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Abstract

The present paper addresses the problem of chasaajestructural nonlinearities in view of systedentification. A low-order local

modelling strategy is proposed and encapsulatedrecentl-introduced frequency-domain nonlinearbspace method for the estimatior

model parameters. The complete methodologfirst demonstrated using two academic examphesnel' a Duffing oscillator and a five-
degree-ofreedom system comprising two nonlinearitiThe identification of an expemiental beam involving nonlinear geometri

behaviour is finally addressed.
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1. Introduction

The nonlinear identifiation process in structural dynamics can be vieagethe succession of three steps, namely dete
characterisation and parameter estimation. Oncénean behaviour is detected, a nonlinear systesaig to be characteed
after the location, typand functional form of all the nonlinearities thghout the system are determined. The parametdhe
selected model are then estimated using, linear leassquares fitting or nonlinear optimisation algorighdepending upon tt
method consideredAs stressed in the survey pe [1], an accurate characterisation of the nonlineast®l and dissipativ
behaviour of the structure is of utmost importarToday, this task remains challenging becaumdinearity may be caused by
many different mechdsms and may result in plethora of dynamic pherm@min the technical literatu, the most standard
practice is to resort to high-ordgjlobal polynomial expansion (see for instance [&jncerning the use cChebyshev
polynomials). The principle of polgmial expansion is to approximate the restoringdoby a unique polynomial of sor
degree in displacement and velocitjowever, in many circumstancese.g. nonsmooth or no-integer exponent-type
nonlinearities, this approach may notdffective.

In this contextthe present paper introduces the use of order spline-basedpproximation strate(, which avoids the need
for havinga priori information about the physical struct.. This piecewise-polynomiainodelling is herein coupled with
recently-introduced frequenajemain subspa-based method for the estimation of model parameteferred to as th
Frequency-domain Nonlinear Subspagentification (FNSI) methodSection 2states the identification problem treated in
work and formulates linear and thicdder spline approximations in the case of elastiolinearity. Section 3 gives an
introduction to the different steps of the FNtechnique and outlines its major assets. Thmplete methodolog is then
demonstrated using two academiamples in Section, namelya Duffing oscillator and a fi-degree-of-freedom system
comprising two nonlinearities. The identificatiohan experimental beam involving nonlinear geonsatrbehaviour is finay
addressed in Section 5.
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2. Problem statement and proposed modelling of nonlinearities

The present paper addresses the identificationoafimear mechanical systems whose nonlinearitiessapposed to be
localised and for which there exists an underllingar regime of vibration. The amplitude, the difen and the frequency
content of the excitation determine in which regitme structure behaves. The vibrations of suchineaf systems are governed
by the time-continuous model

MG +Cq@) +Kq(®)+ f(q),q@) = p®) 1)

whereM, C, K € R™" are the mass, damping and stiffness matricesecésply, q(t) andp(t) € R" are the generalised
displacement and force vectoygt) € R" is the nonlinear restoring force vector anés the number of degrees of freedom
(DOFs) of the structure obtained after spatialr@igsation. In the frequency domain, this modeldmes

B(w) Q@) + F(w) = P(w) )

whereQ(w), F(w) andP(w) are the Fourier transforms @tt), f(t) andp(t), respectively, an®(w) = (—w?*M + iwC + K)
is the linear dynamic stiffness matrix.

The effect of thg lumped nonlinearities are modelled using the sutioma

J
D s by g:(a(®),4®). ®)

Each term contains information about the strendtihh@ nonlinearityu,, its locationb, € R™ and its functional forng;. In this
work, we propose to consider low-order piecewishymamials as nonlinear basis functiogs For the sake of simplicity, we
restrict our scope to elastic nonlinearitig§q(¢)).

Let g be divided inta¥ segments with arbitrary length defined by theiuias denoted”, wherek varies from 1 ta/ + 1. The
samples off belonging to thek™ segments (bounded ¥ anda**!) are notedg®. Over each segment, we introduce the
normalised displacement, defined in the unit interva, 1) as

k k
k_ 9 —¢@

=Tk _gee 4

A first-order piecewise approximation gf is then given by

bk+1_bk
k — k k k
gs_<ak+1_ak>(q _a)+b

— (bk+1 _ bk) nk + bk

(6)

where the ordinates* of the segment end point are the sought coefficients in the nonlinear idigation problem. It is
worth pointing out that this writing enforces zenaler continuity between adjacent segments. Fromatiap (5) evaluated in
k — 1 andk, each coefficienb® is found to be associated with the basis function

n* 1+ (1 -nb (6)

which will be considered as an input term of theSFldlgorithm, as developed in Section 3.1. Thougimdp simple, the former
linear approximation cannot offer first-order cowiity. This is achieved using the third-order pigise approximation o,

géc — bk hl,k + Sk hZ,k (ak+1 _ ak) + bk+1 h3,k + Sk+1 h4,k (ak+1 _ ak) (7)

wheres” is the slope of the nonlinear restoring force euitvg = a* andh*, h?*, h3* andh** are known as the Hermite
polynomials, defined as

A% =2(n*)3 —3(0*)? +1

h2k = (nk)® — 2(nk)2 + nk o
h3,k — —Z(nk)3 + 3(le)2 ( )
Rk = (nK)3 — (nk)2.
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Therefore, the ordinate® and the slope* are found to be associated with the basis funstion
hl,k + h3,k—1 (9)
and
hz,k(ak+1 _ ak) + h4-,k—1(ak _ ak—l), (10)

respectively.

3. Frequency-domain nonlinear subspace identification methodology

The FNSI technique is a five-step methodology. TWélybe successively described in the presenti@eand summarised in
a flowchart.

3.1.Step 1: Joint collection of excitations and nondiriges as input data

An appealing approach for interpreting the dynangiogerned by Equation (1) consists in moving thelinear term to the
right-hand side and viewing nonlinear forces asml forces applied to the underlying linear stnce

Mg +Cq@)+Kq@) =p)—f®). (11)

Doing so, the internal forces that are nonlineaucfions of the outputs act as a feedback to treafimpen-loop system. This
peculiar feedback form allows the transition toesuivalent linear system identification problem. [Bloreover, we opt for a
discrete-time state-space modelling for numericalditioning reasons [4]. Thus, our objective iditdo observations a state-
space model of the form
x(t+1)= Ax(t) +Bu(y,t)
o 12)
y(@©) =Cx(t) + Du(y,t)

whered € R™" prescribes the linear dynamics of the systBng R™ ™ contains the paramete§ (and possibly*) that are
eventually sought; € R™™ is the output matrixp) € R™™ is the direct feed-through matrix(y,t) € R™ concatenates the
excitation signalsand the low-order piecewise basis functionst) = (¢ ¢)" € R™ is the state vectory(t) € R! is the
measured output vector and= 2 r.

3.2.Step 2: Formulation in the frequency domain

Tackling system identification problems in the fneqgcy domain is an attractive and versatile alterad5], e.g. because
experimental data are often recorded as Frequeaspdlse Functions (FRFs), power spectral densitisgmply spectra. It is
also worth pointing out that frequency-domain salespalgorithms proved successful in linear idesgtfon problems [6]. This
motivates us to approach nonlinear mechanical tstres by using subspace methods formulated inréguéncy domain. To
this end, Equations (12) are recast by use of therEte Fourier Transform (DFT).

The DFTV (k) of a time signab(t) is given by (provided that(t) is periodic and observed over an integer numbgreabds
in steady-state conditions)
1 R-1
vk =—2vte_j2”’”/R 13
(k) N © (13)
t=0
whereR is the number of recorded time samples ok is the frequency line andis the imaginary unit. Equations (12) thus
write

{zk X(k) = AX(k) + BU(k)

Y(k) = C X(k) + D U(k) (14)

whereX (k), U(k) andY (k) are the DFTs af(t), u(y,t) andy(t), respectively.



J.P. Noél et al. / Vibrations, Shocks and Nois€220

Equations (14) are commonly recast into matrix famrthe subspace literature (for more details, &ferrthe reader to [4]):

whereY;, U; andX gather entire spectrf, andH; contain the state matrices only and the indexdicates the number of block
rows of a matrix. The extended observability malfiplays a major role in subspace theory as underim&tep 3and Equation
(15) will be exploited irStep 4

3.3.Step 3: Estimation of’;, A andC

The purpose of subspace algorithms is the computati the extended observability matrix using gewita projections of
input-output data. This computation starts with tamcellation of the input term in Equation (15) imgans of orthogonal
projection [7]. Secondly, estimates &f and of the system ordet are obtained through a truncated singular value
decomposition. To detail this procedure (see [6Y B examine its theoretical foundations (see §8) beyond the scope of this
paper.

From the knowledge df;, further stages then consist in finding the besy to estimate the state matrices. In frequencyadiom
algorithms, A and C are efficiently computed from the so-called slgfoperty ofI; [8]. We also follow this way in our
methodology. An effective computation BfandD is more delicate and a robust numerical scherpeoisosed in Section 3.4.

3.4.Step 4: Estimation oB andD

The core of the demonstration is inspired by [Thalgh several major adaptations are proposed & @& frequency-
domain formulation. First, we substitute in Equatid14) the state spectrukhand its frequency derivativE { by using the
output-state-input Equation (15) and its transfatmersion

V(=N X{+H U (16)

where{ = diag[z, z, ... zy] consideringV (non-necessarily equidistant) frequency lines.a&eondly observe that

{YiiYHl nd{}g(:ﬁ
Ui =Uin Ui ¢ = Uy

(17)

where the operatotd andZ remove from their argumet the last and first block rows, respectively. Thelit properties can
be realised by simply considering the data matrixcsure presented, for instance, in [4]. We consedjy eliminateX andX ¢
by the relations
{X=ﬁmﬂ—mmﬂ)
f— (18)
X{ =T, (Yiy1 — H; Uiyy)

wheret denotes the inverse of a non-square matrix. Fersttke of convenience, identity and zero matricespeeferred to
under- and overline operators as

{ X = l'*i'r(l[li] | O[lin]) Yi+1 _ FiTHi (I[ml] | O[mlxm]) Ui+1 1o
X ( — Fi+(0[li><l] | I[ll]) Yi+1 _ FiTHi(O[mixm] | I[ml]) Ui+1 ) ( )
Some simple manipulations lead to the final writofghe state-space equations
F-+ 0[li><l] | I[li] Y. A ] )
( i ( v ) l+1> — (E) Fi'l'(l[u] | 0[ll><l]) YL'+1 + KUHl (20)
where
- ( (BITfH,) — (ATH, | ofmixm > (21)
(D | 0[l><mi]) _ (C F;rHi | O[mixm])
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Two features of Equation (20) must be emphasisedt, Fhe matrix’K, which exclusively contains the state matriceghis
single unknown of the problem. The new quantifeandQ are thus introduced as

F~T O[lixl]l 1y A . .
o (L) Oy,

and
Q=VU1- (23)

Therefore B andD can be computed as the solution of the least-sgyaoblem
_ ; _ 2
B,D = arg min||? ~ K(8,0)QJ* . (24)

Secondly,X is linear inB andD. This causes the aforementioned optimisation proktio be convex. Despite this appealing
property, we pursue another way to solve the probladeed, for efficiency purposes, Equation (Z4gventually rewritten as
an explicit linear combination & andD and solved in least-squares sense.

3.5.Step 5: Conversion of the system model into thénearity model

The final aim of our approach is the computationtledé ordinatesh, (and possibly the slopes,) of the piecewise

approximation ofg,(q(t)) and not only the fitting of Equations (14) to expeental data. We also seek a description of the

underlying linear dynamics of the structure throtigh estimation oB(w) or its inverse, the frequency response functidrR)F
matrix H(w) = B~!(w). To that purpose, we strictly follow the idea lo& treference [9]. In brief, an invariant combinat{gvith
respect to a similarity transformation) of the mstied state matrices is built (termed extendedu&rrqgy response function) from
which the coefficienb, (and possibly,) and the FRFs can be easily extracted.

The flowchart presented below summarises the FNShaoaology.

Formulation of a discrete-time
spate-space seemingly-linear
identification problem

{x(t +1)= Ax(t)+Buyt)
y(@) =Cx(t)+ Du(y,t)

Translation into frequency-domain

7 X(k) = AX(k) + BU(K)
{ Y(k) = C X(k) + D U(k)

Estimation offj, A andC

Estimation ofB andD

Computation ob*, s* andH (w)
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4. Numerical examples

Prior to addressing the identification of an expemtal set-up in Section 5, we demonstrate the FhShod based on a low-
order local modelling of nonlinearities on numetridata. In particular, a comparison between thes uddirst- and third-order
piecewise polynomials is envisaged, both in terfngcouracy and efficiency. Two simple discrete tinees are considered for
this purpose, namely a Duffing oscillator and &fIYOF structure comprising two nonlinearities takem [10].

4.1.Duffing oscillator

The vibrations of a Duffing oscillator are goverr®dthe equation

Mgt)+Cq)+Kq)+uq*) =p). (25)

The linear and nonlinear parameters selected sahalysis are listed in Table 1. The system wasllsied using a nonlinear
Newmark time integration scheme, considering a $amfrequency of 2,508z The excitatiorp(t) was a periodic noise (a
formal definition of a periodic noise can be fouind[5], p. 73), consisting of a single band-limitédl — 100HZ) normally-
distributed random signal (12,500 points) repeat@dimes. Its root-mean-square (RMS) value wasteetO0ON and, as a
general practice, transients were removed befaregssing data.

Table 1. Parameters of the Duffing oscillator.

M (kg) ¢ (Ns/m) K (kN/m) « (MN/mJ
2 5 100 10

Damped frequency, (Hz) Damping percentage(%)
35.59 0.56

Only 17,100 out of 450,000 frequency lines spantiiogh 5 to 100Hz were exploited in the inverse problem. Low-frequen
and out-of-input-band components were thus rejesitece the information content they convey is leslsiable (except possibly
for harmonic regions). In comparison with a time¥vdon identification scheme, the full time seriesuldobe processed leading
to an increased computational burden. Figure 1 shbe reconstruction of the cubic stiffness cuytvg’(t) using a piecewise
linear model. Visually, the result is excellent @¢hd errors made on the estimated linear propeanteande in Table 2 confirm
the quality of the identification. Note that thespliacement domain over which the restoring foragefined was divided into 8
sub-intervals of equal width, yielding 9 nonlingis in input of the FNSI algorithm.

The recourse to a third-order local approximatibthe nonlinearity improves the identification, @epicted in Figure 2. Higher-
order piecewise approximations offer an appealiadg-off between the degree of approximation aedequired refinement of
the displacement grid. In Figure 2, 3 sub-interwaith equal length are considered, entailing 8 maarities in input. The
resulting errors on the linear properties are égnelnd the time needed to inverse the modehidagi to the piecewise linear
case (see Table 2). Note that the number of saovials in both cases was chosen such that compamablracy and efficiency
were obtained. This proves that first-order coritincan be attained without requiring additionalrquutational efforts.

Table 2. Number of intervals and of nonlinearitiesors on the linear parameters and computattonalfor linear and third-order spline-based madeg$.

Piecewise linear modelling Piecewise third-ordedsiling
Number of intervals 8 3
Number of nonlinearities 9 8
Error onw, (%) 0.56 -0.32
Error one (%) -0.10 0.54
Time () 3.74 3.13
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Figure 1. Duffing oscillator: piecewise linear estition and nominal cubic stiffness curve.
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Figure 2. Duffing oscillator: piecewise third-ordestimation and nominal cubic stiffness curve.
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4.2.Multi-degree-of-freedom system with two nonlinéesit

We now study the five-DOF structure in verticahgkation depicted in Figure 3. The masses andrlidampers are all equal
to 1kg and 10Ns/m respectively. The linear springs possess stiffiee®f 5kN exceptk, chosen equal to 38\. A cubic and
an asymmetric quadratic-fifth order nonlinear sgsirtonnectn, andm; andm; andms, respectively. Their parameters are
given in Table 3. A Newmark time integration schernas used again sampling the signals at SHI)GA periodic noise forcing

p(t) was vertically applied tem, considering a RMS value of 500 It consisted of a single band-limited (0 — 1) normally-
distributed random signal (10,000 points) reped@times.

? §'—+—| U2, M3, Ke, Co

i p(t)
m, §L—ﬂ m, ,§’§L—ﬂ ms §I.-d m,
TN o k4'c4/§'_+'_

|“‘I
Ll d
—
k-
N
o
N

kl' 1 kS' Cs

Figure 3. Schematic view of the multi-degree-okfiem example.

Table 3. Nonlinear parameters of the five-DOF gtrec

Location Exponent Stiffness parameter
2-3 3 500 (MN/mJ
3-5 2 -500 KN/m?j
3-5 5 10 GN/m)

Table 4. Number of intervals and of nonlinearitiesors on the linear parameters and computattonalfor linear and third-order spline-based madeg$.

Piecewise linear modelling Piecewise third-ordedgiling
Number of intervals per nonlinearity 8 3
Number of nonlinearities 18 16
Error onwg (%) [0.84;2.68;5.91;0.17 ; 3.56] [-1.09,52;1.56 ;-0.28 ; 4.59]
Error one (%) [-2.14 ;-14.04 ; -27.85;0.97 ; -81.97] [3.26.21 ; -4.50 ; 0.33 ; -10.68]
MAC values [1.00;0.96 ; 1.00; 0.99 ; 0.98] [1;0m98 ; 0.99 ; 0.99 ; 0.99]
Time ) 66.92 51.65

We first consider approximations of the two nordinges using piecewise linear functions in Figudeand 5, where input and
output spectra are processed between 5 andHt0Uhe two fitted curves are found to have the nemgsflexibility to cover a
large variety of functional forms and to capture ttomplicated nature of stiffness in the systempanticular, a highly
asymmetric behaviour of restoring force is corsectitrieved in Figure 5. Table 4 lists the errorad@ on the estimated linear
properties of the systenie. the damped frequencies, damping ratios and Modaurance Criterion (MAC) values. The
different visual and numerical quality indicatorsow that a linear spline-based approach, thougffersing from some
limitations, is a reliable tool for understandingnfinear mechanisms.

Utilising third-order splines improves the accuradythe identification, as already underlined irctBen 4.1. and confirmed in
Figures 6 and 7 and in Table 4. We opted for thmesdivision of the displacement domains as in théfibg example (see
Table 4) to demonstrate again that a comparableerioah effort leads to enhanced results in the cdsribic approximations.

Note that this does not necessarily imply that thleguld always be preferred over linear splireg, in the case of first-order
discontinuous nonlinearities.
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Figure 4. 5-DOF structure: piecewise linear estioma&nd nominal cubic stiffness curve.

400 T
© 0r B
2
e
[=)]
£
8
w
z
@
[1F]
£
E N
§ : +  Estimated stiffness curve
A0 _ s il
4 Nominal stiffness curve
-800 I i I

-0,05 -0,025 0 0,025 0,05
Relative displacement {m)

Figure 5. 5DOF-structure: piecewise linear estioratind nominal quadratic-fifth order stiffness eurv
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Figure 6. 5-DOF structure: piecewise third-ordeinestion and nominal cubic stiffness curve.
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5. Experimental identification of a nonlinear beam

The benchmark involves a cantilever beam whosednekexhibits nonlinear geometrical behaviour beeaaf an appended
thin beam. The geometrical properties of the setnaplisted in Table 5. Seven accelerometers rdgidpanned the main beam
and an additional displacement sensor was positiahés end. The thin part was mounted verticéde Figure 8) to limit the
effect of gravity. The excitation force was a baimited (0 — 500H2) white-noise sequence sampled at 2,6&@&nd applied in
a horizontal plane by a shaker locatedcBOaway from the clamping. Seven excitation levelsenamnsidered from 0.98 RMS
up to 27.73\ RMS and 163,840 time samples were recorded fdr. €lwe first fifth of those samples was rejectedirtot the
effect of transients on the identification.

Table 5. Geometrical properties of the nonlineambeet-up.

Length (n) Width (mm) Thicknesshim
Main beam 0.7 14 14
Thin beam 0.04 14 0.5

At the lowest excitation level (0.96 RMS), the structure is known to behave linearti][]A FNSI analysis allows to extract its
linear damped frequencies, damping ratios and rshedpes. Figure 9 shows how closely the identifie& Bt beam tip matches
the linear H2 estimation. The 3 first bending modéghe beam are identified in the 0 — 58@ range corresponding to
frequencies of 30.7Hz, 139.49Hz and 390.33Hz, respectively. Damping ratios are estimated 9%, 0.093 % and 0.081 %,
respectively.

Figure 8. Top view of the nonlinear beam set-upreltiee thin beam is mounted vertically.

We consider the highest level of excitation at 3M7RMS and process frequencies in the neighbourhéakeo3 resonances
only (25 — 35, 135 — 145 and 385 — 39§. Figures 10 and 11 show the reconstruction ohtirdinear restoring force curve at
beam tip and describe how the thin beam stiffeassttucture. Both approximations are compared witeference curve which
considers a global modelling of the forpiq) = u |q|% sign(q), wherea = 2.8 andu = 2.2 18 N/nf® This estimation was
carried out in [11] using the conditioned reveraghp[CRP) method [10]. The piecewise linear anditbrder results are found
to be meaningful and in accordance with the glopalynomial. A slight discrepancy is observed in atége relative
displacement where the spline-based modelling teveaofter behaviour than the CRP estimation. Blssymetry might be
attributed to gravity which induced a prestresthathin beam.

-11-
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Figure 9. FRF at beam tip at low level using theSFhethod and non-parametric H2 estimate.

The analysis of the results listed in Table 6 shtvas the low-level linear properties of the stunet(damped frequencies and
mode shapes) are correctly estimated from nonlidata. As in the numerical cases, enforcing firsieo continuity improves
the result without reducing the computational éficy. Note that the deviations observed on thepiagrratios from low-level
data are not reported herein because of the pessibhlinear nature of damping in the structure whieould bias the

comparison.

Table 6. Number of intervals and of nonlinearitisors on the linear parameters and computatiomalfor linear and third-order spline-based midgs.

Piecewise linear modelling Piecewise third-ordedsiling
Number of intervals 8 3
Number of nonlinearities 9 8
Deviation onw,; (%) [1.41;1.12;0.51] [0.77;1.29 ; 0.47]
MAC values [0.97;1.00; 1.00] [0.98 ; 1.00 ; 1.00
Time () 12.52 10.51

6. Conclusions

Characterisation of structural nonlinearitie®. the determination of an adequate model form, iswknto be of utmost
importance in view of system identification. Inghdontext, the present paper aimed at introduciloyveorder local modelling
strategy within the framework of the Frequency-dontdonlinear Subspace Identification (FNSI) methBécewise linear and
third-order polynomial-based approaches were agppligwo academic structures and then to the exygatal identification of a
nonlinear beam. They both proved to yield a redabiodelling of the involved nonlinear mechanismimaly, first-order

continuity offered by cubic splines was shown t@iave the accuracy of the identification withoutrgwising its efficiency.

Further work should focus on the robustness assdsof this low-order local modelling of nonling&s. In particular, it is
known that a nonlinear restoring force computedugh the FNSI method should be zero and have tepe sit equilibrium. It
should therefore be valuable to enfoeceriori these two constraints while this work only conssdana posterioricorrection.
An automatic selection of the number of sub-inten iterative approximations considering an adtipe refinement strategy
would be other advances.

-12 -
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Figure 10. Nonlinear beam: piecewise linear estonand CRP stiffness curve.
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Figure 11. Nonlinear beam: piecewise third-ordéimestion and CRP stiffness curve.
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