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Abstract

We investigate some properties of abelian return words as recently introduced by
S. Puzynina and L. Q. Zamboni in [17]. In particular, we obtain a characterization of
Sturmian words with non-null intercept in terms of the finiteness of the set of abelian
return words to all prefixes. We describe this set of abelian returns for the Fibonacci
word but also for the 2-automatic Thue–Morse word. We also investigate the relationship
existing between abelian complexity and finiteness of the set of abelian returns to all
prefixes. We end this paper by considering the notion of abelian derived sequence. It
turns out that, for the Thue–Morse word, the set of abelian derived sequences is infinite.

1 Introduction

Many notions occurring in combinatorics on words have been recently and fruitfully extended
to an abelian context. Two words u and v are said to be abelian equivalent if u is a permu-
tation of the letters in v and usually, the corresponding concepts are defined up to such an
equivalence. This framework gives rise to many challenging questions in combinatorics on
words: what kind of information is carried on in the abelian context? Up to which extend,
classical results can be applied? What kind of characterization can we obtain? For instance,
consider the classical notion of factor complexity px which maps an integer n ≥ 0 onto the
number of distinct factors of length n occurring in an infinite word x. It provides a classifica-
tion criterion for families of infinite words. The well-known theorem of Morse–Hedlund gives
a characterization of the ultimately periodic words, see for instance [13]. Sturmian words are
defined by the property px(n) = n + 1 for all n ≥ 0. The analogue to factor complexity is
the abelian complexity of x which maps n ≥ 0 onto the number of distinct abelian classes
partitioning the set of factors of length n occurring in x. This latter notion was already in-
troduced in the seventies [5]. Some other important questions in combinatorics on words, like
avoiding abelian repetitions were initiated at the same period, see for instance [6]. See also
the reference [18] on abelian complexity and containing many relevant bibliographic pointers.

Return word is a classical notion in combinatorics on words or symbolic dynamical systems.
For instance, F. Durand obtained a characterization of primitive substitutive sequences in
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terms of return words and derived sequences [8]. Let u be a recurrent factor of x, i.e., a
factor occurring infinitely many times in x. A return word to u is a factor separating two
consecutive occurrences of u. In this paper, we consider the abelian analogue of this notion
of return word. Such a study has been recently presented by S. Puzynina and L. Zamboni
during the WORDS 2011 conference. Here we focus on different aspects of abelian returns
and we hope that our results can be seen as complementary to those found in [17]. The main
difference is that we usually consider the set of abelian returns with respect to all the factors
of an infinite word x while, in [17], is considered the set of abelian returns with respect to each
factor taken separately. In particular, an important contribution of [17] is a characterization
of Sturmian words: a recurrent infinite word is Sturmian if and only if each of its factors has
two or three abelian returns.

In this talk, we discuss the relationship with periodicity and we prove that a recurrent word
is periodic if and only if its set of abelian returns is finite. We also construct an abelian
uniformly recurrent word which is not eventually recurrent. Then, we limit ourselves to the
set APRx of abelian returns to all prefixes. In particular, this set is finite for any uniformly
recurrent and abelian periodic word. We study the special case of the Thue–Morse word t [1]
and show that the set of abelian returns to all prefixes of t contains 16 elements. Next, we
obtain a characterization of Sturmian words with (non-)null intercept as follows. Let x be a
Sturmian word coding an orbit (Rn

α(ρ))n≥0. The set APRx of abelian returns to the prefixes
of x is finite if and only if x does not have a null intercept (see Theorem 5). The celebrated
Fibonacci word f can be defined with a slope and an intercept both equal to 1/τ2 where τ is
the Golden mean. Therefore our result implies that APRf is finite. We show that this set
contains exactly 5 elements. Interestingly, our developments can be related to the lengths of
the palindromic prefixes of f , [7, 9]. By contrast, the set of abelian returns to all prefixes for
the characteristic word of slope 1/τ2 is infinite even if this latter word is simply 0f . Then,
we show that if x is an abelian recurrent word such that APRx is finite, then x has bounded
abelian complexity. Finally, we introduce the notion of abelian derived sequence and study
their first properties. This abstract does not contain any proof, full text is available here
http://www.discmath.ulg.ac.be/papers/abelian-submission.pdf

1.1 Abelian returns

In this talk, we will distinguish two cases: abelian return to a prefix or abelian return to a
factor. We make such a distinction to be able to define in the first case the abelian derived
sequence. Let us start with a few definitions.

Let A = {a1, . . . , ak} be a k-letter alphabet. Let Ψ : A → N
k be the Parikh mapping. We

denote by |w|ai the number of occurrences of the letter ai in w and Ψ(w) = (|w|a1 , . . . , |w|ak ).
Let u, v be two finite words of the same length. We say that u and v are abelian equivalent
and we write u ∼ab v if Ψ(u) = Ψ(v).

An infinite word x is abelian periodic (of period m), if it can be factorized as x = u1u2u3 · · ·
where, for all i, j, the finite words ui and uj have the same lengthm and are abelian equivalent.
The smallest m for which such a factorization exists is called the abelian period of x.

Let x be an infinite word. If, for all factors u of x, there exist infinitely many i such that
x[i, i + |u| − 1] ∼ab u, then x is said to be abelian recurrent.



If x is abelian recurrent and if, for all factors u of x, the distance between any two consecutive
occurrences of factors abelian equivalent to u is bounded by a constant depending only on
u, then x is said to be abelian uniformly recurrent. Note that uniform recurrence implies
obviously abelian uniform recurrence. We will show in Proposition 2 that the converse does
not hold.

Definition 1. Let u be a prefix of an abelian uniformly recurrent word x. We say that a
non-empty factor w of x is an abelian return to u, if there exists some i ≥ 0 such that

• x[i, i + |w| − 1] = w,

• x[i, i + |u| − 1] ∼ab u ∼ab x[i+ |w|, i + |w|+ |u| − 1],

• x[i+ j, i + j + |u| − 1] 6∼ab u, for all j ∈ {1, . . . , |w| − 1}.

We denote by APRx,u the set of abelian returns to the prefix u. Since x is abelian uniformly
recurrent, then the set APRx,u is finite. We define the set of abelian returns to prefixes as

APRx :=
⋃

u∈Pref(x)

APRx,u.

Observe that if x is uniformly recurrent, then the length of the longest element in APRx,u is
bounded by the length of the longest element in Rx,u.

We will also consider a slightly more general situation where u is not restricted to be a prefix
of x. In [17], this notion is called a semi-abelian return to the abelian class of u and the
number of abelian returns is the number of distinct abelian classes of semi-abelian returns.

Definition 2. If x is abelian recurrent and if u is a factor of x, we can define as above the
notion of abelian return to u and the corresponding set ARx,u of abelian returns to u is well
defined. We define the set of abelian returns as

ARx :=
⋃

u∈Fac(x)

ARx,u.

Remark 1. Let x be an abelian recurrent word. The set ARx,u is finite, for all factors u of
x, if and only if x is abelian uniformly recurrent.

In [17] a discussion between periodicity and the number of abelian returns is provided. Here
we take the finiteness of the set of abelian returns to characterize periodicity.

Theorem 1. Let x be a recurrent word. The set ARx is finite if and only if x is periodic.

Obviously, uniform recurrence implies abelian uniform recurrence, but the converse is not
true. Recall, that an eventually recurrent word is an infinite word having a recurrent suffix.

Proposition 2. There exists an abelian uniformly recurrent word which is not eventually
recurrent.



2 Finiteness of the set of abelian returns to prefixes

Contrary to the finiteness of ARx, the finiteness of APRx does not imply periodicity nor
abelian periodicity of x. Moreover, if x is uniformly recurrent, it is well-known that

min
v∈Rx,u

|v| → ∞, if |u| → ∞,

meaning that taking longer prefixes eventually lead to longer return words. Here we show
that such a result does not hold for abelian returns to prefixes. Indeed, for the Thue–Morse
word the corresponding set APRt is finite and can be described precisely. Such a result also
holds for the Fibonacci word. In particular, amongst the set of Sturmian words, the finiteness
of APRx characterizes Sturmian words with non-null intercept.

Lemma 1. If x is a uniformly recurrent and abelian periodic word, then the set APRx is
finite.

In Lemma 1, the condition on a word x to be uniformly recurrent is essential: there exists an
abelian periodic word x which is not uniformly recurrent and such that APRx,u is infinite for
some prefix u of x. The condition on abelian periodicity of x is not necessary to get finiteness
of APRx. We shall give an example below when discussing the case of Sturmian words.

Proposition 3. A uniformly recurrent word x is periodic if and only there exists some prefix
u such that all the abelian returns in APRx,u have length 1.

We already know from Lemma 1 that the Thue–Morse word has a finite set of abelian returns
to all its prefixes. Here we describe precisely this set.

Lemma 2. Let x be a uniformly recurrent word. Let n ≥ 1 and i, j be such that i < j.
Assume that x[i, i + n− 1] ∼ab x[j, j + n − 1] and there exists a prefix u of length j − i of x
such that u ∼ab x[i, j − 1]. The word x[i, i+n− 1]is an occurrence of an abelian return to the
prefix u if and only if, for all ℓ ∈ {0, . . . , n− 2}, x[i, i + ℓ] 6∼ab x[j, j + ℓ].

Remark 2. From this lemma, we can derive a necessary condition for a word to be an abelian
return to a prefix. A word w = w1 · · ·wn of length n is an abelian return to a prefix only if
there exists some factor y = y1 · · · yn of x such that

w ∼ab y and, for all ℓ ∈ {1, . . . , n− 1}, w1 · · ·wℓ 6∼ab y1 · · · yℓ. (1)

This condition is not sufficient. For instance, w = 001011 and y = 110010 are two factors
of length 6 satisfying(1) and occurring in the Thue–Morse word t. But, as shown in the
following proposition, w is not an abelian return to any prefix.

Theorem 4. The set APRt of abelian returns to prefixes for the Thue–Morse word t contains
exactly the words

0, 1, 01, 10, 001, 011, 100, 110, 0011, 0101, 1010, 1100, 00101, 01011, 10100, 11010.



2.1 Sturmian words

Let C be the one-dimensional torus R/Z identified with the interval [0, 1). As usual, we
denote by {x} the fractional part of x. The rotation Rα defined for a real number α is a
mapping C → C that maps an x to {x+ α}.
By interval (resp. half-interval) of C we mean a set of points that is an image of an interval
(resp. half-interval) of R under operation {·}. For instance, if 0 ≤ b < a < 1, then [a, 1]∪ [0, b)
is denoted by [a, b).

Let α be irrational and ρ be real. Without loss of generality we can assume 0 ≤ α, ρ < 1. A
Sturmian word x = St(α, ρ) (resp. x = St′(α, ρ)) can be defined [2, 14] as

xi =

{

0, if Ri
α(ρ) ∈ I0,

1, if Ri
α(ρ) ∈ I1,

(2)

where I0 = [0, 1 − α) and I1 = [1− α, 1) (resp. I0 = (0, 1− α] and I1 = (1− α, 1]).

If ρ = 0, then
St(α, 0) = 0cα and St′(α, 0) = 1cα

and cα is said to be the characteristic Sturmian word of slope α [14]. If x = St(α, 0), we say
that x is a Sturmian word with null intercept.

Example 1. If τ = (1 +
√
5)/2 is the Golden mean, then St(1/τ2, 0) = 0f where f is the

Fibonacci word 0100101001 · · · which is the unique fixed point of the morphism ϕ : 0 7→
01, 1 7→ 0. In particular, we have f = St(1/τ2, 1/τ2).

Theorem 5. Let x be a Sturmian word. The set APRx is finite if and only if x does not
have a null intercept.

Lemma 3. A Sturmian word is not abelian periodic.

Theorem 6. The set APRf of abelian returns to prefixes for the Fibonacci word f contains
exactly the words 0, 1, 01, 10, 001.

2.2 Link with abelian complexity

The abelian complexity of an infinite word x is the function pabx : N → N that maps n ≥ 0 onto
the number of distinct classes of abelian equivalence of factors of length n in x. Let C > 0.
Recall that an infinite word x ∈ Aω is C-balanced, if for all u, v ∈ Fac(x) such that |u| = |v|,
we have ||u|a − |v|a| ≤ C for all a ∈ A.

Proposition 7. If x is an abelian recurrent word such that APRx is finite, then x has
bounded abelian complexity.

3 Abelian derived sequence

As it was studied in [8] for classical return words, we introduce the notion of abelian derived
sequence which is the factorization of an infinite word with respect to its abelian returns to
prefixes in their order of appearance. The next result permits us to define such a sequence.



Lemma 4. Let u be a prefix of a uniformly recurrent word x. The word x has a factorization
as a sequence m0m1m2 · · · of elements in APRx,u computed as follows. Consider the sequence
of indices (in)n≥0 such that, for all j ≥ 0, x[ij , ij + |u|−1] ∼ab u and, for all i 6∈ {in | n ≥ 0},
we have x[i, i + |u| − 1] 6∼ab u. Set mn := x[in, in+1 − 1].

As shown in Example 2, the factorization of x with elements in APRx,u is not necessarily
unique.

Definition 3. We define a map µx,u : APRx,u → {1, . . . ,#(APRx,u)} =: Ax,u analogous to
Λx,u. The abelian derived sequence Eu(x) is the corresponding infinite word µx,u(m0)µx,u(m1)
µx,u(m2) · · · over Ax,u where the sequence m0m1m2 · · · ∈ APRω

x,u is the one computed in the
previous lemma. The inverse map µ−1

x,u defines a morphism θx,u from A∗
x,u to APR∗

x,u

Observe that Eu(x) is uniformly recurrent. Indeed, if a1 · · · an is a factor occurring in Eu(x), it
comes from a factor m1 · · ·mn ∈ APR∗

x,u such that m1 · · ·mnv occurs in x for some v ∼ab u
and µx,u(m1) · · · µx,u(mn) = a1 · · · an. Since x is uniformly recurrent, m1 · · ·mnv occurs
infinitely often with bounded gaps in x.

Example 2. Consider the Thue–Morse word where the first few symbols are

t = 01101001100101101001011001101001100101100110100101 · · · .

Take the prefix u = 011. We get the derived sequence over Rt,u = {1, . . . , 4}

Du(t) = 12341243123431241234124312412343123412431234312412 · · ·

where the set of return words to u in order of appearance in t is given by

Rt,u = {011010, 011001, 01101001, 0110}.

The abelian derived sequence over At,u = {1, . . . , 6} is

Eu(t) = 12314212521612314216125212314212521612521231421612 · · ·

where the set of abelian returns to u in order of appearance in t is given by

APRt,u = {0, 1, 1010, 1100, 10100, 110}.

Note that, since 0, 1 ∈ APRt,u, there are infinitely many factorizations of t in terms of
elements belonging to APRt,u.

We investigate the first properties of these derived sequences. In particular, we get the
following.

Proposition 8. For the Thue–Morse word t, the set {Eu(t) | u ∈ Pref(t)} is infinite.
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