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Abstract. We present a numerical version of the moment method for the identification of non-radial pulsation modes. The new
version requires less computation time than the previous one, allowing users to consider all the information contained in the
first three moments of a multiperiodic star and to identify multiple modes simultaneously. This, together with the use of a new
discriminant that considers the moments calculated at each time of observation, increases considerably the feasibility and the
accuracy of the mode identification for multiperiodic stars. Moreover, the technique is extended to rotating pulsating stars. We
apply the new version to three B stars showing multiperiodicity.
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1. Introduction

Recent studies of multiple data-sets of non-radial oscillators
have shown the need to improve current mode identification
methods. In particular, the outcomes of mode identification
based on photometric and spectroscopic data of the same star
and for the same mode are often discrepant (e.g. De Cat 2001).
This is very unsatisfactory if one wants to use the non-radial os-
cillations for detailed modelling of the internal structure of the
stars. The current paper contributes to the improvement of one
of the identification methods which is developed for the inter-
pretation of time-series of high-resolution spectroscopic data.

The natural way of mode identification from line-profile
variations is the method of line-profile fitting. By comparing
the observed line-profile variations with theoretically calcu-
lated ones for many wavenumbers (`,m) and for a large grid
of the other continuous parameters that occur in the velocity
expression of a non-radial mode, one chooses the modes which
best fit the observations. Unfortunately, this technique suffers
from a major drawback: the unrealistic computation time for
multiple modes.

The idea of the moment method is to replace each line
profile by its first three moments, which describe respectively
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the centroid velocity of the line, the line width and the line
skewness. The wavenumbers (`,m) and the other continuous
velocity parameters are then determined in such a way that the
theoretically computed moment variations best fit the observed
ones. The moment method was first introduced by Balona
(1986a,b, 1987) and was further developed by Aerts et al.
(1992) and Aerts (1996). They derived analytical expressions
of the first three moment variations, which are valid for stars
with a long rotational period compared to the pulsational pe-
riods (Prot > 10Ppuls). The major drawback of the moment
method in the formulation by Aerts (1996) is the fact that
all the modes are identified separately in the case of multiple
modes. With such an approach, one cannot force there to be
only one unique solution for the inclination angle of the star
and the stellar rotational velocity. This is rather unsatisfactory,
as conflicting values of these parameters are quite often en-
countered in practical applications of the method. The reason
of Aerts (1996) for not performing one unified mode identifica-
tion for all occurring modes simultaneously was of numerical
origin, as it resulted in unrealistic computation times. This is
no longer the case with the efficiency of current computers and
with some clever re-arrangements of the theoretical moment
expressions. In this paper, we present a numerical version of the
moment method, which improves considerably the efficiency of
the technique by performing the simultaneous identification of
all the modes that are present in the data.

The paper is organized as follows. In Sect. 2, we describe
the new version of the method. Tests on synthetic data are
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performed in Sect. 3. Section 4 provides a summary of the
best optimal mode identification strategy. In Sect. 5, we apply
our new method to three multiperiodic B-type stars: β Crucis,
16 Lacertae and HD 74195. Finally, we give conclusions in
Sect. 6.

2. A numerical version of the moment method

In order to be able to outline our new application of the moment
method, we repeat here its basic ingredients, adapted to our
numerical approach. The reader is referred to Aerts et al. (1992)
and Aerts (1996) for a more in-depth description of the moment
method.

2.1. The moments of a line profile

Let v be the observed velocity (in km s−1) of a point on the
stellar surface. The nth normalized moment of a line profile
I(v, t) is defined as

< vn >I (t) =

∫ +∞

−∞
vn I(v, t) dv

∫ +∞

−∞
I(v, t) dv

·

We note that the denominator in this formula is the equivalent
width of the line.

A line profile is the convolution of an intrinsic profile g and
the component of the velocity field f . We assume that g is time-
independent and symmetric, which is a good approximation.
The first three moments can then be written as

< v >I = < v > f ,

< v2 >I = < v
2 > f +σ

2,

< v3 >I = < v
3 > f +3σ2 < v > f ,

where the constant < v2 >g is denoted by σ2.
Let vrot and vpuls be respectively the velocity in the line of

sight due to rotation and pulsation. We use a system of spherical
coordinates (r, θ, φ) whose polar axis coincides with the axis of
rotation and we consider a star which rotates uniformly. We
assume also a constant intensity over the stellar surface and we
use a limb-darkening law of the form hλ(µ) = 1 − uλ + uλ cos µ
where µ is the angle between the local radial vector and the line
of sight. We divide the stellar surface into surface elements by
taking steps of dθ in θ and dφ in φ. One then has the following
approximation

< vn > f =
1

m0

n∑
k=0

n!
k!(n − k)!

"
vn−k

rot (θ, φ) vk
puls(θ, φ, t)

× (1 + β cos µ) cosµ sin θ dθ dφ, (1)

where the integral is taken over the visible stellar surface
(cos µ > 0). In this expression, β ≡ uλ/(1 − uλ) and m0 ≡∫ ∫

(1 + β cos µ) cosµ sin θ dθ dφ. The rotational velocity in
the line of sight is given by vrot = Ω R sin i sin θ sin φ ≡
vΩ sin θ sinφ with Ω the angular frequency of rotation, R the
radius of the star and i the angle of inclination of the star.

We note that we neglect temperature effects on moment
variations. For pulsating B stars this is justified, as the moment
variations are very well approximated with a pulsational ve-
locity field only. Indeed, Dupret et al. (2002) and De Ridder
et al. (2002a) showed that the line-profile variations of Silicon
lines in slowly-rotating non-radially pulsating β Cephei stars
and SPB stars are very little affected by temperature variations
at the surface of the star.

2.2. The pulsation velocity field

For linear theory, the general form for the temporal depen-
dence of the projected pulsation velocity field due to N modes
is given by

vpuls =

N∑
j=1

Amj

` j
cos(ω jt + ψ j) + Bmj

` j
sin(ω jt + ψ j), (2)

with

A
mj

` j
= A j

p[Cmj

` j
(i) + KjD

mj

` j
(i)], (3)

and

Bmj

` j
= A j

p[Emj

` j
(i) + KjF

mj

` j
(i)], (4)

where the parameters Ap and K denote respectively the velocity
amplitude and the ratio of the amplitude of the horizontal and
of the vertical motion.

In Eqs. (3) and (4), the quantities Cmj

` j
, Dmj

` j
, Emj

` j
and Fmj

` j
are

given by

C
mj

` j
= (cos i cos θ + sin i sin θ cosφ) V j

r (θ) cos(m jφ),

Dmj

` j
= (− cos i sin θ + sin i cos θ cosφ) V j

θ (θ) cos(m jφ)

− sin i sinφ V j
φ(θ) sin(m jφ),

E
mj

` j
= −(cos i cos θ + sin i sin θ cosφ) V j

r (θ) sin(m jφ),

F
mj

` j
= (cos i sin θ − sin i cos θ cosφ) V j

θ (θ) sin(m jφ)

− sin i sinφ V j
φ(θ) cos(m jφ),

where

Vr(θ) = N
mj

` j
P

mj

` j
(cos θ),

Vθ(θ) = N
mj

` j

∂Pmj

` j
(cos θ)

∂θ
,

Vφ(θ) =
m j

sin θ
N

mj

` j
P

mj

` j
(cos θ),

for a non-rotating pulsating star. In these latter expressions, Pm
`

is the associated Legendre polynomial and Nm
` is a normalisa-

tion factor.

2.3. The first three moments

For the identification of the modes, we only use the first three
moments < v >, < v2 > and < v3 > because the higher order
observed moments are often too noisy. Moreover, the first three
moments suffice to determine correctly the pulsation modes
(Aerts et al. 1992).
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From Eqs. (1) and (2) and after deleting the terms that equal
zero due to symmetry properties, we have

< v > =
N∑

j=1

A j
1 cos(ω jt + ψ j),

< v2 > =
N∑

j=1

C j
1 cos(2ω jt + 2ψ j)

+

N∑
j=1

D j
2 sin(ω jt + ψ j)

+

N∑
j=1

N∑
k, j

C jk
b1 cos((ω j − ωk)t + ψ j − ψk)

+

N∑
j=1

N∑
k, j

C jk
s1 cos((ω j + ωk)t + ψ j + ψk)

+

N∑
j=1

E j
12 + Erot + σ

2,

< v3 > =

N∑
j=1

F j
1 cos(3ω jt + 3ψ j)

+

N∑
j=1

G j
2 sin(2ω jt + 2ψ j)

+

N∑
j=1

RS T j
1 cos(ω jt + ψ j)

+

N∑
j=1

N∑
k, j

G jk
b2 sin((ω j − ωk)t + ψ j − ψk)

+

N∑
j=1

N∑
k, j

G jk
s2 sin((ω j + ωk)t + ψ j + ψk)

+

N∑
j=1

N∑
k, j or n, j

F jkn
11 cos((ω j + ωk + ωn)t + ψ j + ψk + ψn)

+

N∑
j=1

N∑
k, j or n, j

F jkn
21 cos((−ω j + ωk + ωn)t − ψ j + ψk + ψn)

+

N∑
j=1

N∑
k, j or n, j

F jkn
31 cos((ω j − ωk + ωn)t + ψ j − ψk + ψn)

+

N∑
j=1

N∑
k, j or n, j

F jkn
41 cos((ω j + ωk − ωn)t + ψ j + ψk − ψn),

where

X j(kn) =
1

m0

∫ ∫
x j(kn) (1 + β cosµ) cos µ sin θ dθ dφ

with

X j(kn) x j(kn)

A j
1 A

mj

` j

C j
1

1
2

[(
A

mj

` j

)2
−

(
B

mj

` j

)2
]

D j
2 2 vrot Bmj

` j

C jk
b1

1
2

(
A

mj

` j
Amk
`k
+ B

mj

` j
Bmk
`k

)

C jk
s1

1
2

(
A

mj

` j
Amk
`k
− B

mj

` j
Bmk
`k

)

E j
12

1
2

((
Amj

` j

)2
+

(
Bmj

` j

)2
)

Erot v2
rot

F j
1

1
4

[(
A

mj

` j

)3
− 3A

mj

` j

(
B

mj

` j

)2
]

G j
2 3 vrot A

mj

` j
B

mj

` j

RS T j
1 3

(
v2

rot + σ
2
)

Amj

` j
+ 3

4

[(
Amj

` j

)3
+ Amj

` j

(
Bmj

` j

)2
]

G jk
b2 −3 vrot A

mj

` j
Bmk
`k

G jk
s2 3 vrot Amj

` j
Bmk
`k

F jkn
11 − 3

4 B
mj

` j
Amk
`k

Bmn
`n
+ 1

4 A
mj

` j
Amk
`k

Amn
`n

F jkn
21

3
4 Bmj

` j
Amk
`k

Bmn
`n
+ 1

4 Amj

` j
Amk
`k

Amn
`n

F jkn
31 − 3

4 B
mj

` j
Amk
`k

Bmn
`n
+ 1

4 A
mj

` j
Amk
`k

Amn
`n

F jkn
41

3
4 B

mj

` j
Amk
`k

Bmn
`n
+ 1

4 A
mj

` j
Amk
`k

Amn
`n
.

We point out that < v > varies with ω j; < v2 > varies with
ω j and 2ω j and also with the coupling frequencies ω j +ωk and
ω j−ωk; < v3 > varies with ω j, 2ω j, 3ω j and also with coupling
frequenciesω j+ωk, ω j−ωk, ω j+ωk +ωn, −ω j+ωk+ωn, ω j−
ωk +ωn, ω j +ωk −ωn for j, k, n = 1, . . . ,N. All these coupling
characteristics were also already given in Mathias et al. (1994),
but were never implemented so far.

From Eqs. (3) and (4) and by denoting

I[x] ≡ 1
m0

∫ ∫
x (1 + β cos µ) cosµ sin θ dθ dφ,

we have

A j
1 = A j

p

{
I[Cmj

` j
] + KjI[Dmj

` j
]
}
·

The expressions for the amplitudes of the second and third mo-
ments are given in Appendix A in order to keep this section
readable.

The great advantage of such a writing is that the integrals
I[x] can be computed and memorized in files once and for all
for chosen wavenumbers (`,m) and inclinations i. This leads
to an important gain of computation time in the computation
of the moments for different values of the other parameters Ap,
K, σ and the projected rotational velocity vΩ.

We point out that, for chosen (`, m, K, i), the ampli-
tude Ap is no longer a free parameter. We limit its range by
imposing that the theoretical first moment amplitude Ath =

Ap A(`, m, K, i) must be equal to the observed one Aobs.
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This condition, which was not considered by Aerts (1996), al-
lows us to reduce greatly the grid of tested parameters. Such
an approach is fully justified, as the relative standard error of
Aobs is always much smaller than the ones of any of the other
amplitudes of the higher-order moments.

2.4. A new discriminant

In the version of Aerts (1996), the mode identification is
achieved by comparing the theoretically calculated amplitudes
of < v >, < v2 > and < v3 > with the observed ones through
a discriminant. In general, the observed amplitudes of the first
moment as well as the constant term of the second moment
are determined accurately. However, the other observed mo-
ment amplitudes can have large uncertainties. For this reason,
we prefer using the moment values calculated at each time of
observation tk (k = 1, ...,Nobs) instead of the amplitudes of
their fit.

We propose to choose the modes and the parameters for
which the following new discriminant attains the lowest value

Σ =


1

Nobs

Nobs∑
k=1

[
(< v > (tk)− < v >obs (tk))2

+
∣∣∣< v2 > (tk)− < v2 >obs (tk)

∣∣∣
+

(
< v3 > (tk)− < v3 >obs (tk)

)2/3
] 

1/2

,

where < vn >obs denotes the nth observed moment.

2.5. An upper limit for the degree `

The moment method is particularly suited to identify modes
whose frequency is clearly present in the observed moments.
Consequently, the degrees of the modes corresponding to these
frequencies are expected to be relatively low (` ≤ 6).

In what follows, we give a simple criterion allowing to de-
rive an upper limit for ` using the observed first moment am-
plitude Aobs and the constant term of the observed second mo-
ment Cobs, which can both be very accurately determined from
the observed line-profile variations. By imposing the theoreti-
cal positive constant E12 to be smaller than Cobs, we have the
following condition:(
a (Aobs)2 + b Cobs

)
K2 +

(
c (Aobs)2 + d Cobs

)
K

+
(
e (Aobs)2 + f Cobs

)
< 0 (5)

with

a = I
[
(Dm

` )2
]
+ I

[
(Fm

` )2
]
,

b = −2
(
I
[
Dm
`

])2
,

c = 2I
[
Cm
` Dm

`

]
+ 2I

[
Em
` Fm

`

]
,

d = −4I
[
Cm
`

]
I
[
Dm
`

]
,

e = I
[
(Cm

` )2
]
+ I

[
(Em

` )2
]
,

f = −2
(
I
[
Cm
`

])2
.

The quantities a, b, c, d, e and f are precomputed for sev-
eral values of inclination i. Considering (5) as an inequation
in K > 0, one can exclude the modes with degree ` for which
no solution is found. One then avoids to test useless modes,
which again saves a considerable amount of computation time.

2.6. Generalization to rotating pulsating stars

The technique described above is no more restricted to slow ro-
tators as was the case for the method by Aerts (1996). Here we
extend the application to rotating pulsating stars by using the
theory derived by Lee & Saio (1987). We remind that the veloc-
ity field depends on the ratio η = 2Ω/ωc between the angular
frequency of rotation and the angular corotating frequency of
pulsation. Note that taking Ω = 0 leads to the same description
as the one of a non-rotating pulsating star.

We implemented this version of the moment method by us-
ing Townsend’s code (1997) BRUCE, which computes the pul-
sation velocity field for this theory. A nice feature of our current
version of the method is that this numerical version can be eas-
ily generalized to an improved formalism for the pulsational
velocity, e.g. one that would take into account the effects of the
centrifugal forces, should this become available.

3. Tests on synthetic data

We applied the moment method in our present new version to a
large number of synthetic data sets in order to test its efficiency
and our implemented version. Sets of artificial data were gen-
erated in such a way that they resemble real data as much as
possible. For each set, we computed 254 line profiles at times
of real observations. We added gaussian noise corresponding
to a signal-to-noise of about 200 and finally we computed the
first three moment variations.

We first tested the method for a monoperiodic star for all
the sectoral, tesseral, and axisymmetric modes with 0 ≤ ` ≤ 3
(m = −`, . . . , `). It performs the identification without any
problem, as it was already the case with the previous version
(Aerts 1996). We note that, as expected, axisymmetric modes
may be confused with axisymmetric modes of another degree
for low values of the inclination, because of their very similar
visible configuration.

We then tested 144 combinations of two modes including
all kinds of modes until ` = 3. The value for vΩ was randomly
chosen between 10 and 30 km s−1 and σ was taken equal to
5.5 km s−1. Ap was chosen so that the value of the radial veloc-
ity amplitude is compatible with observed values for β Cephei
stars and SPB stars. Each time, the velocity amplitude of the
second mode was chosen so that its first moment amplitude is
smaller than the one of the first dominant mode. The K-values
were also taken according to typical values of these two kinds
of B-type oscillators. In Tables 1–4, which are only available
electronically, we show the values of the input parameters for
several sets, together with the five best solutions of the mode
identification. We can conclude that the method performs the
identification very well. However, sometimes, the real combi-
nation of the two modes does not correspond to the lowest value
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of the discriminant but appears in the list of the few best solu-
tions. In general, the estimates for the continuous parameters
(Ap,K, i, vΩ, σ) are good, although large deviations do some-
times occur. Such failing of estimating these parameters well
was already put forward by De Ridder et al. (2002b).

For evident computational reasons, we made less tests
for three modes than for two. Some examples are given in
Tables 5–8, which are again only available electronically. Also
for these testcases the identifications are very conclusive, while
the same remark as above for the continous parameters applies
here.

We strongly encourage users of our mode identifcation
method to study Tables 1–8 in order to obtain a feeling of the
accuracy and the power, but also of the limitations, of the iden-
tification method.

A large number of tests indicates that the first three mo-
ments suffice to identify the modes correctly. In Appendix B,
we show that it is indeed not necessary to add higher order mo-
ments. The computation time required to calculate the discrim-
inant depends very much on the number of modes. It ranges
from about half an hour for a monoperiodic star to several days
for stars with three modes (with a Pentium 4, 2.4 GHz / 512 Mb
RAM). We note that, with the previous version of the moment
method, the identification of one mode required several days of
computation, and the identification of three modes simultane-
ously would have required several months or more.

4. Mode identification strategy

It is evident from Tables 1–8 that, in many cases, one clear
combination of different wavenumbers does not occur from the
discriminant, as several solutions are almost equivalent in fit-
ting the moment variations. This situation is inherent to the
problem of mode identification, with whatever method, as sev-
eral combinations of the velocity parameters result in almost
the same line-profile variations. The strength of the moment
method is precisely that it allows one to severely restrict the
number of possible solutions.

One would hope that a statistically justified test would in-
form the user how many of the candidate modes can be rejected
with safety from comparison of the different values of Σ. At
present, such a significance test is still lacking. The main dif-
ficulty lies in defining a suitable test for the combination of
discrete and continuous parameters. De Ridder et al. (2002b)
have taken the first steps in this direction for a monoperiodic
pulsation.

In view of the lack of a significance test, one needs to evalu-
ate the “few” best solutions resulting from the moment method,
by constructing theoretical line-profile variations and by com-
paring these with the observed ones. One can do this for the
profiles themselves, or else for their variation of amplitude and
phase across the profile (for a definition of the latter diagnos-
tic values, we refer to Schrijvers et al. 1997). The value of a
“few” depends on the complexity of the pulsation. We advise
the user to look at at least the 5 best (`,m) for a monoperiodic
star, the 10 best combinations of the wavenumbers for a biperi-
odic oscillator and so on. A recent example of such a procedure
is provided in Aerts et al. (2002) for the βCep star EN Lac –

see also below. We strongly urge users of our method not to
omit this last step. We also stress, however, that, even after such
an additional test, ambiguity among the solutions that survive
the test will still remain, i.e. one single outcome will seldomly
be reached. However, the number of possibilities will have de-
creased significantly, to such an extent that seismic modelling
can be tried on the basis of the remaining accepted combina-
tions of the wavenumbers.

5. Application to β Ceps and SPBs

5.1. β Crucis

Aerts et al. (1998) presented numerous high signal-to-noise
spectroscopic data of the β Cephei star β Crucis with a to-
tal time span of 13 years. They found three frequencies in
the moments of the Si III 4553 Å line: f1 = 5.2305468 c/d,
f2 = 5.958666 c/d and f3 = 5.472165 c/d. The correspond-
ing observed first moment amplitudes are A1

obs = 1.41 km s−1,
A2

obs = 0.62 km s−1 and A3
obs = 0.34 km s−1. Note that only the

first frequency was known and detected in photometric ob-
servations before their study. A mode identification with the
1996-version of the moment method was performed. It pointed
towards non-axisymmetric and non-radial modes. The mode
corresponding to f1 was found to be a low-degree sectoral
mode with ` = 1 while f2 and f3 clearly correspond to higher
degrees (` = 3 or ` = 4), explaining why the two newly found
frequencies were not detected photometrically. Meanwhile,
these two additional modes have also been detected clearly
in space photometry gathered by the WIRE satellite (Cuypers
et al. 2002), as well as two additional candidates. It is then clear
that this star exhibits multiple non-radial modes and is hence an
interesting asteroseismic target.

In order to validate and/or improve the mode identification
done by Aerts et al. (1998), we performed a mode identification
by our new optimized version of the moment method, using the
same K-values as adopted by Aerts et al. (1998): K1 = 0.028,
K2 = 0.021 and K3 = 0.025. In doing so, we force the am-
plitudes of the first moment to be equal to the observed values
mentioned above. The outcome, which is given in Table 9, is
compatible with the previous one. In particular, we recover the
` = 1 nature of the main mode and the higher-degree nature
of the two lower-amplitude modes. While Aerts et al. (1998)
found ` = 3 and 4 for respectively f2 and f3, we find the reverse
here. This is not too surprising as these two modes resemble
each other for a view at moderate inclination. The continuous
parameter estimates (i, vΩ, σ) we find here are intermittent to
the three different values for the three modes in Aerts et al.
(1998).

Note that we also performed a mode identification by using
Lee & Saio’s formalism (1987). As we could expect, we ob-
tained the same outcome since the ratio η is only about 0.015
for this star.

Data with a better time spread are needed to check the va-
lidity of the best solutions as outlined in Sect. 4, as the beating
between the three modes is very badly covered. We therefore
cannot yet perform seismic modelling of the star, but the stud-
ies by Aerts et al. (1998) and by Cuypers et al. (2002) have
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Table 9. The ten best solutions of the mode identification through the discriminant Σ for the β Cephei star β Crucis, using the Si III 4553 Å
line for which the amplitudes of the first moment are A1

obs = 1.41 km s−1, A2
obs = 0.62 km s−1 and A3

obs = 0.34 km s−1. Ap is the amplitude of the
radial part of the pulsation velocity, expressed in km s−1; i is the inclination angle; vΩ is the projected rotational velocity, expressed in km s−1

and σ is the intrinsic line-profile width, also expressed in km s−1.

(`1, m1) (1, 0) (1, −1) (0, 0) (1, −1) (0, 0) (1, 0) (0, 0) (1, 0) (0, 0) (2, 0)
(`2, m2) (4, 2) (4, 3) (4, 2) (4, 2) (3, 3) (3, 3) (3, 2) (3, 2) (4, 3) (4, 2)
(`3, m3) (3, 3) (3, 3) (3, 3) (3, 2) (2, 2) (2, 2) (3, 1) (3, 1) (3, 3) (2, 2)

A1
p 6.51 8.32 7.24 10.66 7.24 5.88 7.24 5.41 7.24 11.21

A2
p 104.70 108.18 104.70 102.16 165.87 165.87 172.12 172.12 108.18 120.19

A3
p 36.35 9.21 36.35 7.93 15.92 15.92 13.25 13.25 9.21 11.39

i 35 65 35 45 25 25 10 10 65 30
vΩ 15 16 15 19 23 23 13 13 17 14
σ 19 19 19 19 19 19 11 11 19 17
Σ 5.43 5.43 5.44 5.44 5.45 5.45 5.45 5.46 5.46 5.47

pushed this star upward in the list of potential asteroseismic
targets for future space missions.

5.2. EN (16) Lacertae

EN (16) Lacertae is one of the most studied βCep stars ever.
Lehmann et al. (2001) made for the first time a detailed spec-
troscopic study of EN (16) Lacertae, which is an eclipsing
and spectroscopic binary. Besides providing accurate orbital
parameters, they recovered and refined the three intrinsic fre-
quencies known for this star from photometry in their radial-
velocity data: f1 = 5.91128 c/d, f2 = 5.85290 c/d and f3 =
5.50279 c/d. The corresponding observed first moment am-
plitudes are A1

obs = 2.57 km s−1, A2
obs = 2.71 km s−1 and

A3
obs = 1.10 km s−1 (Aerts et al. 2002). Chapellier et al. (1995)

summarized all photometric mode identification efforts so far
and concluded that `1 = 0, `2 = 2 and `3 = 1.

The first spectroscopic mode identification for this star was
recently done by Aerts et al. (2002) who considered a subset
of 940 high-resolution high S/N spectra gathered by Lehmann
et al. (2001). Our mode identification presented here, which
was done using K1 = 0.0824, K2 = 0.0841 and K3 = 0.0951, is
one of the identification results adapted by Aerts et al. (2002),
who considered also other spectroscopic diagnostics for iden-
tification. Our result is given in Table 10. It is compatible with
the one resulting from the other method adapted by Aerts et al.
(2002). We refer to Aerts et al. (2002) for an in-depth inter-
pretation of the spectroscopic variability of this star and for a
comparison of the moment method outcome with the observed
line-profile variations as described in Sect. 4. We also note that
a more recent and improved photometric mode identification
by Dupret et al. (2002) leads to the same outcome.

Note that, as for β Crucis, a mode identification with the
rotating formalism does not change anything to the outcome.

5.3. HD 74195

De Cat (2001) studied the slowly pulsating B star HD 74195,
among 12 other such stars. Based on multicolour Geneva
photometry and high-resolution spectroscopy, he found four

frequencies: f1 = 0.35475 c/d, f2 = 0.35033 c/d, f3 =
0.34630 c/d and f4 = 0.39864 c/d. The corresponding ob-
served first moment amplitudes are A1

obs = 2.36 km s−1, A2
obs =

2.36 km s−1, A3
obs = 1.18 km s−1 and A4

obs = 1.43 km s−1. The
mode identification from the moments of the 4128 Å Si II line
based on the moment method in the version by Aerts (1996)
attributed the first three frequencies to ` = 2 modes and f4 to
an ` = 1 mode. The identification from photometry, however,
was found to be incompatible with this result by De Cat (2001)
since it points towards ` = 1 modes for f1, f2 and f3 and an
` = 6 mode for f4.

In an attempt to resolve the issue, we performed a new iden-
tification with our version of the moment method. We point out
that the values of the observed first moment amplitudes and of
the observed constant term of the second moment clearly im-
pose ` ≤ 3 for the four frequencies, directly excluding a high
degree mode for f4. By eliminating degrees greater than 3 in the
photometric outcome, the new candidate degree from Geneva
data is also ` = 1 for the fourth frequency.

The result with the new moment method by taking K1 = 41,
K2 = 42, K3 = 43 and K4 = 32 is given in the upper part of
Table 11. This identification is not too different from the spec-
troscopic one found by De Cat (2001). Our calculations clearly
point towards an ` = 1 sectoral mode for f4. However, the iden-
tification for the other frequencies still needs to be confirmed.

One can doubt the reliability of a mode identification by
fixing K-values of SPBs. Indeed, because there are large uncer-
tainties on the mass and radius of most of these stars, K-values
can have uncertainties up to 30%, which is very large. In order
to test our mode identification as done above, we performed a
new one by varying the parameter from 0.7 K to 1.3 K with a
step of 0.1 K and we obtained the outcome given in the middle
part of Table 11.

The identification of the modes leads to exactly the same
outcome as before, except that the values of Ap differ. One can
conclude that the uncertainty on the K-value does not affect the
identification of (`,m). This result is not too surprising since
line-profile variations of an SPB are mainly due to the hori-
zontal velocity field variations and slightly to the vertical ones.
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Table 10. The ten best solutions of the mode identification through the discriminant Σ for the β Cephei star 16 Lacertae, using the He I 6678 Å
line for which the amplitudes of the first moment are A1

obs = 2.57 km s−1, A2
obs = 2.71 km s−1 and A3

obs = 1.10 km s−1. The meanings of the
symbols are the same as in Table 9.

(`1, m1) (0, 0) (0, 0) (0, 0) (1, 0) (0, 0) (1, 0) (0, 0) (0, 0) (0, 0) (0, 0)

(`2, m2) (2, 0) (1, 0) (2, 0) (2, 0) (2, 0) (2, 0) (2, 0) (2, 0) (1, 0) (1, 0)

(`3, m3) (1, 0) (2, 0) (2, −2) (2, −2) (2, 2) (2, 2) (2, −1) (2, 1) (1, −1) (1, 1)

A1
p 13.45 13.45 12.10 8.38 12.10 8.38 12.10 12.10 13.45 13.45

A2
p 27.71 29.21 16.80 16.80 16.80 16.80 27.71 27.71 26.29 26.29

A3
p 12.38 11.98 39.99 39.99 39.99 39.99 12.69 12.69 4.82 4.82

i 75 70 25 25 25 25 75 75 70 70

vΩ 38 39 1 1 1 1 6 6 7 7

σ 5 2 19 19 19 19 19 19 19 19

Σ 3.86 3.86 3.87 3.87 3.87 3.87 3.88 3.89 3.90 3.90

The relevant amplitude is then the horizontal one Ah = Ap K,
which is indeed found to be about the same for each of the
modes in the two different identifications.

One can also doubt the reliability of a mode identification
for SPB stars by using the non-rotating theory since their ob-
served ratios of the rotational frequency to the pulsational fre-
quency are in general larger than 0.1. Again to test our mode
identification, we performed a new one using the formalism
of Lee & Saio (1987). The K-values are then computed using
the corotating angular frequency related to the observed one by
ωc = ωobs +mΩ. The identification is given in the lower part of
Table 11.

This again leads to a very similar outcome for the
wavenumbers (`,m). Basically, the same combinations for
(`,m) occur each time. The K-values change considerably, but
this is compensated by the values for Ap and does not affect
the mode identification appreciably. We do point out that the
formalism of Lee & Saio (1987) does not apply to modes with
m = 0 so that axisymmetric modes mentioned in the lower part
of Table 11 were computed using the non-rotating formalism.

It is clear that, particularly in the case of multiple g-modes,
we need additional observational information to pinpoint def-
initely the wavenumbers (`,m) of all the different modes. Our
method, however, implies a serious improvement for the spec-
troscopic mode identification in such cases. In the particular
case of HD 74195, De Cat et al. (2002) are currently using
Dupret et al.’s (2002) method in order to improve the photomet-
ric mode identification. Line-profile fitting and an attempt at
seismic modelling will be performed after further elimination
of combinations from Table 11 according to the multicolour
mode identification in progress and is beyond the scope of our
current paper.

6. Conclusions

The study of the oscillations of a pulsating star allows us to
probe its internal structure. A successful application of astero-
seismic techniques requires the identification of many pulsation
modes. Therefore, high quality data as well as powerful mode

identification methods are needed. Among the techniques of
mode identification from line-profile variations, only the line-
profile fitting method and the moment method derive the full
pulsational information. However, even with current comput-
ers, a simultaneous identification of multiple modes is not
possible by direct line-profile fitting. Moreover, mode identifi-
cation with the moment method was still difficult for multiperi-
odic stars. Indeed, because of large computation time, the pre-
vious version of the moment method did not take into account
coupling terms appearing in the second and third moments of
a multiperiodic star so that multiple modes were determined
independently, often leading to inconsistent values of the con-
tinuous velocity parameters.

We presented a new numerical version of the moment
method, which is efficient in computation time and which iden-
tifies all the modes by requiring that the rotational velocity, the
inclination angle and the intrinsic line width have one unique
value. Consequently, all observed terms of the first three mo-
ments can be used, in particular the constant term of the sec-
ond moment which is an important constraint. By means of a
new discriminant which compares theoretical to observed first
three moments, the new version identifies the wavenumbers of
the multiple modes simultaneously, leading to only one derived
value for vΩ, i, and σ.

We performed a large number of tests on artificial data
representing the presence of respectively one, two and three
modes. It appears that the method performs very well on syn-
thetic data sets. An application to two βCephei stars and one
SPB star was done. We subsequently plan to use the new ver-
sion of the moment method in the near future to several data
sets of pulsating B stars of different kinds. Our new method is
also relevant to obtain reliable mode identification in multiperi-
odic bright δ Scuti and γDoradus stars.
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Table 11. The ten best solutions of the mode identification through the discriminant Σ for the slowly pulsating B star HD 74195, using the Si II
4128 Å line for which the amplitudes of the first moment are A1

obs = 2.36 km s−1, A2
obs = 2.36 km s−1, A3

obs = 1.18 km s−1 and A4
obs = 1.43 km s−1.

The meanings of the symbols are the same as in Table 9. The upper part of the table corresponds to an identification using the non-rotating
formalism and fixing K-values. The middle one is the result by varying the K-values from 0.7 K to 1.3 K with a step of 0.1 K. The lower one
is the outcome for an identification using Lee & Saio’s formalism for the pulsational velocity of a rotating star.

(`1, m1) (1, 0) (1, 0) (2, 0) (2, 0) (2, −1) (2, 0) (2, −1) (1, 0) (1, 0) (2, 0)
(`2, m2) (2, −2) (2, −2) (2, −2) (3, −1) (3, −1) (2, −2) (3, −1) (3, −1) (3, −1) (3, −1)

(`3, m3) (2, 1) (2, 2) (2, 2) (2, 1) (2, 2) (2, 1) (3, 1) (2, 1) (2, 2) (2, 2)
(`4, m4) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1)

A1
p 0.27 0.34 0.30 0.30 0.24 0.16 0.20 0.28 0.26 0.18

A2
p 1.04 0.36 0.44 0.25 0.23 1.04 0.23 0.23 0.23 0.22

A3
p 0.11 0.17 0.21 0.09 0.48 0.11 0.11 0.10 0.48 0.34

A4
p 0.62 0.37 0.41 0.41 0.62 0.62 0.46 0.53 0.62 0.52

i 25 45 40 40 25 25 35 30 25 30
vΩ 17 23 23 20 15 15 17 15 12 14
σ 5 3 1 6 8 6 8 9 9 9
Σ 5.50 5.50 5.51 5.52 5.52 5.53 5.54 5.54 5.54 5.55

(`1, m1) (1, 0) (1, 0) (2, 0) (2, 0) (2, 0) (2, −1) (2, −1) (1, 0) (1, 0) (1, 0)
(`2, m2) (2, −2) (2, −2) (2, −2) (3, −1) (2, −2) (3, −1) (3, −1) (2, −2) (3, −1) (3, −1)

(`3, m3) (2, 1) (2, 2) (2, 2) (2, 1) (2, 1) (2, 2) (3, 1) (1, 0) (2, 1) (2, −2)
(`4, m4) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1)

A1
p 0.38 0.26 0.23 0.23 0.22 0.18 0.15 0.37 0.22 0.22

A2
p 1.49 0.28 0.34 0.19 1.49 0.18 0.18 1.46 0.17 0.20

A3
p 0.16 0.13 0.16 0.07 0.16 0.38 0.08 0.18 0.08 0.42

A4
p 0.88 0.28 0.31 0.32 0.88 0.47 0.35 0.86 0.41 0.51

K1 28 52 52 52 28 52 52 28 52 49
K2 29 53 53 53 29 53 53 29 53 50
K3 29 55 55 55 29 55 55 29 55 51
K4 22 41 41 41 22 41 41 22 41 39
i 25 45 40 40 25 25 35 25 30 25
vΩ 27 23 23 20 17 15 17 17 15 12
σ 5 3 1 6 5 8 8 5 9 9
Σ 5.49 5.50 5.50 5.51 5.51 5.52 5.54 5.54 5.54 5.55

(`1, m1) (2, 0) (1, 0) (1, 0) (2, 0) (2, 0) (2, 0) (1, 0) (1, 0) (2, 0) (2, 0)
(`2, m2) (3, −1) (3, −1) (2, −1) (3, −1) (2, −1) (3, −1) (2, −1) (3, −1) (3, −1) (3, −1)
(`3, m3) (3, 1) (3, 1) (3, 1) (2, 2) (2, 2) (2, 1) (2, 2) (2, 2) (1, 0) (2, 0)
(`4, m4) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1) (1, −1)

A1
p 0.23 0.30 0.27 0.23 0.18 0.23 0.28 0.30 0.23 0.23

A2
p 0.03 0.03 0.02 0.03 0.03 0.03 0.03 0.03 0.03 0.03

A3
p 0.16 0.16 0.17 0.82 1.21 0.15 1.21 0.82 0.14 0.11

A4
p 0.25 0.25 0.24 0.25 0.25 0.25 0.25 0.25 0.25 0.25

K1 40 40 40 40 40 40 40 40 40 40
K2 139 139 281 139 180 139 180 139 139 139
K3 19 19 15 11 9 19 9 11 42 42
K4 88 88 152 88 108 88 108 88 88 88
i 25 45 40 40 25 25 35 25 30 25
i 35 35 25 35 30 35 30 35 35 35
vΩ 20 20 20 20 20 20 20 20 20 20
σ 6 6 6 6 6 6 6 6 6 6
Σ 5.51 5.52 5.52 5.53 5.55 5.55 5.55 5.56 5.56 5.56
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Appendix A: The amplitudes of the first three moments
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Appendix B: Three moments are sufficient for mode identification
In all versions of the moment method for slowly rotating stars, one limits the discriminating function for mode identification to
the first three moments (Balona 1986a, 1987; Aerts et al. 1992; Aerts 1996). We provide here a justification for this.

For one mode, we rewrite the first three moments as follows:

< v > (t) = A cos(ωt + ψ)

< v2 > (t) = C cos(2ωt + 2ψ) + D sin(ωt + ψ) + E + Erot + σ
2

< v3 > (t) = F cos(3ωt + 3ψ) +G sin(2ωt + 2ψ) + RS T cos(ωt + ψ),

with
A = Ap (c1 + c2K)
C = A2

p

(
c3 + c4K + c5K2

)
F = A3

p

(
c6 + c7K + c8K2 + c9K3

)
where c1, c2, . . . , c9 depend on (`,m, i).
Aerts et al. (1992) have shown that the second moment discriminates easily between axisymmetric modes and non-axisymmetric
modes.

We search for different (`,m) and (`′,m′) so that < v > (t) = < v >′ (t), < v2 > (t) = < v2 >′ (t) and < v3 > (t) = < v3 >′ (t) for
all t, i.e. so that A = A′, C = C′, F = F′ for appropriate values of the parameters. We use the fact that the K-value is determined
for a given star and for a given frequency (K = K′). For chosen (`,m, i) and (`′,m′, i′), we then have the following system of
three equations for Ap, A′p and K to solve:


(1)Ap (c1 + c2K) = A′p(c′1 + c′2K)
(2)A2

p

(
c3 + c4K + c5K2

)
= A′2p

(
c′3 + c′4K + c′5K2

)
(3)A3

p

(
c6 + c7K + c8K2 + c9K3

)
= A′3p

(
c′6 + c′7K + c′8K2 + c′9K3

)
.

One excludes (`,m, i) for which the first moment has no time variation, which corresponds to c1 = 0 and c2 = 0. One also
considers m = 0, . . . , ` since the absolute value of the amplitudes of the moments are the same for positive and negative m.

From (1) and (2) (Ap, A′p , 0), one obtains an equation in K which can be solved analytically for chosen (`,m, i) and
(`′,m′, i′):(
c2′

1 c3 − c2
1c′3

)
+

(
c2′

1 c4 + 2c′1c′2c3 − c2
1c′4 − 2c1c2c′3

)
K +

(
c2′

1 c5 + c2′
2 c3 + 2c′1c′2c4 − c2

1c′5 − c2
2c′3 − 2c1c2c′4

)
K2

+
(
c2′

1 c4 + 2c′1c′2c5 − c2
1c′4 − 2c1c2c′5

)
K3 +

(
c2′

2 c5 − c2
2c′5

)
K4 = 0.

The coefficients of this equation are not simultaneously equal to zero. Consequently, the equation has four solutions or less.
From (1) and (3) as well as from (2) and (3), one obtains two equations in K, which must also be satisfied by the solutions.
We tested numerically the feasibility of more than one solution (`,m, i) by varying ` from 0 to 4 with m = 0, . . . , `. We

varied i from 0◦ to 90◦ with a step of 1◦. For each combination (`,m, i) and (`′,m′, i′), we searched for solutions which satisfy the
equations in K. Note that we did not confront an axisymmetric mode with a non-axisymmetric mode since they are discriminated
by the behaviour of the second moment. We did not confront the same couples of wavenumbers with different i either.

The outcome is that the system of three Eqs. (1)–(3) has no solution for each tested case. So the first three moments discrim-
inate the different modes whatever the values of the velocity parameters are.

In practice, because of too few and/or too noisy data, and because of the uncertainty of K, it obviously happens that several
couples (`,m) fit the moment variations with almost the same quality. However, the message we want to bring here is that it in
principle suffices to consider the three moments to discriminate between the wavenumbers.
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