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Hölder spaces defined via admissible sequences. In particular, we give several alternative definitions of these
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1 Introduction

The Hölder-Zygmund space Λα
(
Rd

)
(α > 0) is the space of the functions f of L∞(

Rd
)

(one often requires the
function to be also continuous) satisfying the Hölder condition

sup
|h|≤r

∥
∥
∥Δ[α ]+1

h f
∥
∥
∥
∞

≤ Crα , (1.1)

for a positive constant C and any r > 0 (the notations used in this inequality will be given in Section 2.3). These
spaces, also called Lipschitz spaces or simply Hölder spaces, provide a notion of smoothness of basic importance
in areas as diverse as partial differential equations [8] or signal analysis [2]. In [11], the connections between
approximation theory, calculus of finite differences, Hölder spaces, Taylor’s theorem and interpolation theory are
established.

Such spaces have been generalized in [9], [5]: following the notation introduced in [5], the space Cn
ω

(
Rd

)

(n ∈ N) is defined as the space of the functions f ∈ L∞(
Rd

)
such that there exists some positive constant C

for which the inequality

sup
|h|≤r

∥
∥Δn

h f
∥
∥
∞ ≤ Cω(r) (1.2)

is satisfied for any r > 0, where ω is a modulus of smoothness, i.e., a non-decreasing function satisfying some
natural conditions (see Section 2.4). For example, the law of the iterated logarithm [10] states that there exists a
constant C >

√
2 such that the sample paths of the Brownian motion satisfy inequality (1.2) almost surely with

n = 1 and

ω(r) =
√

r| log | log r||,

for any r ∈ (0, 1). On the other hand, generalized Besov spaces Bσ
p,q

(
Rd

)
[13], where σ is a so-called admissible

sequence (see Section 2.1) also provide a generalization of the usual Hölder spaces. In the classical case, i.e.,
when considering Bα

p,q

(
Rd

)
with α > 0, one has Λα

(
Rd

)
= Bα

∞,∞
(
Rd

)
; given an admissible sequence σ, it is

thus natural to identify the generalized Hölder space Λσ
(
Rd

)
with Bσ

∞,∞
(
Rd

)
. It can be easily shown that the

spaces Cn
ω

(
Rd

)
are akin to the spaces Λσ

(
Rd

)
.
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Here, we try to follow the path taken in [11], but in the general setting of the Hölder spaces defined via
admissible sequences σ, in order to establish some specific properties of the spaces Bσ

∞,∞
(
Rd

)
. The paper

is organized as follows. We first give the definitions as well as some basic results. In Section 3, we look for
conditions leading to embedded spaces: if for each α > 0, σ(α) is an admissible sequence, under which conditions
do we have α < β implies Λσ (β ) (

Rd
)
⊂ Λσ (α ) (

Rd
)
? Next, we look at the relations between the spaces Λσ

(
Rd

)

and the spaces Ck
(
Rd

)
of the k-times continuously differentiable functions. In Section 5, we give alternative

definitions of the generalized Hölder spaces. In most of the cases, the results holding for the usual spaces also
hold for the generalized ones.

Throughout the paper, B denotes the open unit ball and we use the letter C for generic positive constant whose
value may be different at each occurrence.

2 Definitions

The aim of this section is to introduce the definitions underlying the notion of generalized Hölder space as well
as some notations and basic results.

2.1 Admissible sequences

Let us first recall the notion of admissible sequence [13].

Definition 2.1 A sequence σ = (σj )j∈N of real positive numbers is called admissible if there exists a positive
constant C such that

C−1σj ≤ σj+1 ≤ Cσj ,

for any j ∈ N.

If σ is such a sequence, we set

Θj = inf
k∈N

σj+k

σk
and Θj = sup

k∈N

σj+k

σk

and define the lower and upper Boyd indices as follows,

s = s(σ) = lim
j

log2 Θj

j
and s = s(σ) = lim

j

log2 Θj

j
.

Since (log Θj )j∈N is a subadditive sequence, such limits always exist [7].

Remark 2.2 If σ is an admissible sequence, let ε > 0; there exists a positive constant C such that

C−12j (s−ε) ≤ Θj ≤ σj+k

σk
≤ Θj ≤ C2j (s+ε) , (2.1)

for any j, k ∈ N.

Let us remark that if σ and γ are two admissible sequences, so are σ + γ, σγ (with s(σγ) ≥ s(σ) + s(γ) and
s(σγ) ≤ s(σ) + s(γ)) and rσ for any r > 0 (with s(rσ) = s(σ) and s(rσ) = s(σ)). Moreover, we have the
following trivial result, wich will be used in the sequel.

Lemma 2.3 If σ is an admissible sequence and α ∈ R, σα is an admissible sequence and

� if α > 0, s(σα ) = αs(σ), s(σα ) = αs(σ),
� if α < 0, s(σα ) = αs(σ), s(σα ) = αs(σ).

We will also need some easy consequences of Remark 2.2.

Lemma 2.4 Let σ be an admissible sequence;

� if s > 0, there exists a positive constant C such that, for any J ∈ N,

∞∑

j=J

σ−1
j ≤ Cσ−1

J ,

c© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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� if n ∈ N satisfies s < n, there exists a positive constant C such that, for any J ∈ N,

J∑

j=1

2jnσ−1
j ≤ C2J nσ−1

J .

Classical admissible sequences are the dyadic sequences.

Example 2.5 Let α ∈ R; the sequence σ =
(
2−jα

)
j∈N is an admissible sequence with s = s = −α.

More generally, let φ : [0, 1] → (0,∞) be a weakly varying function, i.e., a function satisfying

lim
x→0

φ(rx)
φ(x)

= 1,

for any r > 0. For any α ∈ R, the sequence σ =
(
2−αjφ

(
2j

))
j∈N is an admissible sequence such that s = s =

−α. For example, φ = | log | is a weakly varying function.

Other examples can be found in [1], [6], [12], for instance.

2.2 Strong admissible sequences

We will sometimes need to make additional assumptions on the admissible sequences. We transpose here the
concept of strong modulus of smoothness [9] to the admissible sequences.

Definition 2.6 An admissible sequence σ is a strong admissible sequence of order n ∈ N if there exists a
constant C such that

J∑

j=1

2jnσj ≤ C2J nσJ (2.2)

and

∞∑

j=J

2j (n−1)σj ≤ C2J (n−1)σJ , (2.3)

for any J ∈ N.

Example 2.7 Let n ∈ N; for any α > 0 chosen in (n−1, n) and any β ∈ R, the sequence σ =
(
2−jα jβ

)
j∈N

is a strong admissible sequence of order n.
Now, if α ∈ N, there is no n ∈ N such that the sequence defined above is strong of order n. This is easily

shown by considering the cases α < n, α > n and α = n separately.

This notion is closely related to the Boyd indices of the inverse sequence.

Lemma 2.8 A strong admissible sequence σ of order n is such that

n − 1 ≤ s
(
σ−1) ≤ s

(
σ−1) ≤ n.

P r o o f. The inequalities

2knσk ≤
j+k∑

l=1

2lnσl ≤ C2(j+k)nσj+k

hold for any j, k ∈ N, which implies s
(
σ−1

)
≤ n. Moreover, one has

2(j+k)(n−1)σj+k ≤
∞∑

l=k

2l(n−1)σl ≤ C2k(n−1)σk ,

for any j, k ∈ N and therefore n − 1 ≤ s
(
σ−1

)
.

www.mn-journal.com c© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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We have a partial converse result.

Lemma 2.9 If σ is an admissible sequence satisfying

n − 1 < s
(
σ−1) and s

(
σ−1) < n

for some n ∈ N, then σ is strong of order n.

P r o o f. Let ε > 0 such that s
(
σ−1

)
− ε > n − 1; we have, using inequalities (2.1),

∞∑

k=J

2k(n−1)σk ≤ 2J (n−1)σJ

∞∑

k=1

2k(n−1)2−k(s(σ−1 )−ε) ,

wich implies (2.2). This is sufficient, since Lemma 2.4 implies (2.3).

The following easy result shows that a strong admissible sequence of order n lies in between the sequences(
2−jn

)
j∈N and

(
2−j (n−1)

)
j∈N . It will be used in the next section to obtain embeddings between the classical

Hölder spaces and the generalized ones.

Lemma 2.10 If σ is a strong admissible sequence of order n, there exists a positive constant C such that

C−12−jn ≤ σj ≤ C2−j (n−1) ,

for any j ∈ N.

2.3 Generalized Hölder spaces

Given an admissible sequence σ, we introduce here the generalized Hölder space Λσ in such a way that Λσ is
the space Bσ−1

∞,∞ in “most cases”, where Bσ
∞,∞ is a generalized Besov space, as defined in [13] for example. As

usual, [α] will denote the greatest integer lower than α,

[α] = sup{p ∈ Z : p ≤ α}

and Δn
h f will stand for the finite difference of order n: given a function f defined on Rd and x, h ∈ Rd ,

Δ1
hf(x) = f(x + h) − f(x) and Δn+1

h f(x) = Δ1
hΔn

h f(x),

for any n ∈ N.

Definition 2.11 Let α > 0 and σ an admissible sequence; a function f ∈ L∞(
Rd

)
belongs to the space

Λσ,α = Λσ,α
(
Rd

)
if there exists C > 0 such that

sup
|h|≤2−j

∥
∥
∥Δ[α ]+1

h f
∥
∥
∥
∞

≤ Cσj ,

for any j ∈ N.

Of course if the sequence σ is non-decreasing, the preceding definition does not make much sense. We will
show that the natural generalized Hölder spaces are the spaces Λσ = Λσ,s(σ−1 ) (see Corollary 3.3, Example 2.19
and Corollary 4.8). The application

|f |Λσ , α = sup
j

(
σ−1

j sup
|h|≤2−j

∥
∥
∥Δ[α ]+1

h f
∥
∥
∥

L∞

)

defines a semi-norm on Λσ,α and therefore ‖f‖Λσ , α = ‖f‖L∞ + |f |Λσ , α is a norm on this space. Using a classical
argument to build a subsequence with the desired properties, we have the following result.

Theorem 2.12 Let α > 0 and let σ be an admissible sequence; the space Λσ,α equipped with the norm ‖·‖Λσ , α

is a Banach space.

c© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Remark 2.13 If σ is an admissible sequence such that s < 0, then Λσ = Bσ−1

∞,∞ [13]. However, if s = 0, it is

well known that Bσ−1

∞,∞ 
↪→ L∞ [4].

The following result can be obtained effortless; it allows to introduce a slightly different definition of the
spaces Λσ,α .

Lemma 2.14 Let α > 0, p ∈ Z and let σ be an admissible sequence; a function f ∈ L∞(
Rd

)
satisfies

sup
|h|≤r

∥
∥
∥Δ[α ]+1

h f
∥
∥
∥
∞

≤ Cσ[log2 1/r ]+p (2.4)

for some positive constant C and any r if and only if f ∈ Λσ,α .

2.4 Modulus of smoothness

In [5], [9], the notion of modulus of smoothness is used to obtain a generalisation of the classical Hölder spaces.
The idea is to replace the modulus |h|α appearing in the right-hand side of inequality (1.1) by a more general
function ω(|h|). These so-obtained spaces are a particular case of the spaces Λσ,α .

Definition 2.15 A non-decreasing function ω : (0,∞) → (0,∞) is a modulus of smoothness if there exists a
constant C such that

ω(2x) ≤ Cω(x),

for any x ∈ (0,∞). One then extends ω by setting ω(0) = 0.

The link between the moduli of smoothness and the admissible sequences is given by the following easy result.

Lemma 2.16 Let σ be an admissible sequence; there exists a modulus of smoothness ω such that σ =
ω
(
2−j

)
j∈N if and only if σ is a decreasing sequence. Moreover, such a function ω is continuous at the origin if

and only if σ converges to 0.

Remark 2.17 Indeed, since we are only interested in the asymptotic behavior of σ, one could ask for the
conditions defining an admissible sequence to hold only for j ≥ J , for some J ∈ N. In the same way, since only
the behavior of ω near the origin really matters, we could define a modulus of continuity using germ functions.

This lemma together with Lemma 2.14 imply that one can replace a modulus of smoothness by a corresponding
admissible sequence for the definition of the generalized Hölder spaces.

Proposition 2.18 Let ω be a modulus of smoothness; a function f ∈ L∞(
Rd

)
satisfies

sup
|h|≤r

∥
∥
∥Δ[α ]+1

h f(x)
∥
∥
∥
∞

≤ Cω(r) (2.5)

for some positive constant C and any r if and only if f ∈ Λσ,α , where σ is the sequence defined by σj = ω
(
2−j

)
.

As a direct consequence, the usual Hölder spaces Λα (α > 0) are of the form Λσ .

Example 2.19 Let α > 0 and σ =
(
2−jα

)
j∈N . The space Λσ is the usual Hölder space Λα .

Lemmata 2.10 and 2.8 imply the following result.

Corollary 2.20 If σ is a strong admissible sequence of order N , we have

ΛN ↪→ Λσ ↪→ ΛN −1 .

3 Embeddings between Hölder spaces

The usual Hölder spaces are embedded, i.e., 0 < α < β implies Λβ ↪→ Λα . A question that naturally arises is
therefore the following: What are the conditions to impose to two admissible sequences σ and γ in order to obtain
Λγ ↪→ Λσ . Indeed, we will obtain results concerning the spaces Bσ

p,∞, since we are going to deal with Lp -norms.
In this section, p will designate an element of [1,∞].

www.mn-journal.com c© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



2162 D. Kreit and S. Nicolay: Some characterizations of generalized Hölder spaces

3.1 Preliminary results

The main result of this section is the following.

Proposition 3.1 Let σ be an admissible sequence and let f be an element of Lp
(
Rd

)
satisfying

sup
|h|≤2−j

∥
∥Δn

h f
∥
∥

p
≤ Cσj ,

with n ∈ N \{1}, for some constant C and any j ∈ N. We have the three following cases:

� if 2n−1Θ1 > 1,

sup
|h|≤2−j

∥
∥Δn−1

h f
∥
∥

p
≤ C

(
σj + 2−j (n−1)), (3.1)

� if 2n−1Θ1 < 1,

sup
|h|≤2−j

∥
∥Δn−1

h f
∥
∥

p
≤ C

((
2n−1Θ1

)−j
σj + 2−j (n−1)), (3.2)

� if 2n−1Θ1 = 1,

sup
|h|≤2−j

∥
∥Δn−1

h f
∥
∥

p
≤ C

(
jσj + 2−j (n−1)), (3.3)

for any j ∈ N.

P r o o f. For J ∈ N, let us consider the classical telescopic sum

J∑

j=0

2−j (n−1)
(

2n−1 sup
|h|≤2−J

∥
∥Δn−1

2j h f
∥
∥

p
− sup

|h|≤2−J

∥
∥Δn−1

2(2j h)f
∥
∥

p

)

= 2n−1 sup
|h|≤2−J

∥
∥Δn−1

h f
∥
∥

p
− 2−J (n−1) sup

|h|≤2−J

∥
∥Δn−1

2J + 1 h
f
∥
∥

p
.

The inequality

∥
∥Δm

h f
∥
∥

p
≤ m

2

∥
∥Δm+1

h f
∥
∥

p
+ 2−m

∥
∥Δm

2hf
∥
∥

p

holding for any m ∈ N and any h ∈ Rd implies

2n−1 sup
|h|≤2−J

∥
∥Δn−1

h f
∥
∥

p

≤ C

J∑

j=0

2−j (n−1) sup
|h|≤2−(J −j )

∥
∥Δn

h f
∥
∥

p
+ 2−J (n−1) sup

|h|≤2−J

∥
∥Δn−1

2J + 1 h
f
∥
∥

p

≤ C

(
J∑

j=0

(
2−(n−1)Θ−1

1

)j

)

σJ + 2−J (n−1)C,

which is sufficient to conclude.

The sequences defined by the right-hand side of the inequalities (3.1), (3.2) and (3.3) are still admissible
sequences. The previous result can be stated in terms of Boyd index.

Corollary 3.2 Let σ be an admissible sequence and let f be an element of Lp
(
Rd

)
satisfying

sup
|h|≤2−j

∥
∥Δn

h f
∥
∥

p
≤ Cσj ,

with n ∈ N\{1}. We have the two following cases.

c© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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� if s
(
σ−1

)
< n − 1, we have

sup
|h|≤2−j

∥
∥Δn−1

h f
∥
∥

p
≤ Cσj + C2−j (n−1) ,

� if s
(
σ−1

)
≥ n − 1, for any ε > 0, there exists a constant Cε such that

sup
|h|≤2−j

∥
∥Δn−1

h f
∥
∥

p
≤ Cε2j (s(σ−1 )−(n−1)+ε)σj + C2−j (n−1) ,

for any j ∈ N.

P r o o f. For any ε > 0, inequalities (2.1) imply

2n−1 sup
|h|≤2−j

∥
∥Δn−1

h f
∥
∥

p

≤ C
J∑

j=0

2−j (n−1) sup
|h|≤2−(J −j )

∥
∥Δn

h f
∥
∥

p
+ 2−J (n−1) sup

|h|≤2−J

∥
∥Δn−1

2J + 1 h
f
∥
∥

p

≤ CεσJ

J∑

j=0

2j (s(σ−1 )−(n−1)+ε) + C2−j (n−1) ,

which leads to the conclusion.

The order s
(
σ−1

)
in the definition of the generalized Hölder spaces Λσ is optimum.

Corollary 3.3 Let σ be an admissible sequence; for any ε > 0, we have Λσ = Λσ,s(σ−1 )+ε .

3.2 Decreasing Hölder spaces

We are now able to give sufficient conditions on two admissible sequences for the corresponding spaces to be
embedded.

Definition 3.4 If for any α > 0, σ(α) is an admissible sequence, the application

σ(·) : α > 0 �→ σ(α)

is called a family of admissible sequences if the two following conditions are satisfied:

� 0 < α < β implies s
((

σ(α)
)−1)

< s
((

σ(β )
)−1)

.

� for any n ∈ N, there exists α > 0 such that s
((

σ(α)
)−1) = n.

Definition 3.5 A family of admissible sequences σ(·) is called decreasing if 0 < α < β implies Λσ (β )
↪→

Λσ (α )
.

Definition 3.6 Let σ(·) be a decreasing family of admissible sequences; the generalized Hölder exponent
associated to a function f ∈ L∞(

Rd
)

is defined as

H
(
f ;σ(·)) = sup

{
α > 0 : f ∈ Λσ (α )

}
.

Let us now search for conditions under which a family of admissible sequences is decreasing. If σ(·) is a family
of admissible sequences, for α > 0, we set tα = s

((
σ(α)

)−1)
and

Θ(α)
j = inf

k∈N

σ
(α)
j+k

σ
(α)
k

.

Proposition 3.1 gives the following result.

www.mn-journal.com c© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Corollary 3.7 A family of admissible sequences σ(·) is decreasing if for every β > 0, the following conditions
are satisfied:

� If tβ /∈ N, for any α > 0 such that tα ∈ [[tβ ], tβ ), there exist a constant C and an index J such that

σ
(β )
j ≤ Cσ

(α)
j ,

for any j ≥ J .
� If tβ ∈ N, there exists ε > 0 such that for any α ∈ (β − ε, β), there exist a constant C and an index J for

which

2−j tβ ≤ Cσ
(α)
j ,

for any j ≥ J .
� If tβ ∈ N, there exist ε > 0 such that for any α ∈ (β − ε, β), there exist a constant C and an index J for

which
– if 2tβ Θ(β )

1 > 1,

σ
(β )
j ≤ Cσ

(α)
j , for any j ≥ J,

– if 2tβ Θ(β )
1 < 1,

σ
(β )
j

(
2tβ Θ(β )

1

)−j ≤ Cσ
(α)
j , for any j ≥ J,

– if 2tβ Θ(β )
1 = 1,

jσ
(β )
j ≤ Cσ

(α)
j , for any j ≥ J.

Let us give an example.

Example 3.8 Let α > 0; if β is a non-negative function defined on (0,∞), the family σ(α) =
(
2−jα jβ (α)

)
j∈N

satisfies the hypothesis of Corollary 3.7 and is thus a decreasing family of admissible sequences.

Let us emphasize that the conditions stated in Corollary 3.7 are not sufficient.

Remark 3.9 Let σ(·) be the family of admissible sequences defined by

σ
(α)
j =

{
2−jα if α ∈ (0,∞)\N,
2−jα j−1 if α ∈ N.

It is easy to check that this family is a decreasing family for which the third condition of Corollary 3.7 is not
satisfied.

4 Generalized Hölder spaces and smoothness

Here, we investigate the relationship between the Hölder spaces and the regularity of their elements, i.e., the pos-
sible embeddings between the spaces Λσ

(
Rd

)
and the spaces Ck

(
Rd

)
of the k-times continuously differentiable

functions.
The space of the infinitely differentiable functions with compact support included in B will be written C∞

c (B).
In this section, ρ will denote a radial function of C∞

c (B) such that ρ(x) ∈ [0, 1] for any x ∈ Rd and ‖ρ‖1 = 1.
Moreover, for any function f , one sets

fδ =
1
δd

f
( ·

δ

)
,

for any δ 
= 0.
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4.1 Preliminaries

We start by adapting two classical lemmata (see e.g., [11]). For the sake of simplicity, we only gives the results
for R, although they are still valid in Rd , with proofs that are much the same.

Lemma 4.1 Let n ∈ N, let σ be an admissible sequence and f ∈ L1
loc(R) such that

sup
|h|≤2−j

∥
∥Δn

h f
∥
∥
∞ ≤ Cσj , (4.1)

for a constant C > 0 and any j ∈ N. There exists φ ∈ C∞
c (R) such that

sup
0<h≤2−j

‖f ∗ φh − f‖∞ ≤ Cσj ,

for a constant C > 0 and any j ∈ N.

P r o o f. We may add 1, 2 or 3 to n if necessary so that we can assume that n is equal to 2m, where m is an
odd integer. Let us define

γ =
m−1∑

j=0

(−1)j

(
n

j

)
ρ2j−n (4.2)

and φ = γ/
∫

γ dx. For δ > 0, one has

f ∗ φδ (x) − f(x)

=
∫

f(x − δt)φ(t) dt − f(x)

=
1∫
γ dt

m−1∑

j=0

(−1)j

(
n

j

)∫
f(x − δt)ρ2j−n (t) dt − f(x)

=
1

2
∫

γ dt

⎛

⎜
⎝

n∑

j = 0
j �= m

(−1)j

(
n

j

) ∫
f(x − δ(2j − n)t)ρ(t) dt − 2

(∫
γ dt

)
f(x)

⎞

⎟
⎠

=
1

2
∫

γ dt

∫
Δn

δtf(x)ρ(t) dt,

which is sufficient to conclude.

Lemma 4.2 Let σ be an admissible sequence and f ∈ L1
loc(R) a function for which there exists ρ such that

‖f ∗ ρ2−j − f‖∞ ≤ Cσj ,

for a constant C > 0 and any j ∈ N. For any k ∈ N, there exists C > 0 such that
∥
∥Dk (f ∗ ρ2−j − f ∗ ρ2−j + 1 )

∥
∥
∞ ≤ C 2jkσj ,

for any j ∈ N.

P r o o f. For δ > 0, let us write

f ∗ ρδ − f ∗ ρ2δ

= ρδ ∗ (f ∗ ρδ − f ∗ ρ2δ ) + ρδ ∗ (f − f ∗ ρδ ) − ρ2δ ∗ (f − f ∗ ρδ ). (4.3)

For the first term of the right-hand side, one gets
∣
∣Dk

(
ρδ ∗ (f ∗ ρδ − f ∗ ρ2δ )

)∣∣ ≤
∥
∥Dkρδ

∥
∥

1 ‖f ∗ ρδ − f ∗ ρ2δ‖∞
≤ Cδ−k (‖f ∗ ρδ − f‖∞ + ‖f − f ∗ ρ2δ‖∞),
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which gives the following inequality for δ = 2−j ,

∣
∣Dk

(
ρ2−j ∗ (f ∗ ρ2−j − f ∗ ρ2−j + 1 )

)∣∣ ≤ C 2jkσj .

The two other terms of the right-hand side of equality (4.3) can be handled in the same way, leading to the desired
result.

4.2 Hölder spaces and Ck spaces

If f ∈ L∞(
Rd

)
satisfies inequality (4.1), let φ denotes the same function as in Lemma 4.1 and let us set

f1 = f ∗ φ2−1 and fj+1 = f ∗ (φ2−j −1 − φ2−j ) (4.4)

for any j ∈ N. Since there exists a constant C > 0 such that ‖fj‖∞ ≤ Cσj for any j ∈ N,

k∑

j=1

‖fj‖∞ ≤ C
k∑

j=1

σj ,

for any k ∈ N. Therefore, if the series
∑

j σj converges, we have f =
∑∞

j=1 fj in L∞. We then have the
following result.

Proposition 4.3 Let σ an admissible sequence satisfying

∞∑

j=1

2jkσj < ∞,

for some k ∈ N. If the function f ∈ L∞(
Rd

)
satisfies

sup
|h|≤2−j

∥
∥Δn

h f
∥
∥
∞ ≤ Cσj ,

for some n ∈ N and any j ∈ N, then f is equal almost everywhere to a bounded element of Ck
(
Rd

)
.

P r o o f. The series
∑

j fj converges uniformly to a function that is equal almost everywhere to f and

‖Dν fj‖∞ ≤ C2jkσj ,

for any j ∈ N and any multi-index ν such that |ν| ≤ k. We thus get that the series
∑

j Dν fj converges uniformly,
which ends the proof.

The following result can also be deduced from Corollary 2.20 and the properties of the spaces Λα with α > 0
(see Example 4.6).

Corollary 4.4 If σ is a strong admissible sequence of order n, f ∈ Λσ implies that f is equal almost every-
where to a bounded element of Cn−1

(
Rd

)
.

Let 
·� denote the ceil function, i.e., 
α� = limβ→1− [α + β]. If σ(·) is a family of admissible sequences, we

set tα = s
((

σ(α)
)−1)

.

Corollary 4.5 Let σ(·) be a decreasing family of admissible sequences; if tα > 0 then f ∈ Λσ (α )
implies that

f is equal almost everywhere to a bounded element of C�tα �−1
(
Rd

)
.

Example 4.6 Let α > 0 and let f be an element of Λα . If α /∈ N, f is equal almost everywhere to a bounded
element of C [α ]

(
Rd

)
; otherwise, f is equal almost everywhere to a bounded element of Cα−1

(
Rd

)
. It is well

known that these embeddings are optimum, since, for example, the function | · | belongs to Λ1 .

Let us now show that too small orders lead to trivial spaces.
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Proposition 4.7 If σ is an admissible sequence satisfying

∞∑

j=1

2j (n+1)σj < ∞,

for some non-negative integer n, the space Λσ,n is the space of the functions that are constant almost everywhere.

P r o o f. We know that f is equal almost everywhere to a function g ∈ Cn+1
(
Rd

)
. Moreover, since

lim
j

∣
∣Δn+1

2−j ei
g(x)

∣
∣

2−j (n+1) =
∣
∣Dn+1

xi
g(x)

∣
∣

and
∥
∥Δn+1

2−j ei
f(x)

∥
∥
∞

2−j (n+1) ≤ C2j (n+1)σj −→ 0,

as j tends to ∞, we get Dn+1
xi

g = 0. Finally, since g is bounded, g is a constant function.

Corollary 4.8 Let σ an admissible sequence; if the non-negative integer n satisfies n+1 < s
(
σ−1

)
, the space

Λσ,n is the space of the functions that are constant almost everywhere.

5 Alternative definitions of the Hölder spaces

In this section, we give two alternative definitions of the spaces Λσ,α . We first use approximations of a function f
by polynomials or C∞

c functions. The rate at wich f can be approximated is bounded to the spaces Λσ,α . If some
additional assumptions are made about the admissible sequences, these spaces can also be characterized using
derivatives or Taylor’s expansion. Such results are well known for the classical Hölder spaces Λα , with α > 0
(see e.g., [11]).

5.1 A characterization via a convolution product

When looking at how good an element of Λσ can be approximated by a smooth function, one gets the following
result: a function f ∈ L∞(

Rd
)

belongs to the classical Hölder space Λα (α > 0) if and only if there exist a
function φ ∈ C∞

c

(
Rd

)
and a positive constant C such that

‖f − f ∗ φδ‖∞ ≤ Cδα ,

for any δ > 0. This result is still valid in the general setting of the admissible sequences, although some weak
additional hypotheses have to be made.

Proposition 5.1 Let σ an admissible sequence and f ∈ L∞(
Rd

)
. If f ∈ Λσ,α (α > 0), there exists a function

φ ∈ C∞
c

(
Rd

)
such that

‖f − f ∗ φ2−j ‖∞ ≤ Cσj , (5.1)

for a constant C > 0 and any j ∈ N. Conversely, if inequality (5.1) holds for a function φ ∈ C∞
c

(
Rd

)
and if the

admissible sequence satisfies

J∑

j=1

2j ([α ]+1)σj ≤ C2J [α ]+1σJ (5.2)

and
∞∑

j=J +1

σj ≤ CσJ , (5.3)

for a constant C > 0 and any J ∈ N, then f belongs to Λσ,α .
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P r o o f. Lemma 4.1 implies the first part of the result. Let us show the converse part. If fj is defined by

equality (4.4), we have Δ[α ]+1
h f =

∑∞
j=1 Δ[α ]+1

h fj in L∞(
Rd

)
and thus, if we set n = [α] + 1,

∥
∥Δn

h f
∥
∥
∞ ≤

J∑

j=1

∥
∥Δn

h fj

∥
∥
∞ +

∞∑

j=J +1

∥
∥Δn

h fj

∥
∥
∞

≤
J∑

j=1

|h|n‖Dnfj‖∞ +
∞∑

j=J +1

2n‖fj‖∞

≤ C|h|n
J∑

j=1

2jnσj + C

∞∑

j=J +1

σj ,

for any J ∈ N. Using the hypothesis on the admissible sequence, we get

∥
∥Δn

h f
∥
∥
∞ ≤ C

(
1 + |h|n2J n

)
σJ ,

which is sufficient to conclude.

Lemma 2.4 gives the following result.

Corollary 5.2 Let σ an admissible sequence such that s
(
σ−1

)
> 0; a function f ∈ L∞(

Rd
)

belongs to Λσ

if and only if inequality (5.1) is satisfied.

Remark 5.3 Let α > 0, let σ be an admissible sequence such that inequalities (5.2) and (5.3) are satisfied and
define

Φ =

{

φ ∈ C∞
c

(
Rd

)
: φ =

2γ
( 2m

m

) , where γ satisfies equality (4.2) for some m

and sup
|ν |=[α ]+1

‖Dν φ‖1 ≤ 2[α ]+1

}

.

When looking at how the characterization with the convolution has been obtained, it is easy to check that the
semi-norm defined by

|f | = inf
φ∈Φ

sup
j∈N

{
σ−1

j ‖f ∗ φ2−j − f‖∞
}

is such that the norm ‖ · ‖ = ‖ · ‖∞ + | · | is equivalent to ‖ · ‖Λσ , α .

5.2 A polynomial characterization

The definition of the classical Hölder spaces is often given in terms of approximation by polynomials: f ∈
L∞(

Rd
)

belongs to Λα (α > 0) if there exist a constant C > 0 and a polynomial P of degree less than α such
that

‖f − P‖L∞(hB+x0 ) ≤ C|h|α ,

for any x0 ∈ Rd . We generalize here this result. We will denote the set of polynomials of degree at most n by
Pn . We will also need the following classical result [3]: Let n ∈ N and f ∈ L∞(

Rd
)
; there exists a constant

C > 0 depending on n and d such that, for any x0 ∈ Rd and r > 0, the following inequality is satisfied,

inf
P ∈Pn −1

‖f − P‖L∞(rB+x0 ) ≤ C sup
|h|≤r

∥
∥Δn

h f
∥
∥

L∞(rB+x0 ) . (5.4)

We have the following easy result.
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Lemma 5.4 Let n ∈ N and f ∈ L∞(
Rd

)
; there exists a constant C > 0 such that, for any x0 ∈ Rd and any

polynomial P ∈ Pn−1 ,

sup
|h|≤r

‖Δn
h f‖L∞(rB+x0 ) ≤ C‖f − P‖L∞((n+1)rB+x0 ) .

P r o o f. One directly gets

sup
|h|≤r

∥
∥Δn

h f
∥
∥

L∞(rB+x0 ) = sup
|h|≤r

∥
∥Δn

h (f − P )
∥
∥

L∞(rB+x0 )

≤ 2n‖f − P‖L∞((n+1)rB+x0 ) ,

which is the wanted result.

Proposition 5.5 Let σ an admissible sequence, α > 0 and f ∈ L∞(
Rd

)
; f belongs to Λσ,α if and only if

there exists a constant C > 0 such that

inf
P ∈P [α ]

‖f − P‖L∞(2−j B+x0 ) ≤ C σj , (5.5)

for any x0 ∈ Rd and any j ∈ N.

P r o o f. From inequality (5.4), we get that f ∈ Λσ,α implies inequality (5.5). Now, let f ∈ L∞(
Rd

)
and

suppose that inequality (5.5) is satisfied. We set n = [α]+ 1 and k = [log2(n + 1)]+1. There exists J ∈ N such
that for any polynomial P ∈ P[α ] , we have

sup
|h|≤2−j

∥
∥Δn

h f
∥
∥

L∞(2−j B+x0 ) ≤ C‖f − P‖L∞(2k −j B+x0 ) ,

for any j ≥ J . Therefore, inequality (5.5) implies the existence of a constant C ′ > 0 for which

sup
|h|≤2−j

∥
∥Δn

h f
∥
∥

L∞(2−j B+x0 ) ≤ C ′σj−k ≤ C ′′σj ,

whenever j ≥ J . This is sufficient to conclude, since C ′′ does not depend on j or x0 .

Remark 5.6 Let α > 0 and let σ be an admissible sequence. The semi-norm defined by

|f | =
∥
∥
∥
∥ sup

j∈N

{
σ−1

j inf
P ∈P [α ]

‖f − P‖L∞(2−j B+·)
}
∥
∥
∥
∥
∞

is such that the norm ‖ · ‖ = ‖ · ‖∞ + | · | is equivalent to ‖ · ‖Λσ , α .

5.3 A characterization using derivatives

The usual Hölder spaces Λα can be defined without using finite differences, polynomials or convolutions. For
α ∈ (0, 1), the usual Hölder space Λα is the space of the functions f ∈ L∞(

Rd
)

such that

sup
|h|≤2−j

‖f(· + h) − f(·)‖∞ ≤ C2−jα ,

for some constant C > 0 and any j ∈ N, while to belong to Λ1 , f must satisfy

sup
|h|≤2−j

‖f(· + h) + f(· − h) − 2f(·)‖∞ ≤ C2−j .

Now, if α ∈ (k, k + 1] for some integer k ≥ 1, a function of L∞(
Rd

)
is an element of Λα if it is equal almost

everywhere to a function f with the following properties: f ∈ Ck
(
Rd

)
and f as well as Djf belong to Λα−1 for

any j ∈ {1, . . . , d}. Such a definition is still valid in the general case, as far as the admissible sequence satisfies
some additional requirements.
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Proposition 5.7 Let σ be an admissible sequence and let k, n be two positive integers such that k < s
(
σ−1

)
≤

s
(
σ−1

)
< n. Any element of Λσ is equal almost everywhere to a function f ∈ Ck

(
Rd

)
satisfying Dν f ∈

L∞(
Rd

)
for any multi-index ν such that |ν| ≤ k and

sup
|h|≤2−j

∥
∥Δn−|ν |

h Dν f
∥
∥
∞ ≤ Cσj2j |ν |, (5.6)

for any j ∈ N and |ν| ≤ k. Conversely, if f ∈ L∞(
Rd

)
∩ Ck

(
Rd

)
satisfies inequality (5.6) for |ν| = k, then

f ∈ Λσ .

P r o o f. Let f ∈ Λσ and fj be defined as before. There exists a function g that is equal to f almost everywhere
such that

∞∑

j=1

Dν fj = Dν g,

with uniform convergence, for any ν such that |ν| ≤ k. Now, Lemma 4.2 implies

∞∑

j=1

‖Dν fj‖∞ ≤ C

∞∑

j=1

2jkσj < ∞.

Let ν be a multi-index such that |ν| ≤ k and h ∈ Rd , J ∈ N such that |h| ≤ 2−J . Using the mean value theorem,
we get

∥
∥
∥Δn−|ν |

h Dν f
∥
∥
∥
∞

≤
J∑

j=1

∥
∥
∥Δn−|ν |

h Dν fj

∥
∥
∥
∞

+
∞∑

j=J +1

∥
∥
∥Δn−|ν |

h Dν fj

∥
∥
∥
∞

≤
J∑

j=1

|h|n−|ν | sup
|α |=n−|ν |

‖Dα+ν fj‖∞

+C
∞∑

j=J +1

|h|k−|ν | sup
|α |=k−|ν |

‖Dα+ν fj‖∞

≤ C

J∑

j=1

|h|n−|ν |2njσj + C

∞∑

j=J +1

|h|k−|ν |2kjσj

≤ C2J |ν |σJ .

Let us now show the converse result. If h satisfies |h| ≤ 2−j , we have, using the mean value theorem and
inequality (5.6),

∥
∥Δn

h f
∥
∥
∞ ≤ C|h|k sup

|ν |=k

∥
∥Δn−k

h Dν f
∥
∥
∞ ≤ C 2−jk2jkσj ,

which is sufficient to conclude.

The same demonstration can be used to show the following results.

Proposition 5.8 Let σ be a strong admissible sequence of order n ∈ N. Any element of Λσ is equal almost
everywhere to a function f ∈ Cn

(
Rd

)
satisfying Dν f ∈ L∞(

Rd
)

for any multi-index ν such that |ν| ≤ n and

sup
|h|≤2−j

∥
∥
∥Δn−|ν |

h Dν f
∥
∥
∥
∞

≤ C 2j |ν |σj , (5.7)

for any j ∈ N and |ν| ≤ n. Conversely, if f ∈ L∞(
Rd

)
∩ Cn

(
Rd

)
satisfies inequality (5.7) for |ν| = n, then

f ∈ Λσ .
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Lemma 5.9 Let k be a positive integer, let σ be an admissible sequence and f ∈ L∞(
Rd

)
∩Ck

(
Rd

)
. If there

exist a natural number n > k and a constant C > 0 such that

sup
|h|≤2−j

∥
∥Δn−k

h Dν f
∥
∥
∞ ≤ C 2jkσj ,

for any j ∈ N and any multi-index ν such that |ν| = k, then f ∈ Λσ,n−1 .

Remark 5.10 Let σ an admissible sequence and let k, n be two positive integers such that k < s
(
σ−1

)
≤

s
(
σ−1

)
< n. The space Λσ is the space of the functions f ∈ L∞(

Rd
)
∩ Ck

(
Rd

)
such that

sup
|ν |=k

sup
j∈N

sup|h|≤2−j

∥
∥Δn−k

h Dν f
∥
∥
∞

2jkσj
< ∞.

5.4 Taylor’s formula

The Taylor’s expansion also provide a characterization of the usual Hölder spaces. When looking at Section 5.2,
one can expect for this result to also hold in the general setting of the admissible sequences. It should be noted
however that the polynomial approximating the function depends on the scale j. We thus have to make additional
assumptions in order to get rid of this dependence.

We first need a lemma.

Lemma 5.11 If f ∈ Ck
(
Rd

)
, we have, for any x, h ∈ Rd ,

f(x + h) =
∑

|ν |≤k

hν

|ν|!D
ν f(x) +

|h|k
k!

Rk (x, h),

where

|Rk (x, h)| ≤
∑

|ν |=k

sup
|δ |≤|h|

∥
∥Δ1

δD
ν f

∥
∥
∞.

P r o o f. Let us fix x ∈ Rd and consider the function g defined on R as follows, g : t �→ f(x + th). Using
integration by parts, one gets

g(1) − g(0) =
∫ 1

0
Dg(t) dt

= [(t − 1)Dg(t)]10 −
∫ 1

0
(t − 1)D2g(t) dt

=
k−1∑

j=1

1
j!

Djg(0) + (−1)k−1
∫ 1

0

(t − 1)k−1

(k − 1)!
Dkg(t) dt

=
k−1∑

j=1

1
j!

Djg(0) + (−1)k−1
∫ 1

0

(t − 1)k−1

(k − 1)!
Dkg(0) dt

+ (−1)k−1
∫ 1

0

(t − 1)k−1

(k − 1)!
(
Dkg(t) − Dkg(0)

)
dt,

which is sufficient to conclude.

We have the following version of Taylor’s expansion theorem.

Proposition 5.12 Let σ be a strong admissible sequence of order n ∈ N. If f ∈ Λσ , one has, for any
x, h ∈ Rd ,

f(x + h) =
∑

|ν |≤n−1

hν

|ν|!D
ν f(x) +

|h|n−1

(n − 1)!
Rn−1(x, h), (5.8)
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almost everywhere, where Rn−1 satisfies

sup
x,|h|≤2−j

|Rn−1(x, h)| ≤ Cσj2j (n−1) ,

for any j ∈ N. Conversely, if f ∈ L∞(
Rd

)
∩ Cn−1

(
Rd

)
satisfies equality (5.8), then f ∈ Λσ .

P r o o f. If f is an element of Λσ , there exists a function g ∈ Cn−1
(
Rd

)
that is equal almost everywhere to f .

Lemma 5.11 and Proposition 5.8 allow to conclude. The converse result has been shown in Section 5.2.

Remark 5.13 In [9], the properties of functions f for which there exist a polynomial P and a constant C such
that

‖f − P‖L∞(hB+x) ≤ Cω(|h|),

for any x ∈ Rd , where ω is a modulus of smoothness, are investigated. If ω is a strong modulus of continuity,
i.e., if the corresponding sequence σ is a strong admissible sequence, such functions are the elements of Λσ .
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