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Abstract

Modal analysis, i.e., the computation of vibration modes of linear systems|llig geée sophisticated and

advanced. Even though modal analysis served, and is still servingrtiotusal dynamics community for

applications ranging from bridges to satellites, it is commonly accepted thiwmearity is a frequent occur-

rence in engineering structures. Because modal analysis fails in trenpeesf nonlinear dynamical phe-
nomena, the development of a practical nonlinear analog of modal aniglylsésobjective of this research.
Progress in this direction has been made recently with the development oficalntechniques (harmonic
balance, continuation of periodic solutions) for the computation of nonlineanal modes (NNMs). Be-

cause these methods consider the conservative system, this study tegetmgutation of NNMs for non-

conservative systems, i.e. defined as invariant manifolds in phase spaeeifically, a new finite element
technique is proposed to solve the set of partial differential equatioresgjag the manifold geometry. The
algorithm is demonstrated using different two-degree-of-freedotesys

1 Introduction

The dynamic systems theory is well-established for linear systems and caonrehature tools such as
the theories of linear operators and linear integral transforms. Eveglthmear modal analysis served,
and is still serving, the structural dynamics community for applications rarfging bridges to satellites, it

is commonly accepted that nonlinearity is a frequent occurrence in emgigestructures [1, 2]. Because
linear modal analysis fails in the presence of nonlinear dynamical phergtherdevelopment of a practical
nonlinear analog of modal analysis is a problem of great timeliness and imperta

Nonlinear normal modes (NNMs), which are a rigorous extension of tharinermal modes (LNMs) to
nonlinear systems, were pioneered in the 1960s by Rosenberg [3e4]efihed an NNM as wibration in
unisonof the system. Shaw and Pierre proposed a generalization of Rossrdefgition that provides an
elegant extension of the NNM concept to damped systems. Based on gearggiments and inspired by
the center manifold theory, they defined an NNM as a two-dimensional imgarianifold in phase space
[5, 6].

If a large body of literature has addressed the computation of NNMs usglgtecal techniques (see, e.g.,
[6,7, 8,9, 10]), there have been relatively few attempts to compute NMMg mumerical methods. Most of
these latter methods compute undamped NNMs, which are considered a$guewlations of the underlying
Hamiltonian system [11, 12, 13, 14, 15]. On the one hand, this is particld#trigctive when targeting



a numerical computation of the NNMs; it paves the way for the application oNfiel theory to large-
scale, complex structures [16]. On the other hand, the influence ofr(melnonlinear) damping cannot be
studied, which may be an important limitation in practice.

The first attempt to carry out numerical computation of damped NNMs is thResheck et al. [17, 18].
The manifold-governing partial differential equations (PDEs) are sbimemodal space using a Galerkin
projection with the NNM motion parametrized by amplitude and phase variablés nEthod eliminates a
number of problems associated with the local polynomial approximation of thdaithf6]. Probably the
most significant advantage is that the computation of NNMs in large-amplitgil@es can be handled. In
a recent contribution, Touz and co-workers [19] also tackle the PDE®uhal space. They show that these
PDEs can be interpreted as a transport equation, which, in turn, casdoetided using finite differences.
In the study by Noreland et al. [20], the manifold is described by partireintial algebraic equations,
which are also solved by finite differences. Another interesting approses a Fourier-Galerkin procedure
and relies on the concept of complex nonlinear modes [21]. It doesoha the governing equations of the
manifold, but it is able to compute d posteriori

The present study introduces a new method for the numerical computatNIME defined as invariant
manifolds in phase space. The transformation of the manifold-governig Bbbmodal space is not neces-
sary, which means that an NNM motion is parametrized by master displacengevetlanity, as in [6]. We
propose to solve the set of PDEs using the finite element (FE) method, vamders the method general
and systematic.

The paper is organized as follows. In Section 2, a brief review of NNMxcigeved, and the manifold-
governing PDEs are introduced. Section 3 describes how the FE methduk axploited for the compu-
tation of undamped and damped NNMs. In Section 4, the proposed algoritthemignstrated using three
examples, namely a damped linear system, an undamped nonlinear systerdaamuked nonlinear system,
all possessing two degrees of freedom. The conclusions of the pstgdn are summarized in Section 5.

2 Review of normal modes for nonlinear systems

2.1 Definitions

A detailed description of NNMs and of their fundamental properties (e.gquincy-energy dependence,
bifurcations, and stability) is given in [9, 22] and is beyond the scopeisfpfiper. For completeness, the
two main definitions of an NNM are briefly reviewed in this section.

The free response of discrete mechanical systems\Wilegrees of freedom (DOFs) is considered, assuming
that continuous systems (e.g., beams, shells, or plates) have been spistiadiiizbd using the FE method.
The equations of motion are

M %(t) + Cx(t) + Kx(t) + fy {x(t),%(t)} = 0 (1)

whereM, C, andK are the mass, damping, and stiffness matrices, respectwely, andx are the dis-
placement, velocity, and acceleration vectors, respectifiglg the nonlinear restoring force vector.

Targeting a straightforward nonlinear extension of the concept of LNRdsenberg defined an NNM motion
as a synchronous periodic oscillation. This definition requires that all rabpaints of the system reach
their extreme values and pass through zero simultaneously and allows &kdisents to be expressed in
terms of a single reference displacement. At first glance, Rosenlokfistion may appear restrictive in
two cases:

1. Inthe presence of internal resonances, an NNM motion is no longehsynous, but it is still periodic.
This is why an extended definition was considered in [12, 22]; an NNM metesdefined as @gon-
necessarily synchronous) periodic motigithe undamped mechanical system.



2. The definition cannot be easily extended to nonconservative systtm&ver, as shown in [22], the
damped dynamics can be interpreted based on the topological structueeNifilfis of the underlying
conservative system, provided that damping has a purely parasitit. effec

For illustration, the system depicted in Figure 1 and governed by the egsiation

i1+ (201 —x2) +0.527 =
Zo+ 2z —x1) = 0 (2)

is considered. The NNMs corresponding to in-phase and out-ofephatons are represented in the frequency-
energy plot (FEP) of Figure 2. An NNM is represented by a point in thié, MEich is drawn at a frequency
corresponding to the minimal period of the periodic motion and at an energpf &mthe conserved total
energy during the motion. A branch, represented by a solid line, is a famMNdA motions possessing the
same qualitative features (e.g., in-phase NNM motion).
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Figure 1: Schematic representation of the 2DOF system example.
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Figure 2: Frequency-energy plot of system (2). NNM motions depictéaeiconfiguration space are inset.

To provide a rigorous extension of the NNM concept to damped systerag; &td Pierre defined an NNM
as a two-dimensional invariant manifold in phase space. Such a manifoldaigaimtyzunder the flow (i.e.,

orbits that start out in the manifold remain in it for all time), which generalizesrit@riance property

of LNMs to nonlinear systems. In order to parametrize the manifold, a singlepsatate variables (i.e.,

both the displacement and the velocity) are chosen as master coordinatesmtiining variables being
functionally related to the chosen pair. Therefore, the system behaees fiknlinear single-DOF system
on the manifold.



Geometrically, LNMs are represented by planes in phase space, and l[dMMwo-dimensional surfaces
that are tangent to them at the equilibrium point. The invariant manifoldegmonding to in-phase and
out-of-phase NNM motions of system (2) are given in Figure 3.
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Figure 3: Two-dimensional invariant manifolds of system (2) computed vathlgorithm for the continua-
tion of periodic solutions. (a) In-phase NNM; and (b) out-of-phasé\\NN

2.2 Manifold-governing partial differential equations

To derive the equations governing the geometry of the manifold, Equatiyresd recast into state-space

form:

T; = Yi,

Yi = fi(X7Y)>

i=1,..,N. (3)

The formulation and notations presented here closely follow those usef@iamee [6].

During an NNM motion, there is a functional dependence between all eegfefreedom, and the motion
can be parametrized by a single displacement-velocity pair. The selectionmftéter coordinatés, v) =
(zk, yx), i.€., the nonlinear modal coordinates, is arbitrary. Zhe— 2 constraint equations governing the

slave coordinates are:

v = Xi(u,v),

yi = Yi(u,v)

i=1,.

LN i Ak (4)

To obtain a set of equations governing the manifold geometry, i.e XilseandY;'s, the time dependence
in the equations is eliminated. Taking the time derivative of the constraint eqadddand using the chain

rule for differentiation yields:

— aXi.+6Xi.
= 8uu (%v
— 33@.+%. .
Yo = " T o ‘=

1,....N; i #k. (5)

Plugging Equations (3) and (4) into Equation (5) leads to a s&hof 2 partial differential equations (PDES)

that can be solved for th&;'s andY;’s:

Vitwo) = PR, X)X )0, Y (w,0)
aY;(u,v oY;(u,v
fi(u, X(u,v),v, Y (u,v)) = 8(u )U+ év )fk(u,X(u,v),v,Y(u,v)) (6)

i=1,..,N; i #k,



whereX = {X;:j=1,..,N;j#k}andY = {Y;:j=1,..,N ;j# k}. Equations fori = k are
trivially satisfied.

Once the manifold-governing PDESs are solved, constraint equatiorepi@sent the geometrical description
of the NNM. Equations (6) admiV solutions, i.e., one for each mode. The nonlinear modal dynamics is
then generated by substituting thg’s andY;’s in the pair of equations of motion governing the master
coordinates:;, andy;. This results in a single-DOF nonlinear motion:

U = v,

= fr(u,X(u,v),v,Y(u,v)), i=1,...N; i +#k. (7

3 Finite element computation of nonlinear normal modes

The set of PDEs (6) is as difficult to solve as the original problem, butdheisn can be approximated using
power series, as reported in reference [6]. Such an analyticabagiphas the advantage that NNMs can be
constructed symbolically. However, the resultant dynamics are only aecfor small-amplitude motions,
and the upper bound for these motions is not known a priori.

To address these limitations, we propose to solve the equations governimgifeld numerically using
the FE method. To this end, a weak form of these equations is obtained usiGalgrkin weighted residual
approach [23]. By integrating the residue of the PDEs multiplied by the gpipte virtual fields) X; and
0Y; to preserve unit consistency, Equations (6) become:

// [K(u, v) — 3Xi(u,v)v ~ 0Xi(u, U)fk(u,v,X,Y)] 5, dudv = 0

ou ov
// [f, u,v,X,Y) — Wéz 0, aYiéZ’U)fk(u,v,X,Y)] 5X; dudv = 0 (8)

wherei = 1, ..., N andi # k. The domair is defineda priori as
Q — {(u, U) S %2  Umin <u< ’LLrna)(7 Umin <v< Umax} (9)

and is decomposed into FEs. The unknown and virtual fields within an elenaeatexpressed in terms of
the nodal values(¢, ¢, § X! andsY?, shape function&V®(u, v) and test functionsV® (u, v). In the present
study, linear rectangular FEs with 4 nodes £ 4) are considered. The shape functions Afgu,v) =

1(1 4 uqu)(1 + vav) with u, andv, the values of the coordinates at nadeThe same expressions are used
for test functions.

The integral over the domain in Equations (8) is evaluated by summing the integral obtained over each of
the elements which pave the domain. This yields:

Z// [ZN“Yf’“— ai Z Xe“fk] > NY%Y dudv =0
[+ Qe a a

>/},

where, for concisenesg; , = fii(u,v, X%, Y®).

fe— Z %Yf’% — Z aéVYe “ Z NbéXe * Qudv = 0 (10)

For convenience, a mapping from elements in global coordinates to ameéeelement with local normalized
coordinatesq,n) is considered (Equations (11)). Variabteandv are replaced by the mapping whereas the
derivatives with respect to these variables are transformed usingairercite.

{ v }:{ e } (11)



The set oR N — 2 equations discretized by the FE method (10) has to be satisfied for arlvitrtai fields
5Xf’b andéYf’b. This leads to a new set of equations for which the number of unknowrasetihhe number
of equations (i.e2n (N — 1) per element):

_ -M;  Mj e —Fi(Z°) _
2@=S0( 0" N) &t (eya) mia )0 62
e 2n(N-1)x1
2n(N—-1)x2n(N-1) 2n(N—-1)x1

whereZ¢ contains the nodal values of the considered FE:

T

Z°=[ X5 .. Xy Yyt oL YR (13)

Vector Z is the proper assembly of all vectdZs; it therefore contains all nodal unknowns. Matridel,
Mg and vectorE'(, F5, andF§ are defined as the block-assemblyMf;,, M., F¢,, Fs,, andF§; (i =

1,...,N; i # k), respectively.M¢, andMs3, aren x n matrices, and'{;, Fs,, andFsg, aren x 1 vectors.
TheF{'s are the nonlinear forces acting on the system.

The elements of these matrices and vectors are defined as:
b +1 p+1
M = / / NN’detJ)dédn,
—1 —1
+1 p+1 Ha.,, ON@ ag ON¢?
MEPT / / <9” _ ”) L NPdéds,
w7 L \anae "o g )0
+1 p+1 Ha,, ON ag ON¢a
et = / / < Iu —“> X0 fENdedn,
Vo L L 2o oy T oy ag ) XENAE
. +1 p+1
rt = [ [ sentdetaagan
- -1

1
. Lol gy ON® g, ON®\ _ .4
Fob = /_ 1 /_ 1 Z <9 — g> Yo fENbdgdn). (14)

o9& on on 0§

J is the Jacobian matrix of the mapping. Two types of boundary conditionscarsidered. They arise
directly from the definition of an NNM as an invariant manifold in phase space

1. The manifold passes through the equilibrium point. Without loss of gktyeiiaiis considered at
(u,v) = (0,0), andX;(0,0) = Y;(0,0) = Owithi = 1,..., N; i # k.

2. At the equilibrium point, the surface defined by the manifold must be tarigehe plane defined
by the mode of the underlying linear system. This condition is important, becassecifies which

solution out of theN different solutions is sought. The constraint is imposed on the slope of the

elements around the origin.

Finally, nonlinear equations (12) are solved for the unknown ve£tosing a classical Newton-Raphson
resolution scheme.

4 Numerical Examples

In this section, the demonstration of the new numerical procedure for Ndivpatation is carried out using
the two-DOF system in Figure 1. The linear nonconservative is firstideres, and the nonlinear system
(both conservative and nonconservative cases) is tackled next.



4.1 Linear nonconservative system
Nonproportional damping is added to Equations (2), and the nonlinearitgaosad to yield:

T+ 0.3(1’1 — :tz) + (2:131 — l’g)
To + (061’2 — 03x1) + (2%2 — I‘l) = 0 (15)

In this case, the solution is easily obtained by the algorithm, because theurs$Zf in the Newton-
Raphson scheme coincides with the LNM.

Nonetheless, this example offers a means of validating the developed atgagltihe residug. (Z)||, is
effectively zero(~ 10~16) when either the in-phase or out-of-phase LNM are inserted into Equdfi@hs

4.2 Nonlinear conservative system

For conservative system (2), the "exact” manifolds can be computed tigntechnique developed in [15],
which combines shooting and pseudo-arclength continuation. For both firage and out-of-phase NNMs,
the graphical depiction in phase space of the periodic orbits at differeergy levels provides a reference
solution. For comparison purposes, the manifold computed using Shawieme power series expansion
[6] is also represented. The expansion is carried out at third and fdtdrs

Considering the domaif; = {(u,v) € R*: -1 <u <1,-1 <wv < 1} and starting from the in-phase
LNM, convergence of the FE algorithm is obtained after 6 iteratigdg (Z)||, ~ 10~1%). Figure 4 presents
a comparison of the in-phase invariant manifold obtained with the three teg®eige., reference, SP3, FE).
Both X, andY> are depicted in Figures 4 (a) and (b), respectively. Clearly, the arallgicd numerical
methods provide results that are in close agreement with the referentiersoliarrying out the power series
expansion at order 5 further increases the accuracy of the analytiothethdisplayed in Figures 5 (a,b).
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Figure 4: Invariant manifold of the in-phase mode of the nonlinear coasee system irf2;. The manifold
is computed using shooting and pseudo-arclength continuation (reé@reSttaw and Pierre power series
expansion at order 3 (SP3) and the FE methodX(g@)and (b)Y>.

For a larger computation domain, i.€; = {(u, v)ERZ:2<u<2,2<v< 2}, Figure 6 shows that
the FE method continues to provide accurate results, whereas the analyticrde#s no longer agree with
the reference solution. Interestingly, expanding the solution at ordeeSs bt improve the results, at least at
the domain boundaries (see Figure 7). This observation highlights onetanplimitation of the asymptotic
approach; i.e, the convergence domain of the expansion is unkaqwari.

A more quantitative comparison of the results is now carried out. The initialitons in the modal
space(u, v) of the in-phase mode computed through the FE method are transformed hpksical space
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Figure 5: Invariant manifold of the in-phase mode of the nonlinear coatee system irf);. The manifold
is computed using shooting and pseudo-arclength continuation (reé¢rettaw and Pierre power series
expansion at order 5 (SP5) and the FE methodXta)and (b)Y5.
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Figure 6: Invariant manifold of the in-phase mode of the nonlinear coatee system irf2,. The manifold
is computed using shooting and pseudo-arclength continuation (reé¢rettaw and Pierre power series
expansion at order 3 (SP3) and the FE methodX(a)and (b)Yx.
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(1,91, T2,y2) using Equation (4). Both the equations of motion in physical space (2) ambdal space
(7) are numerically integrated for these initial conditions using Runge-Kuttaade The resulting time
series in modal space are then transformed back to physical spacemapdred to the time series generated
directly in physical space. The comparison is achieved using the normaiead-square error (NMSE):

o 100 =L
NMSE(f) = = > (f()) = () (16)

2
g
fi=1

where f is the time series to be compared to the reference sgridsis the number of samples ara@ is
the variance of the reference time series. A NMSE valug%fis commonly assumed to reflect excellent
concordance between the time series. Table 1 lists the results for the rtiffee¢hods and two sets of
initial conditions corresponding to medium- and high-energy in-phase motiermao At medium energy,
the asymptotic method accuracy does not exceed 0.1%. The fifth-orpdensgn provides better results
than the third-order expansion but it is less accurate than the FE methdighA¢nergy, the FE method is
still accurate, whereas the solution provided by the analytic method cangerlbe trusted. The third-order
expansion is now more accurate than the fifth-order solution, which omhtine graphical observation in
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Figure 7: Invariant manifold of the in-phase mode of the nonlinear coatee system irf),. The manifold
is computed using shooting and pseudo-arclength continuation (reé¢rettaw and Pierre power series
expansion at order 5 (SP5) and the FE methodX(a)and (b)Y>.

Figure 7.
Initial conditions:w = [0.95 0]
SP3" order | SP5™ order| FE method

NMSE, 0.06 0.03 1073
NMSE, 0.07 0.03 1073
NMSEy, 0.06 0.03 1073
NMSEy, 0.07 0.03 1073

Initial conditions:w = [1.95 0]
NMSE, 9.3 52.8 10—2
NMSE, 11.2 62.1 1072
NMSEy, 9.6 50.0 1072
NMSEy, 9.7 54.0 1072

Table 1: NMSE obtained using the different methods for medium- and higrggin-phase mode motions
of the nonlinear conservative system.

Considering now the out-of-phase NNM (&, Figure 8 depicts that the FE method is associated with
nonnegligible error, which amounts to 22 % at the corners of the domairve@miy, the asymptotic method
provides an excellent approximation of the invariant manifold. Considé¢nhi@darger domait2, confirms

the inability of the FE method to retrieve the reference results (see FiguEv@y.though Figure 10 shows
that the fifth-order approximation gives rise to some improvement, the analytltothés also unable to
compute the out-of-phase NNM accuratel\{lp.

The failure of the FE method in the particular case of the out-of-phase NdNbe explained by recognizing
that the manifold-governing PDEs can be recast in the form of Equatlaisi(d are quasilinear hyperbolic
equations wher®/ = [v fk]T represents the flow velocity. We note that this interpretation is consistent with
the observation of Towzet al. [19]. They viewed the same PDEs, but in modal space, as adraegpation

with nonlinear source terms. Here, the flow corresponds to the dynanties ofaster coordinates.

VT.VX, - Y; =0
VI-VY,—f; =0 (17)

It is well known that solving hyperbolic PDEs requires boundary conatiwhere the velocity vector points
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Figure 8: Invariant manifold of the out-of-phase mode of the nonlineas@wative system if2;. The
manifold is computed using shooting and pseudo-arclength continuatienginet), Shaw and Pierre power
series expansion at order 3 (SP3) and the FE metho {aand (b)Y5.
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Figure 9: Invariant manifold of the out-of-phase mode of the nonlineas@wative system if),. The
manifold is computed using shooting and pseudo-arclength continuatienginet), Shaw and Pierre power
series expansion at order 3 (SP3) and the FE method (aand (b)Y5.

inward the domain (inflow). For illustration, Figure 11 presents the velocily &ad an iso-energy curve
for the in-phase and out-of-phase NNMs. Since the conservativersys considered, the velocity field is
everywhere tangent to iso-energy curves. Because the domairkapates well the iso-energy curves of
the in-phase NNM, boundary conditions are artificially fulfilled, and the aatiatipn of this mode using the
FE method is much more accurate. It also explains why the largest ernansaatcthe corner of the domain
(see, e.g, Figure 6). Further evidence of this finding is given in FigBreHere the out-of-phase NNM is
computed in the rectangular domdiy = {(u,v) € R*: -2 < u < 2, -5 < v < 5}, the shape of which
is in much better agreement with that of the iso-energy curve compategl tespite that a larger domain
is now considered, there is an almost perfect agreement between ehenf solution and the manifold
computed through the FE method. It also becomes clear that iso-enevgg euie in fact the characteristic
curves of the hyperbolic PDEs. Using the characteristic theory [24] topirgeFigure 11 shows that low-
and high-energy dynamics do not influence each other. Indeed thenatfion is only transported along the
characteristic (i.e. iso-energy) curves creating a clear separatiordxetiifferent energy dynamics.

In addition to domain reshaping, another remedy proposed in the technicuieis to add supplementary
boundary conditions where the velocity vector points inward (inflow) thaaln. In practice, this option is
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Figure 10: Invariant manifold of the out-of-phase mode of the nonlineaservative system if2;. The
manifold is computed using shooting and pseudo-arclength continuatienginet), Shaw and Pierre power
series expansion at order 5 (SP5) and the FE method {aand (b)Y5.

not further considered in order to avoid potential mixing between dynarhiifferent energies.
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Figure 11: Velocity vector-¢) and iso-energy curve—) in the domainQ2;. (a) In-phase NNM; and (b)
out-of-phase NNM.

The study presented in this section highlights that the manifold-governing PB¥e a hyperbolic nature,
which requires special treatment. Reshaping the domain therefore seemterasting step toward the
computation of high-accuracy invariant manifolds. One limitation is that thisimegjthe knowledge of the
iso-energy curves. However, thanks to the observation of chaistiteran algorithm starting from a small
domain around the origin and using progressive annular domain resatatidre developed, paving the way
for automatic domain adjustment. This strategy is interesting as it would reducertipitational burden
for higher dimensional systems. Further research will also considemnadd finite elements methods that
are widely used in fluid dynamics for solving hyperbolic PDEs (e.g., streamliménd Petrov-Galerkin
(SUPG) [25], Galerkin/Least-Squares (GLS) [25], and discontisusalerkin (DG) [26]).

4.3 Nonlinear nonconservative system

For the nonconservative version of system (2) with linear nonprop@tidamping as in (15), the "exact”
manifolds cannot be computed. Therefore, the assessment of the iesattied out through reconstruction
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Figure 12: Invariant manifold of the out-of-phase mode of the nonlineaservative system in the rectan-
gular domairt23. The maximum relative error appears at the corners and does neik¥ée

of the dynamics as in Section 4.2. The methodology is similar to the one presentide fconservative
system. The NMSE is again used.

Considering the domaif,, Figures 13 and 14 present the manifold computed for the in-phase &and ou
of-phase NNMs, respectively. Table 2 lists the NMSE for the differerthogs medium- and high-energy
in-phase mode motions. For medium energies, all methods provide acasalis with an error that does
not exceed 0.01%. However, as in the conservative case, the egafithe asymptotic method drops while
the FE method preserves its accuracy. At high energy, the FE method isstithée, whereas the error of
the analytic solution reachd$s. Contrary to the conservative case, the fifth order expansion is now mor
accurate than the third-order solution.

(a) (b)

Figure 13: Invariant manifold of the in-phase mode of the nonlinear nsewative system if2,. The
manifold is computed using the FE method. £8); and (b)Y5.

Linear damping therefore seems to improve the quality of the dynamics resultingthe asymptotic
method. The NMSE values have decreased with respect to the conserestilts. However, linear damp-
ing has no influence on the FE method, which presents the same accuiadh@sonservative case. The
accuracy of the FE method also appears to remain constant over the cbomali@omain.

Investigations on the out-of-phase mode reveal that accurate resultd MBI values lower thaf.01% are
obtained despite the selection{®f as computational domain.
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Figure 14: Invariant manifold of the out-of-phase mode of the nonlineaconservative system in,. The
manifold is computed using the FE method. £8); and (b)Y5.

Initial conditions:w = [0.95 0]
SP3" order | SP5" order| FE method

NMSE, 1072 1074 1073
NMSE, 1072 1074 1073
NMSEy, 102 104 1073
NMSEy, 1072 1073 1073

Initial conditions:w = [1.95 0]
NMSE, 1.8 0.6 1072
NMSE, 1.9 0.8 1072
NMSEy, 1.8 0.9 1072
NMSEy, 2.3 1.3 102

Table 2: NMSE obtained using the different methods for medium- and highggiin-phase mode motions
of the nonlinear nonconservative system.

5 Conclusions

In this paper, a new numerical method for the computation of NNMs of nomlmeghanical structures is
introduced. The approach targets the computation of undamped and denvgoéght manifolds and solves
the manifold-governing PDEs using the FE method. The use of the FE methdersehe method general
and systematic.

The method was demonstrated using linear and nonlinear two-DOF systelin#) bonservative and non-
conservative cases. Unlike the power series expansion method pdopp$Shaw and Pierre, the FE-based
method is not restricted to small-amplitude motions and has a convergence doatasrktiowna priori.
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