reases to relatively low values, ontribute instead
to damping. In the present model, the two opa ity bumps are relatively lose
to ea h other and are part of a single onve tion zone. The damping region
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between the two bumps is relatively narrow and the overall work integral
omes out positive for this parti ular mode.

Fig. 20. Absolute value of the growth rate,
= I =R , as a fun tion of period
for the family of quadrupole modes with periods in the range from 1 s to 1000 s
as omputed on the basis of our referen e ZZ Ceti star model. The ex ited (stable)
modes are indi ated by the small lled (large open) ir les. The format is similar to
that of Fig. 7 above, and the modes onsidered are the same.

It should be noted that, while the lassi -me hanism is at work in GW
Vir pulsators, the presen e of onve tion in the driving/damping regions of
V777 Her, Hot DQ, and ZZ Ceti models implies that the detailed ex itation
pro ess in those pulsators should be asso iated with the so- alled \ onve tive
driving" me hanism rst proposed by [6℄. A more detailed des ription of the
intera tion o uring between pulsations and onve tion in these ooler white
dwarfs is provided by [15℄, [33℄, and [42℄. In addition, and for ompleteness,
it is worthwhile to re all that low-order p-modes, in luding radial modes, are
expe ted to be ex ited in some DB and some DA white dwarfs a ording
to [38℄. And indeed, the me hanism able to drive low-order g -modes in these
ooler white dwarfs ought to work also for low-order p-modes. This is also what
we nd in Figure 20 whi h illustrates the behavior of the growth rate for the
family of quadrupole modes already onsidered above for a representative ZZ
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Ceti star model. Ex ept for the higher-order g -modes (identi ed with large
open ir les), all of the modes are predi ted to be ex ited, in luding all of the
low-order p-modes onsidered. However, short period p-mode pulsations have
yet to be found in white dwarfs, and this has remained a small mystery. We
note that the growth rates are signi antly lower for the illustrated p-modes
ompared to the g -modes, but other explanations may be ne essary (see, e.g.,
[17℄).
6.3 Expe ted instability strips for white dwarfs

Nonadiabati al ulations are essential for understanding the very existen e
of a given type of pulsating star. They are also required to map the instability
strips in the HR diagram. Comparisons of \nonadiabati observables" with
predi tions of nonadiabati theory are of fundamental importan e for inferring
the thermal properties and the evolutionary status of pulsating stars. Among
su h observables one may identify the boundaries of an instability domain
for a given family of pulsators, and the range of ex ited periods along with
the periods themselves in individual stars. We illustrate these on epts in this
subse tion with the help of examples taken from white dwarf asteroseismology.
Figure 21 shows the predi ted ranges of periods for ex ited dipole (l = 1)
modes omputed from GW Vir models with log g and Te values ulled from
the evolutionary al ulations of [37℄. These ranges are shown as fun tions of
the e e tive temperature for an evolving model with M = 0:56 M ( lled
ir les) and for another one with M = 0:60 M (open ir les). Along these
evolutionary tra ks, equilibrium stru tures were pulsated and the resulting
ex ited modes are represented by small ir les. The envelope omposition
of these stru tures is a representative mixture for a GW Vir star spe i ed
by X (He) = 0.38, X (C) = 0.40, X (O) = 0.20, Z = 0.02 in units of mass
fra tion, the same as that used in a previous experiment above. Ea h ir le
has a size that gives a logarithmi measure of the modulus of the imaginary
part of the omplex eigenfrequen y, i.e., jI j. The bigger the ir le, the more
unstable the mode. These predi ted period ranges reprodu e very well the
results of [37℄. In parti ular, one an note that the 0.60 M models show
two distin t instability phases along their evolutionary tra k, while the 0.56
M models show a single one. The modes depi ted in the gure are ex ited
through the C/O -me hanism; the -me hanism was not onsidered in these
omputations.
Another example is provided in Figure 22, whi h displays the lo ations
of theoreti al instability strips for evolving 0.6 M white dwarf models with
di erent envelope ompositions. Along with the usual V777 Her (pure He)
and ZZ Ceti (pure H) instability strips, one an re ognize the red edge of the
pulsating pure C envelope white dwarf models. In fa t, the pure C instability
strip extends all the way up to the GW Vir regime as des ribed at length in
[32℄. On the other hand, models with a mixed He and C envelope omposition
an also pulsate, but in di erent temperature intervals. For instan e, Figure

44

G. Fontaine et al.

Predi ted ranges of periods for ex ited dipole modes omputed from GW
Vir models ulled from two di erent evolutionary sequen es: M = 0:56 M ( lled
ir les) and M = 0:60 M (open ir les).

Fig. 21.

22 illustrates an instability strip between the V777 Her and the ZZ Ceti domains asso iated with white dwarf models with a mixed envelope omposition
spe i ed by X (He) = X (C) = 0.5, as appropriate for Hot DQ stars. Naively,
one ould have expe ted to nd su h a strip in between the pure C and pure
He strips, but stru tural di eren es in the mixed envelope omposition models
explain why this is not so.
Nonadiabati asteroseismology an also be used to infer properties of individual pulsators or of a lass of pulsators as a whole. An example of that
omes from ZZ Ceti stars and on erns the alibration of the mixing-length
theory in the layers where driving o urs, in e e t providing a measurement of
the depth of the onve tion zone in su h stars. This be omes possible be ause
pulsational instabilities rst set in along the evolutionary tra k of a ooling
H-atmosphere white dwarf when the base of the onve tion zone that develops due to hydrogen re ombination rea hes a ertain riti al depth. When
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Predi ted spe tra of ex ited g -modes omputed from four distin t evolutionary sequen es, ea h hara terized by a total mass of 0.6 M , but with a di erent
envelope omposition: pure C, pure He, X (He) = X (C) = 0.5, and pure H, from left
to right.
Fig. 22.

this o urs, the star enters the blue edge of the instability strip. In this ontext, it was mentioned above that the driving region in a ZZ Ceti pulsator
is essentially lo ated at the base of the H onve tion zone, so there is a dire t onne tion between the e e tive temperature at the blue edge and the
depth of the H onve tion zone. Sin e onve tion is still modeled in terms of
the mixing-length theory in white dwarfs, a omparison of the empiri al blue
edge of the strip with that provided by nonadiabati al ulations may be used
to infer the onve tive eÆ ien y at the base of the onve tion zone, i.e., in the
driving region.
The prin iple of the method is exposed in Figure 23. That gure displays
the instability domain in the log g Te diagram for the ZZ Ceti stars. The
positions of the pulsators are indi ated by the lled ir les, while those of the
nonvariable stars are given by the open ir les. The error ross in the lower left
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Fig. 23. Calibrating the mixing-length theory in ZZ Ceti stars by mat hing the
empiri al blue edge of the instability strip with the predi ted blue edge omputed
under the assumption of various onve tive eÆ ien ies (see text).

part of the gure gives the typi al un ertainties on the atmospheri parameters. The dotted urves illustrate evolutionary tra ks for H-atmosphere white
dwarfs of di erent masses, from 0.4 M above to 1.1 M below in steps of 0.1
M . The solid urve on the left (right) gives the lo ation of the theoreti al
blue edge assuming a onve tive eÆ ien y given by the so- alled ML2/ =1.0
(ML2/ =0.6) version of the mixing-length theory used in the onstru tion of
the equilibrium models employed in the nonadiabati al ulations. These theoreti al boundaries were obtained using the instantaneous onve tive response
hypothesis, whi h is ertainly justi ed sin e the onve tive turnover times ale
is mu h smaller than the periods of ex ited modes in these models at the
blue edge. One an see that the ML2/ =1.0 version provides a rather good
mat h to the empiri al data. In ontrast, models omputed using the same
two versions of the mixing-length theory (dashed lines), but within the framework of the frozen onve tion approximation fare a lot worse at mat hing the
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empiri al blue edge. While this needs to be re ned, the approa h probably
remains the best way for alibrating the mixing-length theory in white dwarfs
as appropriate for the deep envelope regions.

7 Example of a Su essful Asteroseismologi al Exer ise
We end our presentation by providing an example of an asteroseismologi al
exer ise arried out su esfully for the pulsating white dwarf GD 165, with
the aim of deriving the global stru tural parameters of the star on the basis of
period-mat hing algorithms. This is arried out within the framework of the
adiabati approximation, but nonadiabati onsiderations are also presented
in a omplementary dis ussion.

Representative broadband opti al light urve obtained on GD 165 using
the CFHT/LAPOUNE ombination. The amplitude is expressed in terms of residual
intensity relative to the mean brightness of the star. Ea h plotted point represents
a sampling time of 10 s.
Fig. 24.

7.1 Observations and period extra tion pro edure

The pulsating white dwarf GD 165 (V = 14:32  0:01) is one of those \simple"
low-amplitude pulsators found in the hotter region of the ZZ Ceti instability
strip whi h tend to show stable and relatively un ompli ated light urves. Its
time-averaged atmospheri properties pla e it at Te = 11,980 K and log g =
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8.06 in the spe tros opi HR diagram (see, e.g., Table 1 of [17℄. An analysis
of a Whole Earth Teles ope (WET) ampaign arried out on GD 165 in 1990
May was presented by [2℄. The ampaign resulted in some 233 h of broadband
\white light" photometri data gathered from six di erent sites using small
teles opes. The formal resolution a hieved during the ampaign was 1.2 Hz,
and the duty y le was 35%. Despite these onsiderable e orts, the results
turned out to be rather disappointing as only three main periodi ities ould
be dete ted. Furthermore, it was not possible to de ide if the ne stru ture
observed in the two largest peaks in the Fourier transform of the light urve
was due to triplets or quintuplets. In brief, the exer ise was defeated by the
low signal-to-noise ratio (S/N) of the observations in regard to the relatively
low amplitudes of the modes ex ited in GD 165.
Observed properties of the 13 modes dete ted in GD 165, assigned rotation
oeÆ ients, and inferred rotation period

Table 1.

P (s)

A(%)

 (Hz)

 (Hz)

Ckl Prot (h)

ID

120.32020.0008 0.11730.0052 8311.160.05 2.4700.054
...
120.35590.0002 0.52440.0052 8308.690.01 <2.4640.032> 0.492 57.270.74 f1
120.39160.0006 0.16490.0052 8306.230.04 2.4600.040
...
192.57010.0015 0.22890.0078 5192.920.04 2.9650.058
...
192.68010.0015 0.22870.0078 5189.950.04 <2.9370.054> 0.399 56.851.05 f2
192.78280.0052 0.06830.0078 5187.180.14 2.7660.145
...
250.15890.0066 0.05740.0051 3997.460.11 2.6700.268 0.487 53.375.36 f3
250.32610.0154 0.02530.0051 3994.790.25
...
114.23440.0015 0.04460.0043 8753.930.12 8.9500.327 0.084 56.852.08 f4
114.35130.0039 0.01740.0043 8744.980.31
...
146.31600.0011 0.04470.0060 6834.530.16 3.9150.394 0.156 59.886.02 f5
146.39980.0077 0.01950.0060 6830.610.36
...
168.19120.0074 0.02720.0059 5945.620.26

...

...

...

f6

Another broadband photometri ampaign on GD 165 was arried out
by two of us using the CFHT/LAPOUNE ombination in 1995 May. The
light urve of GD 165 was sampled for a total of 27.8 h over six onse utive
nights. The formal resolution a hieved was 2.2 Hz and the duty y le was
equal to 22%. The onditions on Mauna Kea during that run were superb
as an be appre iated from the sample light urve shown in Figure 24. Beause of the mu h improved sensitivity a hieved during the CFHT ampaign,
eight statisti ally signi ant peaks were dete ted as an be seen in Figure 25
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Comparison of the Fourier amplitude spe trum of the light urve of GD
165 obtained 1) during the 1995 CFHT run (upper urve), and 2) during the 1990
WET ampaign (lower urve plotted upside down).
Fig. 25.

displaying the Fourier amplitude spe tra of the two ampaigns in the 0 10
mHz bandpass (the f1 + f2 nonlinear frequen y peak is present in the CFHT
data, but it falls outside the range of frequen y onsidered in Fig. 25). Standard te hniques (Fourier transforms, least-square ts to the light urve, and
prewhitening) were used to extra t the frequen ies (periods) present in the
light urve of GD 165. Ex luding the nonlinear frequen y peaks f1 f2 and
f1 + f2 whi h are not independent modes, a total of 13 modes were un overed out of six main peaks { identi ed as f1 through f6 in Figure 25 { whi h
in lude two triplets, three doublets, and a singlet. The rst four olumns of
Table 1 summarize the results of the frequen y extra tion exer ise. It should
be noted that the un ertainties on the periods P , the amplitudes A, and the
frequen ies  = 1=P have been estimated with the formalism proposed by [29℄.
Ex ept for the 146.3998 s omponent whi h has a 3:3 amplitude, the other
modes have amplitudes above the 4 riterion preferred by many resear hers.
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With an output of 13 frequen ies ( orresponding to 13 independent pulsation
modes) un overed in GD 165, the CFHT ampaign onstitutes an eloquent
demonstration that single site data, ontrary to the seemingly widespread
belief in the white dwarf ommunity, an be superior to multisite e orts. In
this onne tion, the virtue of high S/N seems to have been often forgotten by
many in the past.

Fig. 26. Prewhitening sequen es for ea h of the six main frequen y peaks dete ted
in the Fourier transform of the CFHT light urves on GD 165. One ti k mark in
abs issa orresponds to 1 mHz, and one in ordinate to 0.2%.

Figure 26 shows the prewhitening sequen es (from top to bottom) for ea h
of the six signi ant peaks that appear in the Fourier amplitude spe trum. The
segments of the Fourier transform are displa ed, both verti ally and horizontally, for visualization purposes. Ea h olumn illustrates, from top to bottom,
the prewhitening sequen e obtained for a given peak identi ed by its approximate entral period (in s). One an distinguish two triplets, three doublets,
and one singlet. It is very likely that there are multiplet omponents in the
doublets and the singlet that have not been dete ted be ause their amplitudes are smaller than the dete tion level. Figure 27 provides an interesting
zoomed-in view on the 120 s (f1 ) omplex. Note the very low level of noise in
the CFHT data as illustrated by the lower urve. Given the observed spa ings
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between the frequen y omponents within given multiplets (see olumn 4 of
Table 1), this ne stru ture is best interpreted as rotational splitting due to
slow rotation of the star. This is used below to estimate the rotation period
of GD 165, on e a onvin ing seismi model has been found for it.

Fig. 27.

Prewhitening sequen e for the dominant 120 s stru ture.

7.2 Sear h for the optimal model in parameter spa e

For the omparison of the period data with periods omputed from spherial models (as usual in the eld), it is ne essary to assign a priori the m =
0 omponents of multiplets to the unperturbed periods. This leads to some
ambiguities, espe ially for multiplets with an even number of dete ted omponents, but it should be re alled that, at the level of a ura y with whi h
periods an be mat hed with urrent models of white dwarfs, this does not
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pose a signi ant problem, given that the period di eren es between multiplet omponents are very small. Hen e, out of the 13 frequen y omponents
extra ted from the light urve of GD 165, only six are useful for omparison
with spheri al models. These are the six periods identi ed by f1 through f6
in Table 1. Given this set of six periods, a sear h for a suitable model in
parameter spa e was arried out along the lines pioneered by [5℄ and further
developed by [10℄.6
The te hnique relies on a double-optimization s heme that, rst, best ts
the six observed periods (denoted Pobs in what follows) with six periods (denoted Ptheo ) belonging to the spe trum of a given model (note that the mat h
might be quite poor if the model has properties quite di erent from those of
the real star) and, se ond, sear hes for the best-mat hing model in parameter
spa e. No a priori mode identi ation is imposed on the observed periods,
ex ept that they have to belong to degree index l = 1 or l = 2 in keeping with
what is known about identi ed modes in white dwarfs. For a given model,
theoreti al periods are omputed in a window that en ompasses the range
of observed periods for modes with l =1 and 2. For the reasons mentioned
above, suÆ iently a urate periods may be omputed in the adiabati approximation, so this is adopted as a major time-saving measure be ause an
adiabati ode (solving a set of four linear di ererential equations with real
variables) is mu h faster than its nonadiabati ounterpart (dealing with a
set of six linear equations with omplex variables and requiring, as input and
initial guess, the adiabati eigenfun tions). The quality of the mat h between
the observed and omputed periods is measured quantitatively with a merit
fun tion de ned by,

S2

=

N
obs 
X
i=1

i
Pobs

2

i
;
Ptheo

(23)

where Nobs = 6 in the present ase. The goal of the exer ise is to nd, if
possible, the minimum of S 2 in parameter spa e and, hopefully, a minimum
that identi es a good and redible optimal model. To obje tively and automati ally arry out this sear h for the optimal model in parameter spa e (an
exer ise in the so- alled forward approa h in asteroseismology) requires onsiderable omputing resour es. Currently, a typi al exer ise of this kind for
white dwarfs ne essitates the omputations of a few million models and of
their period spe tra. This is best done on a luster of dedi ated PC's su h
as CALYS ( urrently ontaining 320 nodes) being developed in Montreal, for
example.
6

A better approa h would be to use models perturbed by rotation at the outset
and attempt to mat h in the best possible way the 13 periods simultaneoulsy
without making a priori assumptions as to the identi ation of the m = 0 omponents. This has been used su essfully in the re ent asteroseismologi al analysis
arried out by [41℄ on the short-period pulsating hot B subdwarf star Feige 48,
for example.
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To de ne a full (but stati ) white dwarf model, it is ne essary to spe ify
the surfa e gravity (or the mass via the mass-radius relation), the e e tive
temperature, the envelope layering, the ore omposition, and the onve tive
eÆ ien y { for a star su h as GD 165 { via a avor or another of the mixinglength theory. Quite realisti stati models of white dwarfs an be omputed
(as ompared to full evolutionary models) sin e in these ooling bodies the
approximate relationship between the lo al luminosity and integrated mass,
L(r) / M (r), be omes quite a urate and, thus, may be used to provide an
ex ellent estimate of the luminosity pro le. As shown in Figure 42 of [17℄,
the periods of low-order g -modes in ZZ Ceti star models pra ti ally do not
depend on the hoi e of the assumed onve tive eÆ ien y, so it is fully justi ed
to adopt one version of the mixing-length theory and not worry further about
it. This is espe ially justi ed in a star like GD 165 showing rather short
periods in the range from 114 s to 250 s, be ause su h periods have to be
asso iated with low-order modes. Likewise, very little sensitivity is expe ted
of the periods on the ore omposition in a highly degenerate star su h as GD
165 due to the phenomenon of g -mode migration dis ussed at some length
in Subse tion 4.5. In the present asteroseismologi al exer ise, the so- alled
ML2/ =1.0 version of the mixing length theory was therefore adopted and a
pure arbon ore was assumed. These parameters were not varied in parameter
spa e.
The question of envelope layering deserves some omments. It is spe i ed
not only by the total amount of mass there is in the helium mantle, M (He),
and the total amount of mass there is in the hydrogen outer envelope, M (H),
but also by the a tual omposition pro les in the transition zones themselves.
This is be ause mode trapping/ on nement, whi h has a very signi ant e e t
on the g -mode period spe trum in a white dwarf, is very sensitive to the
onditions en ountered in the omposition transition zones. One standard
assumption, based on physi s as opposed to using some arbitrary pro les at
the omposition interfa es, has been to invoque di usive equilibrium in order
to ompute the hemi al distributions in the transition zones. The experiments
reported by [3℄ have been quite enlightening in this respe t, in that they have
shown that the assumption of di usive equilibrium does not hold in GD 165.
Indeed, this assumption leads, after a full sear h in parameter spa e, to a
rather poor optimal model hara terized by a merit fun tion of S 2 ' 140:7, a
value that is not at all impressive ompared to those that have been rea hed
in other pulsating white dwarfs.
The optimal model found by [3℄, although giving a poor mat h to the six
periods observed in GD 165, still suggested the presen e of a rather thi k
hydrogen layer in that star, a result onsistent with the earlier independent
arguments put forward by [18℄. If true, then the assumption of di usive equilibrium, whi h is justi ed at the base of a thin envelope, had to be questioned.
Indeed, one ould argue that, at the depths orresponding to the base of a
rather thi k envelope, di usion may not have had the time to rea h equilibrium (the di usion times ale in reases rapidly with in reasing depth in
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white dwarfs). This proposition was veri ed expli itly by [3℄ who arried out
detailed evolutionary al ulations in luding di usion at the omposition interfa es. They were able to on lude that di usive equilibrium is indeed not
rea hed at the omposition interfa es in a ZZ Ceti star model with thi k hydrogen and helium layers. More importantly for the present purpose, they
were able to \ alibrate" the steepness of the omposition pro les in a model
of GD 165, and it is this alibration that is used here in the present example
of an asteroseismologi al exer ise.
With the ore omposition xed, the onve tive eÆ ien y hosen, and two
transition zone parameters alibrated (H/He and He/C interfa es), the sear h
for the optimal model in parameter spa e boils down to a 4D exer ise in
terms of Te , log g , log M (He)/M , and log M (H)/M , still a formidable
numeri al hallenge. To guide the pro edure, and to be onsistent with the
spe tros opi eviden e, the sear h was on ned to a range of Te and a range
of log g orresponding to the 1 \spe tros opi box" de ned by the published
un ertainties on these atmospheri parameters, i.e., 11,980 350 K in e e tive
temperature and 8.06  0.05 dex in surfa e gravity. The mass of the helium
mantle was allowed to vary in the range 4:0  log M (He)/M  1:5, and
the mass of the hydrogen envelope was allowed to vary in the range 8:0 
log M (H)/M  2:0, with the ondition M (He)=M > M (H)=M .
Some of the results of the sear h pro edure are presented in Figure 28
showing the behavior of the goodness-of- t fun tion S 2 in terms of iso ontours
in the log g -Te domain that was surveyed. Note that ea h grid point shows
the value of S 2 orresponding to the optimized solution in the two other
dimensions as well, i.e., in terms of log M (He)=M and log M (H)=M . It
is very interesting to nd out that there is a minimum in S 2 orresponding
to Te = 12,055 K and log g = 8.045. There is indeed never any guarantee
at the outset that a minimum will be found within the spe tros opi box.
This is the kind of onsisten y that gives redibility to a seismi solution.
In terms of its two other de ning parameters, the optimal model oming out
of the sear h exer ise has a helium layer mass of log M (He)=M = 1.634,
and a hydrogen layer mass of log M (H)=M = 4.144. The optimal model
is hara terized by a merit fun tion of S 2 = 1.92, whi h is ex ellent for a t
involving six di erent periods onsidering the limitations of urrent models.
It is to be noted that the minimum shown in Figure 28 is rather shallow,
whi h suggests that what was found is more a family of equally a eptable
models, parti ularly along the \valley" de ned by the ontours with S 2 = 2.0.
A detailed analysis is required to assess the statisti al signi an e of the other
model members of the family, but the detailed results indi ate that they all
orrespond to the same mode identi ation. In the rest of this example, fo us
is put on the optimal model per se.
The sear h method yields the mode identi ation (in terms of the indi es l
and k for spheri al models) onsistent with the best S 2 value as output. Table
2 summarizes the period mat h obtained and the mode identi ation inferred
for the optimal model found for GD 165. In the worst ase (the 146.316 s
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Table 2.

Contours of the merit fun tion S 2 in the log g -Te plane.

Period t and mode identi ation for the optimal model of GD 165

l k Pobs (s) Ptheo (s) jP j(s) Ckl

log Ekin

1
1
1
2
2
2
2
2
2
2
2

46.553
47.517
45.318
46.552
47.416
45.303
45.073
44.444
44.334
44.252
43.625

1 120.356
2 192.680
3 250.159
1 ...
2 114.234
3 146.316
4 168.191
5 ...
6 ...
7 ...
8 ...

120.143
192.770
251.015
69.406
114.061
145.281
168.008
205.824
224.865
239.894
269.077

0.213
0.090
0.856
...
0.173
1.035
0.183
...
...
...
...

0.492
0.399
0.487
0.158
0.084
0.156
0.153
0.147
0.099
0.108
0.151
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Comparison of the six observed periods in GD 165 (dashed line segments)
with the theoreti al g -mode period spe trum of the optimal model (solid line segments). The dipole (quadrupole) modes are illustrated in the lower (upper) half of
the plot and the radial order of ea h mode is indi ated.

Fig. 29.

mode), there is a di eren e of 1.035 s between the observed period and the
theoreti al period of the assigned l = 2, k = 3 mode in the optimal model.
Figure 29 provides a graphi representation of this ex ellent overall t.
It may be signi ant that the sear h exer ise has assigned the three largest
amplitude os illations in GD 165 to l = 1 modes, and the three smallest amplitude ones to l = 2 modes (and see again Fig. 25). This is indeed the expe ted
hierar hy in view of geometri al an ellation e e ts, but this argument should
be used with aution as there are known ases of pulsating stars (in luding
white dwarfs) that show l = 2 modes with larger amplitudes than l = 1 modes.
It is also of interest to point out that the assigned modes in Table 2 have onse utive values of the radial order; from k = 1 to k = 3 for the dipole modes,
and from k = 2 to k = 4 for the quadrupole modes. This is again ir umstantial eviden e that adds to the redibility of the optimal model be ause

Basi Prin iples of White Dwarf Asteroseismology

57

nonadiabati theory (see below) usually predi ts that pulsation modes should
be ex ited in bands of k modes in radial order.
It is the a posteriori analysis of the multiplet data, interpreted as rotational splitting, that gives us the most on den e in the validity of the inferred
seismi model, however. To this end, the values of the rst-order solid body
rotation oeÆ ient Ckl of the modes omputed in the optimal model have
been listed in Table 2. (The values of the kineti energy have also been tabulated, but this is just for ompleteness and to relate to Subse tion 4.4.) The
interesting aspe t is that these values are signi antly di erent; for example
Ckl = 0.492 for the l = 1, k = 1 mode (its orresponding observed mode
shows a ne stru ture triplet), but Ckl = 0.084 for the l = 2, k = 2 mode
(its orresponding observed mode shows a ne stru ture doublet). This means
that signi antly di erent frequen y splittings should be observed from one
multiplet to another, thus providing a robust test of the inferred mode identi ation.
The values of the Ckl oeÆ ients for the ve observed modes showing ne
stru ture have been reported in Table 1 (5th olumn). Using equation (17),
and remembering that  = 2 and = 2=Prot , we omputed estimates
of the rotation period of GD 165 for ea h of the multiplets as indi ated in
the 6th olumn of the table. The quoted un ertainties ome solely from the
un ertainties in the values of the frequen y splittings between adja ent multiplet omponents. Table 1 indi ates a most remarkable internal onsisten y
between the ve estimates of Prot thus obtained. The rms average gives a
remarkably a urate estimate (1%) of 57.090.57 h for the rotation period
of GD 165, the most reliable value ever obtained for a ZZ Ceti star.
Figure 30 ni ely summarizes the ex ellent agreement that exists between
12 of the observed frequen ies and the split frequen ies oming out of the
assigned modes in the optimal model assuming solid body rotation with a
period of 57.090.57 h. Of ourse, to produ e this gure, we have shifted the
entral omponents of the observed and theoreti al multiplets to the same
zero value, as the optimal t (see Table 2) does not reprodu e the frequen ies
at a perfe t level of a ura y. For a given theoreti al multiplet, the entral
omponent was xed at zero with no un ertainty, and the m 6= 0 omponents
were omputed using equation (19) and the un ertainty of 0.57 h on the
assumed rotation period. For their part, the un ertainties on the individual
values of the 12 frequen ies ome from Table 1. It is most improbable that
the agreement between the values of the frequen y spa ings between the two
sets of values an be due to han e. This ex ellent agreement must rather be
seen as a solid proof of the basi validity of the seismi model obtained for
GD 165.
It is interesting to examine the rotation kernel of ea h of the ve modes
identi ed with observed multiplets. This is shown in Figure 31 whi h learly
illustrates that these modes are sensitive to rotation only in the outer part of
the stellar model, whi h ontains little mass. Hen e, our results that suggest
that GD 165 rotates rigidly have to be interpreted in the light of this obser-
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Comparison of the observed multiplet stru tures with those predi ted on
the basis of the optimal model assuming a solid body rotation with a period of
57.090.57 h.
Fig. 30.

vation: the internal rotation pro le is only probed adequately in the outer 
30% of the radius of GD 165 with the modes available. One ould not ex lude
for example that the inner regions rotate at di erent rates than the outer part.
This limitation is a hara teristi of very degenerate white dwarfs su h as ZZ
Ceti stars. In ontrast, as shown by [8℄, the rotation kernels for g -modes are
rather uniformly distributed from the enter to the surfa e in very hot white
dwarfs of the GW Vir type. This allows the probing of the entire rotation
pro le in these obje ts. Very mu h like the ase of the outward migration of
the weight fun tion of an eigenfrequen y as dis ussed above in the ontext of
Figure 9, ooling also pushes the rotation kernel of a given g -mode toward the
outer layers as a result of the general in rease of the state of degenera y in
the interior and the on omitant de rease of the Brunt-Vaisala frequen y.
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Normalized rotation kernel for ea h of the ve modes identi ed in the
optimal model of GD 165 and asso iated with observed rotationally-split multiplets.

Fig. 31.

7.3 Nonadiabati

onsiderations and the optimal model

It is instru tive to analyze the optimal model with a nonadiabati pulsation
ode to verify if the modes identi ed with the observed ones are indeed predi ted to be unstable. This provides a very important onsisten y he k and, if
su essful, adds redibility to the inferred seismi model. As stated previously,
the periods of the low-order modes found in GD 165 are quite insensitive to
the hoi e of the onve tive eÆ ien y that has been made in the model building phase. However, the question of the stability of the modes does depend
sensitively on the hoi e of the assumed onve tive eÆ ien y as was dis ussed
around Figure 23 above. The models that were built in the sear h exer ise used
the ML2/ =1.0 version of onve tion whi h, not by a ident, is the version
that was \ alibrated" by mat hing the theoreti al with the empiri al blue edge
of the ZZ Ceti instability strip. This alibration is based on the assumption
that the perturbation of the onve tive ux adjusts instantaneously, whi h is
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a reasonable hypothesis near the blue edge of the strip sin e the onve tive
turnover times ale there is mu h smaller than the pulsation periods of interest
as pointed out in Subse tion 6.3.
Table 3.

Nonadiabati properties of the optimal model of GD 165

l k P (s) R (rad/s) I (rad/s)
e (yr)
1 1 120.143 5:23  10 2 2:60  10 13 1:23  105
1 2 192.770 3:53  10 2 2:12  10 13 1:50  105
1 3 251.015 2:50  10 2 9:72  10 11 3:28  102
2 1 69.406 9:05  10 2 2:88  10 13 1:11  105
2 2 114.061 5:51  10 2 3:24  10 13 9:82  104
2 3 145.281 4:33  10 2 1:11  10 10 2:86  102
2 4 168.008 3:74  10 2 3:38  10 10 9:41  101
2 5 205.824 3:05  10 2 3:30  10 9 9:67  100
2 6 224.865 2:79  10 2 6:13  10 9 5:20  100
2 7 239.894 2:61  10 2 9:75  10 9 3:27  100
2 8 269.077 2:34  10 2 6:67  10 8 4:78  10 1
Table 3 summarizes some of the results obtained with the Montreal nonadiabati pulsation ode. The modes identi ed with the observed ones in GD
165 are indeed ex ited in the optimal model. In fa t, all dipole modes with
radial order between k = 1 and k = 22, and all quadrupole modes with radial
order between k = 1 and k = 25 are predi ted to be driven in the optimal
model, as well as many low-order p-modes, in luding radial modes. This is a
fairly ommon situation in nonadiabati linear physi s whi h tends to predi t
wider bands of ex ited periods than those observed.7 But the important test
is that the modes in the optimal model assigned to the observed modes in
GD 165 are indeed expe ted to be ex ited. Doubts ould justi ably have been
ast on the redibility of the optimal model if it had failed this test.
The table also indi ates that, for all modes, jR j  jI j, whi h is onsistent
with an earlier remark made above. In addition, the e-folding times ales listed
there are all mu h smaller than the evolutionary times ale of GD 165, meaning
that the predi ted unstable modes have plenty of time to develop an observable
amplitude. And indeed, it takes 1 3  108 yr for a typi al H-atmosphere white
dwarf to ross the ZZ Ceti instability strip.

7

Some resear hers prefer to refer to \unstable" modes as those predi ted to be
driven, and to \ex ited" modes as those a tually observed to have grown a dete table amplitude in a real star. Given that linear nonadiabati theory does not
spe ify whi h of the unstable modes will be ome an observable mode, this point
of view merits onsideration.
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7.4 The inferred properties of GD 165

The primary quantities derived from our asteroseismologi al exer ise for GD
165 are the e e tive temperature Te = 12,0551370 K, the surfa e gravity
log g = 8.0450.070, the fra tional mass of the He mantle log M (He)/M =
1.630.12, and the fra tional mass of the H outer envelope log M (H)/M
= 4.140.22. The un ertainties on the derived parameters have been estimated using the method des ribed in [5℄. Given the parti ular mass-radius
relationship that white dwarfs must obey, a star with these parameters and
with a pure C ore must have a mass M = 0.6330.034 M and a radius of
R = 0.01250.0007 R . This assumes that the un ertainties on the gravity
are shared equally by the mass and the radius. Knowing the radius and the
e e tive temperature, the luminosity follows, L = 3:0  1:7  10 3 L . The
relatively large un ertainty asso iated with L is mostly due to the un ertain
e e tive temperature, whi h is a onsequen e of the relatively low sensitivity of the pulsation periods on that parameter as an be appre iated from
the shape of the S 2 ontour urves in Figure 28 above. Furthermore, and in
onjun tion with an appropriate model atmosphere based on the ML2/ =1.0
version of the mixing-length theory, the absolute magnitude in the V band
is obtained as MV (Te ; M; g ) = 11.730.46. The latter result is ombined
with the apparent magnitude V = 14:32  0:01, leading to an estimate of
the distan e to GD 165 of d = 33.07.1 p , quite lose to the best available
astrometri value of d = 31.5  2.5 p ([25℄). The rotation period of GD 165
is inferred to be 57.090.57 h, leading to a negligible equatorial velo ity of
Veq = 0.2670.017 km s 1 .
As dis ussed above, the periods observed in GD 165 are insensitive to the
ore omposition and the hoi e of the onve tive eÆ ien y assumed to build
the model, so no useful inferen e an be made on the basis of the period data
for those two parameters. However, nonadiabati al ulations based on the
\ alibrated" ML2/ =1.0 version of the mixing-length theory and applied to
the seismi model of GD 165 indi ate that the observed pulsation modes are
indeed expe ted to be ex ited. In addition, [3℄ have shown that GD 165 is urrently still undergoing element separation and that the standard assumption
of di usive equilibrium is unjusti ed, at least for this star. This is an interesting pie e of information about GD 165 and relates dire tly to the a tual
shapes of the hemi al pro les in the transition zones in this ooling white
dwarf. Additional inferen es an also be made using after-the-fa t full evolutionary al ulations built on the basis of the derived stru tural parameters.
For instan e, if GD 165 has a pure C ore, its ooling age would be 4:15  108
yr, while it would be equal to 3:64  108 yr if it has a pure O ore. Presumably,
its true age is sandwi hed in between those two values as a typi al white dwarf
with a mass of ' 0.63 M is expe ted to have a C/O ore (but in unknown
proportions). These extra evolutionary al ulations also lead to the predi tion
that the rate of period hange of the 120.356 s mode in GD 165 (the largest
amplitude mode in that star) should be dP=dt = 6:8  10 16 s/s if the ore
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is made of pure arbon, and of dP=dt = 7:8  10 16 s/s if the ore is made of
pure oxygen. Unfortunately, due to the smallness of these values, it is doubtful
that this will ever be measured, but the predi tion is made.

8 Con lusion
We have tried in this book hapter to provide an original approa h to white
dwarf asteroseismology. In parti ular, given the re ent availability of two very
detailed reviews on the properties of pulsating white dwarfs ([17℄; [44℄), we
have refrained from providing what would have been, at best, a detailed summary of these reviews. In this ontext, the long referen e lists found in [17℄
and in [44℄ remain pre ious material.
In the spirit of this book, we have instead on entrated on a pedagogi al approa h, with the aims of des ribing the most basi aspe ts of asteroseismology as applied to white dwarf stars. We rst established several
fundamental notions of pulsation theory using pulsating white dwarfs as examples. In this pro ess, we developed and used original material to a large
extent. Our demonstration ulminated with the example of a su essful asteroseismologi al analysis arried out for the ZZ Ceti star GD 165. This example underlines, in a ni e way we believe, the power of asteroseismology
in its \forward approa h" version, a method that has been underexploited
in our view. We hope that our e orts will be useful to the general reader.
We are most grateful to Hideyuki Saio and Jagoda
Daszynska-Daszkiewi z for their areful reading of this manus ript and their
useful suggestions. This work was supported in part by the Natural S ien es
and Engineering Resear h Coun il of Canada. G.F. also a knowledges the
ontribution of the Canada Resear h Chair Program.
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