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1 Introduction

The Hélder-Zygmund space A* (R?) (a > 0) is the space of the functions f of L>(R?) (one often requires the
function to be also continuous) satisfying the Holder condition

sup
[h]<r

Attty <o, (L1)

for a positive constant C' and any r > 0 (the notations used in this inequality will be given in Section 2.3). These
spaces, also called Lipschitz spaces or simply Holder spaces, provide a notion of smoothness of basic importance
in areas as diverse as partial differential equations [8] or signal analysis [2]. In [11], the connections between
approximation theory, calculus of finite differences, Holder spaces, Taylor’s theorem and interpolation theory are
established.

Such spaces have been generalized in [9], [5]: following the notation introduced in [5], the space C], (R’l)
(n € N) is defined as the space of the functions f € L™ (Rd') such that there exists some positive constant C'
for which the inequality

sup HAZfHOO < Cuw(r) (1.2)

|n|<r
is satisfied for any » > 0, where w is a modulus of smoothness, i.e., a non-decreasing function satisfying some
natural conditions (see Section 2.4). For example, the law of the iterated logarithm [10] states that there exists a

constant C' > /2 such that the sample paths of the Brownian motion satisfy inequality (1.2) almost surely with
n =1and

w(r) = +/r|log|logr|,

forany r € (0,1). On the other hand, generalized Besov spaces B | (Rd) [13], where o is a so-called admissible
sequence (see Section 2.1) also provide a generalization of the usual Holder spaces. In the classical case, i.e.,
when considering BS , (R?) with o > 0, one has A* (R?) = B, . (R"); given an admissible sequence o, it is
thus natural to identify the generalized Holder space A” (R?) with B, . (R?). It can be easily shown that the
spaces C} (Rd) are akin to the spaces A” (Rd).
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2158 D. Kreit and S. Nicolay: Some characterizations of generalized Holder spaces

Here, we try to follow the path taken in [11], but in the general setting of the Holder spaces defined via
admissible sequences o, in order to establish some specific properties of the spaces Bgo_oo(Rd). The paper
is organized as follows. We first give the definitions as well as some basic results. In Section 3, we look for
conditions leading to embedded spaces: if for each a > 0, o(®) is an admissible sequence, under which conditions
do we have o < [ implies A (Rd) c A7 (Rd) ? Next, we look at the relations between the spaces A” (Rd)
and the spaces C* (Rd) of the k-times continuously differentiable functions. In Section 5, we give alternative
definitions of the generalized Holder spaces. In most of the cases, the results holding for the usual spaces also
hold for the generalized ones.

Throughout the paper, B denotes the open unit ball and we use the letter C' for generic positive constant whose
value may be different at each occurrence.

2 Definitions

The aim of this section is to introduce the definitions underlying the notion of generalized Holder space as well
as some notations and basic results.

2.1 Admissible sequences

Let us first recall the notion of admissible sequence [13].

Definition 2.1 A sequence o = (0;);en of real positive numbers is called admissible if there exists a positive
constant C' such that

-1
C7oj <0541 < Coy,

for any j € N.
If o is such a sequence, we set
. Oj+k = Tj+k
©. = inf 2 and ©; = sup s
keN o keEN Ok

and define the lower and upper Boyd indices as follows,

log, O log. O,
s=s(o) =lim & and §5=73(0) =lim 06255
J J J J
Since (log 9; )jen is a subadditive sequence, such limits always exist [7].
Remark 2.2 If ¢ is an admissible sequence, let £ > 0; there exists a positive constant C' such that
C—19ils=) < 9, < Tj+k < @j < OQJ(HE), 2.1
. o
for any j, k € N.

Let us remark that if o and ~y are two admissible sequences, so are o + 7, oy (with s(oy) > s(o) + s(7y) and
5(o7y) < 35(0) 4+ 35(7)) and ro for any r > 0 (with s(ro) = s(o) and 5(ro) = 5(c)). Moreover, we have the
following trivial result, wich will be used in the sequel.

Lemma 2.3 If o is an admissible sequence and oo € R, o® is an admissible sequence and

® ifa>0 s(0%) = as(o), 5(c*) = a3(0),
* ifa <0, s(c”) =as(o), 5(c”) = as(o).
We will also need some easy consequences of Remark 2.2.

Lemma 2.4 Let o be an admissible sequence;

® ifs > 0, there exists a positive constant C such that, for any J € N,
o0
-1 -1
> o <Cayt,
j=J
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® ifn € N satisfies s < n, there exists a positive constant C' such that, for any J € N,
J
> oinert <02/noyt
j=1
Classical admissible sequences are the dyadic sequences.
Example 2.5 Let a € R; the sequence o = (2‘j “)]. cn 1s an admissible sequence with s =5 = —a.
More generally, let ¢ : [0, 1] — (0, c0) be a weakly varying function, i.e., a function satisfying

lim ¢(rz)

=0 ¢(z)
for any r > 0. For any o € R, the sequence o = (277 ¢(2/ ))je
—a. For example, ¢ = |log | is a weakly varying function.

=1,

N Is an admissible sequence such that s =5 =

Other examples can be found in [1], [6], [12], for instance.

2.2 Strong admissible sequences

We will sometimes need to make additional assumptions on the admissible sequences. We transpose here the
concept of strong modulus of smoothness [9] to the admissible sequences.

Definition 2.6 An admissible sequence o is a strong admissible sequence of order n € N if there exists a
constant C' such that

J

> 2"e; <20y (2.2)
j=1

and
Z 2o, <2/ Vg, (2.3)
j=J

forany J € N.

Example 2.7 Letn € N; for any o > 0 chosen in (n—1,n) and any 8 € R, the sequence o = (2*]'“]'[?)
is a strong admissible sequence of order n.

Now, if @ € N, there is no n € N such that the sequence defined above is strong of order n. This is easily
shown by considering the cases a < n, @ > n and o = n separately.

JEN

This notion is closely related to the Boyd indices of the inverse sequence.

Lemma 2.8 A strong admissible sequence o of order n is such that
n—1< 5(071) < 5(0*1) <n.
Proof. The inequalities

j+k
anak < Z 2[710_] < 02(‘7+k)n0']'+k
=1

hold for any j, kK € IN, which implies §(0*1) < n. Moreover, one has
2(j+k)("_1>0'j+k < ZQZ(H—I)UI < 021«(77,—1)0_]“
1=k
for any j, k € N and thereforen — 1 < s(o™'). O

www.mn-journal.com (© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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We have a partial converse result.

Lemma 2.9 If o is an admissible sequence satisfying
n—1< §(O’71) and 3(071) <n
for some n € N, then o is strong of order n.
Proof. Let e > 0 such that g(a’l) — ¢ > n — 1; we have, using inequalities (2.1),
i k(=15 < 2l n=1) g, i ok(n—1)9—k(s(c ™ )=e)
k=J k=1
wich implies (2.2). This is sufficient, since Lemma 2.4 implies (2.3). O

The following easy result shows that a strong admissible sequence of order n lies in between the sequences
(27 ”)j ox and (277071 - Tt will be used in the next section to obtain embeddings between the classical

Holder spaces and the generalized ones.

Lemma 2.10 If o is a strong admissible sequence of order n, there exists a positive constant C' such that
—1lo—jn —j(n—1
C—l9—in < o; <02 j(n )7

forany j € N.

2.3 Generalized Holder spaces

Given an admissible sequence o, we introduce here the generalized Holder space A” in such a way that A” is
the space Bgo_;o in “most cases”, where BY, . is a generalized Besov space, as defined in [13] for example. As
usual, [«] will denote the greatest integer lower than c,

[a] =sup{peZ:p<a}
and A} f will stand for the finite difference of order n: given a function f defined on R? and z,h € RY,
A f(x) = flz+h) = f(z) and AFTf(z) = A, AG f(),

for any n € N.

Definition 2.11 Let o > 0 and o an admissible sequence; a function f € L (R?) belongs to the space
A% = A% (R?) if there exists C' > 0 such that

sup
|h|<2-

s <o

forany 5 € N.

Of course if the sequence o is non-decreasing, the preceding definition does not make much sense. We will
show that the natural generalized Holder spaces are the spaces A = AoS@T) (see Corollary 3.3, Example 2.19
and Corollary 4.8). The application

[flare = sup (07_1 sup Agf”“f” >
i T <2 Lee
defines a semi-norm on A% and therefore || f||a-.c = ||f||zo +|f|As.« is a norm on this space. Using a classical

argument to build a subsequence with the desired properties, we have the following result.

Theorem 2.12 Let o > 0 and let o be an admissible sequence; the space A equipped with the norm ||-||p+ .o
is a Banach space.

© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Remark 2.13 If o is an admissible sequence such that 5 < 0, then A” = ng;o [13]. However, if s = 0, itis
well known that BY, . ¢+ L™ [4].

The following result can be obtained effortless; it allows to introduce a slightly different definition of the
spaces A7¢.

Lemma 2.14 Let o > 0, p € Z and let o be an admissible sequence; a function f € L™ (Rd) satisfies

sup
|h|<r

A%ﬂ]-‘rlf.Hm < C’O—[log2 1/r]+p (2.4)
for some positive constant C' and any r if and only if f € A%°.

2.4 Modulus of smoothness

In [5], [9], the notion of modulus of smoothness is used to obtain a generalisation of the classical Holder spaces.
The idea is to replace the modulus |h|* appearing in the right-hand side of inequality (1.1) by a more general
function w(|h|). These so-obtained spaces are a particular case of the spaces A%“.

Definition 2.15 A non-decreasing function w : (0, 00) — (0, 00) is a modulus of smoothness if there exists a
constant C' such that

w(2z) < Cw(x),

for any x € (0, 00). One then extends w by setting w(0) = 0.
The link between the moduli of smoothness and the admissible sequences is given by the following easy result.

Lemma 2.16 Let o be an admissible sequence; there exists a modulus of smoothness w such that ¢ =
w(2_j)j eN if and only if o is a decreasing sequence. Moreover, such a function w is continuous at the origin if
and only if o converges to (.

Remark 2.17 Indeed, since we are only interested in the asymptotic behavior of o, one could ask for the
conditions defining an admissible sequence to hold only for j > J, for some J € N. In the same way, since only
the behavior of w near the origin really matters, we could define a modulus of continuity using germ functions.

This lemma together with Lemma 2.14 imply that one can replace a modulus of smoothness by a corresponding
admissible sequence for the definition of the generalized Holder spaces.

Proposition 2.18 Let w be a modulus of smoothness; a function f € L™ (Rd) satisfies

sup
|h|<r

A p@)|| < cwln) @3)
for some positive constant C' and any v if and only if f € A°“, where o is the sequence defined by 0; = w(2_<").
As a direct consequence, the usual Holder spaces A (« > 0) are of the form A°.
Example 2.19 Leta > 0and o = (2’” ) jeN The space A is the usual Holder space A“.
Lemmata 2.10 and 2.8 imply the following result.

Corollary 2.20 If o is a strong admissible sequence of order N, we have

AN < AT s AN

3 Embeddings between Holder spaces

The usual Holder spaces are embedded, i.e., 0 < o < 3 implies A? «— A®. A question that naturally arises is
therefore the following: What are the conditions to impose to two admissible sequences ¢ and « in order to obtain
A" < A?. Indeed, we will obtain results concerning the spaces B} ., since we are going to deal with LP-norms.
In this section, p will designate an element of [1, co].

www.mn-journal.com (© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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3.1 Preliminary results

The main result of this section is the following.
Proposition 3.1 Let o be an admissible sequence and let f be an element of LP (Rd') satisfying

sup HAth < Coyj,

|h|<2-d
withn € N \{1}, for some constant C and any j € N. We have the three following cases:
. if2 e, > 1,

sup HA" 1f|| < C(O'j —|—2*j(”’1))7 (3.1)
|h|<2-i p

° lf2”'_1@1 < 1,

sup [[Ap | < C((2"0)) oy + 270, (3.2)

|h|<2-7
° l:f2n71@1 — 1,

sup [[A7 7| < C oy + 27707 Y), 3.3)
|h|<2-d

forany 5 € N.

Proof. For J € N, let us consider the classical telescopic sum

J
S (27t s g, - s (8430, 1],)

= |n|<2—

=2 awp (a3, -2 s [l
The inequality

a5 11, < FIap+ 1, + 2" ag g,

holding for any m € N and any h € R¢ implies

27t sup AT,
\h\<2 J

IN

C 9—j(n—1) . A" 9—J(n—1) AT
Z Ihlgbzligf—n H }"prJr \h?p H 27 lth

J
< (Z 2 (n—1) or )UJ_‘_Q_J('”—UC,
7=0
which is sufficient to conclude. O

The sequences defined by the right-hand side of the inequalities (3.1), (3.2) and (3.3) are still admissible
sequences. The previous result can be stated in terms of Boyd index.

Corollary 3.2 Let o be an admissible sequence and let f be an element of L? (Rd) satisfying

sup HA”fH < Coy,
[h|<2-i

withn € N\{1}. We have the two following cases.

© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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o if?(o’l) <n—1, we have

Sup HAzilfH < CO'j + 02_j(TL—1)’
|h|<2—i p

° if E(U_l) >n — 1, for any € > 0, there exists a constant C.. such that

sup [|AF 7|, < C.2i (e ) =(n=D+e) 5 4 giln=1),
|h|<2—i

forany j € N.

Proof. Forany € > 0, inequalities (2.1) imply

2 o A7
h|<2-i r
J
—j(n—1) n —J(n—-1) n—1
: C;2 b2~ -9 4371, +2 1S3 855511,

IA

J
Cooy 3 2G0T ==050) | i),
j=0

which leads to the conclusion. O

The order E(o_l) in the definition of the generalized Holder spaces A“ is optimum.

Corollary 3.3 Let o be an admissible sequence; for any € > 0, we have A\’ = ATF@ T )te,

3.2 Decreasing Holder spaces

We are now able to give sufficient conditions on two admissible sequences for the corresponding spaces to be
embedded.

Definition 3.4 If for any o > 0, o(®) is an admissible sequence, the application
o ia> 0 o@
is called a family of admissible sequences if the two following conditions are satisfied:
* 0 < a < (implies §((U("))_1) < E((U(ﬂ))_l).
e for any n € N, there exists a > 0 such that 5((0(“>)_1) =n.

Definition 3.5 A family of admissible sequences o) is called decreasing if 0 < a < (3 implies A
A

Definition 3.6 Let o() be a decreasing family of admissible sequences; the generalized Holder exponent
associated to a function f € L*° (Rd) is defined as

H(f;a('>) = sup {a >0:f¢€ A”m}.

Let us now search for conditions under which a family of admissible sequences is decreasing. If o) is a family
of admissible sequences, for a > 0, we set t, = 5((0(“))_1) and

(@)
0\ — jnf 2tk
—J A «
kEN U](C )

Proposition 3.1 gives the following result.

www.mn-journal.com (© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Corollary 3.7 A family of admissible sequences o) is decreasing if for every 8 > 0, the following conditions
are satisfied:

e Iftg ¢ N, forany o > 0 such that t, € [[ts],tg), there exist a constant C' and an index J such that

0'](-‘6> < Ccf](-a)

)

forany j > J.
e If tg € N, there exists € > 0 such that for any o € (3 — ¢, 3), there exist a constant C and an index J for
which
270t < CJ}Q),

forany j > J.

o [ftg € N, there exist ¢ > 0 such that for any o € (8 — €, 3), there exist a constant C' and an index J for
which )
—ireel? > 1,

J](m < Coj-a), forany j>J,

_ lf 21‘,33@55) < 1,
O'j(-ﬁ) (2t3Q§m)_‘j < C’U;O‘), forany j > J,
- lf 2&1@5@ =1,

ja]w) < CO'J(-Q), forany j§>J.
Let us give an example.
Example 3.8 Let o > 0;if 3 is a non-negative function defined on (0, 00), the family o(®) = (277 j#(@))
satisfies the hypothesis of Corollary 3.7 and is thus a decreasing family of admissible sequences.

JEN

Let us emphasize that the conditions stated in Corollary 3.7 are not sufficient.

Remark 3.9 Let o) be the family of admissible sequences defined by

() 2~ Jja if a€e (0,00)\N,
9 T 27995 if aeN.

It is easy to check that this family is a decreasing family for which the third condition of Corollary 3.7 is not
satisfied.

4 Generalized Holder spaces and smoothness

Here, we investigate the relationship between the Holder spaces and the regularity of their elements, i.e., the pos-
sible embeddings between the spaces A” (Rd) and the spaces C* (Rd) of the k-times continuously differentiable
functions.

The space of the infinitely differentiable functions with compact support included in B will be written C>° (B
In this section, p will denote a radial function of C>°(B) such that p(x) € [0, 1] for any € R? and ||p||; =
Moreover, for any function f, one sets

fs = %f(g)
for any 6 # 0.

).
1.

© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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4.1 Preliminaries

We start by adapting two classical lemmata (see e.g., [11]). For the sake of simplicity, we only gives the results
for R, although they are still valid in R, with proofs that are much the same.

Lemma 4.1 Letn € N, let o be an admissible sequence and f € L] .(R) such that

sup HAZfH < Coj, 4.1
|h|<2-7

fora constant C > 0 and any j € N. There exists ¢ € C°(R) such that

sup  |[f % ¢n — flloo < Coj,

0<h<2-J
for a constant C > 0 and any j € N.

Proof. We may add 1, 2 or 3 to n if necessary so that we can assume that n is equal to 2m, where m is an
odd integer. Let us define

v=mf<—1)j (") P2 42)
=0 J
and ¢ =~/ [ v dx. For § > 0, one has
f*ds(x) — f(x)
_ /f:c—ét £ dt — f(z)

WZ( ( )/fx—étpzy W(t) dt = f()

=0
= ! /fx— (2§ —n)t)p(t) dt — 2 / dt | f(z)
= 2f7dt 7 U (25 P Y
j#m
! /A" (2)p(t) dt
2f’)/dt 5t \T)pP )
which is sufficient to conclude. O

Lemma 4.2 Let o be an admissible sequence and f € L, .(R) a function for which there exists p such that
IS * p2-i = flloo < Caj,
for a constant C > 0 and any j € N. For any k € N, there exists C' > 0 such that
HDk(f * py—i — [ x pZ*J“)HOO < C 2%y,
forany j € N.
Proof. For § > 0, let us write
[ *ps — [ *p2s
= psx (fxps — [ pas) +psx (f = [ *ps) = pas = (f — [ ps) 4.3)
For the first term of the right-hand side, one gets
|D¥ (ps # (f % ps — f#p2s))| < D" ps||, If % ps — f * p2slloo
CEH(f % p5 = fllow + I1f = f # P25 lo0),

www.mn-journal.com (© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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which gives the following inequality for § = 277,
|D¥ (po-s 5 (f % pa-s = fpasin))| < C 2Fa;.

The two other terms of the right-hand side of equality (4.3) can be handled in the same way, leading to the desired
result. O

4.2 Héolder spaces and C* spaces

IffelL> (Rd) satisfies inequality (4.1), let ¢ denotes the same function as in Lemma 4.1 and let us set

fi=fxdor and  fip1 = fx(dg-i1 — o) 4.4)

for any j € N. Since there exists a constant C' > 0 such that || f;||oc < Co; forany j € N,

k k
S Ifille <00y,
j=1

Jj=1
for any k € N. Therefore, if the series ), o; converges, we have f = Z;’il f;j in L®°. We then have the

following result.

Proposition 4.3 Let o an admissible sequence satisfying

oo

Zijaj < 00,

j=1
for some k € N. If the function f € L> (Rd) satisfies

n .
2 et <o

for some n € N and any j € N, then f is equal almost everywhere to a bounded element of C* (Rd).

Proof. The series ) i fj converges uniformly to a function that is equal almost everywhere to f and
1D fill, < C2'%ay,

forany j € N and any multi-index v such that [v| < k. We thus get that the series 3, D" f; converges uniformly,
which ends the proof. O

The following result can also be deduced from Corollary 2.20 and the properties of the spaces A* with o > 0
(see Example 4.6).

Corollary 4.4 If o is a strong admissible sequence of order n, f € A implies that f is equal almost every-
where to a bounded element of C" ! (Rd).

Let [-] denote the ceil function, i.e., [a] = limg_,- [a + G]. If o) is a family of admissible sequences, we
sett, = g((a(“>)_1).

Corollary 4.5 Let 0'") be a decreasing family of admissible sequences; if t, > O0then f € A implies that
f is equal almost everywhere to a bounded element of C'It« 1-1 (Rd).

Example 4.6 Let o > 0 and let f be an element of A®. If &« ¢ N, f is equal almost everywhere to a bounded
element of Cl*)(R?); otherwise, f is equal almost everywhere to a bounded element of C*~1 (R%). It is well
known that these embeddings are optimum, since, for example, the function | - | belongs to A!.

Let us now show that too small orders lead to trivial spaces.

© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Proposition 4.7 If o is an admissible sequence satisfying

o0
S 2 g < oo,
Jj=1

for some non-negative integer n, the space N°" is the space of the functions that are constant almost everywhere.

Proof. We know that f is equal almost everywhere to a function g € C"*! (R"). Moreover, since

‘A71+1 ( )’
. 2 Je; _ n+1
h]r-n 2—j(n+1) - |DTr g(x)|
and
||An+1 ||

2 /e, o0 j(n+1)

simrn . =2 o5 —0,
as j tends to oo, we get D;}I“ g = 0. Finally, since g is bounded, g is a constant function. O

Corollary 4.8 Let o an admissible sequence; if the non-negative integer n satisfiesn+1 < s (0'_1 ), the space
A" is the space of the functions that are constant almost everywhere.

S Alternative definitions of the Holder spaces

In this section, we give two alternative definitions of the spaces A?®. We first use approximations of a function f
by polynomials or C2° functions. The rate at wich f can be approximated is bounded to the spaces A If some
additional assumptions are made about the admissible sequences, these spaces can also be characterized using
derivatives or Taylor’s expansion. Such results are well known for the classical Holder spaces A, with o > 0
(see e.g., [11]).

5.1 A characterization via a convolution product

When looking at how good an element of A can be approximated by a smooth function, one gets the following
result: a function f € L™ (Rd) belongs to the classical Holder space A® (o« > 0) if and only if there exist a
function ¢ € C° (Rd) and a positive constant C' such that

If = f* dslloc < CO%,

for any 6 > 0. This result is still valid in the general setting of the admissible sequences, although some weak
additional hypotheses have to be made.

Proposition 5.1 Let o an admissible sequence and f € L™ (Rd ) If f € A% (a > 0), there exists a function
¢ € C(RY) such that

f = f*d2-illoc < Coy, 5.1

for a constant C > 0 and any j € N. Conversely, if inequality (5.1) holds for a function ¢ € C° (Rd ) and if the
admissible sequence satisfies

J
ZQJ'([&]H)gj < CQJ[W]HUJ 5.2)
j=1
and
Z o;j <Coy, 5.3)
j=J+1

for a constant C' > 0 and any J € N, then f belongs to A7“.
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Proof. Lemma 4.1 implies the first part of the result. Let us show the converse part. If f; is defined by
equality (4.4), we have Al*1 ™! f — POy AT f in L0 (RY) and thus, if we setn = [a] 4 1,

o0

anfille+ Do I1Arsl o

j=J+1

185 flle <

IA

B ID" fillo + D 2" [1filloo

j=J+1

J
Jj=1
J
j=1

J

Clh"> 2o+ C i o},

j=1 j=J+1

IA

for any J € N. Using the hypothesis on the admissible sequence, we get
8871 < €O+ A2y,
which is sufficient to conclude. O

Lemma 2.4 gives the following result.

Corollary 5.2 Let o an admissible sequence such that s (071) > 0; a function f € L™ (Rd) belongs to A°
if and only if inequality (5.1) is satisfied.

Remark 5.3 Let o > 0, let ¢ be an admissible sequence such that inequalities (5.2) and (5.3) are satisfied and
define

, where ~ satisfies equality (4.2) for some m

¢={¢ecgo(Rd) : ¢:(fz)

and  sup ||D”¢||1g2lal+1}.

vI=[a]+1

When looking at how the characterization with the convolution has been obtained, it is easy to check that the
semi-norm defined by

=i f .71 * i —
|f1= inf sup {o7 M If % da-s — flloo}
is such that the norm || - || = || - ||oo + | - | is equivalent to || - || po.a .

5.2 A polynomial characterization

The definition of the classical Holder spaces is often given in terms of approximation by polynomials: f &€
L*> (Rd) belongs to A® (a > 0) if there exist a constant C' > 0 and a polynomial P of degree less than « such
that

Il.f = PllLoc(hBrze) < ClH|%,

for any 2y € R?. We generalize here this result. We will denote the set of polynomials of degree at most n by
P,,. We will also need the following classical result [3]: Let n € N and f € L™ (Rd); there exists a constant
C > 0 depending on n and d such that, for any 2, € R? and r > 0, the following inequality is satisfied,

. _ n
Pl IS = Plieiniay <O o0 AR orpasy ©4)

We have the following easy result.
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Lemma 5.4 Letn € Nand f € L™ (Rd); there exists a constant C' > 0 such that, for any v, € R? and any
polynomial P € P,,_1,

|151|1<P IAL fllze(rBrae) < CIf = Plloss((ns1)yrBtag)-

Proof. One directly gets

|]Sl]i1£ HAZfHL‘X’(rB+.T,O) = |}SL]‘J£7 HAZ(f - P)||L°°(rB+rU)

<2 f = Plloo((n+1)rB+a0)s

which is the wanted result. O

Proposition 5.5 Let o an admissible sequence, « > 0 and f € L* (Rd); f belongs to A% if and only if
there exists a constant C > 0 such that

1 f — P 0o (9—j ] < j )
pep,, If = Pllz2-iB+a20) < C 0, 63

for any o € R and any j € N.

Proof. From inequality (5.4), we get that f € A2“ implies inequality (5.5). Now, let f € L*° (Rd) and
suppose that inequality (5.5) is satisfied. We set n = [a] 4+ 1 and k = [log, (n + 1)] + 1. There exists J € N such
that for any polynomial P € Py,|, we have

S5 N8RS e oms sy S I = Pl

for any j > J. Therefore, inequality (5.5) implies the existence of a constant C’ > 0 for which

h o "_
|hT;121:)71 H h'fHLOO(Q_/B+1:U) S CJj,k. é C O-Ja

whenever j > J. This is sufficient to conclude, since C"’ does not depend on j or xy. O

Remark 5.6 Let o > 0 and let o be an admissible sequence. The semi-norm defined by

-1 .
= - f — P||poo2-iB+-
| f] Jsglg {o; o Ilf = Pllps(2-iB+ >}HOo
is such that the norm || - || = || - ||loo + | - | is equivalent to || - ||p7.a .

5.3 A characterization using derivatives

The usual Holder spaces A® can be defined without using finite differences, polynomials or convolutions. For
a € (0, 1), the usual Holder space A* is the space of the functions f € L*> (Rd) such that

sup [|f(-+h) = f()]loe < C2797,
h|<2—

for some constant C' > 0 and any j € N, while to belong to A!, f must satisfy

sup [[f(-+h)+ F(-—h) =2f()]eo < C277.
h|<2-i

Now, if « € (k, k + 1] for some integer k£ > 1, a function of L>° (Rd) is an element of A“ if it is equal almost
everywhere to a function f with the following properties: f € C* (Rd) and f as well as D, f belong to Ae—1 for
any j € {1,...,d}. Such a definition is still valid in the general case, as far as the admissible sequence satisfies
some additional requirements.

www.mn-journal.com (© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



2170 D. Kreit and S. Nicolay: Some characterizations of generalized Holder spaces

Proposition 5.7 Let o be an admissible sequence and let k,n be two positive integers such that k < s (071) <
5(071) < n. Any element of A° is equal almost everywhere to a function f € C* (Rd) satisfying D" f €
L*>(R?) for any multi-index v such that |v| < k and

sup ||A DY f|| L < Coy2il?, (5.6)

|h|<2-7

forany j € N and |v| < k. Conversely, if f € L>(R") N C*(R") satisfies inequality (5.6) for |v| = k, then
feA.

Proof. Let f € A” and f; be defined as before. There exists a function g that is equal to f almost everywhere
such that

> D'f;=D"g,

with uniform convergence, for any v such that |v| < k. Now, Lemma 4.2 implies
YD fillw <CY 2405 < 0.
j=1 Jj=1

Let v be a multi-index such that || < kand h € R?, J € N such that || < 277, Using the mean value theorem,
we get

J o
o] < Sl o 5 Jaio)
00 = T 53
J
< Z A" sup IDY o
j=1 la|=n—[v]
oo
+C Y M sup D il
j=J+1 lov]=k—1v|
J oo
< CY Mo+ Y |nl MM g,
Jj=1 Jj=J+1
< CQ””UJ.

Let us now show the converse result. If h satisfies |h| < 27 we have, using the mean value theorem and
inequality (5.6),

123 1]l < Clnl* s a3 D" f||, < € 2772 ey,

which is sufficient to conclude. O

The same demonstration can be used to show the following results.

Proposition 5.8 Let o be a strong admissible sequence of order n € N. Any element of A° is equal almost
everywhere to a function f € C" (R‘l ) satisfying D” f € L™ (Rd) for any multi-index v such that |v| < n and

sup
Ih|<2-i

AZ*‘”'D”fHOO <2l (5.7)

for any j € N and |v| < n. Conversely, if f € L>(R?) N C" (R?) satisfies inequality (5.7) for |v| = n, then
feA.
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Lemma 5.9 Let k be a positive integer, let o be an admissible sequence and f € L™ (Rd) ne*k (Rd). If there
exist a natural number n > k and a constant C > 0 such that

sup (| A3 7FD" f| < € 2oy,
Ih]<2-1
for any j € N and any multi-index v such that |v| = k, then f € A2 7L,

Remark 5.10 Let o an admissible sequence and let k,n be two positive integers such that k < s (071)
E(o’l) < n. The space A7 is the space of the functions f € L™ (Rd) nck (Rd) such that

n—k

supj <o [|A, "DV f|
sup sup ok <
lv|=k jEN gj

IN

5.4 Taylor’s formula

The Taylor’s expansion also provide a characterization of the usual Holder spaces. When looking at Section 5.2,
one can expect for this result to also hold in the general setting of the admissible sequences. It should be noted
however that the polynomial approximating the function depends on the scale j. We thus have to make additional
assumptions in order to get rid of this dependence.

We first need a lemma.

Lemma 5.11 If f € C* (Rd), we have, for any x,h € R,

v k
flen) = Y D) + P R,

|
lv|<k vl

where

Re(mh) < Y sup |ALD £
k ,;_:kzwh“ el

Proof. Let us fix + € R? and consider the function g defined on R as follows, g : t — f(x + th). Using
integration by parts, one gets

o(1) - g(0) = / Dy(t) dt

— [(t— 1)Dg (1)} - / (t — 1)Dg(t) dt

which is sufficient to conclude. ]

We have the following version of Taylor’s expansion theorem.
Proposition 5.12 Let o be a strong admissible sequence of order n € N. If f € A°, one has, for any
xz,h € R,

flath = 3 D @)+

[v|<n—1

Rn—l('rah)7 (58)
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almost everywhere, where R, _1 satisfies

sup  |R,_i(x,h)| < Co;27"=Y)
x,|h| <27

for any j € N. Conversely, if f € L*° (Rd) necn-t (Rd) satisfies equality (5.8), then f € A°.

Proof. If f is an element of A”, there exists a function g € C" ! (Rd) that is equal almost everywhere to f.
Lemma 5.11 and Proposition 5.8 allow to conclude. The converse result has been shown in Section 5.2. O

Remark 5.13 In [9], the properties of functions f for which there exist a polynomial P and a constant C' such
that

If = Pllrehpsz)y < Cw(lh]),

for any € R?, where w is a modulus of smoothness, are investigated. If w is a strong modulus of continuity,
i.e., if the corresponding sequence o is a strong admissible sequence, such functions are the elements of A?.
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